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BBenenne

IIpakTukym «AdduHHbIE IPOCTPAHCTBAY IPEIHAZHAYEH B IIOMOIIb CTY-
JleHTaM II0 PEeIeHNIO OCHOBHBIX ITPAKTUYIECKUX 3a/1a9 Ha BEKTOPHbIE 1 a(l)(bI/IH-
HbIe TpocTpancTBa. 11o KaXkoMy pas/iesly B IpaKTUKyMe [IPUBEJICHBI 0a30BbIe
TEOPEeTHYIECKHEe HOHATHUSI, IT0IPOOHBIE IIPUMEDDI PEIeHns 3a/ad, a TaK»Ke 3a-
Jadu JIJIsi CAMOCTOSITEIBHOTO PEIeHUsI ¥ 3aKPEIIEHNsT HABBIKOB.

B nepBoit ritase npejicraBieH HEOOXOIUMBIN MUHUMYM II0 TEOPUU TPYIII U
noJieii. PaccMoTpeHb! 3aa4u 0 IPOBEPKE BBIIIOJIHEHHUS CBOWCTB I'PYIIIBI MJIH
IOJIsT JIJIST 38/ JAHHOI'O MHOXKECTBA.

Bo BTOpOI ri1aBe puBe/IeHbI OCHOBHBIE ITOHATHSI BEKTOPHBIX IIPOCTPAHCTB:
JINHEWHAS 3aBUCAMOCTD U HE3ABUCUMOCTD, 0a3UC, PA3MEPHOCTD, JINHETHAsT 000-
JIOYKA, CyMMa U II€PeceveHre IOJIIPOCTPAHCTB. PaccMaTpuBaoTCs CiIemyio-
[ye 33/1a91: OIPEJEJIUTh, SIBJIAETCS JIU CUCTEMa BEKTODPOB JINHEHHO HE3aBU-
cuUMOM, HaliTH 0a3UC W PA3MEPHOCTb BEKTOPHOI'O IIPOCTPAHCTBA, HANTH KO-
Oop/IMHATHl BeKTOpa B Oasmce, HaiiTu obuiee perienune u (OYHIAMEHTAILHYIO
CHCTEMY PEIIeHNH CUCTEMBbI JUHEHHDbIX ypaBHEHH, HATH Oa3UChl CyMMBI U
repecevdeHnsi BEKTOPHBIX ITO/IITPOCTPAHCTB.

OcHoBHast TpeThsl TiaBa nocssiieHa addUHHBIM MpocTpancTBaM. [Ipu-
BEJICHBI OCHOBHBIE CIIOCODBI IIPEJICTABICHHUS JHHEHHBIX MHOroobpaswmii: ad-
dunnas obosotuka, mapaMmerpudeckoe u obmiee ypasueHust. llogpobuo orm-
CaHbl BO3MOXKHBIE KOHMUTYDAIIHI B3aNMHOI'O PACIIOJIOXKEHHST TOYEK, IIPSIMBIX
7 ILUIOCKOCTeH B adDUHHBIX TPOCTPAHCTBAX. JOMOJHATEIFHO PACCMOTPEHBI
KOHCTPYKIIUU BBIYKJIBIX KOHYCOB U MHOTOIpaHHUKOB. OCHOBHBIE 331411 TPe-
Theil TJIaBbl: IPOBEPUTh TOYKHU Ha aPUHHYIO HE3ABUCUMOCTD, COCTABUTD IIa-
paMerpuyeckoe U 00Iee ypaBHEHHs JTHHEHHOIO MHOI000Opa3usi, OIPEIETUTh
B3aMMHOE PACIIOJIOKEHHE TOUEK, MPSIMBIX U IJIOCKOCTEN B TPEXMEPHOM M MHO-
TOMEPHOM IIPOCTPAHCTBAX, HANTH BBIMTYKIYIO 000JI0YKY MHOXKECTBA TOYEK.

OTBeThI KO BCEM 3aJ1adaM JIJIsi CAMOCTOSITEIHHOTO PEIeHnsT TIPUBEIEHBI B
KOHIIE IIPAKTHKYMA.



I'maBa 1

I'pynmbl u moJsis

1.1. DBwuHapHbIe ollepalii U I'PYIIIIbI

IIpexae yeM nepeiTu K PemeHnIo 3a1a4, HeoOXOIUMO BBECTH HEKOTOPLIE
6azoBble ompemesiennsa. M HaUHEM MBI COBCEM H3MajieKa, a WMEHHO C OIpe-
JleJieHnsl abCTPAKTHON OMHAPHON Olepaluyd W CBA3AHHBIM C 3THUM IIOHSITHEM
IPYIIIBL.

Ilycts X — Hexoropoe MHOXKecTBO. O603HauMM uepe3 X2 — IeKapTOBO
npou3BejieHne MHOXKecTBa X Ha ceds, T. €. YIOPsTOYeHHOe MHOXKECTBO Iap
3JIEMEHTOB u3 X :

X?=Xx X ={(a,b) | a,b € X}.

Omnpenenenne 1.1.1. Bunapras onepayus * Ha MHOKecTBe X — 3T0 0TOOpa-
sxenne * : X2 — X, T. e. HEKOTOPOE IIPABHIIO, KOTOPOe KasKI0il Iape JIeMeH-
TOB a,b € X cOMOCTaB/IsIET OTHO3HAYTHO ONPeIeEHHbII 3/TIeMEeHT ¢ = a*xb € X.

Tak, Ha MHOXKECTBE IEHCTBUTEILHBIX duces] R MOKHO PacCMOTPETh OW-
HapHBIE oneparuu ciaoxkenus (a + b), Beranranust (a — b) u ymuHOKeHust (a - b).
OTMeTHM, 9TO JlesieHne JAefiCTBUTENbHBIX Yuces (a : b) He MOIXOMUT MOJ OlIpe-
JlesieHre OUHAPHOM Ollepanuy, Tak KaK He JJisl BCeX Iap JeHCTBUTEIbHBIX Y-
cesl oupeieséH pe3ysbrar jesenus (nejenue na 0).

Omnpenenenne 1.1.2. Muoxkectso G ¢ 3aJaHHOIl Ha HEM OMHAPHON oIepa-
mueit * : G? — G naswBaerca 2pynnoti (G, ), ec/ii BLITOJHEHBI CJIELYIONITe
ycsroBus (aKCHOMBI):

1) accoruaruBHOCTD

Vo,y,2 € G: (xxy)x2=xx*(y*2);
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2) cymiecTBOBaHUE HEATPAIBLHOIO 3JIEMEHTA

Jee G,VreG: zxe=ex*xx =ux;

3) cymiecrBoBaHuEe OGPATHOIO JIEMEHTA

VeeG 3z leG: axa t=atxz=c.

Ounpenestenne 1.1.3. I'pymna (G, %) HA3BIBAETCH KOMMYMAMUEHOU WU abe-
N€601, eCJIN BBIIIOJTHEHA eI OJIHA AKCHOMA!

4) KOMMYTaTUBHOCTH
Ve,y e G: zxy=y=*ux.

IIpumeps! rpynm

1. (R,+) u (R,-) — MHOKECTBO JIEHCTBATEIBHBIX IHCET OTHOCHTEIIBHO Olle-
panuii CJIOXKeHUsl ¥ YyMHOXKEHUsi. BHHApHAs omepalisi BHIYATAHUSA HE
SIBJISIETCS ACCOIMATUBHON U KOMMYTATHBHOM, [TO9TOMY HE IIOJIXOJIUT.

2. (Mat,(R),+) — MHOXKECTBO KBaJPATHBIX 1 X 7. MATPHI[, COCTOSIIUX U3
JIeHCTBUTEIBLHBIX YHUCEI, OTHOCUTEIILHO ollepalun ciaoxKeHus. OTMerny,
YTO MHOYKECTBO KBaJ[PATHBIX 7 X 1 MATPUI, OTHOCUTEIHHO YMHOXKEHHUsI HE
Gy/leT IpyIIoii, Tak KakK He JiIsl JH000i MATPHUIILL CYIECTBYeT 00paTHAS.
A BOT MHOXKECTBO HEBBIPOXK/IEHHBIX 7 X 1 MATPHI| U3 JIEHCTBATEIBHBIX
YHCEJT OTHOCHUTEIBHO YMHOMKEHUs Y/IOBJETBODSET CBOHCTBAM TDYIIIBI.
OpHako 1 JyIs HEro He BBIIOJIHEHA KOMMYTATHBHOCTD YMHOYKEHUSI.

3amaua 1.1.4. JlokaszaTb, 4TO ((Zﬁ, -} — MHOXKECTBO KOMILJIEKCHBIX KOPHEit
crereHn n u3 1 — gaBjseTcss KOMMYTaTUBHOM I'PYIIION OTHOCUTEJIBHO OllePaIlun
YMHOXKEHU .

Pewenue. Jls nokazaTeneTBa TOro, 9to MHOXkecTBo (/1) aBigercs Kou-
MyTaTUBHOII I'PYIIIO, clleyeT IPOBEPHUTH BBIIIOJIHEHUE BCEX AKCHOM M3 OIpe-
nenennit 1.1.2 m 1.1.3.

0) HavaTb NpOBEPKY CJIe/LyeT C YCJIOBUsI, HE OTMEUYEHHOIO HOMEPOM, & UMEH-
HO, JIOKa3aTh YTO Ollepallisl YMHOXKEHN OIIpe/iesieHa Ha MHOKEeCTBEe KOM-
IIEKCHBIX KOpHe#l m-oit cremenn u3 1. T. e. mpoBepuTh, 3aMKHYTO JIN
MHOKECTBO {{‘ﬁ } OTHOCHTEJIBHO ONepanuy YMHOXKEHMUsI:

VZl,ZQE{%}Z,Zl-ZQG{%}.



8 [naa 1. T'pynmnsr u moss

Ormernm, 9TO

ze{Vil e " =1

Ilycte 27 =1 u 25 =1, Torua
(21 2)" =21 23 =1-1=1,

OTKyZla TIOJIy9aeM, UTO IMPOU3BeJieHNe JIBYX KOMIIJIEKCHBIX KOpHeH cTe-
1meHu n U3 1 ToxKe KOMILIEKCHBIN KOpPeHb cTerneHu n u3 1.

1) AcconumaTuBHOCTh YMHOYKEHUs BBIIOJHEHA JIJIsI BCEX KOMIIEKCHBIX U~
ceJl, B YaCTHOCTHU W JId KOopHeit u3 1.

2) HeifiTpaJabHbIM 2JIEMEHTOM OTHOCHUTEJLHO YMHOXKEHUS ABJIAETCs 1, KO-
TOpas Beerya MpUHaIeKuT MuoxKecTBy { V/1}, Tak xak 17 = 1.

3) Joxaxem, uto s jioboro z € { V/1} obparnoe uncio 2~ Takke sBis-

ercsi KOpHeM n-i crenenn u3 1. MoXKHO IpoBecTH paccyKjieHre B 00IIeM
Bujie aHagoruddo myHkTy 0). OQHAKO MbI BOCIOJIBb3YeMCsl TPUTOHOMET-
pudeckoit (hopMoOlt KOMILIEKCHOTO IUCJIA.

[ycrs 2z € {/1}, Torma

2nk,; 27T]€ L. 271'k‘
z=en"=cos— +isin—, e k € N,
n n
1 _2mk 2k . . 27k
z7h =e nm'=cos— —isin—.
n n

OTI\IQTI/IM, q9To O6paTHbIl\l K Z dBJId€eTCA KOI\IHHeKCHO-COHpH}KéHHOQ quc-
J10. OcTagérest IpOBEPUTH, 9TO

(z7H)" = e 2% = cos 2k —isin2mk =1 —4-0 = 1.
Takum 06pa3oM, 06PATHBI 9JIEMEHT 2~ 1 TaKsKe ABJIAETCs KOMILTEKCHBIM

KOPHEM CTeIleH: N U3 1.

4) KOMlVIyTaTI/IBHOCTI) YMHOZKEHUA BBIIIOJIHEHA /I BCEX KOMIIJIEKCHBIX YH-
CceJl, B 4aCTHOCTHU U JIJIA KOpHefI u3 1. ()TMGTI/IM7 9TO KOMMYTaTUBHOCTBIO
1 aCCOMUATUBHOCTBIO YMHO2KEHUA KOMILJIEKCHBIX Y9HCE€JI Mbl BOCIIOJIB30-
BaJIUCh IIPU JIOKa3aTE/JILCTBE ITyHKTa O)

TakumM 06pa3oM, BCe aKCHOMBI TPYIIIBI BBIIOJIHEHBI, & 3HAYNT, MHOXKECTBO
(/1,-) aBnsercs kommyTarupHOil (abenesoit) rpymmoii. [Ipuvep kKoMmriexc-
HBIX KOpHell crenenu 6 n3 1 mpuBejien Ha pucynke 1.1. O
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Puc. 1.1. Kommiekcubie kopuu 6-it crenenn u3 1

Banaua 1.1.5. O6pasyer s rpymmy napa ({—1,1},-)?

3amaya 1.1.6. OGpasyer Jiu IpyIIy MHOXKECTBO KOMILJIEKCHBIX YUCEJT C (DUK-
CUPOBAHHBIM MOJIYJIEM T OTHOCUTEJIBHO ONEPAINN YMHOKEHUsI !

Sagaua 1.1.7. O6pasyer Jiu IpyIy MHOKECTBO CUMMETPUIECKUX (KOCOCUM-
METPUIECKUX) MATPUILL OJHOIO Pa3Mepa OTHOCUTEJHLHO OLEPAIMH CIOKEHMs !

Sagadga 1.1.8. O6pasyer ju IpyIIy MHOXKECTBO CUMMETPUIECKUX (KOCOCUM-
METPUYECKHUX ) MATPHIL OJIHOI'O Pa3Mepa OTHOCUTEIHHO OLIEPAIMY YMHOKEHUST !

1.2. Tlong

Beens B mpespiayneM pasiesie abCTpakTHble OMHADHBIE OIEPAIlud, MbI
MOXKEM TeIepb PACCMOTPETh abCTPAKTHBIE UUCIIA.

Onpenenenue 1.2.1. Muoxkecrso F', Ha KOTOPOM OIpejeseHbl aBe OuHAD-
HBIE OMEPAIINU CJIOKEHUsI «+» U YMHOXKEHUs «-», HAZBIBAETCSI NOACM, €CJIN
BBITTOJIHEHBI CJIEJTYTOIINE aKCUOMBI:

1) (F,4) — KOMMyTaTUBHAsI TPYIIIA 11O CJIOKEHUIO

a) Vo,y,z€ F:(z+y)+z=a+ (y+ 2);
6) e FVae F:ax+0=u;
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B) Ve € F,3(—z) € F,: x + (—z) = 0;
r) Ve,ye F:x+y=y+ux;
2) (F\{0}, ) — koMMyTaTHBHAs I'DYIIa IO YMHOXKXEHHUIO
a) Ve,y,z € F:(x-y)-z=z-(y-2);
6) e FVeeF:1-az=u;
B) Ve € F\{0},3z e F,:z -2t =1;
r)Ve,ye Frzxz-y=y-x;
3) yMHOXKeHHE AUCTPUOYTHBHO OTHOCUTENIHLHO CIIOKEHHS

Ve,y,z€ Fiax-(y+z)=z-y+z-2.

IIpumeps! noJeii

1. MuokecTBo palOHaJIbHBIX YHCeJI Q, MHOZKeCTBO LLeI‘/JICTBI/ITe.HbeIX qu-
ces1 R 1 MHOXKecTBO KOMILIEKCHEIX duce) C aBIdioTCs MIOJISMU.

MuoxkecTBo HaTypaJbHBIX duceal N — He mojie, TaK KaK HE SBJISIET-
Csl TPYIIION 0 CJIOXKEHUIO: HE COAEPXKUT HefTpasbHoro sjaementa (0) u
IIPOTUBOIOJIOYKHBIX UnCesI, HampuMep —1.

MH0KeCcTBO TIeJIbIX 9ucesT Z TaKKe He I0Jie, TaK KaK He ABJISeTCH IPYyII-
[I0#1 110 YMHOXKEHUIO: He COJEPKUT OOPATHBIX UHCEsI, HAIIPUMED %

2. HamoMHuM, 9TO Ba LEJILIX YHUCIA G U b cpasHumbd, o Moyt P, 0060-
suadenue a = b (mod p), eciiu a = kp + b, rae k — HeKoTOpOE 1I€JI0€
qucyio. Hampumep,

19=5 (mod 7), tak kak 19 =2-745,
—8=2 (mod5), Tak Kak —8 = —2-5+ 2.

KOﬂ/bU,OM 6bL1emos no JVLO(?y/L?O P Ha3bIBaeTCdA MHO2KECTBO
ZP = {0’1a2a3?---ap_ 1}7

Ha KOTOPOM OIIPE/IJIEHBI OIIEPAIUN CJIOZKEHHsT ¥ YMHOMKEHHUS 110 MOJLY-
JIHO P:
a+b (modp) uw a-b (modp).

Hampuwmep,
Z7r ={0,1,2,3,4,5,6},
445=9=2 (mod 7),
4.5=20=6 (mod 7).
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Teopema 1.2.2. KoJIbIIO BLIYETOB Z), ABJISETCH HOJIEM TOLJa U TOJIbKO
TOTJIa, KOT/Ia P — IIPOCTOE UUCJIO.

Konemo BBI9€TOB Z); O MOYJIO IIPOCTOTO UHCIA HASBIBACTCH NOAEM
8bI%EMO68 N0 MOOYA0 P U IPEICTABJIAET WHTEPECHBIH IpUMED IOJS C
KOHEYHBIM YHCJIOM 3JIEMEHTOB.

Baga4va 1.2.3. fBastercs u mojeM MHOYKECTBO J€HCTBATEILHBIX YHCE] BIUIA
z+yv2, e z,y € Q?

Pewenue. Kak u Bo Bcex 3ajadax BUIA: <IIOAXOMUT Jiu 00beKT A 10 onpe-
nesienne B?7», HEOOXOIMMO IIPOBEPHUTD, BBIIOJHEHbI JIM Jijisi A CBOWCTBa W3
onpesesieHnst B.

0) IIpexkme Bcero nmpoBepuM, YTO PacCMaTPUBAEMOE MHOXKECTBO 3aMKHYTO
OTHOCHUTEJIBHO OIlepalliil CJI02KeHUdA U yMHOXKEHUSI.

(x4 yV2) + (a+bV2) = (z +a) + (y + D)V?2,

e (z + a) u (y + b) — panuoHaJbHBIE YUCIA, & 3HAUAT, MHOXKECTBO
3aMKHYTO OTHOCHUTEJILHO CJIOYKCHHSL.

(x4 yV2) - (a+bV2) = za + 2bvV2 + yav'2 + 2yb

(za + 2yb) + (zb + ya)V'2,

rie (za+2yb) u (xb+ya) — palioHATIbHBIE YUCIIA, & 3HAYUT, MHOKECTBO
3aMKHYTO OTHOCHTETBHO YMHOZKCHUSI.

1) IIpoBepum cBOCTBA KOMMYTATUBHOM IPYIIIIBI [0 CJIOKEHUIO.

a) ACCOHH&TI/IBHOCTB CJIOZKEHU BBIIIOJIHEHA JJIdd BCEX ,ZLefICTBHTeJIL—
HbBIX 9HCEJI, B TOM YHCJIC U JId 9YHCeJI CIIECIUAJIbHOIO BHUIA.

6) HeifirpaabHbIM 9JIeMEHTOM OTHOCUTEJIHHO CJIOYKEHUST SBJISIETCS HYJIb,
KOTOPBI#I MOXKHO IIPE€J/ICTABUTL B BHU/IE

0=0+0v2.

B) s jr06oro duciia B paccMaTpuBaeMOM MHOXKECTBE HafiIETCs 1Ipo-
THUBOIIOJIOZKHOE:

(z +yV2) + (—z —yV2) =0+ 0V2=0.
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F) KOl\ll\lyTaTI/IBHOCTB CJIOZKEHU A BBIIIOJIHEHA JJId BCEX ﬂeﬁCTBHTeHL-
HBIX 9HCeJI.

2) Iposepum CBOCTBA KOMMYTATUBHON IPYIIIILI [0 YMHOYKEHUIO JJIsl HEHY-
JIEBBIX JIEMEHTOB MHOKECTBA.

a) ACCOHH&TI/IBHOCTL YMHOXKEHHA BBIIIOJTHECHaA JJId BCEX ,ZLefICTBHTeJ'H:—
HBIX 9HCeJI.

6) HeﬁTpaJIbeIM QJIEMEHTOM OTHOCUTEJIbHO YMHOXKECHU ABJILACTCA €11~
HUITa, KOTOPYIO MO2KHO IIPpEeACTaBUTH B BUJIE

1=1+0v2.

B) st JiroGOr0 HEHYJIEBOTO YHCJIA B PACCMATPUBAEMOM MHOXKECTBE
Haiiércsa obpaTHoe:

1
T+ yv2
x—yV2
(z+yv2) - (z - yV2)
:c+y\/§
x2 — 292

22 — 22 22 — 22

(z+yv2)' =

rje
< Y
€EQu € Q.
22 — 22 22 — 242
OrmeruM, 9TO 3HAMEHATEJb B 9TUX BbIPAYKEHUsIX HE MOXKET 00pa-
TUTBCS B HYJIb, TaK KaK ypasHenue x> = 2y? nmeeT B paluoHAIb-

HBIX YUCJIAaX eJIuHCTBeHHOe pertenne r = y = 0. A, o onpeese-
o moJig (1.2.1), ofpaTHBIM O yMHOXKEHUIO JOJIKHBI 00J1a1aTh
BCe 3JIEMEHTBI, KpOMe HYJId.

I‘) KOI\/IMyTa.TI/IBHOCTI) YMHOXK€EHN BBIIIOJTHEHA JIJIg BCEX ,ILeIZCTBHTeIIb-

HbIX 49ucCeJI.

3) ,I[I/ICTpI/I6yTI/IBHOCTb YMHOXKEHHNA OTHOCUTEJIbHO CJIO?KEHHA BBIIIOJIHEHA
JJ1d BCeX ,IleﬁCTBI/ITeJIBHBIX quceJI.

Takum ob6pa3zoM, BCe aKCHOMBI TIOJIsT BBITIOJTHEHBI, & 3HAYAT, MHOYKECTBO
qnces BUJa T + y\/i, rie x,y € Q, siBjisiercs moJieM. O



1.2. Ilona 13

3amaua 1.2.4. dpisiercsa i 1mojieM MHOXKECTBO PAIMOHAJBHBIX YHUCEN, B
HECOKPATHUMON 3aIlMCH KOTOPBIX 3HAMEHATEIN SBJISIOTCS CTEMEHSIMU (PUKCH-
POBAHHOI'O IIPOCTOrO Yucjia p?

Samaua 1.2.5. dBasgercs ju mojeM MHOXKECTBO AEHCTBUTEIBHBIX TNCET BIIA
3
z+yv2, tme z,y € Q?

3amaua 1.2.6. fBasercs iu moeM MHOYXKECTBO MaTPHI] BUIa

Y\ .
ky rx,y R,

rie k — PpuKCUpoBaHHOE TEJI0€ TUCJIO.

amaua 1.2.7. dsisiercs s 1mojieM MHOXKECTBO (DYHKIINN BEIECTBEHHOIO
[IepEMEHHOI0, HEIIPEPBIBHBIX Ha OTpe3ke [a, b]?



I'maBa 2

BekTopHble npocTpaHCTBa

2.1. OmpeneneHne BEKTOPHOI'O IIPOCTPAHCTBA

Beeném nousiTre abCTpakKTHBIX BEKTOPOB HAJ AOCTPAKTHBIMU IHCJIOBBIMA
MHOXKECTBaMU.

Onpegnenenune 2.1.1. Bexmopnoe (uau aunetinoe) npocmpancmeo nad no-
sem F'— 310 MuOXKecTBO L, Ha KOTOPOM OIIpEeIe/IeHbI Be OMHAPHBIE OTIEPATIH:

a) CJIOYKEHMsI BEKTOPOB

Vx,yeL: x+ye€l;

6) yMHOYKEHHUsI BEKTOPa Ha YUCJIO

VxeLVAeEF: X xeL

7 BBITIOJHEHBI CJIEIYIONHE 8 AKCHOM:
1) x+(y+2z)=(x+y)+ 2z wia mobbix X,y,z € L;
2) x+y=y+x s 106bIX X,y € L;

3) cymecrByer Takoii BekTop 0 € L, yro X + 0 = x ms Jyioboro x € L,
HA3bIBAEMBII HYAEEBIM BEKMOPOM;

4) nmns Juoboro BekTopa X € L cymecTByer Takoil ssemeHT —X € L, uro
X+ (—x) = 0, Ha3BIBAEMBIH BEKTOPOM, NPOMUBONOAOHCHBLM BEKTODY X;

5) a(fx) = (af)x nia mobbix x € L u o, § € F;

14
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6) 1-x = x gs jaoboro X € L;
7) (a+ f)x = ax + fx musg mobbix X € L u o, € F
8) a(x+y)=ax+ ay nis mobeix X,y € Lua € F.

DJIeMeHThI BEKTOPHOI'O IIPOCTPAHCTBa L HA3BIBAIOTCS 6EKMOPAMU .

Ormernm, 9T0 aKCUOMBI 1) - 4) B OLpPeieJIeHIH BEKTOPHOI'O IIPOCTPAHCTBA,
03HAYAIOT, YTO MHOXKECTBO L 0Opa3yeT rpyIiy OTHOCUTEILHO OTIEPAITTHU CJI0-
2KEeHUsI BEKTOPOB.

IIpocTeiitum caeacTBUEM M3 aKCUOM BEKTOPHOT'O ITPOCTPAHCTBA SBJISIETCS
ToT pakT, uro 0x = 0 ;g joboro BekTopa X € L. JleiicTBUTEILHO,

0x = (04 0)x = 0x + 0x,

OTKYy/1a, IpUOABUB K JIEBOI M IPABOil YaCTU BEKTOD, IPOTUBOIIOJIOXKHBIHN K 0X,
nojsy4duM, aro 0x = 0.

3ameuanme 2.1.2. Onpenesnenne 2.1.1 abcTpakTHOrO BEKTOPHOT'O IIPOCTPAH-
CcTBa pacmupsieT u 0600IaeT MKOJbHOE ONpe/le/IeHre BEKTOPA KaK «HAIIPaB-
JIEHHOTO OTpe3Kay. Temepb B KadecTBe BEKTOPOB MBI MOYKEM DPaCCMaTPUBATH
J100bIe 00BEKTHI, KOTOPBIE MOYKHO CKJI/IBIBATH M yMHOXKATH Ha Iucjo. Vmest
9TOrO MMO/IXO/A 3AKJII0YAETCS B TOM, YTO CBOMCTBA aDCTPAKTHBIX BEKTOPOB Oy-
JIYT BEPHBI IS JIIOOBIX 00 BEKTOB, KOTOPbIE MOJIOWIYT 1o ompeaesenue 2.1.1.

IIpuMepsbl BEKTOPHBIX HPOCTPAHCTB

1. TlpocreiimmM IpUMEpPOM BEKTOPHOTO MPOCTPAHCTBA, ABJISACTCA HYAEB0€
npocmpancmeo L = {0}, cocrosiiiiee u3 0JHOTO HYJIEBOTO BEKTODA, HAJL
JIIOOBIM TIOJIeM F'.

2. Kilaccuueckue reoMerpudeckie BEKTOPbI CO CTaHJAPTHLIMU Olepalld-
MU CJIOYKEHH#, ONPEJIeJEHHOTO 0 IIpaBUaM TpeyroJbHUKa WA Ia-
pasutesorpamma, (puc. 2.1), u yMHOXKeHus1 Ha quciao (puc. 2.2) TakKke
00pa3yioT BEKTOPHOE IPOCTPAHCTEO.

3. Apudwmerndeckoe n-mepHOEe BEKTOPHOE MpOCTpaHcTBo R™ Haj mosem
J1efiCTBUTEIBHBIX YUCeJI — IIPOCTPAHCTBO CTOJIOIOB BEICOTHI 7t (MUJIH CTPOK
JUIAHBI 1) € JieficTBUTeIbHBIMU dsteMeHTaMu. OTIepaIyn cJioxKeHnsl CToJI6-
1IOB U YMHOXKEHHSI CTOJIOIA HA YUCJIO OCYIIECTBIISIIOTCS TOKOMIIOHEHTHO.

4. TIpocrpanctBo Mat,, ,(F') UpSMOYTOIBHBIX 1M X 1 MATPHIL C SJIEMEHTa-
Mu u3 nosist F. JleficTBurenbHo, cyMMa JIBYX M X 1 MATPHUI[ — BHOBb
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S

Puc. 2.1. IIpaBuia TpeyroabHUKa U HapaJLIeIOrPaMMa CJIOXKEHUST BEKTOPOB

[=1%

O

Puc. 2.2. YMmHOXKEHNE BEKTOpa Ha, IUCJIO

m X n Marpuna. [Ipoussesenne MaTpuUIlbl Ha, YUCJIO — MATPHUIA TOTO Ke
pa3Mepa. BrimosiHeHre akKCMOM BEKTOPHOIO IMTPOCTPAHCTBO MPAMO CJie-
JlyeT U3 CBOUCTB OIlepalliili ¢ MaTPUIIAMU.

5. Ilpocrpancreo F[z] anrebpandeckux MHOrodaeHoB HaJ nojeMm F. Ana-
JIOTUHO IIPEABIAYIIEMY IIPUMEPY CyMMAa IBYX MHOTOYIEHOB — 3TO MHO-
FOWIEeH, IIPOU3BEI€HNe MHOTOY/IeHa HA IUCJI0 — MHOrowieH. OTMeTnM,
aT0 MHOXKecTBO F[z], ansrebpamieckux MHOTOWIEHOB CTeNeHN He 6OJIb-
e n HaJ rosieM F' Takake oOpa3yeT BEKTOPHOE IIPOCTPAHCTBO.

Onpenenenune 2.1.3. Ilycre L — BEKTOpHOE IPOCTPAHCTBO HaJ mojiem F'.
TTommuoxkecteo L' C L HA3BIBAETCA GEKMOPHBLM TOONDOCTPAHCTIEOM TIPO-
cTpaHcTBa L, eciim OHO Tak»Ke 00pa3yeT BEKTOPHOE IIPOCTPAHCTBO Hast F.

3anmauya 2.1.4. {Asasercs au BEKTOPHBIM IOAIIPOCTPAHCTBOM COOTBETCTBYIO-
IIIero IPOCTPAHCTBA KazK/las U3 CJIEIYIOMMUX COBOKYITHOCTh BEKTOPOB:

a) BEKTOPBI IIJIOCKOCTHU C HAaYaJIOM B TOYKeE O, KOHIIbI KOTOPBIX JIe2KaT Ha
O,/IHOI71 "3 JIBYX IIPAMBIX, IIE€PECEKAIOIMINXCA B TOYKE O,

6) BEKTODBI IUIOCKOCTH ¢ HAYaJIOM B Touke (), KOHIIBI KOTOPBIX JieXKaT Ha
JaHHOH IIPAMOIL;

B) BEKTOPBI KOODJMHATHOI ILIOCKOCTH, KOHIIBI KOTODBIX JIeXKaT B II€PBOii
4eTBepTH;
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I') MHOXKECTBO BEKTOPOB ILJIOCKOCTHU, HAPAJUICIbHBIX JAHHON MPIMOIL;

J1) MHOXKECTBO BEKTOPOB TPEXMEPHOIO IPOCTPAHCTBA, EPIIEHIUKY/IAPHBIX
JaHHON IIPAMOI.

2.2. JIuneitHag 3aBUCUMOCTHL U HE3aBUCUMOCTD

OHUM U3 OCHOBHBIX IOHSITUMN JIMHEHHO aJirebphI sIBJISeTCs JINHEHAs 3a-
BHUCUMOCTDh U HE3aBUCUMOCTb BEKTOPOB.

Onpenenenue 2.2.1. Ilycrs L — BeKTOpHOE IPOCTPAHCTBO HaJ mmojeMm F
U, Usg,...,u; € L, A\, g, ..., A\ € F, TOrma BekTOp

u=A\u; + Aous + ...+ Aguy
Ha3bIBACTCI AUHETUHOT KOMOUHAUUET BEKTOPOB U1, U, . . ., Uk.
JIumneitnass KoMOTHAITST
Ou; +0us+...+0u, =0
Ha3BbIBAETCI MPUSUANLHOU.
Omnpenenenne 2.2.2. Cucrema BEKTOPOB Ui, Us,...,U; BEKTOPHOIO IIPO-
cTtpaHcTBa L Hajg nosieM F' HA3bIBAETCH AUHETHO 346UCUMOU, €CITA CYIECTBYET
HETPUBUAJIGHAS PABHAS HYJIIO JIMHEWHAS KOMOMHAIIHSA:
F(1<i<k): \j#0,
Aug + Aug + ...+ Apu = 0.
Onpenenenue 2.2.3. Cucrema BEKTOPOB Ui, Us,..., U, BEKTOPHOIO IIPO-
crpancTBa L HaJ nosiem F' HazbiBaeTcs AuHeliHo He3G6UCUMOU, €CITU TOJIHKO
TpUBUAJIbHAS JINHEHHAST KOMOMHAINS PaBHA, HYJIIO:

)\1u1+)\2u2+...+)\kuk:0@Vi(lgigk):)\1-20. (21)

Sanaua 2.2.4. Jloka3aTh JUHEHHYO HE3aBUCUMOCTD HAJ| IOJIEM R CHCTEMBI
byHKIMIT
1,sin(z), cos(x).
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Pewernue. OTmeTrnm, 9TO MHOXKECTBO HEIIPEPHIBHBIX HA OTPE3Ke (DYHKITUI TakK-
2Ke 00pa3yeT BEKTOPHOE IIPOCTPAHCTBO. JleficTBUTEIbHO, CyMMa JBYX HeEIpe-
PBIBHBIX (DYHKIHIT — TOXKE HelpepbiBHAasT (DYHKITUST, TPOU3BEJICHIE HEIPEPHIB-
HOI (PYHKITUU HA IUCJIO — HelpepbiBHAs GyuKmus. Takum obpazom, PyHKITHN
U3 YCJIOBUS 3aJIa9M TAKXKE SIBJISIIOTCS BEKTOPaMHU.

Paccmorpum paBHYIO HyJIIO JIMHEHHYIO KOMOMHAIUIO:

a+ fsin(z) 4+ ycos(z) =0, (2.2)

rae «, 3,y — HefiCTBATE/IbHbIE YNCTIA.

Wnes 3akaiogaercss B TOM, 9TO PABEHCTBO 2.2 BBHIIOJHEHO UMEHHO JJIs
dbyuKuuii, 1. €. st JIOOBIX 3HAYEHUIT [IepeMeHHOM © (115 JII060ro & U3 0Tpe3-
Ka, Ha KOTOPOM OIpejeseHbl GyHKIun). Tak Kak PABEHCTBO COIEPKUT TPU
HE3AaBUCHUMBIX [TapaMeTpa «, 3,7y, MOACTABUM B 2.2 TPU PA3JIUIHBIX 3HAYCHUSI
epeMeHHON X:

a+v=0, npuz =0,
a+ =0, upur = 7,
a—~v=0, npu x = T.

Ora cucreMa JIUHEHAHBIX ypaBHeHI/Iﬁ nmMeeT eJMHCTBEHHOE pelIeHue:
o = 5 = ’7 = 0.

Takum 06pa3zom, JiuHeliHas KoMOUHaIMs BEeKTOPOB 1,sin(x), cos(x) paBua
HYJIIO TOTJIA U TOJBKO TOTJIA, KOTJa BCe KO3 MUIMEHTHI paBHBL HyJIIO (ypaB-
Hernue 2.1), a 3HAYUT, CHCTEMA JIMHEHHO HE3aBUCHMA. O

3agaua 2.2.5. JlokazaTb JIMHEHHYIO HE3aBHCUMOCTH HaJ| 1mojieM R cucrem
dbyHKIIMIA:

a) sin(z),sin(2x),...,sin(nz);
6) 1,sin(z), cos(x),sin(2x), cos(2x), ..., sin(nx), cos(nx);
B) 1,sin(z),sin’(z),...,sin"(z).

Omnpenenenne 2.2.6. Ilycts . — BEeKTOpPHOE TPOCTPAHCTBO HAJM, mojeM [
u, Ug,...,u; € L. MHOXKeCTBO BCeX JMHEHHBIX KOMOMHAIMI (CO BCeMH BO3-
MOXKHBIME Kodbdunmentamu \; € F') HasbBaercst Autelinol 060404K0T BEK-
TOPOB Up, Ug, . .., Ug:

span(ul, ug,..., uk) = {)\1111 4+ XU + ...+ Agug : A\ € F} . (23)
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-

Puc. 2.3. Ilpumep mtockocru span(d, b)

st obo3HaeHns TMHEHHOW 000JI0UKN TaKKe TACTO MPUMEHSIETCST 3aIiCh
(ug,ug,...,u;), OHAKO MBI, YTOOBI He IYTATHCS, Oy/I€M IPUMEHSITH yIIIOBbIE
CKODOKM TOJIBKO JIJIsl CKAJISTPHOIO ITPOU3BEIEHUSI.

Jluneitnass 0607109Ka CUCTEMBI BEKTOPOB — 9TO OIMH U3 OCHOBHBIX CIIOCO-
60B 3a/1aTh BEKTOPHOE IIPOCTPAHCTBO / MOAIIPOCTPAHCTBO.

Jlemma 2.2.7. Ilycts L — BeKTOpHOE MPOCTPAHCTBO HAJI 1MoJjieM F'; BEeKTOPBI
ui, Us,...,u; € L, Torpa jmneiinas obosouka span(ug, Ug, ..., Uy) OIpeIe-
JIsTeT BEKTOPHOE IOITPOCTPAHCTBO MPOCTPaHCTBa L.

Ha puc. 2.3 npuBenén mpumep II0CKOCTH, 33J@HHON KakK JIMHEWHAas 000-
JIOYKA JIByX BEKTOPOB.

JlJ1st TOHMMAaHUsT OIpesie/IeHns JIMHEHHON 3aBUCUMOCTHA ¥ HE3aBUCAMOCTHU
yI00HO 11epedOPMYJINPOBATH B BUJIE CJIELYIONIEH JIEMMBI.

JIemma 2.2.8 (O6 0CHOBHOM CBOJCTBE JINHEHHO 3aBUCUMOI CHCTEMBI). IIycTh

L — BekTOpHOE MTPOCTPAHCTBO HAJ TosieM F', uq,us, ..., u; € L, Torna
ug, Uus,..., U pa FA<i<k):
JIMHEHHO 3aBUCAMA uw; € span(uy, ..., W1, Wjt1,...,Ug).

Takum obpazoMm, BEKTOPHI JIMHEHHO 3aBUCHUMBI, €CJIU ONWH U3 BEKTOPOB
MOXKHO JINHEHHO BBIPA3UTh YePe3 OCTAJIbHBIE; BEKTOPDI JINHEHHO HE3ABUCUMBI,
€CJIM HU OJINH U3 BEKTOPOB HE BLIPAYKAETCS JIMHEWHO Yepe3 JIPpyThe BEKTOPbI
CUCTEMBI.

JJ1st TeOMeTPUYECKUX BEKTOPOB JIMHEWHAs 3aBUCAMOCTH 00ODIIAET MOHS-
TUsI KOJUIMHEAPHBIX (JIBa BEKTOPA Ha OJ(HOM / apaJlIeJbHbIX IPSAMbIX) 1 KOM-
IUIAHADHBIX (TP BEKTOPA B OJHON / MApaJIIeSbHBIX TUIOCKOCTSIX).
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2.3. Dbasuc u pa3MepHOCTb.
KoopauaaTbl BeKTOpa

Crenyrommumu GyHIaAMEHTAIBHBIMEI MOHITASIMA BEKTOPHBIX IIPOCTPAHCTB
SABJIAIOTCS DA3UC U PA3MEPHOCTb.

Onpenenenue 2.3.1. Cucrema BEKTOPOB €1, €3, . . . , €g HA3BIBACTCA OA3UCOM
BEKTOPHOIO npocrpancTBa L Ha moseM F', eciv BBINOJHEHBI BA YCIOBUS:

a) cucrema eq, ey, ..., €y JNHEHHO HE3aBUCUMA;
6) cucrema ei,e€s,...,€4 HOJHA, T. €. span(e, es,...,eq) = L.

pyrumu ciioBamu, 6a3uc BEKTOPHOI'O IIPOCTPAHCTBA — ITO CHCTEMA BEK-
TOPOB, HUA OJIMH U3 KOTOPBIX He/Ib3s BBIPA3UTh JIMHEHHO 4Yepe3 OCTaJIbHbIE U
gepe3 KOTOPble MOYKHO JITHEHHO BBIPA3UTh BCE BEKTOPHI IIPOCTPAHCTBA.

Onpenenenne 2.3.2. Eciau BekTopHOE MpocTpancTBoO L 0b1amaeT 6a31COM ¢
KOHEUYHBIM YHUCJIOM BEKTOPOB, TO L HA3BIBAETCH KOHEUHOMEPHBIM BEKMOPHBIM
npocmparcmeom. B nporuBHOM ciiydae L — beckoneunomepHoe 8eKmMopHoe
NPOCMPAHCMEO.

IIpumepsni

1. Basucom BEKTOPHOI IIJIOCKOCTH Oy/IeT CUCTEMa W3 JIBYX JIMHEHHO He3a-
BUCHMBIX BeKTOpOB (puc. 2.3). Takum 06pa3oM, MIOCKOCTb — 3TO KO-
HeYHOMEPHOe BEKTOPHOEe IIPOCTPAHCTBO.

2. BekTOpHOE IPOCTPAHCTBO ajgrebpandeckux MHorouwieHos R[z] Haj nei-
CTBUTEIGHBIMA HYUCJIAME SBJIAETCS GECKOHETHOMEDHBIM, TAK KaK JIJIs
JI060#i KOHEeUHOI cucreMbl MHOrowIeHoB f1(x), fa(x),. .. fr(z) Moxuo
paccMoTpers MHOro4seH Gosbineil crenenu firi1(xz) € Rlz], koropsrit
JMHENHO He BbIpaxkaercs uepes f1(z), fa(z), ... fr(z), a 3HauwnT, cucre-
Mma fi(x), fa(x),... fr(z) HenosHa.

Teopema 2.3.3. Eciau L — KoHeUHOMEpPHOE BEKTOPHOE IIPOCTPAHCTBO, TO BCE
6asncel L comeprKaT OIMHAKOBOE UHCJIO BEKTOPOB.

3ameuanmne 2.3.4. Mrbl B gajbHENIIEM OrPAHTINMCS PACCMOTPEHUEM TOJTBKO
KOHEYHOMEDPHBIX BEKTOPHBIX IIPOCTPAHCTB.

Teopewma 2.3.3 1103BoJIsIET BBECTH IOHATHAE PA3MEPHOCTH 1151 AOCTPAKTHOIO
BEKTOPHOTI'O IIPOCTPAHCTBA.
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Onpenenenune 2.3.5. Ilycrs L — BeKTOpHOE IPOCTPAHCTBO HaJ mojiem F
e, es,...,e4 — Oazuc L, Torga Iucao BEKTOPOB B 0asnce HA3BIBACTCH pa3-
MeEPHOCMBIO 8ekMOpHo20 npocmpancmea (oboznadenue dim L = d.)

3amaya 2.3.6. BrisicHUTb, Kakume u3 CJIEAYIONUX MHOXKECTB KBAJIPATHBIX
n X M MaTPHI] C JeHCTBATEILHLIMI dJeMEHTaMI 00pa3yioT BEKTOPHBIE ITPO-
CTPAHCTBA, HAMTH WX OA3UCHI U PA3MEPHOCTD:

a) BCe KBaJIpaTHBIE 1 X 1 MATPHUIBI;
6) cUMMETpUYECKHE MATPUIIHI;
B) BBIPOXKJIEHHBIE MATDHUIIBL.

Pewenue.  a) MHOXKeCTBO MATPUIL OHOIO pa3Mepa ObLIO OJHUM U3 [IPUMe-
POB BEKTOPHBIX MPOCTPAHCTB B paszeie 2.1. B kadecrBe 6a3umca MOXK-
HO BBIOPATH MATPHYIHbIE €IUHUIBI I; ; — MATPHILI, Y KOTOPBIX TOJIBKO
OJTH 3JIEMEHT B 1-if CTPOKE U j-M CTOJIOIE paBeH 1, a ocTaJabHbIE PABHDI
0. Hanpumep, ajist n = 2 m0JIyduM MaTPHUIIBL:

1 0 0 1 0 0 0 0
E171=(0 0>,E1,2=(0 0),E2,1=<1 0>7E272=(0 1>~

Marpuunble eUHUITBI JIMHEHHO HE3aBUCHMBI, TaK KaK KayKIasd MMeeT
VHUKAJbHBII 3J1eMeHT, KOTOPBIN JIJIsT He€ paBeH 1, a /I BCeX OCTaJIbHBIX
MaTPUYHBIX eJUHUI paBeH 0, T. €. HIKAKYI0 MaTPUIHYIO € IMHUILY HeJIb3s
TIOJIYIUTDh KaK JIMTHEHHYI0 KOMOMHAIINIO JIPYTUX MATPUIHBIX €JIMHUIL:

10 0 1 00 0 0
@ 0)=o(o o) 0)= (%)
1=a0+ 0+ ~0 = wuer perienuii.

C apyroit CTOPOHBI, JTIOOYIO 12 X 1 MATPUILY MOYKHO IIPEJICTABATH B BHUJIE
JIMHEHHON KOMOUHAIIMY MATPUYHBIX €IUHULL (CUCTEMA, [IOJIHA):

(=2 oo e e )

PasmeprocTs mpocTpanCcTBa KBaJPATHBIX 11 X 1. MATPHWIl PABHA UUCITY

MaTPUYHBIX eUHUIL (BEKTOPOB B Hasuce), KOTOPOE COBIAJAET C YUCIIOM

3JIEMEHTOB KBa/IPATHOMH 1 X 1 MATPHIIGI 1 PABHO 1.



22

T'maBa 2. BekropHbIe mpocTpancTBa

6) HamomuuMm, 94T0 KBaJpaTHast MATPUIA A HA3BIBAETCA CUMMEMPUECKOTE,

ecmn AT = A. Hanpumep:

IIpoBepumM, 9TO cUMMETPUYECKHE MaTPHUIIBI OJHOIO pa3Mepa IMOAXOIAT
oz, onpegiesienue 2.1.1. JleficTBUTEIbHO, MHOXKECTBO 3aMKHYTO OTHOCH-
TEJIbHO CJIOXKEHUsI MATPUI] U YMHOXKEHUSA MATPUIIBI Ha YUCJIO:

AT = A, BT = B,
(A+B)7T =A"+B" = A+ B,
AT = AT = \A.
AKCI/IOMbI BEKTOPHOI'O IIPOCTPAHCTBa BBIIIOJITHEHBI JIJId BCEX KBaJIPaTHBIX
MaTpUIL, & 3HAYUT, U JJIsI JaCTHOT'O CJ/Iy4dasd CUMMETPUYICCKUX MaTPUIL.
Heobxonmmo TOBKO TPOBEPUTH, UTO HyJIE€Bas MATPUIA SIBJISETCS CHM-

MEeTPUIECKON U JJIsT JI060# MaTpuibl A mpoTuBONOIOXKHAS MaTpuiia — A
TaK2Ke CUMMeTPUYeCKasd.

B kauectse 6aszuca MOXKHO BRIOpaTh MaTpHIE! Buta F;; u E; ; + Ej;,
e ¢ < j. Hanmpumep, st n = 3 noyiyaum cjeyronue 6 MaTpuiL;:

100 00 0 000
er=[0 0 0|,ea=(0 1 0],es5=10 0 0},
00 0 00 0 00 1
01 0 00 1 000
es=[10 0|,es=[0 0 0],e={0 0 1
00 0 100 010

Marpurisl mogo06HOTO BujIa 00pa3yioT 0a3UC B TPOCTPAHCTBE CUMMETPH-
YeCKUX MATPUIL 110 TOH 2Ke JIOTUKE, YTO MAaTPUYHbIE €IUHUIIBI B IIPEJIbI-
IyIiei 3ajia4e.

PasmMepHOCTD IPOCTPAHCTBA PABHA THCILY JIEMEHTOB KBAPATHON 1 X 1
MATPHIBI, CTOAINIUX Ha [VIABHON JMAIOHAJIN WU BBIIIE IJIABHON J(Haro-
HaJII:

n(n+1)

dmL=1+2+3+...n= >

Hamomumm, 910 KBaIpaTHast MATPUIA HA3BIBAETCS GbiPOAHCIeHHOT, €CITH
eé oIpeieNnTeNh PaBeH Hy 0 (MATPHUIlA HE UMeeT OOPATHOM).
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MHO2k€ecTBO BBIPDOXKIEHHBIX MATPHUIL OJIHOTO pa3Mepa He o0pa3yeT BeK-
TOPHOT'O ITPOCTPAHCTBA, TaK KaK He 3aMKHYTO OTHOCUTEJIBLHO OIlepallii
CJIOZKEHMS MaTpPHIL:

10 00 10
(0 o>+<o 1)_ (o 1)'
det A=0 det B=0 det(A+B)=1
0

3amavya 2.3.7. BrisicHUTb, Kakue u3 CJEIYIONUX MHOXKECTB KBAJIPATHBIX
N X N MaTPUIL C JeHCTBUTEIbHBIMA 3JIEMEHTAMI 00Pa3yI0T BEKTOPHBIE IIPO-
CTPAHCTBA, HAUTH UX OA3UCHI U PA3MEPHOCTD:

a) MHOXKECTBO KOCOCUMMETPUIECKUX MATPUIL;
6) MHOXKECTBO HEBBIPOXKJIEHHBIX MATDUIIL;

B) MHOXKECTBO MATPHIL CO CJIEJOM (CyMMa JIEMEHTOB [VIABHOI JIUATOHAJIN ),
PaBHBIM HYJIIO.

Kpome pazmepHOCTH BEKTOPHOTO TPOCTPAHCTBA, 0A3MC TAKIKE MTO3BOJISIET
BBECTHU IOHATHE KOOPJWHAT BEKTOPA.

Onpenenenue 2.3.8. Ilyctb e, es,...,€e5 — 6a31MC BEKTOPHOIO IIPOCTPAH-
crBa L max mosem F. Ilycts s BekTOpa x € L:

X = x1€1 + x0€2 + ... + T49€4, THE T1,T3,...,2Lq € F),
TOrma HAbOp YMUCEeN X1, L2, ...,Lq HA3BIBACTCA KOOPOUHAMAMU GEKMOPA X 6
basuce e1,e€s,...,e4 (0bo3HAUEHNE X = (X1, Za,...,%q)).

3ameuanue 2.3.9. OcHoBHas uaes ¢ BBeACHIEM KOOPANHAT BEKTOPA 3aKJTIO-
9aeTcsd B TOM, 9TO Telepb HEBAXKHO, YeM M3HAYATIHHO ObIIH aOCTPAKTHBIE BEK-
TOpBI (MATPUIIBI, MHOTOWIEHBI, (DYHKIMA U T. [.). BBeust 6a3uc BEKTOPHOTO
IIPOCTPAHCTBA, JIFOOO0I BEKTOP MOYKHO 3aMEHHUTDh Ha €ro KOOPIWHATHI B ba3uce.
Torna mocraTovHo yMeTh PabOTATh C KOOPAMHATAMEI BEKTODA.

Onepanumu ¢ BEKTOPpaMi B KOOpPAMHATaX. I1lycTb BEKTOPBI X Uy UMEOT
KOODJMHATHL (L1, T2, ...,24) U (Y1,Y2,.-.,Yd) B Oasuce e1,es,...,€q4.
1. CioxxeHne BeKTOPOB:
X+y = (z1€1 + 2262 + ...+ xg€q) + (Y161 + Y262 + ... + Ya€4)
= (z1 ty1)er + (z2 + y2)ea + ... + (Ta + ya)ed,
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CJIeI0BAaTEJ/IbHO,
(.’171,.1'2,...,1}5[) + (ylay27"' ayd) = (.’17]_ +y1’332 +y27"'7$d+yd)-

2. YMHOXKEHUE BEKTOPa Ha IUCJIO:
Ax = A(z1€1 + 292 + ... + T4€4) = Ax1€1 + AT2€s + ... + Ax4€4,
CJI6JTIOBATEJHLHO,
Az, o, ... xq)) = (Az1, Ao, ..., Axg).

Taxum 06pa30M, OllepaIU ¢ BEKTOPAMHU B KOOPIMHATAX OCYIIECTBIISAIOTCS
MTOKOOPIMHATHO.
3amaua 2.3.10. BekTopsr

e1=(1,1,2), ex = (2,3,2), e3 = (1,3,2), x = (8,12,14)

3aJIaHBl CBOMMU KOOPJMHATAMU B HEKOTOPOM 0aszuce TPEXMEPHOIrO MPOCTPaH-
crBa. BekToph! €1, €2, €3 Takke 00pa3yioT 6a3uc mpoctpamcTBa. Haiitu Koop-
JIMHATHI BEKTOPA X B 9TOM 0asuce.

Pewenue. Koopauunatsl BeKTOpa X B 6as3nce €1, €2, €3 — 3T0 KOIPPUITHEHTHI
pazsoxkenus Mo 6a3ucCy:

X = r1€1 + x2€2 + T3es,

8 1 2 1
12 =21 |1 | +a2 |3 +2z3(3]. (2.4)
14 2 3 2

YYauTBIBasA, YTO BEKTOPHI CKJIAIBIBAIOT U YMHOXKAIOTCS HA YUCJIO ITOKOOD-
JWHATHO, ypaBHeHUe 2.4 TpUMET BUJ, CUCTEMBI JIMHEHHBIX YDPaBHEHUIL:

I1+2$2+$3 :8,
1 + 31’2 + 31’3 = 12, (25)
2x1 + 3x9 + 223 = 14.

Permmmum cucremy 2.5 meromom I'aycca:

1 2 18 1 2 1] 8 1 1]8
13 3/12) 2o -1 24 |2 10 1 02
2 3 2/14) ™ \o -1 0of|—2/ M \o -1 24

1 2 18 10 01

II14-11 O 1 0 2 I-III 0 1 0 9

st \g o 113/ ¥ \o o0 113
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Takum 06pazom, moJTydaeM
x = le; + 2e5 + 3es

U BEKTOp X mMmeer KoopauHaTel (1,2,3) B Gasuce e, ez, €.
Ilposepxa:

(8,12,14) = (1,1,2) + 2 - (2,3,3) + 3 (1,3,2).
O

3amauya 2.3.11. BekTopsr €1, €9, ..., €4, X 33aHbl CBOUMU KOODJIUHATAMU B
HEKOTOpOM basmce:

a) e1 = (3,1,2), e2 = (2,3,5), e3 = (4,1,3), x = (10, -3, 1);

6) e = (271a173)7 € = (473a271)7 €3 = (171a370)7 €4 = (372a072)7
x = (0,1,4,—4).

BekTopn! eq, e, ..., €4, Tak:Ke 00pa3yioT Oa3uc rnpocrpancTsa. Haiitu koop-
JWHATHI BEKTOPA X B 9TOM Oaswuce.

2.4. T'eomeTpmYeckKuii CMBICJI paHTa MaTPUIbI

Hamomuanm omnpesenenne panra MaTpUIbl Yepe3 MUHODHI.

Onpenenenue 2.4.1. Pane mampuys, (0603HaUeHHE TE A) — 3TO NOPSIOK
HaMOOJIBITIETO IO Pa3Mepy HEHYJIEBOI0 MUHOPA B MAaTpuiie. Takoi MUHOP Ha-
3BIBAETCSI 6A3UCHbIM.

CiioBo «ba3ucHbIily B HA3BAHUN MUHODA He ciaydaiino. [TorsTuie parra mar-
PHITHI HATIPSIMYIO CBA3aHO ¢ 0a3MCOM U Pa3MEPHOCTHIO BEKTOPHOT'O ITPOCTPAH-
CTBa.

Teopema 2.4.2 (O reomerpudeckoM cMbicje panra marpuibl). [lycrs A —
m X n mMarpuna HaJ nosgem F, A; — j-it cronben A, A — i-a crpoka A,
TOTIA

I"gA = dim span(Al, A27 cee ,An) = dim span(A[l], A[g], ey A[m]),

npuyéM 6a3uc 06pa3yIoT Te CTPOKH,/CTOJOIBI MATPUIlbl A, KOTOpBIE COIEpKaT
0a3UCHBIN MUHOP.
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Yacto Teopemy 2.4.2 UCMOIB3YIOT KaK aJbTEePHATUBHOE OINPEJIC/ICHIE PAH-
ra MaTPUIBL: PAHT MATPUIILI PABEH YUCJLY JUHEHHO HE3aBUCUMBIX CTPOK (CTOJIO-
[[0B) B MATPHUIIE.

C nomonipio TeopeMbl 2.4.2 MOXKHO JIETKO HalTh 6a3uC M pasMepHOCTH
JIMHEHTHOM OOOJIOYUKN CUCTEMBI BEKTOPOB, 33/ JAHHBIX CBOMMHI KOOPINHATAMHU.
JlocTaTouno 3ammcarb BEKTOPBI B MATPUILY 110 CTPOKAM KM CTOJOIAM (MbI
OyJieM OOBIYHO 3allUCHIBATE [0 CTOJIOIAM) ¥ BBIYUCIUTD PAHL [IOJIY IUBIIEHCS
MAaTPHUIIBL.

3amaua 2.4.3. Haiitu 6asuc u pa3mMepHOCTh JIMHEHHOM 000/I0UKN BEKTOPOB
al = (17 27 1’ 3)7 a2 = (27 17 3? 4)7 8‘3 = (37 O? 57 5)7
ay = (1,5,0,5), a5 = (4,1,0,3).

Pewenue. 3amnuinem BEKTOPbI B MATPUILY 10 CTOJIONAM U Haii€M €€ paHr me-
Toziom Taycca (HAIIOMHHMM, UTO DAHT MATPHUIIBI HE U3MEHSIETCS [IPU JJIEMEH-
TapHBIX IPe0Opa30BaHMsIX HaJl CTpoKaMu (crobuamn)):

1 2 3 1 4\ [y 1 2 3 1 4
A |2 105 1) [0 =3 -6 3 -7
A= 3 5 0 0lwasr'®|l0 1 2 -1 —4
345 5 3 0 -2 -4 2 -9
1 2 3 1 4 1 2 3 1 4
ol 0 1 2 -1 —4| m43n 01 2 -1 -4
— "lo -3 6 3 —7|wvier®l0 00 0 -19
0 -2 —4 2 -9 000 0 -—17
123 1
—1%9:-1111‘ 01/2 -1 _3
1V+171Hg 0 0lo o '
000 0
Munop
1 2 4
MyP3=0 1 —4)=1
00 1

SABJIETCsl DA3UCHBIM, TAK KAK OH HE PAaBEH HYJIIO, U JII0OOH MUHOD OOJIBIIEro
MOPSIIKA COJIEPYKUT HYJIEBYIO 4-10 CTPOKY U paBeH HYJIIO.
Takum obpazom,

dimspan(ai, ag, a3, as,a5) = 3.
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Bazuc auneitHOt 000/109KH 00pa3yIOT BEKTOPBI-CTOJIOIBI, CO/lepKAaIe 6a3uc-
HBIII MUHOD: a1, A2 4 as.

OrmeTuM, 9TO Ga3HUC OIpEeneaEH HEeOAHO3HaYHO. Halpumep, BMECTO BEK-
TOpa a MOXKHO BBIOPATH BEKTOPDHI a3 WU ay. O

Sagaua 2.4.4. Haiitu 6a3uc 1 pa3MepHOCTD JTMHEHHON 000JIOYKHA BEKTOPOB:

a) a; = (4,-1,3,-2), ap = (8,—-2,6,—4), ag = (3, 1,4, -2),
ag = (67 787 4)

’ )7 a2 = (2’27 172)7 as = (4’0’372)7 a4 = (3’3’2)1)7

6) a; = (1,3,0,2
6,1,0).

as = (2,

7

3anaua 2.4.5. Haiitu kakoit-uHuby/ib 0a3uc JMHEHHONH ODOJIOYKU CHCTEMbI
BEKTOPOB U BBIPA3UTDH YePe3 ITOT OA3UC OCTAJIBHBIE BEKTOPBI CHCTEMBI:

a; =(2,1,-2,3), ax = (3,2,0,4), a3 = (3,1,—6,5),
ay =(5,2,3,2), a5 = (4,2,7,0).
Pewenue. Ha mepBom miare Haiiném 6a3uc u pa3MepHOCTh JIMHEHHON 000109~

K1 BEeKTOPOB. JIJ1s1 9TOr0 3amuiiemM BeKTOPhI B MATPUILY 110 CTOJIOAM U HARIEM
eé panr meromoMm [aycca:

2 3 3 5 4 1 2 1 2 2
A 2 1 2 2|wn (2 3 3 54
A= 9 0 6 3 7| ™®[—20 -6 3 7
4 5 2 0 3 4 5 2 0
o (102 1 2 2 1 2 1 2 2
I11421 0 -1 1 1 0 LIl 0 -1 1 7 6
IV_3l 0 4 —4 7 11| wv_en 0 0 0 11 11
0O -2 2 -4 -6 0O 0 0 -6 -6
1 2] 122
it 0 -1 1(71]6
rg =3.
V6111 o olol1l1
0O 0 00O
Munop
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SIBJISIETCsT OA3UCHBIM, TAK KaK OH HEe PaBeH HYJIIO, U JIF0OOH MUHOD OOJIBIIEro
MIOPS/IKA COJEPKUT HYJIEBYIO 4-10 CTPOKY W PABEH HYJIIO.
Takum obpazom,

dimspan(ai, ag,as,as,a5) = 3.

Bazuc suHeitHO 000JI09KH 00pa3yI0T BEKTOPBI-CTOJIOIBI, CO/lepKaIe 6a3uc-
HBbIA MUHOpP: aj, Q2 U a4.

Ha Bropom mrare maiiméMm KOODIMHATHI BEKTOPOB, HE MOMABIIAX B Oa3wmC,
T. €. ag ¥ a5, B ba3uce ap, as, a4. s 370r0 pemmmM cucteMy ypaBHEHUIH:

(2.6)

a1a; + aaz + agay = ag,
Biai + Baag + Bray = as.

OrMeruM, 9TO ypaBHEHUs B cUCTEMe 2.6 OTIIMIAIOTCS TOJTHKO HEU3BECTHBI-
Mu u npaBoil yacteio. [losTomy cucremy 2.6 MOXKHO 3ammcaTb B BHE OJTHOMN
PacCIIMPEeHHON MaTpPUILbL:

a a2 a4 az as

2 3 3 5 4 1 2 2|1 2
1 2 1 2 2 oy 0O -1 7|1 6 I—2I11
-2 0 -6 3 7 0O 0 1|0 1 II—7I1I
3 4 5 2 0 0O 0 0|0 O
a; a2 a4 ag as
12 0|1 0 1 0 0 3 =2
I—21I1 0O -1 0|1 -1 4211 | O 1 0| =1 1
—7111 0O 0 1|0 1 —111 | 0O 0 1 0 1
0O 0 0|0 O 0 0 0 0 0
OTkyna moJjydaem, 9To
a3z = 3a; — ay,
as = —2a; +as + as.

Bekrops! ag u as umeror B 6asuce a;, ag, a4 kKoopauuarsl (3, —1,0) u (—2,1,1)
COOTBETCTBEHHO.
IIposepra:

(3,1,-6,5) = 3-(2,1,-2,3) — (3,2,0,4),
(4,2,7,0) = —2-(2,1,-2,3) + (3,2,0,4) + (5,2,3,2).
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3apaua 2.4.6. Haiitu kakoit-uHuby/ b 6a3uc JMHEHHON ODOJIOYUKU CHCTEMbI
BEKTOPOB M BBIPA3UTDH UePe3 ITOT OA3UC OCTAJIBHBIE BEKTOPBI CHCTEMBbI:

) ) as = (37 17 _5)7 az = (4a2a _1)7 ay = (1a07 _7)a

(2,
6) a, = (2 3, 5 1), a3 = (1,-1,2,3,5), a3 = (3,7,8,—11, -3),
=( 2 ,3);
B) a) = (2’ 1 3 4 ) az = (1)2? _3a 172)7 az = (5a _57 127 117 _5)a
a, = (1,-3,6,3,-3).

2.5. ®dDynHjmamMeHTaJJbHasl CUCTEeMa pelleHunii

Beiire 66110 OTMEYEHO, UTO OJIMH U3 OCHOBHBIX CIIOCODOB 33J1aTh BEKTOD-
HOE ITO/IIIPOCTPAHCTBO — 3TO JINHEITHAsT 000JI0YKA CUCTEMBI BEKTOPOB. BrophiM
OCHOBHBIM CIIOCOOOM SIBJISI€TCST MHOYKECTBO PEIIeHUIT OTHOPOHON CHCTEMBI JIT-
HEWHBIX aaredpandeckKux ypaBHEHUIH.

Onpenenenue 2.5.1. Cucrema anredpamdecKux JUHEHHBIX yPABHEHUI C HY-
JIeBoi 1paBoil 9acTbio (Az = 0) Ha3BIBAETCA 00HOPOOHOT.

JIlemMma 2.5.2. Ilycte L — BekTOpHOE mpocTrpancTBo Hax F', dim L = n,
A € Maty, ,(F), Torja MHOXKECTBO PeIIeHNUiT 0OTHOPOIHOM CHCTEMbI JIMHEHHBIX
aJIredpanIecKuX ypaBHEHMIA:

"={zeL(zxeF")| Az =0}
06pa3yeT BEKTOPHOE TOAMPOCTPAHCTBO IPOCTPAHCTBA L.

Omnpenenenune 2.5.3. basnuc npocrpancTBa pereHnii OqHOPOTHON CHCTEMbI
JINHEHHBIX aJredpanvecKuX ypaBHEHWI HA3BIBAECTCS GYHIGMEHMAAbHOT CU-
cmemoti peuteHul.

HanomunMm, 910 06ujum pewenuem cucmemuvs AUHETHOLT Ypashenul Ha3bl-
BAeTCs NPEJICTABJIEHNE CUCTEMBI B BUJE (C TOYHOCTBHIO JI0 TepeobO3HAMEHNUs
HEM3BECTHBIX ):

T1 = Q1 kr1Tk+1 T Q1 kr2Tk12 + ... + Q1 Ty,
Ty = Q2 k+1Tk+1 T Q2 k+2Tk42 + ... + Q2 n Ty,

Tk = Ok k+1Tk+1 T Ok k+2Tk+2 + ..« + O nTn,

IJI€ HEU3BECTHBIE T'1, L2, . .., Tk HASBIBAIOTCS 2AGEHULMU, & Tki1, Lkio, .-, Ln
— ¢80600HBIMU.
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AaroputrMm nocrpoenus (pyHIaAMEHTAJIIBHON CUCTEMBbI PeIleHui
IITar 1. HaiiTu obimee perenne CUCTEMbI YpaBHEHHIA.

ITar 2. IlocTpouTs MO OgHOMY HA3UCHOMY PEIIEHUIO s KaXK 01 CBOOOI-
HOM TIepeMeHHOM, puHsaB eé 3a 1 (wmm moboe apyroe uncio, Hepasroe 0), a
BCe OCTaJbHbIe CBOOOIHbIE IIepeMeHHbIe 3a (.

VunreiBasi, 9TO YHCJIO IJIABHBIX IIEPEMEHHBIX B OOIIEM DPEIIEeHUH DPaBHO
PaHry MaTPHIIBI, IIOJIyIaeM CJIEJICTBAE O PA3MEPHOCTH IIPOCTPAHCTBA PEIICHUN
OJTHOPO/THO CHUCTEMBI JIMTHEWHBIX aJreOpandecKux ypaBHEHUI.

Jlemma 2.5.4.
dim{z € L | Ax =0} =dim L — rg A.

3amaua 2.5.5. Haiitu obmiee pererne n pyHIAMEHTAIHHYIO CACTEMY PeIlie-
HUIl cucTeMbl ypaBHEHUM:

3x1 4 229 4+ dagz 4+ 229 = 0,
21 — x9 + 223 + 3x4 = 0,
5x1 + 8x2 + 8x3 =0,

3x1 — dxo + 2x3 + Txy = 0.

Pewenue. Illae 1. Haiiném obiee perenne cucTeMbl MeTomoM [aycca:

3 2 4 210 1 3 2 =110
2 =1 2 3|10 1v-r 2 -1 2 3 10 11—21
5 8 8 00| 1-11 5 8 8 0 | 0] mi-s1
3 =5 2 710 0 -7 -2 5 10
1 3 2 =110\ [_q 1 -4 0 410
1121 0 -7 -2 5 0] vosuz. (O =7 =2 5|0
m-s51 [0 =7 =2 5 |0 I+11 0 0 0O o0}’
0 -7 -2 5 1|0 0 O 0O 010

xry — 4562 + 41‘4 = 07
—7([2 — 21‘3 + 51’4 =0.

HepeMeHHaﬂ T1 IPpUCYTCTBYET TOJIBKO B IIEPBOM YPaBHCHUU, IEpEMEHHAA T3
— TOJIBKO BO BTOPOM. BbI6€peM X B Ka9eCTBE INIaBHBIX II€PEMEHHbBIX!

xr1 = 4%2 — 4$4,
7 5
T3 = 751‘2 + 5:174.
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Ilae 2. TlocTponm 110 0THOMY 0A3UCHOMY PEIIEHUIO ISt KaXK 10 CBOOOI-
HOIl lepeMeHHOl (x2 u T4):

1) To=2,24=0=2, =8, 23 =—-T;
2) To =024 =2= 21 = —8,x3 = 5.

Mpsr BoIOpasn 3HadeHne 2 it CBOOOIHBIX MIEPEMEHHBIX, YTOOBI M30e2KaTh
apobeit. BmecTo 2 MOXKHO OBLIO B3ATH JII000E IPyroe HEHYIEeBOe 3HAYUECHUE.
Taxum obpazom, moydaeM GyHIAMEHTAIBHYIO CUCTEMY DEITIeHI:

a; = (8,2,-7,0), ay = (—8,0,5,2).
O

3amaua 2.5.6. Haiitu obmiee perrerne n pyHIAMEHTAJTHHYIO CUCTEMY PeIie-
HUH CUCTEeMbl ypaBHEHUM:

a)
Ty + 229 + 23 =0,
2:E1 +3$2 + x4 = 0;

5x1 + 4x9 + 3 + 3x4 = 0,
221 + 22 + 23 + 424 =0,
3x1 4+ 229 + 23 + 24 = 0,
T1 + 3x9 — 223 + 224 = 0.

WNutepec mpescrapiasier m oOpaTHas 3a1a9a: KaK MO 0Aa3WCy BEKTOPHOIO
HOAIPOCTPAHCTBA L' IOCTPOUTH CUCTEMY JIMHEHHBIX OJHOPOIHBIX yPABHEHUIA,
OIpeICISTIONINX MOIIPOCTPAHCTBO L.

Bamada 2.5.7. Bexkropnoe nognpocrpactso L' 3amano Kak JmHeiiHas 060-
JIOYKA CHCTEMBI BEKTODOB:

L' =span((1,-1,1,1),(=1,-5,1,3),(3,0,2,1)).
Haiitu cucremy JIMHelHBIX ypaBHEeHUil, 3a1a100LyI0 ITOIPOCTPaHcTBO L.

Pewenue. Ham He0OX0IUMO COCTABUATE CUCTEMY JTUHEHHBIX YPABHEHUH IO MHO-
KecTBy eé pemrenuit. Haitiem ypaBHeHUsT JIJIsT KOOPJMHAT BEKTOPOB, BEPHBIE
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JJId BCeX BEKTOPOB B L. ,H.HH 9TOTO 3aIlUINEM BEKTOPBHI B MAaTPUILY IO cTOoJI0-
oaM W IIPUITHIITEM CTOJI6€H C HEU3BECTHBIMU:

1 -1 3| x 4T 1 -1 3 T
—1 =5 0|2z | mi-1 |0 —6 3 |x9+21 | eIl
1 1 2|23 v-1 |0 2 —1|z3—2:1
1 3 1| x4 0 4 =2 |xz4—m:
1 -1 3 T 1 -1 3 T
114111 0 2 —1|x3—x1 | mi+sm 0o 2 -1 T3 — X1
0 -6 3 |zo+x1 | veaorr |0 O 0 | =221 + zo + 323
0 4 —2 Ty — X1 0 0 0 Ty — 2133 + x4

st Bcex TPEX BEKTOPOB MMEIOT MECTO YDABHEHUS:

(2.7)

—2£C1 + 20 + 3%3 = 07
xr1 — 223+ x4 = 0.

Panr marpuis u3 sekTopos L’ pasen 2, ciegosarenbho, dim L' = 2. Uc-
komas cucrema Ax = 0, o semme 2.5.4, I0JKHA COIEPKATD

dimL —dimL =1g A
4 2 2
JIUHEHHO He3aBUCUMbIX yPaBHEHNS.
TakuM 06pa3oM, cucTeMa 2.7 sBJISETCS PelleHneM 33,TaxH. O

Bamadga 2.5.8. BekTopnoe nognpocrpanctso L’ 3a1an0 Kak JuHeitHas 060-
JIOYKa CHCTEMBI BEKTODOB:

a) L/ = Span((l, _17 170)7 (17 1707 1)’ (27 07 17 1));
6) L/ = Span((lv 71; 17 717 1)) (17 ]-7 Oa Oa 3)7 (37 13 17 717 7))

Haiitu cucremy JIMHEHHBIX ypaBHEeHUil, 3aJa100LyI0 MTOIIPOCTPaHcTBO L.

2.6. Cymma u mepecedeHue IIOAIIPOCTPAHCTB

ILByMH OCHOBHBIMU OIlepallusMU C BEKTOPHBIMU IIOAIIPOCTPaHCTBaAMU AB-
JIAIOTCA CyMMa U 1IepecedeHue.

Onpenenenue 2.6.1. Cymmot sexmopruz nodnpocmparcms Ly n Ly ripo-
crpaHcTBa L Haut mojieM F' HA3bIBAE€TCS MHOXKECTBO BEKTOPOB:

L1+L2={1‘+y|l’€L1,y€L2}.
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Takum 00pazoMm, cyMMa BEKTOPHBIX IOJIPOCTPAHCTB COJIEPKUT CYMMBbI
BCEX BOBMOYKHBIX Tap BEKTOPOB U3 L1 u Lo. Hampumep, cymMoit 1By X TuHEHO
HE3aBUCUMbBIX BEKTOPHBIX IPAMBIX OyeT BEKTOPHAs IJI0CKOCTD (puc. 2.4)

L,

Ly + Lo
N
W

Ly + L3

L3

Puc. 2.4. KoopauraTHbIE IIOCKOCTH KaK CYyMMa, OCeil KOODIMHAT

Onpenenenue 2.6.2. [lepeceuenuem sexmoproix nodnpocmparncms Ly u Lo
npocrpancTBa L Hajt ojieM F' HA3bIBAETCS MHOYKECTBO BEKTOPOB

L10L2:{$|ZL’€L1,$€L2}.

JIlemMma 2.6.3. Ilycts Ly u Lo — BEeKTOpHBIE TIOAIIPOCTPAHCTBA IIPOCTPAHCTBA
L nag monem F, torma mx cymma L1 + Lo u mepeceuenne Ly N Ly Takxke
SIBJISTFOTCS. BEKTOPHBIMU IIOJIIPOCTPAHCTBAMHU IIPOCTPaHCTBa L.

PazmeprocTu cyMMbI 1 TIepeceveHnst BEKTOPHBIX MOJIITPOCTPAHCTB CBSI3aHbI
o dpopmysie I'paccmana.

Teopema 2.6.4 (Popmysa I'pacemana). Iycrs Ly u Ly — BeKTOpHbIE TIOJI-
MIPOCTPAHCTBa MpocTpaHcTBa L Ham moaem F', Torma

Hanpumep, st IByX KOOPJMHATHBIX ILIOCKOCTEH, MEPeCEeKaromuXcs Mo
npsmoii (puc. 2.5), umeeM:

3 2 2 1
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Puc. 2.5. Cymma u nepecedenue 1I0CKOCTel

Ecan BekTOpHBIE TTOATPOCTPAHCTBA 33 aHbI KaK JTUHEHHBIE 000JOYUKNA CH-
CTeM BEKTOPOB, TO CYMMY U IlepecedeHHe IOAIPOCTPAHCTB MOXKHO HalTH IO
CJIeAYIOLIEeH JeMMe.

JIlemma 2.6.5. Ilyctn
Ly =span(ay,as,...,a), Lo = span(by,bs, ..., bs)
— BEKTOPHBIE TI0IIPOCTPAHCTBA ITpocTpancTBa L Hag nostem F', Torma
Ly + Ly = span(ay, ag, . .., ak, b1, ba, ..., bs),
LN Ly = {aja; + agas + ... + agag} = {B1by + Baba + ... + Bsbs},

rie
aiay + agas + ...+ agar = B1by + Pabs + ... + Bsbs. (28)

3amauya 2.6.6. Haiitu 6a3uchbl CyMMBbI M ITlepecedeHrns] BEKTOPHBIX IIOJIIPO-
CTPaHCTB:

L= Span((Q, 1,1, 3)7 (37 -1,2, 2)7 (5a —5,4, 0)),
L2 = Span((57 2a _37 1)7 (2a _17 7a 7)3 (_87 _57 13) 5))

Pewenue. Haiiném 6a3ucel 1 pazMepHOCTH TOAIpocTpancts Ly u Ly, DTor
Iar siBJsieTcst HeobsI3aTeIbHBIM, OJHAKO 3HAYUTEJHHO YIIPOCTHUT JIAJIbHEHIIIee
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pelnieHue.

2 3 5 1 -1 -5
. . 1 -1 5] 10 2 3 5
dimli=rg|, o 4| — 1 2 4
3 2 0 3 2 0

I1-21 I -1 =5 311 1 —11-5

I-1 0 5 15| 1r-3u 0 1] 3

— p— I‘g :2.
IV—3I 0 3 9 | 1v-sI1 0 0 0
0 5 15 00 0

B 6a3zuc L1 Bo3bpMEM cTOIOIBI, cofepzKaIiue 0a3uCHbII MITHOD:

Ly =span((2,1,1,3),(3,-1,2,2)).

ai az

OrmernM, uTO JH0OBIE Ba CTOJIONA MATPUILL (JOObIE JiBa BEKTODA) JIU-
HeilHO He3aBUCUMEL.

dim Ly = 1g

II1-21I
TI1+431
—— T

IV-51

=15 —15 | 1—2s1 .
28 28 | rvsai
—-33 33

OO O
o OO =
O O~
o O =

B 6azuc Lo Bo3bMEM CTOJIOIBI, CoJepsKalue Oa3UCHbBIN MUHOD:

Ly = Span((5, 2,3, ]-)7 (2» -1,7, 7))
by b

IIepeceuenune Ly N Ly MOKHO HAWTHU, PEIIUB yYPaBHEHUE:

W = =N
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Tak Kak BEKTOPBI CKJIAJILIBAIOTCS W YMHOYKAIOTCS HA YHUCJO TOKOOPJIH-
HaTHO, ypaBHeHUe 2.9 MpecTaBiisieT COOOH CUCTeMy U3 9eTBIPEX JIMHEHHBIX
ypaBHEHUil. 3aluIleM 3Ty CUCTEMY B BUJE PACITUPEHHONW MATPUIIHL:

aq Q2 51 52

2 3 5 2 I -1p2 -1 1—21
1 1 2 —1| 111 2 3 5 2 I-1
1 2 -3 7 1 2 |-3 7 IV—3I
3 2 1 7 3 2 1 7
I—o1 1 -1 2 -1 1 -1/ 2 -1
I-1 0 5 1 4 TIv 0O 1 |-1 2 111311
IV—3I 0 3 |-5 8 IVeII 0O 3 |-5 8 IV—5II
0 5 |-5 10 0 5 1 4
1 -1 2 -1 1 -1 2 -1
II1—3I1 0o 1 |-1 2 —i1m 0O 1 |-1 2
IV—5II 0 0 |-—-2 2 IV—6III 0 0 1 -1
0 O 6 —6 0 O 0 0

OcraHOBUMCST 3716CH M OTMETHM, YTO MBI HAIILIU 6a31C U PA3MEPHOCTH CYM-
MBI oanpocTpancTB Ly + Lo. [eilicTBuTenHO,

a; ax by by

9 3 5 9 1 -1 2| -1
: 1 -1 2 —1].. 0o 1 =1 2
dim(Ly + Lg) = = = 3.
Iyt L) =18l 0 Sy T g g -1
3 2 1 7 00 0 0
B 6a3uc cymmbr Ly + Lo MOXKHO BBIOpATH BEKTOPHI a1, ag, by.
Bepuémcs k periennio ypaBuenus 2.9:
ap Q2 B1 B2 a; az B P
1 -1 2 =1\ - 1 0 0 2
0 1 -1 2 |u+ur | 0 1 0 1 7
0 0 1 —1 | 1411 0 0 1 -1
0 0 0 0 0 0 0 0
a1 = 203, a1 =20,
ag = fa, = ag = [, (2.10)

0=p1 — fBa, B1 = Ba.
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ITo dhopmyne I'paccmana (Teopema 2.6.4) MOXKHO HAWTH PA3MEPHOCTD II6-
pecedenmus:

1 2 2 3

Bekropabie miockoctu Ly u Ly niepecekarorcs o npsiMoit (puc. 2.5).
Bazuc npsimoit Ly N Ly MOXKHO HaiiTH, TOCTPOUB JIF0O0E HEHYJIEBOE YaCTHOE
pemtenne cuctembl 2.10 u mosicTaBUB €ro B ypaBHeHHE 2.9:

ﬁ2:1:a1:27a2:1a61:17

2 3 ) 2 7
9 1 " -1l _ ]2 " -l _ |1
1 2 -3 7 4
3 2 1 7 8

Omeem:
o dim(L; + L) = 3, 6azuc cymmsl: aj, ag, by;
e dim(L; N Ly) = 1, 6asuc nepeceuenus: (7,1,4,8).
O

Ecyin pasmepHOCTB TIepecedenust He paBHa 1, TO cJiellyeT MOCTPOUTH (PyH-
JTaMEHTAJIBHYIO CHcTeMy pernenuil jjs ypasaerus 2.8. Kaxkmomy 6azucHoMy
PpeIeHno OYIeT COOTBETCTBOBATE JTMHEIHO HE3ABUCUMBII BEKTOD [I€PECEIeHNUsT

Ly N L.

3amaua 2.6.7. Haiitu 6a3uchl CyMMBI W TepecedeHns BEKTOPHBIX TOIIPO-

crpancTB Ly = span(ap, as,...,a;) u Ly = span(by, ba, ..., by):
a‘) ay = (]'7 27 1 3) (_1787 _675)7 az = (07 ]-07 _578)7
b1 = (174, , ), b2 = (3,—2,6,3), b3 = (4,2,578);
6) ai = (1,1,1,1), a» = (1,1,1,3), a3 = (1,2,1,3), as = (1,0, 1,3),
bl = (17 17 1a2)7 b - (3?37373) (17 ) a2)7 b4 (0707171)a
B) al:(_1,6,4,7,—2),32:(—2,3,0,57— ) ( 3,6,5,6, 5)7
b; =(1,1,2,1,-1), by = (0,-2,0, -1, —5), b3 =(2,0,2,1, —3)
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AdduaHBIE TPOCTPAHCTBA

3.1. Omnpenenenne adpPUHHOrO IMPOCTPAHCTBA

Omnpenenenne 3.1.1. A@dunroe npocmpancmeo — 310 MHOKECTBO V| ompe-
JIEJIEHHOEe COBMECTHO C BEKTOPHBIM IpocTpancTBoM L Has moseM F| Ha KOTO-
POM 3aJIaHbI JIBE OLEPAITUH:

a) COIOCTABJIEHHE BEKTOPA IIApe TOYeK:
—_—>
VP,QeV: PQec L;

6) CJIOXKEHHE TOYKU U BEKTODA:

VPeVVNxeL: P+zxzeV

1 BBIIIOJIHEHBI CJICAYIOIIHNEe 3 aKCHOMBI:

1) (P+a)+y=P+ (x+y), ans uobsix P €V ux,y € L;
2) P—i—P—Q):Q, Jtst Jobbix P, Q € V';

3) P,P+xz=ux, s mobeix P €V ux e L.

DuteMeHTHI AdOUHHOTO TPOCTPAHCTBA V' HA3BIBAIOTCS MOYKaMU. BeKTOp-
HOE MPOCTPAHCTBO L — HaANPagAsouum npocmparcmseom.

Haubos1ee mpoCcThiM U IIPUBBIYHBIM IIPUMEPOM SIBJISIFOTCS] T€OMETPUIECKHE
TOYKH ¥ BEKTOPHI B mpocrpancrse R, tae d = 1,2, 3. Ognako, Kak U paree,
J00bIe abCTpaKTHBIE O0BEKTHI, KOTOPbIE MOMOMAYyT 1oj ompemenerue 3.1.1,
HAIPUMEP MaTPHIIbI, MHOTOYJIEHbI, HEIIPEPBIBHBIE (DYHKIIUU U T. JI. 06pa3yioT
adduHHOE TPOCTPAHCTBO.

38
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3amaua 3.1.2. [lokazars, uro B adpduHHOM IpocTpaHcTse V:
a) PP = 0 st moboit Touxu P € V;
6) P+ 0= P ja moboit Toukn P € V;
B) P_Cj = 7Q_P> I JIo0BIX ToweK P,Q € V.

Takum 06pa30M, BMeECTe C a6CTpaKTHbIMI/I YuCJIaMH1 1 BEKTOpaMU MbI BBEJIX
IIOHATHUE a6CTpaKTHbIX TOYEK.

3.2. AddunHas cucrema KOOpPIAUHAT

OcHoBHasT nest, KaK U B CJIy9ae BEKTOPHBIX MPOCTPAHCTB, 3aKJIF0UAETCS
B TOM, YTO HaM aDCOJIIOTHO HEBAaXKHO, KaKne 00bEeKTHI 00pa3oBaan adpdunHoe
[IPOCTPAHCTBO. Bece TOYKHM mpocTpaHCTBa MBI 3aMEHHM Ha UX KOODIUHATHI,
TOrIa JOCTATOYHO OyJeT yMeTh paboTaThb ¢ KOOPAMHATAMHU TOYEK.

Omnpepenenne 3.2.1. Ilycte V' — addunnoe npocrpancrso uvan L u F.
Sadurcupyem Touky O € V u Ha30BEM eé noarocom. Torma Kaxkmoil Touke
P € V omnosnauano coorBercrByeT paduyc-eéexmop OP. COBOKYIHOCTb TOUKHU

O € V u ba3uca e, e, ...,€5 BEKTOPHOTO IPOCTPaHCTBa L ompemenser ag-
Ppurryro cucmemy xoopdurnam. Koopdunamov, mouwku P B acdunHoOll cucreme
koopauHaT O, e1,es,...,eq — 3TO KOOPAUHATHI pajuyc-BekTopa OP B ba3uce
€1,€e2,...,€q.

Onepalnuu ¢ ToYykamMu B KoopaMHaTax. llycrs Touku P u () umeror

KOODAMHATEL (P1,P2,...,0d) ¥ (q1,42,---,q4) B adduHHON cucTeMe KooOpiau-
Hat O,eq,€s,...,€4, BEKTOD X UMeET KOODJAMHATHI (T1,Za,...,2Lq) B basuce
€ej,€e2,...,€4.

1. Conocras/ienue BEKTOpa mmape To9eK. I[puMEeHUM IIPABUIO TPEYTOIbHU-
ka (puc. 3.1):

PG =0Q - OP
= (q1e1 + qee2 + ... + qaeq) — (p1€1 + p2e2 + ... + pa€q)
= (q¢1 —pr)e1 + (g2 —p2)es + ... + (g4 — pa)ea-

—_—
CrenoBare/ibHO, 9TOOBI HAWTH KOOPAMHATHI BeKTOpa P(), HEOOXOIMMO
U3 KOOPJMHAT TOYKH <«KOHIIA BEKTOPa» BBIYECTb KOODJIMHATHI TOYKHU
«Ha4daJ1a BEKTOPa»:

—>

PQ = (q1 —p1,92 = D2,---,4d — Pd)-
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P . P
PG
— — X
OP OP
Q
poYa! P+x
O 0Q O O.P+x

Puc. 3.1. Onepanuu ¢ TOYKaM#u U PainyCc-BEKTOPAMEI

2. Cuoxkenue To9KU U BeKTOpa. 1o npasuiny rpeyrosbauka (puc. 3.1) 1mo-
JIydaeM, UTO

O,P+x= OP +x
= (p1e1 +p2e2 + ...+ paeq) + (v1€1 + 2202 + ... + T4€4)
= (p1+x1)e1 + (p2 +x2)ea+ ...+ (pa + za)eq.

CJ’IG/IOBaTe.HbHO, KOOpAWMHATBI TOYKHU U BEKTOPa IIPOCTO CKJIaJIbIBAIOTCHA:

P+X:(p1 +I1,p2+x2,...,pd+xd).

3.3. JImneiiHoe MHOrooOpas3me

Onpenenenue 3.3.1. Ilycrs V — addurmoe mpocTpaHCTBO HAT BEKTOPHBIM
npocrpanctBoM L u nonem F. Ilommuoxkectso V! C V naspiBaerca agdun-
HbLM TOONPOCTPAHCMEOM TIPOCTPAHCTBa V, eciii OHO saBJjisieTcss adPUHHBIM
IIPOCTPAHCTBOM HaJl BEKTOPHBIM roganpocrpanctsoM L' C L u mosem F.

Opnrako TepmuH «adGUHHOE TOITPOCTPAHCTBOY IIPUMEHSIETCS KPaiHe PeJi-
ko. Kak mpaBmiio, BMECTO HETO PacCMaTPUBAIOT JPYTOil 0OBLEKT — JIMHEHHOEe
MHOT00Opasue.

Onpenenenue 3.3.2. Ilycrs V — addunnoe npocrpancrso Has L u F') Tod-
ka P € V u I/ — BekTOpHOE NOANPOCTPAHCTEO pocTpancTBa L. MuoxkecTBo
TOYEK

Vi=P+L' ={P+x|xel'} (3.1)

Ha3bIBAETCH AUHETUHDIM MH02006p(],3U€.M .
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/y

P # Vi=P+ L'
/y

0 L' = span(x,y)

X

Puc. 3.2. IIpumep suHEHOrO MHOr00Opa3Ms

BekTopnoe npocrpanctso L' u3 onpegenenus 3.3.2 Ha3BIBAECTCS HANPAG-
AAOWUM TLOONPOCTNPAHCTNEOM JTUHEITHOTO MHOTO00ODA3Us.

3amaya 3.3.3. IIpoBepuTs, yJI0BIETBOPSET JIU TUHERHOE MHOTOOOPAa3Ue OIpe-
nesieHnto aPUHHOTO TPOCTPAHCTBA.

ITpumep smHeiHOrO MHOrOOGPa3Us (IIIOCKOCTH) TPUBEIEH HA pUC. 3.2

OrmeruM, 9TO Yepe3 pajlyCc-BEKTOP MOYKHO yCTAHOBUTH B3aUMHO OJIHO-
3HAYHOE COOTBETCTBUE MEXKJLY TOYKAMU U BEKTOPAMU, [I09TOMY JINHETHOE MHO-
roobpasue MOXKHO PacCMaTPUBATHL U KaK IOJMHOYXKECTBO BEKTOPOB BEKTOD-
Horo mpocrpancTsa. OCHOBHOE OTJIMYHE 3aKJIOYAETCsI B CJIEIYIONEM: JI000e
BEKTOPHOE HMPOCTPAHCTBO COJEPYKUT HYJIEBOI BeKTOp. Fciim BBecTH cucremy
KOOPJIMHAT, TO BEKTOPHOE IIOJIIPOCTPAHCTBO L' «IpuBs3aHo» K Hadajly KO-
opauHat, T. e. npoxomur depe3 O. Addunnoe momupocrpancTso (JuHEiiHOE
mHoroobpasue) V' nosydaercsd nepeHocoM BEKTOPHOrO MoAnpocrpaHcrsa L’
(HagyaJsIa KOOPAUHAT) B IIPOU3BOJILHYIO TOUKY P.

Omnpegenenne 3.3.4. Pasmeprocmsv addunnozo npocmparcmea (IuHeHHO-
rO MHOr000pa3msi) — 9TO pa3sMEPHOCTD €rO HAIPABJISIONIETO BEKTOPHOIO IIPO-
CTPAHCTBA:

dim V' =dim(P + L") = dim L.

Onpenenenue 3.3.5. JluneiiHoe MHOrOOOpa3ue pa3sMepHOCTU k HA3bIBAETCS
k-meprot naockocmyio.

Onpenenenue 3.3.6. [lycts V — adduHHOE IPOCTPAHCTBO, JUHEITHOE MHO-
roobpasue V' pasmepnoctu dim V' — 1 HazbIBaeTCS 2UNEPNAOCKOCTbIO.

[IpumepaMu THUIIEPILIOCKOCTEH SIBJIAIOTCH: IpsiMast HA IJIOCKOCTH, IIJIOC-
KOCTb B TPEXMEDHOM IIDOCTPAHCTBE.
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3.4. CymMma MuBHKOBCKOTO

CyMMa BEKTOPHBIX IOJANPOCTPAHCTB M CyMMa TOYKH W HAIPABJISIONIETO
IIPOCTPAHCTBA U3 OIIPEJIeJIEHNs JINHEHHOTO MHOI000Pa3usl ABJISIOTCS JACTHBI-
MH CJIydasgMi CyMMbl MUHKOBCKOTO.

Omnpenenenne 3.4.1. Ilycts A u B — MOJAMHOXKECTBA BEKTOPHOTO TPOCTPAH-
crBa L (adpdunnoro npocrpancrsa V'), rorma cymmoti Munkosckoeo Ha3biBa-
€TCsi MHOXKECTBO

A+B={a+blacAbe B}

Hampumep, ecan

A= {(Oa 71)7 (Oa 1)7 (17 0)} uB = {(Oa 0)7 (17 1); (17 *1)}3

TO

A+ B={(0,-1),(0,1),(1,0),(1,2),(2,1),(1,-2),(2,-1)}.

A ecyin B3dTH B KauecTBe MHOXKeCTB A U B TPEyroJIbHUKU ¢ BEPUITHAMU
B TeX XK€ TOYKax, To cyMMoil A + B Gyuer mecruyroiabauk (puc. 3.3).

y y y
2 | 2| 2|
11 1 11
\ X X T
+ = .
/1 1 1 2
1 1 1
—a2 —2 | —2 |

Puc. 3.3. Cymma MUHKOBCKOTO JIBYX TPEYTOJIHLHUKOB

Cymmoit okpyxuoct 12 + y? = 1 u npamoit z = t (puc. 3.4) Gyger mu-

JUHID
.%'2 + y2 — 1’
z=1.
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Puc. 3.4. Cymma MUHKOBCKOTO OKPY?KHOCTH M IPSAMOIA

Cymma MUHKOBCKOTO MPUMEHSIETCS B PA3JIUIHBIX AJTOPUTMAX KOMITIO-
TepHO# rpaduku u od6paboTKu M300parkKeHuil, B MaTeMaTUIeCKOil MOpdoI0-
TUU U JIPYTUX 00JIACTSX.

Amnasiornano pasrnocms Munko8cko2o ONpesessieTcs Kak

A—-B={a—-b|acAbe B}.

Paznocts MUHKOBCKOTO mMMeEET OTpOMHOE 3HAYHNE B AJTOPUTMAaX ODHA-
PY?KeHHs CTOJKHOBEHUH B KOMIIbIOTEPHOH rpaduke (HaIpuMep, B aJIrOpUTMe
T'unbepra-xxoucona-Képru). B ocHOBe ajropurMma JIesKUT CIIELYOIee yTBep-
KJIEHUE.

JlemMma 3.4.2. Ilycrs A u B — NOAMHOXKECTBa BEKTOPHOTO TPOCTPaHCcTBa L
(adbdunnoro npocrpancrsa V'), Torua

ANB#() < 0€ A-B.

TakuM 06pa3oM, UTOOBI ONPEJEINTh, CTAIKUBAIOTCS ([IEPECeKAIOTCsT) JIn
JiBa 00bEKTa, MOXKHO IIOCTPOUTH PAa3HOCTh MHUHKOBCKOIO U IIPOBEPHUTH, CO-
JIEPKUT JIK OHA HYJIeBOH BeKTOp (Hauasao koopaunar). Ha puc. 3.5 npusenén
IpuMep pasHoCTH MHHKOBCKOTrO [jIf TPEYrOJIbHHUKA U 9eTLIPEXYTOIbHHUKA.

3amaua 3.4.3. Haiitu cymmy Munkosckoro A + B, ecym:

a) A — TpeyroJpHUK ¢ BepmmHaMmu B Toukax (—1,0),(1,1),(1,-1), B —
KBaJpar ¢ BepmuHamu B Toukax (—1,—1), (1, ) (1,1),(-1,1);

6) A — orpesok [(1,1),(4,1)], B — orpesok [(—2,1), (0, 3)];

B) A — okpyxuocts 2% +y? — 21 — 2y —2 = 0, B — oxpyxHOCTH 12 + % —
dr+2y+4=0.
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—_ =
N W o 00 © O

X
12345678 9101112

| X
ﬂ8474645444342;1 12314
| ]

Puc. 3.5. O6uapyKeHre CTOJKHOBEHUH € MIOMOIIBIO pa3HocTr MIHKOBCKOTO

3.5. Addbunnasa oboso0uKka

Paccymorpum paznmudmbie criocoObl 3a1aTh JTHHEHHOE MHOTOOOpas3me.

HamomanM, 4T0 BEKTOPHOE HOAIIPOCTPAHCTBO MOXKHO IIPEICTABUTH, C O
HOW CTOPOHBI, KaK JIMHEHHYIO 00OJIOUKY CHCTEMBI BEKTOPOB, & C JAPYTOil CTO-
POHBI, KAaK MHOYKECTBO DEIEHU OJIHOPOJIHON CHUCTEMbI JINHEHHBIX ajrebpau-
YeCKUX ypaBHEHU.

AmnajlornaHo mepBBIM CITIOCOOOM 3aIaHus JTUHEHHOTO MHOIO00Pa3usl SIBJIs-
erca adpdunnasg 000710IKa KOHETHOTO MHOYKECTBA TOUEK.

Onpenenenune 3.5.1. Ilycte V — addunnoe npocrpancrso wag L u F,
Touku Py, Po,..., P, € V, A, Ao, ..., A\; € F, TOrna JuHeitHAsT KOMOWHAIIS

MPL+ P+ ...+ M\ Py
HazbiBaeTcsa agdunnoti (W naockot), ecan
MAX+ ...+ A =1

Onpenenenune 3.5.2. Ilycte V' — addunnoe npocrpancrso Hag L u F.
MHuozxkecTBO Bcex adUHHBIX KOMOUHaImMit ToYeK Py, Py, ..., P, € V:

aﬁ'(Pl,PQ,...,Pk) = {)\1P1 + AP+ .. 4+ APy | Ay A2, .., A € F}
HA3BIBAETCA aPPuHHol 00040%K0T MHOXKECTBa TodeK P, P, ... Py.

Jlemma 3.5.3. Ilycte V' — addunnoe mpocrpancrso uwam L u F, Toukn
Py, Py, ...,P, € V, rorna addunnas obosouka aff(Py, Py, ..., Py) aBiser-
Cs1 IMHEWHBIM MHOTOOOpAa3neM.
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IIpumepsnt

1. Addunnas 060s109Ka JFOOBIX ABYX TOYEK OYJET MPSMOIi, IIPOXOIAIe
vepes stu Touku (puc. 3.6).

5 2 1 1 1 4

A B _A+2B

Puc. 3.6. Addunnas obosouka Touek A u B

2. Addunnas 060109k TPEX TOUEK, HE JIEIKAIIUX HA OJHON TIPIMOIA, OIIpe-
JIeJISIET TIIOCKOCTh (puc. 3.7).

Cpe —A+%B+%Co
1A+ iB+1C

Puc. 3.7. Adbdunnast 060s109ka TpEX TOUEK

3. Addunnoit 060709KOH YETHIPEX TOYEK, HE JIEXKAIUX B OJHON IJIOCKO-
cru, OyzeT TpEXMEpHOe MPOCTPAHCTBO U T. .

Onpenenenune 3.5.4. Ilycte V — addunnoe npocrpancrso Hag L u F.
Touku Py, Ps, ..., Py € V HazweBatoTCH aPhunho 3a6UCUMDBLMU, €CITH XOTST ObI
OJIHY U3 TOYEK MOXKHO IPEICTABUTH B Buje addUHHON KOMOMHAIINNA OCTAJIb-
HBIX TOYEK:

di (1Sigk):R-:)\1P1—|—.../\i_1Pi_1+)\i+1P,-+1+...—|—)\kPk,
)\1+-~->\i71+)\i+1+~-~+)\k::1~

Touku Py, Ps, ..., P, € V HazbBamoTCsa afdurho HE3ABUCUMBLMU, €CJIA HU O
HYy U3 TOYEK HEJIb3s MPEJICTABUTh B BUje apPUHHON KOMOMHAIIMN OCTAIbHBIX
TOYEK:

Vi (1<i<k): Pp¢aff(Pr,...,P_1,Piy1,..., ).
Samaua 3.5.5. OupenennThb, ABISIOTCA JIA TOYKH
A=(1,4,2),B=(1,7,3),C = (2,3,3),D = (3,-7,1)

adPUHHO HE3ABUCUMBIMU ]
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Pewenue. Yerbipe Toukn adHUHHO HEZABUCUMBI, €CJI OHU HE JIEYKAT B OTHOMN
— ——
mirockoctu. [Tocrponm BexkTopst AB, AC u AD:

AB = (1,7,3) — (1,4,2) = (0,3,1),
AC = (2,3,3) — (1,4,2) = (1, -1,1),
AD = (3,-7,1) — (1,4,2) = (2, —11, —1).

Pasmeprocts addunnoii obonouku Touek A, B, C, D paBHa pa3MepHOCTH
HAIPABJIAIONIEr0 BEKTOPHOTO MOAIIPOCTPAHCTBA!

dimaff(A, B,C, D) = dimspan(A—B)7 A_C), E) =

0 1 2 0 1 2 [0 1] 2

=g (3 -1 —11|"Z" g0 -4 8| =E='g| 00 o0

11 -1 11 -1 1 1]-1

—_— —— —— .
Bekropet AB, AC' u AD juHelHO 3aBUCUMBIL, CJie0BaTesbHO, Touku A,B,C
u D npuHaJIeKaT OHOM IIOCKOCTHU U ABJISIOTCH addUHHO 3aBUCHMBbIME. [

2.

3amaya 3.5.6. Oupenenurs, siBAAOTCS Ji adOUHHO HE3aBUCUMBIMUA TOYKH:
a) A=(1,3,-1), B=(5,1,5) u C = (—1,4,—-4);
6 (17276)7B:(27171)’02(57371)I/ID:(47170;

) A
B) (1,1,1,0), B=(3,0,2,2), C = (4,2,0,1) u D = (2,-2,4,3):
r)

)
A= (
A= (2,173 1), B = (3,-1,2,3), C = (4,2,2,2), D = (1,1,5,4) n
E=(-1,-1,3,2).

3.6. ITapamerpmyeckoe m obIiiee ypaBHEHUSs
JMHEITHOro MHOrooopa3usi
Bropeiv criocobom 3ataHns JTHHEIHOIO MHOTO00PAa3Ust SBJISIETCS TIapaMeT-

pudeckoe ypasHenue. Pacnumem soipazkenun V' = P + L' yepes 6a3uc na-
IPaBJISIONIEro IopocTpancTea L.

Onpenenenue 3.6.1. Ilycts V — adbdunnoe npocrpancrso mag L u F.
Touka P umeer KoOpauHATHL (D1, P2, - . ., Pq) B adPUHHON cncTeMe KOOPAUHAT
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0O,eq,eq,...,e4. BekTOpHI U7, U9, ..., U UMEIOT KOOPINHATLI
u; = (a11,a21,- - -, a4d1),
Uz = ((112, azz, - .- aad2)7
U = (a1k7 A2hy - - vy adk)
r_
B Gasuce ey, s, . . ., €4. BekTopnoe nomupocrpancrso L' = span(ug, us, ..., ug).
Torma g6y Touky = = (z1,%2,...,Tq) JUHEHHOrO MHOrOO6pasust V' =

P + L’ MO>XXHO IpeJICTaBUThL B BUJIE
T =P+ tiu; +itous + ...+ truy
UJIN TIOKOOD/IMHATHO:

r1 =p1 +anty +ats + ...+ argts,
To = p2 + a2ty + agla + ... + agxti,

(3.2)
Tq = pd + aa1ts + aaets + . .. + aaxly,
rae t1,to, ..., tx € F. Cucrema 3.2 Ha3bIBAETCS NAPAMEMPUYECKUM YPASHEHU-
em aunetinozo mmrozoobpasus V'.
ITpumepsl TapaMeTpUYecKNX ypaBHEHUN
1. ¥YpaBuenue
T =29+ at
0T teRr (3.3)

Y=Y + bta
Ha3bIBaCTCA NapamMempuv4eckum YpasHEHUEM npﬂMoﬁ Ha naockocmu.

3aech (2o, Yo) — KOOPAMHATHI M3BECTHON TOYKHU upsiMoii, (a,b) — Ko-
OpJIMHATHI HAIIPABJIAIOIIETO BeKTOpa, ¢ — nmapamerp. Ilpu mojcranoeke
3HAYEHWS apaMeTpa t B ypaBHeHue 3.3 MbI [TOJIyINM KOOPIUHATEI COOT-
BeTCTBYIONIEH ToYKHU (,Yy) HA IPIMOIi, OTI0KUB BEKTOP (a, b) OT TOYKU
(20, o) mpomopunoHaIbHO t pa3 (puc. 3.8).

2. YpaBuenune
T = x9 + at,
y=1yo+bt, teR (3.4)
Z =29+ ct,
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Puc. 3.8. IlapameTpudeckoe ypaBHEHHNE MPSAMON Ha, IJIOCKOCTH

Ha3BbIBAETCS NAPAMEMPUUECKUM YPABHEHUEM NPAMOT 8 MPETMEPHOM TPO-
CMPaHcmee.

Ypasuenue 3.4 MOTHOCTHIO IOBTOPSIET YPABHEHUE 3.3 U OTJIMIAETCS JTUITH
HaJIMIAEeM TPeThbell KOOPIANHATHI 2.

3ameuanue 3.6.2. Biuskum mo dopme K mapaMeTpudecKoMy ypaBHEHUIO
SABJISIETCST KAHOHUUECKOE YPABHEHUE NPAMOTL 8 MPETMEPHOM NPOCMPAHCMBE:
L—Zo Y—Y _ 22— %0

P (3.5)

rie (xo, Yo, 20) — KOOPAMHATHI TOUKU Ha UPAMOi, (a,b, c) — Hampasisiomuii
BEKTOp HpAMOil. YpapHeHue 3.4 MOXKHO JIETKO IIOJIy4YUTh U3 KAHOHHUYECKOro,
€CJIN TIPEeJICTaBUThL ypaBHEHHE 3.5 B BUJIE

T-xg  Y—Yo  Z— 2

= = O—¢t teR.
a b c

Kanonundeckoe ypaBHeHHE IPSIMOI CJIEIyeT BOCIPHHUMATH KAaK <«COKDPAIIEH-
HYIO» 3aIliICh apaMeTPUIECKOro ypaBuenus. [Ipu memocpeacTBernoit pabore
C KAHOHMYECKUM YPaBHEHHEM MOKHO CTOJIKHYTLCS C HEIPUATHBIMUA MOMEHTa~
Mu. B gacTHOCTH, KOOpIMHATHI HAIIPABJISIONIETO BEKTOPA MOI'YT OBITH PABHBI
nymio. Hanpumep, ypaBuenue

r—1 y—2 2z-3
2 0 —1

ABJIAETCA KOPPEKTHBIM ypPaBHEHUEM IIPAMON

r =1+ 2t,
Yy =2, teR.
z=3—t,
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3. AHaJIOruYHO ypaBHEHUE

r1 = p1 + a1t

T2 = p2 + ast,
teR

Tq = pa + agt,

Ha3BbIBAETCS NAPAMEMPUYECKUM YPLEHEHUEM NPAMOT 68 NPOCMPAHCMEE
R?. 3necy (p1,pa, ..., Dd) — KOODJMHATBHI W3BECTHOH TOUKM IPSIMON,
(a1,az,...,aq) — KOOPAUHATHI HAIPABJISIONIEIO BEKTOPA, t — HapaMeTp.

4. YpaBHeHue
T =29+ aiu + biv,
Yy =10+ au+bw, u,veR (3.6)
z = 29 + azu + bzv,
HA3BIBACTCA NAPAMEMPUUECKUM YPABHEHUEM NAOCKOCTNU 68 MPETMEPHOM
npocmpancmee.
Kak u npexne (g, Yo, 20) — KOODAMHATHI U3BECTHOM TOUKH ILJIOCKOCTH,
a = (a1,as,a3) u b = (b1, b2,b3) — HampaBisIOIInEe BEKTODBI, U U
— mapamerpbl. OTMETHM, YTO BEKTODbI @ U b JOJGKHBI ObITH JIHHEHO

HE3aBHUCHUMBI, NHaUEe YpaBHEHNE 3.6 BBIPOXK/IA€TCd B YPAaBHEHHE IIPSIMOIA.

B orniutme ot ypaBHeHUsT TPSMO#T TIOCKOCTD 3aIaETCsT IBYMST HATTPABIISI-
IOIIMU BEKTOPAMU U JABYyMs mapamMerpamu. [Ipu mojacranoBke 3nadeHnit
DapaMeTpOB 4 1 ¥V B YpaBHEHUE 36 MBI IIOJIYIUM KOODJIWHATBI COOTBET-
cTByIomei Touku (x,y,2) HA JIOCKOCTH, OTJIOXKUB BEKTOD Ud + vb or
Toukn (g, Yo, 20) (puc. 3.9).

5. YpaBHeHue

r =29+ a1u+ biv+ cw,
Y = Yo + a2u + bav + cow,
z = 2o + asu + bgv + czw,
t =tg + agu + byv + cqw,

u, v, w € R

Ha3bIBAETCS NAPAMEMPULECKUM YPASHEHUEM MPETMEPHO20 TLOONPOCTPAH-
CMBA YEMBIPETMEDPHO20 NPOCTNPAHCMEA.

U, makowner, TpeTbuM CIOCODOM IIPE/ICTABJIEHUs JIMHEHHOTO MHOTOOOpDa-
3Ud, 10 aHAJIOTUU C MHOXKECTBOM PEIICHUII OJHOPOJIHON CUCTEMbl JIMHEHHBIX
yPaBHEHUH [/ BEKTOPHBIX MOJ/IIIPOCTPAHCTB, SABJISIETCs 00Iee ypaBHEHME.
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i

0, u
v

:71A(107 Y0, 20)
v=0

u

(=19
\
oV

u=1,
v=-—1

Puc. 3.9. ITapaMeTpuiecKoe ypaBHeHHe IJIOCKOCTH B R>

Teopema 3.6.3 (06 obiem ypaBHeHuu JuHeiHOro MHOroobpasusi). Ilycrs V
— acddunnoe npocrpancrso Hag L u F, A — m X n marpuna Hag F, b € F™
cucreMa JIMHEHHBIX ypaBHeHuit Ax = b coBMecTHA, TOr/a MHOKECTBO

V'i={xeV|Ax=b}

SABJISIETCS JIMTHEHHBIM MHOTOO0OpA3ueM, IPUIEM HAIPABJIAIONINM JIJIT HETO CJIy-
KUT TIOJITPOCTPAHCTBO

L' ={xelL|Ax=0}.

Canencreue 3.6.4.
dim V' =dimV — rg A.

Caencrsue 3.6.5. MHOXKeCTBO peIeHUil OJHOTO JUHEHHOTO YpaBHEHUS —
9TO I'UIEPIIOCKOCTb.

Omnpenenenne 3.6.6. IIpencrasienne uneitnoro muoroodpasus V' B dopme
MHOXKECTBa PENIeHUil COBMECTHOI CUCTEMBI JIMTHEHHBIX AJIre0panIecKuX ypaB-
HeHnit Ax = b Ha3BIBAETCST 00UUM YPABHEHUEM AUHETHO20 MHO2000PA3US.

IIpumepsl oOIIINX ypaBHEeHU

1. Ypasuenune
Az +By+C=0 (3.7)
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Ha3bIBa€TCA 05WUM YpasHEHUEM npﬂmoﬂ HA NAOCKOCTNU .

3xaech BekTop (A, B) sIBiISIeTCS BEKTOPOM HOPMAJIH ([IEPIIEH UK YIISIPOM )
K npsivoit (puc. 3.10), korcTanTy C MOXKHO HAWTH U3 YPAGHEHUA NPA-
Mol, npoxodswet wepes mouxy (Lo, Yo):

Az — zo) + B(y — yo) = 0. (3.8)

Puc. 3.10. OGiiee ypaBHeHue psiMOil Ha, IJIOCKOCTHU

3ameuanwue 3.6.7. Ciemyer oTMETUTD, 9TO Jjist ADMUHHBIX TTPOCTPAHCTB HE
OTIPEJIEJIEHO TIOHSTHE «yTJIa MEXK Iy BEKTOPAMU». Y TJIbl M PACCTOSTHUS TIOPOK-
JIAKOTCsI Ollepallieil CKaJIIPHOIO MTPOM3BEIEHNsT M BBOIATCS JIJIT €BKJIMIOBBIX
BEKTOPHBIX IIPOCTPAHCTB, KOTOPHIE HE PACCMATPUBAIOTCS B 3TOM ITPAKTUKYME.
OpHako paccMaTpUBaTh YPABHEHUS IPSMON Ha IJIOCKOCTH, IMIPSIMON W IIJIOC-
KOCTH B TPEXMEPHOM IIPOCTPAHCTBE Oe3 BEKTOPOB HOPMAJI KpaifHe Heym00HO.
[ToaToMy MBI BOCHOJIB3yeMCsT T€M, UTO yTJIbI, PACCTOSIHUASI U CKAJISPHOE ITPO-
usBesenne ;i npocrpancts R2 u R? BBomaTCs B CTaHIAPTHON IIKOJIBLHOMN
[IporpamMMe 10 TeOMETPHUH.

2. YpaBHeHue
Az +By+Cz+ D=0 (3.9)

Ha3bIBAETCH 00U UM YDABHEHUEM NAOCKOCTNY 8 MPETMEPHOM NPOCTIPAH-
cmee.

Amnasornano Bekrop (A, B, C') sBisiercs BEKTOPOM HOPMAJIU K IIJIOCKO-
CTHU, KOHCTAHTY [ MOXKHO HAWTH U3 YpasHeHuA NAOCKOCTU, NPOTOOAUWET
wepes mouky (Lo, Yo, 20):

A(x —x0) + B(y — y0) + C(z — 20) = 0. (3.10)
s mocTpoennst 00Imero ypaBHEHUs! IUNIOCKOCTH B TPEXMEPHOM IIPO-

CTPAHCTBE OYeHb YI0OHO BOCIIOJIB30BATHCS OlEPAIell BEKTOPHOTO MPO-
u3BesieHns: BeKTopos (puc. 3.11).



52 Inasa 3. Addunnbe npocrpancTsa

(xo,ymzo) S

Az +By+Cz+D =0

!
|
|
|
|
|
|
|
|
|
!
!
|
Y

bxa
Puc. 3.11. OGiee ypaBHeHUE IIOCKOCTU B TPEXMEPHOM IIPOCTPAHCTBE

—

Onpenenenue 3.6.8. Bexmoproe npousdsedenue BEKTOPOB d U b eB-
KJIHJIOBa, TPEXMEPHOTO IpoCTpaHcTBa R? — 3T0 BEKTOD, IepleHInKy-
JISIPHBIN BEKTOpaM @ U b, PABHBII 10 JJIMHE IO [1apaJlIesIOrPaM-
Ma Ha BEKTOPaxX @ U b U HAIPABJICHHBIH 110 «IIPaBUJIy TIPABON PYyKU»
(Tpoiika @,b,d x b upasas, puc. 3.11).

KOOp,H‘I/IHaTI)I BEKTOpPpa BEKTOPHOI'O IIPOU3BEIACHUA MOZKHO BBLIYUCJIUTDH
gepes olIpejie/inTe/Ib MaTPUILbI C IIOMOIIbIO CJ'Ie,Z[‘yIOH_[eI‘/JI TE€OpEMBI.

Teopema 3.6.9 (O BbIUHCIEHNE BEKTOPHOIO IIPOU3BEJIECHUST U€PE3 KO-
opaunatsl). IlycTs BekTOpBI @ U b uMeroT KOODAUHATHL (Gg, Gy, Az) 1
(bw,by,bz) B IpAMOYTroJIbHOI cucreme koopaunar O,e;, ey, e,, Tormga
KOODIMHATBEI BEKTOpa € = @ X b B Toil 3Ke cHCTeMe KOOP/IMHAT PaBHBI
(Cﬂm Cy> Cz)a rae

r Yy =z
Ca® + CyYy +C.2 = |0y Gy Ay
b, b, b,

O06bequauB Teopemy 3.6.9 u ypasuenue 3.10, OJydrM HOBBI BAPUAHT
YPABHEHUA TNAOCKOCTNU, NPoTodawel uepe3 mouky (o, Yo, 20), C HAIPAB-
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JISIOIIIME BEKTOPaMU @ = (ay, Ay, a;) U b= (by, by, b,):

T—=%o Y—¥Y% =z2—20
ay y a, |=0. (3.11)
by by b,

3. YpaBHeHue

A B C D=0
{ 12+ 01y +Ciz+ Dy ) (3.12)

A2$+Bzy+CQZ+D2 =0
HA3BIBACTCS 00ULUM YPAGHEHUCM NPAMOT 8 MPETMEPHOM NPOCTPANCIMGE.

C TouKH 3peHHst OOILIEro YPaBHEHUs OpsMas B TPEXMEPHOM IIPOCTPaH-
CTBe — 9TO IepecedcHre ABYX IIockocreil (puc. 3.12).

Aix+Biy+Ciz+ D1 =0

Puc. 3.12. Ob61miee ypaBHeHUe MpsMOil B TPEXMEPHOM ITPOCTPAHCTBE

4. YpaBuenue
Az +By+Cz+Dt+E=0

Ha3bIBAETCS 00ULUM YPAGHEHUEM MPETMEPHO20 NOINPOCTMPAHCTNEN 6 “e-
MBIPETMEPHOM NPOCNPAHCINBE.

3amaua 3.6.10. CocraBuTh mapaMeTpuyeckoe u o0Iee ypaBHEHUS MPSIMOil,
npoxozgmeit uepe3 roukn P = (1,3) u Q = (3, —2).
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Pewenue. Haiiném KOOpIUMHATHI HAIIPABJISIONIETO BEKTOPA MPIMOIL:
PG = (3,-2) — (1,3) = (2, —5).

—>
ITojcraBUM KOOpPJAMHATHI HAIIPABJIAMONIEr0 BeKTOpa P() m j060#f U3 TOYeK
npsimoii, HanpuMmep P, B ypasuenue 3.3. [lapamerpuueckoe ypaBHeHMe IIpsi-
MOii, mpoxo/isitiieit yepe3 Touku P u @), mmeer Bu

=14 2t,
y =3 — ot.
Haitném Bexrop nopmasu 7 = (A, B) k npsmoii. Tak Kak 71 HepleHuKy-

JIIPEH HAIPABJISIONIEMY BeKTOPY P(Q), TO CKaspHOe MPON3BeJIeHNEe BEKTOPOB
paBHO

<ﬁﬁ§>:2A—5B:O. (3.13)

Ham momoitnér smoboe HeHyneBoe pelnieHune ypaBHeHus 3.13, Hampumep BbI-
6epem A = 5, B = 2. [lomcraBuM KOOpAMHATHI BEKTOpa HOPMAJH B 00IIee
ypaBHeHUE 3.8 IpsAMOil, TPOXOAIIel Tepe3 TOUKy P:

5z — 1)+ 2(y — 3) = 0.

PackpbiB ckoOKwM, moIydIuM 00Iee ypaBHEHHE MPSIMOIl, MPOXOISIIEil gepes
Touku P u Q:

5r + 2y — 11 =0.
O

3amava 3.6.11. CocraBuTh napaMerpudeckoe u o0Ilee ypaBHEHME MIPIMOIA,
ecyu:

a) mpsMmasi npoxoaut depe3 Toukn A = (5,1) u B = (1,4);
6) npsimag npoxoauT depe3 Touky A = (3, —1) u napasiensaa ocu Oy;

B) mpsiMast npoxoauT 4depe3 Touky A = (1,2) u paBHOymajieHa OT TOUYEK

B=(53)nC=(7-1).

3amaua 3.6.12. CocraBuTh mapaMeTpudeckoe U obIrnee ypaBHEHUS IJIOCKO-
ctu, npoxomsimeit gepes Toukn A = (1,1, —-2), B = (3,0,1), C = (2,3, 2).
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Pewenue. Boibepem ofHy U3 TOYEK IJIOCKOCTH, HAIPUMED A, U Hali1EM KOop-
JIMHATHI HAIIPABJIAONIMX BeKTOopoB AB u AC":

XE = (3a Oa 1) - (la 17 _2) = (25 _17 3)a
14—6’) = (2a 37 2) - (la 17 _2) = (15 274)
HO,HCT&BI/HVI KOOpAWHATHBI TOYKH A 1 HaIIPpaBJIAIOIINX BEKTOPOB Ié n 1‘46’ B

ypaBHenue 3.6 U TOJIydInM TapaMeTpruiecKoe YPaBHEeHUE IIOCKOCTH, TPOXO/Is-
meit gyepe3 rouku A, B, C:

r=142u+wv,
y=1—u+2v, u,v € R.
z=—2+4 3u+ 4v,

—
Teneps mojcraBUM KOOPAUHATHI TOYKKM A 1 Halpas/isiolux BekTopos AB
>
u AC B ypasuenne 3.11:

r—1 y—1 242
2 -1 3 | =0.
1 2 4

PackpbIB ompejieiuTesib 1 COKpATUB BbIpakKeHUe Ha —bH, TIOJIYINM 001Iee ypaB-
HEHHe TJIOCKOCTH, TPOXoIsineii yepe3 Touku A, B, C:

20 +y—2—5=0.
O

3amaua 3.6.13. CocraBuTh NapaMerpudeckoe u o0Iee ypaBHEHHE I1JIOCKO-
CTH, €CJIN:

a) IJIOCKOCTDb mpoxomutr 4depe3 touku A = (2,—1,2), B = (3,1,4) u C =
(0,3,3);

6) miockocTb npoxoauT uepes Touky A = (—3,1,3) u upamyio

r—2 y+2 z+1
2 -1 0’

B) IIJIOCKOCTBb IIPOXOUT Yepe3 IIPAMYIO

r—1 y+2 2z2-2
3 2 -1

u paBHOynaJeHa or Touek A = (4,2, —1) u B = (0,4, 3).
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3amaya 3.6.14. CocraBuTh 0011I€€ YpaBHEHNE [LJIOCKOCTH, IIPOXO/ISIIEH Yepes
rouku A = (1,4,—-1,3), B=(2,2,3,4) u C = (3,1,4,0).

Pewernue. O6mmM ypaBHEHHEM IIJIOCKOCTA B YETBIPEXMEPHOM IIPOCTPAHCTBE
OyJer cucreMa U3 JBYX JMHEHHBIX ypaBHEHUI (ILIOCKOCTH KaK MEPeceveHre
JIByX TPEXMEPHBIX runepiuiockocreit). CooTBETCTBEHHO, HAM HEOOXOIUMO CO-
CTaBUTH CUCTEMY YPABHEHUH, /I KOTOPOU KoopauHaThl Todek A, B, C' 6yayT
pemrenusimu. Bocmonb3ayemcess MmeToaoM u3 3aga4u 2.5.7.

Haiiem KoopauHATHI HAIIPABJISIONIUX BEKTOPOB ILIOCKOCTH:

AB = (2,2,3,4) — (1,4,—1,3) = (1,-2,4, 1),
AC = (3,1,4,0) — (1,4,—1,3) = (2,-3,5,-3).

CocTaBuM OJHOPOAHYIO CHCTEMY JIMHEHHBIX ypaBHEHHH, 3aAI0ILyI0 BEKTOD-
Hoe nogaupocrpanctso span(AB, AC):

1 2 |2\ 4o 1 2 T 1 2 T

-2 =3 |y| m-4a |0 1 |y+2z| 1m+3t [0 1 Y+ 2x
4 5 |z IV-I 0 —3|z—4x| 1vest |0 0|22+ 3y+ =2
1 3|t 0 5| t—=x 0 0| 9x+by+t

—_— —
Takum 06pazom, JuHelinyo 06010uky span(AB, AC) MOXKHO IIPeJICTaBUTD B
BUJI€ MHOXKECTBA PEIEHU CHCTEMBbI:

(3.14)
9z 4+ 5y +t = 0.

{2&0 +3y+2=0,

Ocraérest nepenectu adOUHHYIO TIIOCKOCTH, MapasllebHYyI0 BEKTOPHOII,

B Jiio6yto uz Touek A, B, C. Jljsg 3TOro mojctaBuM KOOPJMHATHI TOUYKA A B
cucremy 3.14:

2 -1 +3y—4)+(z+1)=0,

9z —1)+5(y—4)+(t—3)=0.
PackpbiB cKOOKM, MOJyYInM HCKOMOE 00Illee ypaBHEHHE MJIOCKOCTH, ITPOXOJIsi-
meit yepes rouku A, B, C:

(3.15)

20 +3y+ 2z —13 =0,
9z + 5y +t—32=0.

B kadecTBe IpOBEpKHU MOYKHO yOEIUTHCsI, YTO KoopauHaThl Touek A, B, C'
VIOBJETBOPSAIOT cucteme 3.15. O
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3amaua 3.6.15. CocraBurh 06II€E ypaBHEHUE
a) OpsaMoii, npoxomsmieit epes Touku A = (1,-3,2) u B = (3,0, 1);

6) miockocru, npoxomsimiei depes rouku A = (0,4,2,1), B = (2,1,1,2) u
C =(3,5,0,2);

B) TPEXMEDHOrO MPOCTPAHCTBA, MPOoXosiero Yyepe3 touku A = (1,2,1,1),

B=(1,3,2,4),C = (2,4,2,1) u D = (4,1,3,4).

TIAEJIbH MOTPUM 9 TOM, KaK II M BHEHUIO IPSIMON
Otne O pacCcMO 3a/1a O TOM, Ka 0 0b111e aABHEHUIO ()
B TpéXI\lepHOM IPOCTPAaHCTBE COCTABUTH IIapaMETPpUIEeCKOE ypaBHEHUE.

3amava 3.6.16. CocraBuTh mapaMeTpuyeckoe ypaBHEHUE IPSMOI

2 —y+4z—2=0
{x y+ oz ’ (3.16)

3r+2y—2—10=0.

Pewenue. Pemum 3a7ady 1ByMs pa3HbIMU CIIOCODAMI.
Cnoco6 1 (anzebpauueckut). HemocpeIcTBEHHO peruM CUCTEMY JIMHEHHBIX
ypaBHeHwmit 3.16:

20 —y+4z =2, 421 |2x —y+4z=2, i1
3z 4 2y — z = 10, Tr+ 7z =14, 1—211

i | -y+2z=-2, 5 y=2z+2,
I-211 |z + 2z =2,

TTapamerpuueckoe ypaBHeHUE IPSIMON MOXKHO MOJIYIUATH U3 ODINEro PerreHus,
€CJIn IPUHSATH CBOOOHYIO IIEPEMEHHYIO 2 3a IapameTp t:

r=2—t,
y=2+2t, (3.17)
z=1.

Cnocob 2 (2eomempuueckudi). B obiem ypaBHEHUN TIpsiMasi TIPeJICTABIEHA
KaK IlepecedeHue JBYX ILJIOCKOCTEH. 3aMeTHM, YTO BEKTOPHOE IIPOU3BEJECHUE
711 X fia BEKTOPOB HOPMAJIU IJIOCKOCTEH IT0 MOCTPOCHUIO TaPaJIJICIbHO HAIPAB-
JIIOIIEMY BEKTODY UPsMOIli nepecedenust (puc. 3.13).

2 -1 4 |=7(—z+2y+2).
3 2 -1
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ﬁl X’/_ig

Puc. 3.13. BekTopHoe npon3sBejieHrie BEKTOPOB HOPMAJIH IIJIOCKOCTEIH

Taxum 06pa3oM, HAIPABJISIIONIUM BEKTOPOM ILIPAMOii ciryKut BekTop (—1,2,1).
Ocraérest HAfiTH KOOPJMHATHI HEKOTOPOU TOYKHU MpPsIMOii. JIjist 3TOro Mbl MO-
JKeM 3a71aTh JIF00OH U3 IepeMeHHbIX cucTeMbl 3.16 KOHKpeTHOe 3HadeHue (Ie-
pecedenue OpsMoii ¢ COOTBETCTBYIOMEH 1m10ckocThio). Hanpumep, npu z = 0
TIOJTy IaeM:

20—y =2,
3x 4 2y = 10,
oTkyna, x = y = 2. IloncraBus HanmpaBidomuii BEKTOP U KOOPIUHATHI TOYKU

B IIapaMeTPUYecKOe yPaBHEHUE IIPsIMOil, MOJIYUUM TO K€ CaMoe IIapaMeTpH-
deckoe ypaBHenue 3.17. O

3amava 3.6.17. CocraBuTh IapaMeTpudecKoe ypaBHEHUE

a) OpsIMOi
Sr+3y—z—4=0,
2c4+3y+22+2=0;

6) npsmoii
—3x+4y —5z—2=0,
20 -3y +62+1=0.
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3.7. BzaummHoe pacnoJioxkKeHune MpaAMbIX,
IIJIOCKOCTEM 1 TOYEeK

B srom pazmesne Mbl paccMOTPUM 331291 OIIPEIEIEHIS B3aUMHOIO PACIIO-
JIO?KEHMsI IIPAMBIX, IIJIOCKOCTEN U TOYeK.

3.7.1. /IBe IJIOCKOCTH B TPEXMEPHOM MPOCTPAHCTBE

Jutst 1BYX TUIOCKOCTEH B TPEXMEPHOM IPOCTPAHCTBE BO3MOXKHBI TPU BUJIA
B3aMMHOIO pacroyioxkenust (puc. 3.14):

1) mepecekarorcst (BEKTOPHI HOPMAJIU He KOJJIMHEAPHBDI );
2) napaJuiesibHbl (BEKTOPBI HOPMAJIU KOJLUIMHEAPHBI, HET OOIIUX TOYEK );

3) coBmasaioT (BEKTOPHI HOPMAaJM KOJUIMHEAPHDLI, OECKOHEYHO MHOIO 00-
[IAX TOYEK).

5 /
I n2 =
| . L
ni n2
[ 72
ITapaJijieJIbHbI IepeceKarTcsAa COBIIQJaI0T

Puc. 3.14. BaauMHOe pacrosioxKenne mirockocTeit 8 R3

3amaya 3.7.1. OmnpenenTb B3anMHOE PACIIOJIOXKEHUE TIap IJI0CKOCTEI:
a) br+2y—32+2=0ux—3y+6z2—4=0;
6) 3v —2y —524+3=0u 9z — 6y — 152+ 3 = 0;
B) 20 —y+32—2=0u —8x+4y —122+8=0.

Pewenue.  a) Bekropbl Hopmasu miockocreii (5,2, —3) u (1, —3,6) ne kos-
JINHEADHBL:

5 2 -3

CJIeI0BaTe/IbHO, IIJIOCKOCTU II€PECEKat0TCd.
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6) BekTopsl HopMasiu myiockocreii (3, —2, —5) u (9, —6, —15) KojinHEAPHDIL:
3 -2 -5
9 -6 —15

CJIEZIOBATEIILHO, TIJIOCKOCTH TAPAJLIEIbHBI UM COBIAJIAIOT.
Cucrema, onpee/siomas Iepecedenue IIOCKOCTeN:
3 —2y—5z2+3=0,
9xr — 6y — 152+ 3 =0,
HECOBMeCTHA. [1JI0CKOCTH HE MMEIOT OOIUX TOYEK, & 3HAUUT, OHU TTAPAJI-
JIEJIBHBI.
B) Bekropsl Hopmasu mwiockocreii (2,—1,3) u (—8,4, —12) xonmHeapHbr:
2 -1 3
-8 4 -12’
CJIEIOBATENILHO, TLIOCKOCTH TTAPAJLIETBHBI MU COBIAIAIOT.
Cucrema, onpeie/siomast nepecedenue IIOCKOCTel:
20 —y+32—-2=0,
—8x +4y — 122 +8 =0,

uMeeT GecKoHeYHO MHOTO perreHuii. OOIEe TOYKM IJIOCKOCTEH CyIiie-
CTBYIOT, CJI€JJ0OBATEJIbHO, IIJIOCKOCTH COBIIQJIAIOT.

O

3amaya 3.7.2. OmnpenenTb B3anNMHOE PACIIOJIOXKEHUE TIap MJI0CKOCTEI:

a)

r=1+u+w, =3+ 2u,

y=2+u, u y=2—2u+4v,

z=3+u—v z=1+u+ 3v;
6)

r=14+u+wv, x =1+ 4u,

y=2+u, u y=3u+wv,

z=3+u—v z=4+42u+ 2v;
B)

r=14+u+wv, r=—142u+w,

y=2+u, u y=1u-+2wv,

z=34+u—v z=1+4 3v.
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3.7.2. IlpssMasi U IJIOCKOCTH
B TPEXMEPHOM IIPOCTPAHCTBE

JlJist IpsIMOM U ILIOCKOCTH B TPEXMEPHOM IIPOCTPAHCTBE BO3MOXKHBI TPU
BUJIa B3AMMHOIO paciosioxenus (puc. 3.15):

1) upsimast nepecekaer ILUIOCKOCTH (OHA OBINAs TOYKA);
2) npsiMasi napaJiiesbHa IUIOCKOCTU (HeT OOIIUX TOUeK);

3) mpsMasi JIEXKHUT B IUIOCKOCTH (6ECKOHEYHO MHOTO ODIIIX TOYEK).

/

’
’

/

IIepeceKkaeT IapaJiieJIbHa JIEZKUT

IIJIOCKOCTh IIJIOCKOCTH B IIJIOCKOCTHU

Puc. 3.15. B3auMHOe pacIosIoKeHne IPsSIMOR U IJIOCKOCTH B R3

Baga4va 3.7.3. OnpenenTh B3aNMHOE PACIOIOKEHNE

a) OpsIMOi

" 1jockocTu 3z + 6y — 2z + 3 = 0;

6) npsimoii
z+1 y—2 z-4

5 3 5

U IUIOCKOCTH 2% — DYy + 2 — 7 = (;

B) OPSMOii
r—4 y+7 z-1
-1 9 1

u iockocTu 4x +y — 5z — 4 = 0.
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Pewenue.  a) CocraBuM HapaMeTpPUYECKOE yPABHEHUE IIPAMOIL:

r—9 y—5 =z

R t7
2 2 -1

r =94 2t
y=5+2t, teR
z=—1

7

IlocTpoum nepecevenue npsMoOi U IIOCKOCTH:

x =9+ 2t

=549t
y=o+ (3.18)
z = —t,

3x+6y—2z+3=0.

Ormerum, uTo B cucreMme 3.18 mepeMeHHbIe T, Y, z BIPaYKEHbI Yepe3 Ia-
pamerp ¢ (HapaMeTpuYecKoe ypaBHEHHUE MPAMOIl), [I0ITOMY JOCTATOYHO
IIOJICTABUTDH 3TU BBIPaKeHUs B ypaBHEHUE IIJIOCKOCTHU:

3(94+2t)+6(5+2t) —2(—t)+3 =0,
60 + 20t = 0,
t= -3,
r=3,y=-1,2=3.

Cucrema 3.18 mMmeeT eIMHCTBEHHOE PEIEHUE, CJIEI0BATEILHO, MPIMAast
[epeceKaeT IIocKocTh. Koopaunarel Touku nepecedenus: (3, —1,3).

6) CocraBuMm napaMeTPUYECKOe yPABHEHUE IIPSMOIL:
r = —1+4 5t,
y =24 3t, teR.
z =4+ 5t,

ITocTpoum mepecedyenne MpsiMOil U TJIOCKOCTH:

2(=145t) —=5(2+3t)+ (4+5t) —7=0,

—15+0t = 0. (3.19)

Vpasuenne 3.19 He umeeT pereHuil HI IPU KAKOM 3HAYEHUU [IapaMeTPa
t, ciemoBaTeNbHO, MpsiMast apaJsiyiebHa LJIOCKOCTH.
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B) CocraBuM HapaMeTpUYecKOe yPaBHEHUE IIPAMOIL:

r=4-—t,
y=-74+9t teckR.
z=1+t,

ITocTpoum nepecetenue IpsiMOii U IIJIOCKOCTH:
44 —t)+ (-749t) —=5(1+¢) —4=0,
0+0t=0. (3.20)
Vpasuenne 3.20 numeeT OECKOHETHO MHOIO PEIIeHni, J00ast TOYKA, IMPsi-

MOt IPUHAJIEZKUT IIJIOCKOCTH, CJIeJ0BaTEeJIbHO, IIpAMad JIC2KUT B IIJIOC-
KOCTH.

O
3amava 3.7.4. OmnpenenTb B3aNMHOE PACIIOIOXKEHTE

a) HpsIMOi
z—2 y+1 z-4
-1 3 3
1 IJI0CKOCTH 3T + oy — 42z + 2 = (;

6) npsmoii
T y—=9 z-3
-1 2 3
n mwiIockoctn 4x — y + 2z + 3 = 0;

B) LPSIMOI

u mockocTy T + 2y + 32 4+ 8 = 0.

3.7.3. IBe npsaAMBIX B TPEXMEPHOM ITPOCTPAHCTBE

JlJist IBYX IPSIMBIX B TPEXMEPHOM IIPOCTPAHCTBE BO3MOXKHBI Y€THIPE BUJIA
B3aMMHOI0 pacroyioxkenust (puc. 3.16):

1) mepecekaioTcst (HAIPABIISIIONINE BEKTOPHI HEKOJIMHEAPHBI, OJ[HA O0IIIast
TOYKA);

2) napaJutesbHBI (HAIPABJISIONE BEKTOPBI KOJJIMHEAPHBI, HET OOIUX TO-
Y€K );
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EPECEeKaIOTCsT

CKpeImuBarOTCA

apaJijiebHbI

COBIAJAIOT

Puc. 3.16. B3auMHOe PacCIoJIOXKeHNe IBYX HOPSAMBIX R3

3) ckpemmBaOTCs (HAIPABIIAIONME BEKTOPbl HEKOJUIMHEADHBI, HET ODIIUX

TOYEK);

4) coBuazaor (HAIPABJILAIOIIUE BEKTOPbI KOJUIMHEAPHBI, 6ECKOHEYHO MHOI'O

O0IIUX TOYEK).

OTMQTI/IM, Y9TO IIapaJijle/JIbHBIE U IIepeCeKAaIoIuecsd IIpsAaMbIe JIe2KaT B O,HHOﬁ
IIJIOCKOCTH, CKPEIIUBAIOIMUECA IIPAMBIC — B IIapaJlJIEIbHBIX IIJIOCKOCTAX.

Sagaua 3.7.5. OnpesesnTh B3aNMHOE PACIIOJIOKEHUE AP MPIMBIX:

a)

r+2 y—8 z—-6

z+3 y—6
2 =2

6)
r—1 y—2
9 -3

B)
r+4 y—3

-1 2 17
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x—1 y—5 =z r y—8 z-—2

4 12 8 "3 9 6
Pewenue.  a) Hamnpasisomue BeKTOpsI IpsMBIX (2, —2,3) u (—1, 2, 1) Hexosr-
JIMHEAPHBL:
2 -2 3
SR aE

cJIeJ0BaTeIbHO, IIPAMBIE II€PECeKAIOTCA UJIN CKPEIUBaIOTCH.

Haitném mapamerputdeckne ypaBHEHUsI IPAMBIX U TOCTPOUM IIepecede-

Hue:

$:73+2t1,

y:6_2t17

=-3+3t

: 9, (3.21)
Z‘:—Q—tg,

y =8+ 2iy,

Z:6+t2

OrmMmernM, 9TO ApAMeTPhl t1 U ty B yPABHEHUSX MIPSIMBIX HE3ABUCUMBL.

Permum cucremy 3.21, npupaBHSB KOODIUHATHI T, Y, 2:

—3+2t1 = —2—t2, 2t1 +t2 = 1, 7%'11 —t2:3,

6 — 2t; = 8 + 2o, — {22t — 2ty =2, % bty = —1,

—3 4 3t =6+ 1o, 3t —ta =19, —4ty, = 12,
t1 = 2at2 = 73,

r=1y=22=3.

Cucrema 3.21 mMeeT eJMHCTBEHHOE PEIEHUE, CJIEIOBATEIBHO, IPIMbIe
nepecekaioTcst. Koopaunarsl Touku nepecedenus: (1,2, 3).

6) Hanpasssirorue BeKTopsl npaMbix (9, —3,12) u (—6, 2, —8) kosumHeap-

HBIL:

9 -3 12

—6 2 -8’
CJIEZIOBATEILHO, IPMbIE TTAPAJIIEbHBI WA COBIAIAIOT.
MoxkHO, KaK ¥ B IPEIbIIYIIEH 3aade, UCKATh OOIIME TOYKHU IPSIMBIX.
O 1HaKO0 HAMHOTO IPOIIE HOACTaBUThH JI00YIO N3 TOYEK MepBOil IPsIMOii,
uwanpumep (1,2,0), B ypaBHeHUE BTOPOii IIPAMOI:

1-3 ,2—-4 ,0+2
6 7 2 7 &
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Cy1iecTByeT TOUYKa MMEPBOil MPSMOU, HE yIOBJIETBOPSIOIIAs YPABHEHUIO
BTOPOU TIPAMOM, IpsAMBbIE HE COBIIQ IAIOT, CJIEJIOBATEIBLHO, NIPAMBIE Ia-
paJLIeIbHBL.

Hanpasssitonue BekTopbl npambix (2, —3,0) u (3,1, —5) Hekosuiuneap-
HBI, CJIEZIOBATEIHHO, MPAMBIE ITEPECEKAIOTC MM CKPEIIABAIOTCS.

IlocTponm mepecevenue mpsaMbIX:

—4 4 2t1 =1+ 3to, —12 4 6ty = 3 + 9o,
33t =1+t 3L 03 3t =141, Larl,
1=3—5t, 5ty = 2,
6 =5+ 11ts, ty = —1,
ﬂ) 3—3t =1+1s, ﬂ) 3—3t1 =1+1o,

Sty = 2, ty = 2.

CucreMa He MMeeT pelleHwuil, JJIsl IPSIMBIX HET HU OJHOW OOIIell TOYKH,
CJIeJOBATE/ILHO, IPSAMbIe CKPENTUBAIOTCS.

Hanpasisitomue BekTopsl nupsambix (—4,12,8) u (3, —9, —6) xosuiuneap-
HBI:

—4 12 8

3 -9 -6
CJI6JIOBATENIHHO, TIPSIMbIE TIAPAJIIETBHBI JIA COBIAIAIOT.
Ioacrasum koopaunarst Touku (1,5,0) mepsoit npsiMoit B ypasHeHue
BTOPOI IIPAMO:

1 5-8 0-2

3 -9 —6

Touka mepBoil TPAMOIl YJIOBJIETBOPSAET YPABHEHHUIO BTOPOU MPSIMOMU, Y
IPSIMBIX €CTh XOTsI ObI O/THA 00Ias TOYKA, CIeI0BATEIBHO, IPSIMbIE COB-
aJAIoT.

O

Bagaua 3.7.6. OmnpenennTh B3aUMHOE PACIOJOKEHUE Map NpAMBIX. Ecan
[psSIMbIe TIEPECEKAIOTCS WJIM [TAPAJUIEbHBI, TO COCTABUTH yPaBHEHHE IIJIOCKO-
CTH, UX COJIepzKalleii:

a)

z+3 y—1 z-1 z+1 y z2-2
= = u = - == M

-1 3 4 2 1 5
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6)
r _y—3 z2-—5 r—3 y+1 247
10 5 5 "8 T -4 —12

B)
r—9 y+2 z+95 . x—|—2_y—5_§.
4 -1 =2 -3 5 1

z+1 y—-3 =z zx—1 y—-2 2z-3
— = - 1u = = .

4 -2 6 6 -3 9

PaCCMOTpI/IM TaKzKe aﬂre6panqec1<m‘/’1 II0JIX0/ K OIIpe/ieJICHUIO B3aUMHOI'O
PacCIIOJIOZKEHN S ABYX IPAMDBIX.

3amaya 3.7.7. [anbl JiBe mpsiMbie:

r—r Y- -z L—T2  Y—Y2 = Z22

ay by c1 a bo C2

C 1moMOIIbI0 PAaHIOB MaTPHIL

ayp a2 ay a2 T2 — I
r=1g|b b| mw R=1g|b1 b2 y2—m
1 C2 i C 22— 21

BBIPA3UTHh HEOOXOJUMBIE U JIOCTATOYHBIE YCJIOBUS JJIsl TOrO, YTOOBI IIPsIMBbIE
[IEPECEKAJINCh, CKPEIUBAINCH, ObLIN TaPAJIIEIbHBI, COBIAIAIN.

Pewenue. Oupenenum, Kakue 3HAY€HUsI MOT'YT IPUHUMAThL panru r u R. Bo-
[IEPBBIX, T" HE MOXKET PABHSIITHCS HYJIIO, TAK KAK HAIIPABJIAIONINE BEKTOPHI IPsi-
MBIX HeHyJieBble. Bo-BTOpBIX, R He MOXKET MPEeBOCXOAUTH 1 Oojiee YeM Ha eJr-
HUILY, TAK KaK MATPHUIbI OTJIMYAIOTCH TOJIBKO OJHUM CTOJIOIOM.

Pacemorpum Bee Bo3MOXKHBIE BapuaHThl (puc. 3.16):

1) r = R = 1, HanpasJisiioniye BEKTOPbI 1 BEKTOD, COEIUHSIIONIUIL JBe TOY-
KU Ha NMPSMBIX, KOJUIMHEAPHBI, CJIeJI0BATEIbHO, TPAMbBIE COBIAIAIOT;

2) r = 1, R = 2, HanpasJsIIOl{e BEKTOPhI KOJJIMHEAPHBI MEXK Iy COOOI,
HO HE C BEKTOPOM, COEJIMHSIONIMM TOYKU HAa IIPSIMBIX, CJIEJIOBATEJIBHO,
IpsIMble ITapaJlIeIbHBI;

3) r = R = 2, HapaBJIslONe BEKTOPbl HEKOJLUIMHEAPHBI; BEKTOP, COE/H-
HSAOMUI TOYKA HA MPSIMBIX, JIMHEHHO 3aBUCUM C HAIIPABJIAIONIAMA BEK-
TopaMu (JiexkaT B OJHOI IIOCKOCTH), CJIEIOBATEIHHO, IPIMbIE [Iepece-
KAIOTCST;
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4) r = 2, R = 3, HANPABJIAOIINE BEKTOPBI U BEKTOP, COCJAUHSIONMN TOY-
KU HA IPAMBIX, JIMHEHHO He3aBUCUMBI (HE JIEZKAT B OJHOU ILIOCKOCTH),
CJIEJIOBATEIIBHO, MPSIMBIE CKPENTUBAIOTCS.

O

3.7.4. JIlBe mpsiMbIX Ha IIJIOCKOCTHU

i AByX IPSIMBIX Ha, IJIOCKOCTH CYIIECTBYET TPU BUJIa B3AUMHOIO PACIIO-
JIOXKEHUSI: TIePECeKaoTCs, MapaslIebHbl, coBuamgaoT. OmpeaeaeHne B3anMHO-
TO PACIIOJIOXKEHUS MPAMBIX Ha IJIOCKOCTH — 3TO MPOCTas IMKOJbHAA 3ajata,
TIO3TOMY OTPAHUYIMMCS HEOOJBITUME 3aMETaAHUSIMA Ha, TIPUMEpE.

Sagaua 3.7.8. OnpesesnTh B3aNMHOE PACIIOJIOKEHUE TTAP TPIMBIX:

a)
20 +3y—1=0 u 4o+ 6y —7=0;

6)
r=5+4t, r=1-2t
nu
y=—2—2t y=T+t
B)
— 213t
Br+9y+5=0u :r ’
Pewenue.  a) 3azada 3KBUBAJEHTHA 3aa49€ C JBYMsl IJIOCKOCTAMU B TPEX-

MEpPHOM [POCTPaHCTBe. BekTopbl HOpMasu npsambix (2,3) u (4,6) kos-
JINHEAPHBI, CJI6I0BATENIHHO, IIPAMBbIE MapaJIe/bHbl 1iu coBnagaiot. Cu-
creMa

20 +3y—1=0,
dr+6y—-7=0

He MMeeT PEeNreHuil, 0Omux TO9eK HeT, 3HAYUT, IPAMbIE TapPaJIJIe/IbHbI.

6) 3aja4ya SKBUBAJCHTHA 3aja4e C JIByMs HPAMBIMA B TPEXMEPHOM IIPO-
crpancree. Hanpapistonue Bektopsl (4, —2) u (—2,1) KoJumHeapHBI,
CJIEJTIOBATENILHO, TIPSMbIE TapaJuIIeIbHbl Wn coBrnaaaoT. Cucrema

54+ 4t, =1 — 2ty
—2-2t1 =7+ 1>

He uMmeer pemeHHﬁ, O6HH/IX TOY€K HET, 3HAYUT, IIPpAMbBIE ITapaJlJIe€JIbHbI.
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B) 3ajaua IKBUBAJEHTHA 3aJa49€ O MPAMOIl U IIOCKOCTH B TPEXMEDHOM
npoctpancrBe. Cucrema

3x+9y+5=0,
r =2+ 3t,
y=-t

He uMeer peHIeHI/II‘/’I7 O6HH/IX TOY€EK HET, 3HAYUT, IIPpAMbBIE ITapaJlJIeJIbHbI.

O

3.7.5. TodYka M IIOCKOCTh B TPEXMEPHOM IPOCTPAHCTBE

B obmiem ciryuae st TOYKA U JIMHEHHOTO MHOIOOOpPa3usl BOSMOXKHBI JTBA
B3aMMHBIX PACIIOJIOXKEHUsI: TOYKA, IPUHAJIEIKUAT JTMHEIHOMY MHOTOOOPA3UIO U
TOYKA He MPUHAIIEKUT JIUHEHHOMY MHOTOOOPA3HIO.

OHaKO B YaCTHOM CJIydae JIMHEHHOrO MHOrooOpasus BHJIa TMIIEPILIOCKO-
ctr (IpsIMOit HA TIOCKOCTH, TUIOCKOCTH B TPEXMEPHOM IIPOCTPAHCTBE U T. JI.)
B3aUMHBIX PACIOJIOKeHU# Tpu. /lej10 B TOM, UTO T'MIEPIJIOCKOCTD «pa3pe3a-
eT» MPOCTPAHCTBO HA J[BA IMOJYIMPOCTPAHCTBA, YCJIOBHO HA3BIBAEMBIX «BBIIIE
TUTIEPILIOCKOCTA» W «HUKE TUIEPILIOCKOCTH». [OJIyIIpoCTpanCcTBO «BBIIIES
OIIPEIEIISAETCS TT0 HAIIPABJICHUIO BEKTOPA HOPMAJIA TUTIEPILIOCKOCTH. PaccMoT-
PHUM 33/1ady Ha TPUMEpPE TOYKH U IJIOCKOCTH B TPEXMEPHOM ITPOCTPAHCTBE.

st touku u maockoctu Ax + By + Cz + D = 0 BO3MOXKHBI TP BHIA
B3aMMHOI0 pacroyioxkenust (puc. 3.17):

a) rouka (g, Yo, 20) JEKUT B IJIOCKOCTH, eciu Axg + Byg + Czy + D = 0;

6) Touka (x1,Y1,21) JIEXKUT BbIIIE IUIOCKOCTH (II0 HAIIPABJIEHHUIO BEKTOPA
Hopmasu (A, B,C)), ecom Azy 4+ Byy + Cz + D > 0;

B) TouKa (Z2,Y2,22) JIEXKUT HUXKE ILUIOCKOCTH (IIPOTUBOIOJIOKHO HAIIPAB-

nenuto Bekropa Hopmasu (A, B,C)), ecim Azy + Bys + Cze + D < 0.

Banaua 3.7.9. Haust tpu Toukn: A = (2,4,—2), B = (3,2,6), C = (4,5,-3)
— ¥ WI0cKoCTh 4x — 5y — 22 + 7 = 0. OupeennTh, NepeceKkaioT JIn OTPE3KU
[A, B] u [A, C] niaockocTb.

Pewenue. IlogcraBuM KOOpAMHATHI TOUYEK B YPaBHEHUE IIJIOCKOCTH:
A:4:2-5-4-2-(=2)+7=-1<0,
B:4-3-5-2-2-64+7=-3<0,
C:4-4-5-5-2-(=3)+7=4>0.
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(A,B,0) I o (z1,y1,21) Az1 +By1 +Cz1+D >0

(%0, Y0, 20) Axg+ By +Cz+D =0

Az +By+Cz+D =0

o (2,Y2,22) Axo + Bys +C2+D <0

Puc. 3.17. BzanMHoe pacHo/ioyKeHne TOYKI U IJI0CKocTH B R?

Touku A m B jexkar ¢ OIHOW CTOPOHBI OT IJIOCKOCTH, TO4YKa C' — ¢ Jpy-
roit cTopoHBI OT TWIockocTu. Takum obpasoM, oTpe3ok [A, B] He mepecekaer
IJIOCKOCTB, 0Tpe3oK [A, C] mepecekaer MmiocKoCTb. O

3amaya 3.7.10. Cpeau mpeacTaB/IeHHBIX HUAXKE OTPE3KOB BHIOPATH T€, KOTO-
pble [epeceKarT MI0CKOCTh

3x—by+2—3=0,

a) [A,B], tme A= (1,1,1), B=(3,2,1);

6) [C,D], tne C =(0,2,5), D = (3,1,0);

B) [E,F], tme E =(1,0,2), F = (2,1,1);
) (G,

H],tne G = (4,2,2), H=(2,1,3).

Ormerum, uro 3uadenume Axg + By + Czg + D Takxke xapakTepusyer
paccrosiHue OT TOYKH (Zg, Yo, 20) JO IIIOCKOCTH.

Sagaga 3.7.11. Haiitu paccrosinue or T04KH (20, Yo, 20) 10 II0CKOCTH AT +
By+Cz+ D =0.

Pewenue. PaccrogameM oT TOYKH A0 MJIOCKOCTH OYIET MIUHA MEPICHINKYIsI-
pa, OMYIIEHHOTO M3 TOYKH Ha TJIOCKOCTH. IloCTponM MpsaMYyIO, TPOXOISIILYTO

yepe3 TOUKY (X0, Yo, 20), HAIPABJIAIOIAM JIJIst KOTOPOIi Oy/IeT BEKTOP HOPMAJII
wiockocru (A, B, C):

T = xg + At,
y:y0+Bt7
z =2z + Ct.
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Haitném nepecedyenne npsmMoil U IIOCKOCTH:
A(xg + At) + B(yo + Bt) + C(20 + Ct) + D = 0,

Azo+ Byo+Cz + D + (A> + B2 + C*)t =0,

77A1’0+By0+CZO+D
B A2 4+ B2+ (C?

[Tapamerp ¢ xapakTepusyeT JJINHY IEPIEHIUKYISPa B BEKTOPAX HOPMAJIH.
Jinaa BeKTOpa HOPMAJIM B CTAHJIAPTHOM €BKJIMJIOBOM BEKTOPHOM ITPOCTPAH-
cree R? Brrumcigerca mo dpopmyie:

7| = /A + B2 + C2.

OrKysa, ¢ y96TOM TOro, 9TO PACCTOSIHAE HE MOYKET OBbITh OTPHUIATEIbHBIM,
nostygaeM (bopMyJIy:

o |A1‘0 + Byo + CZQ + D‘
VAZ+ B2+ C?
0

Sagava 3.7.12. laubr Bepumnbl Terpasupa A = (2,2,3), B = (—=3,1,4),
C = (9,3,1) u D = (5,4,3). Boluucanrs JUIMHY BBICOTHI, OIyIIEHHON H3
Bepiuabl D Ha rpans ABC.

3.7.6. JIuHeiinbie MHOTOOOpA3USA
B MHOTOMEPHBIX MPOCTPAHCTBAX

B obmem ciyvae 3amatu 0 B3BAMMHOM PACIIOIOXKEHUN JTMHEHHBIX MHOT'000-
pasuit B apPUHHBIX MPOCTPAHCTBAX TPOU3BOJBHON Pa3MEPHOCTH PEIIAOTCs
anajiorndHo. OJIHAKO C IOBBIIIEHUEM Pa3MEPHOCTH BO3MOXKHbBIE KOH(MUIypa-
U CTAHOBSITCA BCE GOJiee MPUIYAIUBBIMU. TaK, JUist IBYX ILIOCKOCTEH B d-
MEPHOM IIPOCTPAHCTBE BO3MOXKHBI IIECTh BUJIOB B3AMMHOT'O PACIIOJIOKEHIUS:

1) coBnagaror;

2

apaJiiebHbI;

=~ W

) TIepeceKaroTCst IO MPSIMOI;
) IIEPECEKAIOTCH 0 TOYUKE;

5

CKPEIIUBAIOTCA apaJlIe/IbHO IIPAMOI;
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6) abCOMIIOTHO CKPEIIUBAIOTCS (HeT MPsMBIX, HapaIeIbHbIX 00€HM IIJI0C-
KOCTSIM).

OrmpeteiuTh BEpHYIO KOH(MUIYPAIMIO MOYXKHO TI0 [IEPECEUEHUI0 U pa3Mep-
HOCTH CyMMBI HaIIPABJIAIONIAX ITOAIIPOCTPAHCTB.

Bagaua 3.7.13. OupesenuTh B3auMHOE pacioyioykenne mjaockocreir ABC u
PQR, rzue

A= (17 17 17 )v B= (27 717 717 0)7 C= (715 37 27 O)a
P =(1,0,0,0),Q = (2,—1,0,1), R = (—1,0,-2,1).
Pewenue. CocraBum ypashenue miockoctu ABC anaorndno 3amade 3.6.14.

AB = (1,-2,-2,—1),AC = (-2,2,1,-1),

T\ 1141 L =2 x wvem (1 72 z
-2 2 Y 111421 0 —2|y+2z 2.11I 0 -2 Y+ 2z
-2 1 | z]| v+ 0 -3|z+4+2x )] m-3u [0 0 | —2z—3y+2z
-1 -1t 0 -3| t+=z 0 O —r—z+t

(-1 +(z—1)—(t—1)=0,
2 -1)+3(y—-1)—2(x—1)=0.

Ooiree ypasaenue mjiockoctu ABC':

r+z—t=1,
2 + 3y — 2z = 3.

Amnastornano obiree ypaBaenue miockoctu PQR:

r+y—z=1,

2y +2+2t=0.
ITocTpoum mepecevenue mMIOCKOCTEI:

r+z—-t=1,

2z + 3y — 22 = 3,

r+y—z=1,

204+ 242t =0.

(3.22)

Cucrema 3.22 uMeeT €IMHCTBEHHOE PEIeHUe:
r=0,y=1,2=0,t =—1.

Taxum obpasom, miockocru nepecekarorcs 1o rouke (0,1,0, —1). O
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3aga4va 3.7.14. OnpeaeanTh B3aUMHOE PACIIOIOXKEHNE:
a) mockoctu ABC u npsimoit PQ, rie

A=(1,0,0,0),B=(1,1,3,1),C = (0,2,5,1),
P = (2’ 1707 ]‘)’Q = (1737 170);

6) miockocreit ABC u PQR, rue
A= (17 17 1’ )vB = (27370a 1)) C= (37 _15 172)7
P=(1,2,1,2),Q =(2,-2,2,3),R = (5,4,-1,3);
B) miockocreit ABC' u PQR, rie

A=(1,0,1,0),B = (3,1,0,2),C = (0,3,1,1),
P = (17 1a 172)7Q = (4a 717073)3R = (71,27371)

3.8. Konuveckas u BbITyKJas 000JI0YKHI

B nmomosaenne xk adbdUHHBIM KOMOMHAIUSIMEA PACCMOTPHUM €€ JIBA BUJIA
JIMHEHAHBIX KOMOMHAIMN TOYEK B a(pDUHHOM IIPOCTPAHCTBE HAJ, ITOJEM JIeii-
CTBUTEbHBIX YUCEJI.

Onpenenenune 3.8.1. Ilycre V. — addunnoe npocrpancrso Hax L u R,
Toukd P, Po,..., P € V, A1, Ao, ..., Ax € R, Torma juHeiiHast KOMOMHAIUST

MPL 4+ XPy+ ...+ A\ Py
HA3BLIBACTCS KOHUMECKOTE, eCl Bee KOIPPUITUEHTLI \; HEOTPUIATEILHEL.

Omnpenenenne 3.8.2. Ilycts V — addunnoe npocrpancrso wax L u R.
MHOKeCcTBO BCeX KOHMYECKNX KOMOMHaImit Touex Py, Py,..., P, € V:

CODe(Pl,P27...,Pk):{)\1P1+/\2P2+...+)\kpk | )\z Zo,lglgk’}
Ha3bIBAETCS KOHUYECKOT 000404K0T MHOXKeCcTBa ToYeK Py, Py, ... Py.

Konnueckass 0601049Ka 1MoIydnia TaKOe HA3BAHUE IIOTOMY, YTO B PE3YIlb-
TaTe IIOJIyYUTCA BBIIYKJIbIII KOHYC.
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@)

Puc. 3.18. Ilpumep komyca

Omnpenenenune 3.8.3. IloamuoxkectBo K adpdurHOro mpocrpancTsa V Ha
L u R mHaspiBaeTcs KOHYCOM, €CIIn

VP e K,VYaeR>p: aP c K.

Taxum 06pa3oM, KOHYC BMecTe ¢ JH000# TOUKOt P COIepXKUT TakKe JIyd,
npoxogaiuit uepes P, ¢ nagasom B Touke O — Havase koopauuatr (puc. 3.18).

OrMernM, 9TO AHAJIOTUYHO KOHYC MOYKHO BBECTH W KaK IOJMHOYKECTBO
BEKTOPHOT'O TIPOCTPAHCTBA L.

Onpenenenune 3.8.4. Ilycre P u () — touku adppuHHOTO mpocTpaHcTBa V'
Hayx L u R, Torma ompesxom [P, ()] Ha3bIBaeTCst MHOXKECTBO TOYEK

AP+ (1-X0)Q,
me 0 <A<lulel.

Onpenenenue 3.8.5. Muoxecrso S B addunnom npocrpancrse V may L
u R HazweBaercst 6uinykavim, €Cau mjis Joboit mapsl Touek P, Q) € S oTpe3ok
[P, Q] rakske npunarexur S (puc. 3.19).

JIemma 3.8.6. Konuueckast 060s104uka cone(.S) onpeessier BILy Kb KOHYC.

[Tpumep xKoHWYIECKOH 0OOJIOYKH JBYX TOYEK TPUBEIEH HA puc. 3.20.
Jpyrum BazKHBIM IIPUMEPOM KOHYCA SIBJISETCHA MOJIMSIPAIBHBIN KOHYC.

Onpenenenune 3.8.7. Ilycrs V — addunnoe npocrpancreo Hag L u R pas-
mepuocTr d. MHOXKECTBO TOYEK ¢ KOOpAMHATAMHU (L1, T2, . .., Tq), LIe

a1+ asxo + ...+ agrg < b

Ha3bIBACTCA 3AMKHYMDBIM TLOAYNPOCTPAHCTNEOM.



3.8. Konnueckas n BbITyKjiasi 000JIOUKH 75

BBIIIYKJIO€ MHO2KECTBO HEBBIIIYKJIO€ MHO2KECTBO

Puc. 3.19. Ilpumepsl BBIIIYKJIOrO U HEBBIILYKJIOI'O MHOYKECTB

Puc. 3.20. IIpumep Boimykiioro konyca cone(P, Q)

OpiHO JIMHEHOE ypaBHEHUE OlpeIeisieT TUIIEPILIOCKOCTh, KOTOpasi «pa3pe-
3aeT» MPOCTPAHCTBO Ha JIBa MOJIYIPOCTPAHCTBA, U Mbl pACCMaTPUBAEM TOYKU
TOJIBKO C OJTHO#I CTOPOHBI OT THIEePIIOCKOCTH. OTMETHM, 9TO €CJIU TUIEPILIOC-
KOCTb IPOXOJUT Yepe3 Hauajo KoopauHar (b = 0), To 3aMKHYTOe HOJIyIIPO-
CTPAHCTBO Oy/I€T BBIITYKJIBIM KOHYCOM.

Onpenenenue 3.8.8. Ilycrs V — addunnoe npocrpancrso van L u R pas-
MepaoctH d, A — m X d marpuiia HaJ R, TOrga MHOXKECTBO TOYEK:

K={xeV|Ax >0}
HA3BIBACTCST NOAUIOPANLHYIM KOHYCOM.

Taxum 06pa3oM, OIMIPATHHBIN KOHYC IIPECTaBIIsIeT cOD0il mepecedenme
3aMKHYTBIX HOJYIIPOCTPAHCTB, KaxKJI0€ U3 KOTOPBIX COAEPXKUT HavIaJIo KOOP-
JWHaT. Konnueckas obosiouka u IOJIN3APAaJIbHBIC KOHYCBI CBA3aHBI II0 TeOpeMe
Beitnsa-MunkoBckoro.
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Teopema 3.8.9 (Beitns-Munkosckoro mjist korycos). Iycrs V — addunnoe
npocrpancTtBo Han L m R pasmeproctn d, S C V — KOHEYHOE MHOXKECTBO
Touek, A — m x d marpuna Hag R, K C V — BBIIYyKJIbI KOHYC, TOTIa

K =cone(S) & K={xeV |Ax>0}.

Jpyrumu cioBamu, KOHUYECKas 000JI09Ka KOHETHOTO MHOYKECTBA TOYEK —
3TO TOJIUIAPAHHDBIN KOHYC U JIFOOOH O IpAIbHBIN KOHYC MOYXKHO IIPE/ICTa~
BUTb B BUJIE KOHUYECKOH 060JI0UKM KOHEYHOrO MHOXKECTBa TO4eK (puc. 3.20).

OTpesoK, CoeUHSIONINI JIBe TOYKU, B CBOIO OY€PEb, SIBJISI€TCS YaCTHBIM
CJIy9YaeM BBIITYKJIOW 0DOJIOYKHU TOYEK.

Onpenenenue 3.8.10. Ilycre V' — addunnoe npocrpancrso wax L u R,
T0uKA P1, Py, ..., P, €V, A1, Aa, ..., A € R, Torma uHeiinas KOMOTHAITAS

MPL+ P+ ..+ NPy
Ha3bIBAETCS 6LINYKAOT, €CIIN

MAX+ ...+ A =1,

To ectp smHelinast KOMOMHAIMS HA3BIBAETCS BBIILYKJION, €CJIU OHA OHO-
BpeMeHHO addUHHAST 1 KOHHIECKAST.

Omnpepenenne 3.8.11. Ilycts V — addunnoe npocrpanctso uvan L u R.
MHOKeCTBO BCEX BBIIIYKJIbIX KOMOUHAINUN ToueK P, Po,... P, € V:

k k
conv(Py, Py, Pe) =4 NP | Y Ai=1,,>01<i<k
=1 =1

Ha3BIBAETCS 8bINYKA0T 060404K0T MHOXKECTBA TOUeK Py, Ps, ..., P.

[Ipumep BhIIyKIIO#T 000/I0UKN IPUBEAEH HA puc. 3.21.

Boimykitast 0607109Ka KOHETHOTO MHOXKECTBA TOUEK OIPEJIEIsieT BhITYKIIbIi
MHOI'OTDAHHUK. DTO TAK HA3bIBAEMOE BHYTDPEHHEE OIMCAHWE MHOIOTDAHHUKA
4Jepe3 BepiuHbL. J[Jisi cTPOroro ompejie/ieHusi MHOTOIDAHHIKA, HAM HEOOXOI1-
Ma TEOpHUsi METPUUIECKUX ITPOCTPAHCTB. [IpuBeiéM JIUIIh OCHOBHBIE TIOHSITHS.

Onpenenenue 3.8.12. Ilycts X — HekoTOpOE MHOXKECTBO, a (DyHKIHUS p =
p(z,y), rue x,y € X, upuHuMaeT JeiCcTBUTEIbHbIE 3HAYCHUSI U YJ0BJIETBOPSET
CJIETYIOIIMM YCJIOBHUSIM — AKCUOMAM MEMPUKY:
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Ps
P,

P

Py
Py

Puc. 3.21. Ilpumep BBITyKI0i1 000JIOIKHI

a) 1yt Jiobbix @,y € X 3nadenue p(x,y) neorpunarensto u p(z,y) =0 B
TOM U TOJIBKO TOM CJIydae, KOTJIa T = ¥;

6) nuist m06BIX 2,y € X BBIIOMHsIeTCs paBeHCTBO p(x,y) = p(y, x);

B) IJIst JIOOBIX &, Y, 2 € X BBIIOJIHSETCH HEPABEHCNEO MPEY2ONLHUKA:
p(x,y) < p(x, 2) + p(z,y).

Torma mapa (X, p) obpasyer mempuueckoe npocmpancmeo, a QYHKIHASL p =
p(2,y) HA3BIBAETCS MEMPUKOT, WIA PACCTMOAHUEM.

Ounpenesnenne 3.8.13. IlonmuoxkecTBo S MeTpudeckoro npocrpancrsa (X, p)
HA3BIBAETCS 02PAHUNEHHDIM, €CITH OHO CONIEPXKUTCS BHYTPH MIAapa KOHEIHOT'O
paauyca, T. e. Haiinércsa xg € X u r > 0, 9To

Vs e S: p(s,xo) <.

Onpenenenue 3.8.14. Ilycts V — addunnoe npocrpancrso mam L u R
pasmepaoctu d, A — m X d marpuna Haig R, b € R™, Torma MHOXKECTBO
TOYEK:

P={xeV|Ax <b}

Ha3bIBACTCA BbiNYKADIM TLO,/LUB()]?OM. OI‘paHI/I‘{eHHbe/'I BbIHyKJ'H;IfI IIOJIXS P Ha-
3bIBACTCA BbINYKABIM MHO202PDAHHUKOM.

Taxum 00pazoM, BBITYKJIBII MOJIMIP, KAK U MOJIMIPAIHHBIN KOHYC, SB-
JISI€TC [IepecevYeHneM KOHEUHOI'O YHCJIa 3aMKHY ThIX [I0JIYIIPOCTPAHCTB (BHEII-
Hee onucanue). OIHAKO, IO CPABHEHHIO C KOHYCOM, HOJIMJP HE <IIPUBSI3AH>
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2r—y =0, 2r+y =27,
> >1
p={ty =3 Py— Y >1,
y >1, —dz+y > -19,
y —z+2y >-1 y z—2y > —4
6 6 -
51 5 L 5 .
4 | 47 // \\
1 \
1 1
3 Py 3 : !
\ 1
21 2 ‘\ //
11 1 N 7
T \‘\\__,/’/ x
1 2 3 4 5 6 7 1 2 3 4 5 6 7

Puc. 3.22. BeImyKJblilt TOIU3AP U BBITYKJIBI MHOTOI'DAHHUK

K HAYaJIy KOOPJAWHAT. BBITyKJIbIii MHOTOIDAHHUK SIBJISETCS TACTHBIM CJIyIaeM
[IOJIM/IPa, eI MHOYKECTBO orpaHudeno (puc. 3.22).

Berinykast 060/109Ka 1 BBITYKJIbIE MHOTOIDAHHUKY TAKKE CBSI3AHBI 110 TEO-
peme Beitrsi-MuHKOBCKOTO.

Teopema 3.8.15 (Beiins-MuaKoBCKOro j1j1si MHOrOrpasaukosn). Ilycrs V. —
adPunnoe npocrparcTso Hax L u R pasmepnoctu d, S C V — koHeuHoe
MHOXKeCTBO Touek, A — m X d marpuna Hag R, b € R™, P C V — BbIIyKJIbLi
MHOTOTPAHHUK, TOTJIA

P=conv(S) & P={xeV | Ax <b}.

Jpyrumu cjoBaMu, BBIMYKJas 000JI0YKA KOHEIHOTO MHOYKECTBA TOYEK —
9TO BBIMYKJIBIII MHOTOTOIDAHHUK U JIIOOOW BBIMYKJIGIE MHOTOIDAHHUK MOXKHO
[IPEJICTABUTH B BHJIE BBIILYKJIOH 060I0UKY KOHEYHOI'O MHOYKECTBA TOYEK (CBOMX
BEpINNH, CM. pHC. 3.22).

ITocTpoenue BhITyKI0H ODOJIOYKH — OJHA U3 OCHOBHBIX 3389 BBIUUCJIM-
TesibHOI reomeTpun. OHA IPUMEHSIETCSI B TAKUX 0DJIACTSIX, KAK PACIIO3HABAHUE
06paz3oB, 06paboTKa M300parkeHnii, reOnHMPOPMAIIMOHHBIE CUCTEMBI, CTATHYIe-
ckuil anajm3 Koma u MHOrux Apyrux. Ocoboe 3HatUEHNE BBIMYKJIasi 000JIOIKA
MMEET B aJITOPUTMAX KOMIIBIOTEPHON rpaduKu, HAIPUMED B AJIrOpUTMax 00-
HapY>KEeHUs CTOJKHOBeHUi (pasmen 3.4).
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3amaua 3.8.16. Omnpenenurh BUJ MHOMOTDAHHWKA C BEPIIMHAMU B TOYKAX
A = (2,5,2), B =(0,5,1), C = (1,1,3), D = (2,4,1), E = (3,-1,1) u
F=(0,1,0).

Pewenue. TTocrpoum BeIMyKIyio 06004uKy Toyek A, B, C, D, E, F. Cpa3y or-
METHM, YTO 33J[a9a IMOCTPOEHUs BBITYKJION 0D0JIOYKH — ITO 3aJa9a JJId Ma-
MIUHHOTO, & He PYYHOro c4éra. 1loaToMy MBI OrpaHUYIUMCS JIUIITH OCHOBHBIMU
IIIaraMU.

Cy1iecTBy0T pa3jndHble aJTOPUTMbI MTOCTPOEHUs BBIMYKJION 000I0YKM
TOYEK B TPEXMEPHOM IMPOCTPAHCTBE, HAIIPUMED AJTOPUTM <«3aBOPAYMBAHUS
[OIAPKOB» WJIU aJICOPUTM OBICTPOit 060/10UKY (aHAJIOT GBICTPON COPTUPOBKN ),
HO MBI UCIIOJIb3yeM JI00OBOM MOIXO/ IOTHOTO mepebopa wan rpy0boil CriIh.

Hoes: ecnm yepe3 3 TOYKH, HE JieXKallle Ha OIHOI IPSMON, MOXKHO IIPO-
BECTHU TAKyIO IIJIOCKOCTh, YTO BCE OCTABIIUECS TOYKHU IIONAYT CTPOrO B OIHO
[TOJIYIPOCTPAHCTBO WJIM HAa CaMy IJIOCKOCTB, TO 9Ta IJIOCKOCTH HA3BIBACTCH
0NopHOTl U COIEPXKUT I'PAHb MCKOMOI'O MHOTOI'DAHHUKA.

C TakuM TOIXOI0M JIJIsT IIOCTPOEHUST BBITYKJION 000JIOUKH 1 TOUEK B TPEX-
MEPHOM IIPOCTPAHCTBE IPUAETCH HOCTPOUTH

@) _n(n— 1g(n —9)

IUTOCKOCTeH depe3 Kaxkiaple 3 Todkd. B mamem ciaydae 310 20 miIockocTeil.
[TosTomy 9TO anropuT™m He JJisd pyIHOrO cYéTa. PaccMoTpuM /I JBE III0C-
KOCTH.

Vpasuenue miockoctu ABC:

—

AB = (=2,0,—1), AC = (—1,—4,1),

r—2 y—95 z-—2
-2 0 -1 =0,
-1 —4 1

-4z +3y+82—-23=0.
IIpoBepum ocTajibHBIE TOYKH:
D: —-4-24+3-448-1-23=-11<0,
E:—-4-343-(-1)+8-1-23=-30<0,
F:—-4.0+3-1+8-0—-23=-20<0.

Touku D, E, F' nexar ¢ ogHoii cTopoHb! o mnockoctu ABC, ciie1oBaTebHo,
3Ta ILUIOCKOCTh SABJAeTCA OomopHOi. Tak kak Tosbko Tpu Touku A, B u C
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MIPUHAJJIEYKAT OIMOPHOM ILIOCKOCTH, TO Tpeyroabuuk ABC obpasyeT rpaHb
HMCKOMOI'0O MHOIOI'PAHHUKA.
OrMeTuM TakzkKe, 9TO BCE TOYKHM MHOIOIDAHHUKA YOBJIETBODSIOT HEpa-
BEHCTBY
—4x + 3y + 82 < 23,

KOTOpOE BOMJIET BO BHEIIHEE ONMUCAHUE MHOTOTDAHHUKA.
Ypasuenue mwiockoctu ABE:

:4‘B> = (_270a _1)7 ‘Zl‘E: = (17_67_1)7

r—2 y—95 z-—2
-2 0 -1 =0,
1 —6 -1

20 +y—42—1=0.
IIpoBepumM ocTa/ibHBIE TOYKH:
C:2-1+41-1-4-3—-1=-10<0,
D:2.241-4-4-1-1=3>0,
F:2.0+41-1-4-0—-1=0.

Touku C' u D Jjiexkat ¢ pasHbIX CTOPOH OT 1iockocTu ABE | 3HAYUT, 9Ta IJ10C-
KOCTh He SIBJISIETCSI OITIOPHOI U HE COJEPKUT I'PaHW MHOrOrpaHHuKa. Touka F'
NpUHAIEKUT T1ockocTu ABE.

Amnasornano HaiiiéM OCTaJbHBIE 'PAHNA MHOTOTDAHHUKA!

ABD: —x—2y+2z+8=0,
AEC :x+2z—-4=0,

AED: —bx—y+2+13=0,
BFC: — 12z —y+42+1=0,
BFD: —xz—-2y+82+2=0,
EFC: -3z —4y+2+4=0,
EFD: —5z—y+132+1=0.

Muororpanauk umeer 8 Tpeyrojbubix rpaneii. Touku A, B, E, F' nexar B
OHOM 1wIocKoCcTH, mpuiéM Touku C' u D jieKaT ¢ pa3HbIX CTOPOH OT ILJIOCKO-
cru ABEF. TakuMm 00pa30M, MCKOMbBI MHOIMOTDAHHUK SIBJISIETCSI OKTa3/IPOM
(puc. 3.23).
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D

Puc. 3.23. Okrasnp ABCDEF

C touku 3penusi BHenHero omnucanus oktadap ABCDEF onpenenén Kaxk
MHOZKECTBO PEIEeHU CUCTEMbI JUHEHHBIX HEPABEHCTB:

=3z —4y+z < —4,
12z —y+42z < -1,
or +y — 13z <1,
T+ 2y —8z <2,
T+ 2z <4,
T+ 2y — 2z <8,
9T + Yy — 2z <13,
—4dx + 3y +8z < 23.

OmnpesiesuB BUJ, MHOTOTDAHHUKA, MOYKHO PeIIaTh 60Jiee CI0KHBIE 33 IaH.
Hanpumep, 06bém okrasgpa ABCDEF MoXKHO HANTH, €CJIU TPUAHTYJIAPO-
BaTh €ro Ha 4 Terpa’apa. O

3amaya 3.8.17. OmupenesuTb BU MHOTOIDAHHUKA C BEPIIMHAMHU B TOYKAX
A= (37374)’ B = (2717_1)» C = (4a371)7 D = (_1,172)7 E = (030;1)7
F=(0,1,5).
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3.9. Ilamarka onmcaHmii MOAMHOXKECTB

adPUHHBIX 1 BEKTOPHBIX IIPOCTPAHCTB
MBI paccMOTpesIn HECKOJIBKO BUJIOB ITOJIMHOXKECTB BEKTOPHBIX U adduH-

HBIX TPOCTPaHCTB. KaxKjaoe m3 HUX MpeJrnosaraeT, Kak MAHUMYM, JIBa BUIA
ommcanusi. CBomHast wHMOpPMAIUs TpeJICTaBIeHa B CJeLyIomeil Tabure.

Tabua
IBa criocoba ommcanust MoJIMHOYKECTB abDUHHBIX U BEKTOPHBIX ITPOCTPAHCTB
O06BeKT BrayTpeHHee onucanue Braeninee onucanue
Bekropnoe Jluneitnast 060109UKa MHoKecTBO pertieHuit
[IOJIITPOCTPAHCTBO BEKTOPOB OJTHOPOJTHOM CUCTEMBI
span(uy,...,u;) = JIMHEHHBIX ypPaBHEHUIA
= {\ur + ...+ Mug} {xeL| Ax =0}
Jluneitroe Addunnas obomoura MHO0KeCcTBO perneHuit
MHOT0OOpa3ue TOYEK CUCTEMbI JITHEHHBIX
aff(Py,...,Py) = ypaBHEeHUi
:{)\IP1+---+)\I€PI€}’7 {XEV‘AX:b}
rme A\ ...+ =1
Tonusapanbubrii Konnueckas obomouka MHO>KeCTBO permeHunit
KOHYC ToYeK (BEKTOPOB) CHCTEMbI JIMHEHHBIX
cone(Py,...,P) = OJTHOPOHBIX HEPABEHCTB
:{)\IP1+~--+)\I€PI€}7 {X€V|AX§0}
rme Ay > 0,...,A. >0
Brrmyxerit Briykiast obostouka Orpanmndentoe
MHOTOTDAHHUK TOYEK MHOKECTBO pelIeHui
conv(Py,...,Py) = CHCTEMbI JIMHEHHBIX
={\P+...+ MNP} HepaBeHCTB
rae A+ ...+ A =1, {xeV | Ax <b}
A1 >0,.... 0 >0
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3amaua 1.1.5. KomMmyraruBHnas rpymma.
3amaga 1.1.6. 'pymnma Tosbko npu 7 = 1 wm r = 0.
Baga4va 1.1.7. KomMmyTaruBHas TpyImia.

Sagagya 1.1.8. MHOXKeCTBO CHUMMETPHYECKUX (KOCOCHMMETPUYECKUX) MaT-
pUIL He 3aMKHYTO OTHOCHTEJIBHO OIEepaIiy YMHOXKEHHUSI.

3amava 1.2.4. MHOXKeCTBO He SIBJISIETCs IOJIEM, HE BBIIOJHEHA AKCUOMa, CY-
IIECTBOBAHMUsT OOPATHDBIX 3JIEMEHTOB 110 YMHOXKEHHIO.

3amaua 1.2.5. MHOXKeCTBO He SBJISETCS MOJEM, TAK KaK HE 3aMKHYTO OTHO-
CUTEJIbHO YMHOXKEHWUSI.

3amaya 1.2.6. MHOXKeCTBO SBJISETCS [TOJIEM TOJIBKO IPH ycjaoBun, 910 k < 0.

3amaua 1.2.7. MHOXKecTBO He sBJSIETCs TOJIEM, TaK KaK oOpaTHble (DyHK-
U0 MOTYT He ObITh HeNpepbIBHBIME Ha oTpeske [a.b]. Hanpumep, oGpaTHast

byukus x f(r) =2 — ‘%rb HE OIpeJieIeHa B TOUKe “TH’.

Sagaua 2.1.4. 6) Eciu npsimas upoxogut depes O, 1), ).

Sanaua 2.2.5. a) u 6) JluneliHy0 KOMOUHAIIMIO MOYKHO JBaK bl poudde-
PEHIMPOBATD, a 3aTeM IIPUMEHUTb WHIYKIIUIO.

B) BocnosnzoBathes onpeenuTesem BamgepMona.

Banmaua 2.3.7. a) Basuc E; j — E;;, rae ¢ < j, pa3MepHOCTb %

6) MHOXKeCTBO He SIBJISIeTCS] BEKTOPHBIM TIPOCTPAHCTBOM.

B) Basuc cocrout u3 marpur suna By 1 —F, ;,tne 1 <i<n,uE, j, tnei # j,
pasMepHoOCTb N2 — 1.

Bamaua 2.3.11. a) (—2,-2,5); 6) (—1,1,1,-1).

83
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3amaua 2.4.4. a) Pazmepnoctsb pasha 2, 6a3uc, HapuMep, aj, as.
6) Pasmepnocrs pasna 3, 6a3uc, HAIpUMED, a1, Az, a4.

Sanaua 2.4.6. a) Basuc (aj,as, a3), ay = a; + a; — ag.
6) Basuc (aj, as,a4), a3 = 2a; — as.
B) Basuc (a1, as), ag = 3a; — as, BeKTOp a4 = a; — as.

Samaua 2.5.6. a) Obmiee perienne:

T3 = —x1 — 22,
T4 —2.1'1 — 3.’1?2.

(DyH,ZLal\leHTa.HbHaH cucremMa peH.IeHHfIZ

a; = (1,0, _17 _2)7 az = (07 1a _27 _3)

6) OGruee perenne:

Iy = —T3,
T2 = I3,
T4 = 0.

dyHnaMeHTaIbHAS cucTeMa perennii: a = (—1,1,1,0).

I17I37$4:0,
To+x3—24 =0.

3amaua 2.5.8. a)

1'17%2721'3:0,
T _$2+2$4:0,
201+ x9 — x5 = 0.
3amgaua 2.6.7.
a) Pasmepnocrs cymmbl paBHa 3; 6aszuc: aj,ag, b;. Pasmepnocts nepece-

yenus pasHa 1; 6asuc: (2, —6,7, —2).

6) PasmepnocTbh cymmbl pasHa 4; 6asuc: aj, as, as, by. Pazmepnocrs mnepe-
ceueHns paBHa 2; 6a3uc: ap, by.

B) Pasmepnocts cymmbl pasna 4; 6asuc: ag, as, as, by. Pasmepnocrs nepe-
cevenust pasHa 2; 6asuc: (1,1,1,1,1),(0,2,3,1,—1).
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3aga4ya 3.4.3.

a) HlectuyronsHuk ¢ Bepmuaamu B Toukax (—2, —1), (0, —2), (2, —2), (2, 2),
(0,2),(—2,1).

6) IMapasuenorpamm ¢ BepumHamu B Toukax (0,2),(3,2),(5,4), (2,4).
B) Oxpyxnocts 22 + y? — 62 = 0.

3amaua 3.5.6. a) Touku adduHHO 3aBUCAMBI (JI€2KAT HA OJHON NpsaMOii); 6)
rouku abdUHHO HE3aBUCUMBI (He IPUHAIJIEXKAT OJHON NJIOCKOCTH); B) TOUKA
addunno 3aBucuMbl (IPUHAIEIKAT OJHON IIOCKOCTH); T') Touku adduHHO
He3aBUCUMBI (He MPUHAJJIEXKAT OJJHOMY TPEXMEPHOMY TIOIIPOCTPAHCTRY ).

3amgauga 3.6.11.
a) INapamerpuueckoe ypaBHEHHUE:
=5—4t
v T teR.
y=1+3t,
Ob6iee ypasuenne: 3z + 4y — 19 = 0.

6) Ilapamerpuueckoe ypaBHEHUe:

=3
e teR.
y:71+t7

Obmee ypasuenne: x — 3 = 0.

B) [pa pemenus. Eciu rouku B u C jexkaT ¢ pa3HbIX CTOPOH OT HIPIAMOii,
TO IIApaMETPUIECKOe yPABHEHIUE:

=1
x + 6¢, LER.
y:2_t7

Obmee ypasuenwne: x + 5y — 11 = 0.

Ecan Toukn B u C jexkat ¢ OQHOI CTOPOHBI OT MPSIMOA, TO apaMeTpPH-
9ecKoe ypaBHEHUE:
r=1+2t
T teR.
y=2—4t,

Ooinee ypasuenue: 4x + 2y — 10 = 0.



86 OTtBernl

3amaua 3.6.13.

a) INapamerpuueckoe ypaBHEHHUE:

T =24 u—2v,
y=—-14+2u+4v, u,vek
z2=242u+wv,

Obmee ypasuenune: 6x + 5y — 8z + 9 = 0.

6) Ilapamerpuueckoe ypaBHEHUe:

T =—3+4 2u+ Hv,
y=1—u—3v, u,v € R.
z=3—4v,
Obiuee ypasuenue: 4x + 8y — 2z + 7 = 0.
B) pa pertenns. Eciu Toukn A u B jiexkaT ¢ pasHbIX CTOPOH OT ILIOCKO-

CTH, TO IIaPAMETPUYIECKOE yDaBHEHHE:

z=1+3u+w,
y=—-24+2u+5v, u,vek
z2=2—-u—wv,

Ooiee ypasuenune: 3z + 2y + 13z — 25 = 0. Eciiu Touku A u B jiexar
C OJ[HOU CTOPOHBI OT IIJIOCKOCTH, TO ITapaMeTPUIECcKoe ypaBHEHUE:

x =14 3u— 4w,
y=-2+4+2u+2v, u,veck
z=12—u-+4v,

Ob6rmee ypasuenne: bx — 4y + 7z — 27 = 0.

Sagaya 3.6.15. a)
r+2z—-5=0,
y+32—3=0.

y+4z+ 7t —-19 =0,
r+z—t—1=0.



OTBernl 87

B) 2r+y—4z+t—1=0.

r =2+ 3t,
y=—2-—4t z = 3t.

r = —2+4 9t,
y=—-1+8tz=t.

Sanaua 3.7.2. a) mepecekarrcst; 6) TapAJUIETBHBL;, B) COBIAIAOT.

3amaua 3.6.17.  a)

Banaua 3.7.4. a) npsamMas mapayIeIbHA IUIOCKOCTH; §) TIPsSIMAsi TIEPECEKAET
IIOCKOCTB B TOUKe (2,5, —3); B) IpsiMast JIEKUT B IFIOCKOCTH.

Samaua 3.7.6. a) npsMble CKPEIUBAIOTCST; 6) MPSMBIE TAPAJIIEbHBI, yPAB-
HeHue 110ckocTu 3y — z — 4 = 0; B) npsimble nepecekaiores B Touke (1,0, —1),
ypasrenue 1iockoctu 9z + 2y + 17z + 8 = 0; 1) npsMble COBIIAIAIOT.

Bagmaua 3.7.10. Orpesku [C, D] u [E, F| nepeceKaloT IIOCKOCTD.

3agava 3.7.12. \/%. Ilonckaska: HaiiTu paccrosiHue OT TOYKU ) 70 ILJIOC-
koctu ABC.

3amaua 3.7.14. a) upgMas U IJIOCKOCTb CKPEIUBAIOTCs; 6) ILUIOCKOCTH Ia-
PAJUIEJIbHBL; B) IJIOCKOCTH CKPEIIUBAIOTCS ITAPAJLIIEIBHO BekTopy (3, —2, —1,1).

Bagaua 3.8.17. [Mupamuia ¢ naruyroasaukom AC BEF B OCHOBAHUU U BEp-
mmHo# D. Bremrmee onmcamnue:

- —z -1
—x+2y—2z <1,
3z —4dy+ 2z <1,
—3r—4dy+2z <1,
—3rx+Ty—z <8,
—3xr+5y+z <10.

)

VANRVAN
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