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1. 3agaya o pa3spese

OI[HOI>'I N3 OCHOBHBIX 3ajaa4 HpHKHa,HHOI;‘I MAaTCMAaTUuKHU SABJIACTCA 3aJada
KOM6I/IHaT0pHOI71 OINTUMU3ALINHU, KOTOpasad 3aKIOYaCTCAd B IMOUCKE OINTHMAJIBHOI'O
00BEKTa B HCEKOTOPOM KOHCYHOM MHOXKECTBC HO,Z[O6HLIX 0OBEKTOB.

OOIIyl0 IOCTaHOBKY 3aJadyd KOMOMHATOPHON ONTHMHU3AIMH  MOYKHO
chopMyIHPOBaTh CICAYIOIIUM 00pa3oM: 3aJaHO0 KOHEYHOEe MHOXeCcTBO X u
¢byukius  f:X - R, ompeneneHHas Ha 3TOM MHOXECTBE M IPHHAMAIOIIAS
JecTBUTENbHBIE 3HadeHus. TpeOyercs HaifTh Takoil »memeHT Xx* € X, s
kotoporo f(x*) = f(x) (3amaua makcumumszanmm) win f(x*) < f(x) (3amaua
MUHUMU3AINN) s 1106010 X € X.

Ha mepBbiii B3risim pemeHWe 3agaddl KOMOMHATOPHOW ONTHMU3AIMHA HE
MIPEACTABISET HUKAKOU CII0KHOCTH. B cHIly KOHEUHOCTH MHOKECTBA X TOCTATOYHO
MPOBEPHUTH Bce AeMEHTHI X (mepeOpaTh BCe BO3MOJXKHBIC BapHaHTHI) M BBHIOPATh
onTHUMalbHBIA. Takol TOAX0J HOCHUT Ha3BaHHWE TOJHOTO Tepedopa MW BIOJHE
J0NyCTUM i1 HEKOTOPBIX IPOCTBIX 3ajay, TaKUX KaK ITOMCK HanOOJIBIIIErO
MPOCTOTO TPEX3HAUHOTO 4ucia. MHTepecHO, YTO B aHTIUMKUCKOM S3bIKE JaHHas
TeXHHKA HIMEET MeHee HelTpanbHoe Ha3Banue: brute-force search («monck metomom
rpyooit cuab») wid  exhaustive  search  (JIOCJIOBHO — «HMCYUEpIBIBAIOIIHIA,
UCTOIIAIOUINH Mouck»). Jlerno B ToM, 4TO, Kak MPaBUIIO, 3JEMEHTHI MHOXeCTBa X
(BapuaHTHI pelIeHUs) HE 3aJal0TCs HaNpsSMY0, a BO3HHKAIOT ONOCPEJOBAHHO U
UMEIOT KOMOMHATOpHYI mpupoay. Ilpu 3TOM HpOUCXOAUT, TaK Ha3bIBaE€MBIH,
«KOMOWHATOPHBIN B3pBIB», KOTJAa YHCIO BO3MOXHBIX BapHaHTOB pacTeT
HEBEPOSATHO OBICTPO C OSKCHOHEHIMAJIBHOW WM  CBEPXIKCIIOHEHIMATbHON
CKOPOCTBIO.

OpHolt 3 pyHIAMEHTAIBHBIX 3214 KOMOMHATOPHOH ONTHMHU3AIINH SBIISETCS
3a0aua noucka MUHUMATIBHOZ0 (makcumanvnozo) paspesa 6
HeopueHmuposanHom e3eeuiennom zpage [17].

3aoanwi: neopuenmuposannvii epagp G = (V,E) u nexomopas ¢ynxyus
C:E - R,y xaxoomy pebpy e€FE conocmasiarowas neompuyameivbHoe
Oeticmeumenvroe yucno C(e), Haszvisaemoe 6ecom pedpa.

Tpebyemcss Haiimu makoe pasbueHue MHOdCcecmeéa eepwiun V Ha 0Oea
Henepecexarouuxca noomuodcecmsa P u Q (paspes), umodwl cymma eecog pebep u3



E, coedunsiowux eepuiunbl u3 pasiuuHulX ROOMHONCECMS, Oblid HAUMeHbuLell
(MuHUMAnbHBLI paspe3) wiu Hauboavuiell (MaKCUMAbHBIU pazpes).

Puc. 1. MakcuManbHBIH 1 MUHUMAITBLHBINA pa3pessl B Tpade

OTMeTHM, 4YTO B KIACCHYECKOH IIOCTAHOBKE 3aJauyd peYb HUAET O
HEOTPUIIATEIbHBIX Becax pebep. 3ajada ¢ NpOU3BOIBHBIME BECAMH TAKXKE MMEET
[PaBO Ha CYLIECTBOBAaHHE, OJHAKO CJEIyeT OTMETUTh, YTO B TAKOH MOCTAHOBKE
3aa4d HA MHHUMYM M Ha MaKCHMMyM [OPUHUMAIOT MPHHIUIHAAILHO APYrou
xapakrep ¥ (HaKTUUIECKU COBMANAIOT. J[efCTBUTENBHO, T PeoOpa3oBaHus 3a1a4u
0 MHHUMAJBHOM pa3pe3e ¢ MPOU3BOJLHBIMUA BECAMH B 3aJauyy O MaKCHMAIbHOM
paspese IOCTaTOYHO MOMEHSTh 3HAKH Y BceX pebep rpada.

OO0111ee KOJIMYEeCTBO BO3MOXKHBIX pa3pe3oB B rpade Ha N BEpIIMHAX, YUUTHIBAs
4TO MOAMHOMkECTBA P u Q He ymopsagodeHsl, cocrapnsger 21, TakuM o6pasom,
pelIeHne 3a1a4n O pa3pese MOJHBIM IepedopoM Becex BapHaHTOB B rpage Ha 100

2% = 6.34 - 102° pasnuuHbIX paspe3os. Ilpuuem,

BEpIIMHAX MOTPEeOyeT IPOBEPKU
JUISL TIPOBEPKH KaXKIOTO pas3pe3a HEoOXOIMMO IPOCMOTpEeTh Bce pedpa rpada,

MaKCHMAaIIbHOE YHCIIO0 KOTOPBIX paBHO n(n — 1) /2.

IIpon3BOAUTENBHOCTE COBPEMEHHBIX CYIEPKOMIIBIOTEPOB M3MEpSIeTCs B
neragnoncax, T.e. 10'° onepanumif ¢ nnasaromeil 3anaToil B cekynay. Tak
TEOPETUYUECKUI MUK MPOU3BOUTENLHOCTH cyrepkomibiotepa Cray Titan na 18688
nIecTHaaAMaTHAAepHBIX mporeccopax AMD Opteron 6274 u 18688 yckopureneit
(GPU) Nvidia Tesla K20x cocranser 27 meraduonc (2.7 - 1016 onepaunii B
cekyHay). COOTBETCTBEHHO, JUIA pElIeHHs 3amaud o paspese B rpade Ha 100
BEpLIMHAX MOJHBIM epebopoM eMy MoTpedyeTcsl MpuOIM3UTeNbHO 3.5 MuuHapaa
ner. [Ipudem, npu noGasieHny B rpad Kax10H HOBOH BEPILUHBI CIIOKHOCTh 3a1a41
1, COOTBETCTBEHHO, BpeMs iepebopa Oy/ieT Bo3pacTarth B 2 pasa.



B cuny addexra koMOMHATOPHOTO B3phIBa JIIO0O0H aIrOpuUT™M, B TOM YHCIIE
MOJIHBIN 11Iepedop, TPYAO0EMKOCTh KOTOPOTO HEJb3sl OLICHUTh CBEPXY ITOJMHOMOM OT
JUIMHBI BXOJIa cuuTaeTcsi Hed(pHEeKTHBHBIM.

HaHOMHI/IM, 4YTO TPYAOCMKOCTb AJITOPUTMOB KaK IMPAaBUJIO OLCHUBACTCSA HC
TOYHBIM 3HAaYCHUCM, a ACUMITOTHUYCCKHU, YKa3bIBad IMOPSAAOK pOCTa (i)yHKI_[I/II/I C
YBCIIMYCHUCM pa3Mcepa 3aJa4u U o0BeMa BXOAHBIX TaHHBIX. FOBOPHT, 4qTo

f(n) = O(g(n)) < 3(C>0),n:V(n>ny) f(n) <C-gn),

dbyHKIUA f(Nn) aCHMOTOTHYECKH OTpaHUYeHa CBepXy pyHKImEH g(n) ¢ TOUHOCTHIO
JI0O MHOKUTENS. AJTOPUTM CUHUTAETCS MOJMHOMHUAIBHBIM, €CIU Ul QYHKIMU €To
TpynoemkoctH f (n) Haiinercs takoe k € N, ato

f(m) = 0(n").

3agaya 0 MHUHHMAaJIBHOM pa3pe3e Hrpaer ocoOylo poJib B IUIAHUPOBAHUH
KOMMYHHUKAIIMOHHBIX CETEH M OIpEeJeIeHUH MX HaIeKHOCTH, BBISBISIA HauOoiee
ySI3BUMOE MECTO B CeTH. J[eHICTBUTENBHO, €CM 10 HEKOTOPHIM MPUYMHAM YacTh
CBsi3eil B ceTW OyneT HapylleHa, I'paMOTHO pa3paboTaHHAas CETh IMO-TPESKHEMY
CMOXET TepenaBaTth HHPOPMAIMI0 MEXy 0001 Mapoil y3ioB, npakTuyecku 0e3
MOTEPH CKOPOCTH WU 00beMa nepeaaun. OHAKO ecIi HapyIIUTh CBSI3H, BXOAAIINE
B MHUHUMAaJIbHBIN pa3pe3 rpaga, 7T0 MOXKET MPUBECTH K 3HAYNTEILHOMY MaJICHUIO B
KauecTBe pabOThI CETH HJIH JaXKe MOJHOMY €€ KOJUIAICy.

BBuay oco0oii mpakTHyeckod BaKHOCTH 3a/lada O MHUHHMMAJIBHOM paspese
4acTo SBISUIACH OOBEKTOM IPUCTATBHOTO BHUMaHWsA. Kak mpaBmio, mpu ee
pELICHNH OMMPAIOTCST HA JAPYTyl0 BaXHYIO 3a7ady U3 TEOpHUH TpadoB: HOUCK
MAKCUMANBbHO20 NOMOKA 6 MPAHCROPMHOIL cemu.

3aoanvi: mpancnopmuas cemv — opuenmupogannvii epap G = (V,E), &
xkomopom Kadicooe pebpo (u,v) € E umeem Heompuyamenvnyio nponyckHyio
cnocobrocms c(u,v) = 0.

Buioensaromes ose sepuunbl: ucmounux S u cmox t, maxue, umo n00as Opyaas
BEPUIUHA cemu TeHCUM HA nymu u3 S 8 t.

Homokxom  mazwvieaemcss  @ynkyus [ E - R,  kaxcoomy  pebpy
conocmagusowas OeticmeumenbHoe YUcio, co CIeOyIoWUMU CEOUCIBAMU.

1) nomox ne modcem npesviulamv RPORYCKHYIO CNOCOOHOCD.
fu,v) < c(u,v);



2) nomox uz U 6 V donxcen ObiMb NPOMUEONOIONCHBIM NOMOKY U3 V 6 U
(anmucummempuuHocms):
fu,v) = —f(v,u);
3) coxpanenue nomoxa:
Ywev f(ww) =0,

ons ecex u € V, kpome ucmounuxa u cmoxa.

Tpebyemcs natimu maxoi NOMOK NO MPAHCHOPMHOU cemu, 4modvl Cymmda
HOMOKO8 GbIXOOSWUX U3 UCHIOKA, WIU, YMO MOdCe CaMoe, CYMMA NOMOKOS
BX005UUX 68 CIMOK ObLIA MAKCUMATbHO.

CBs13p 33ja4 0 MUHHMAJIBHOM pa3pe3e B rpade ¥ MaKCUMaJbHOM IIOTOKE B
TpaHCIOPTHOH ceTh Obuia ycraHoBiena JI. @opmom m P. dankepcoHOM B HX
KJIaCCHYECKOM pe3yibraTe [15].

Teopema ®opaa — PankepcoHa. Benuuuna maxkcumanbHO20 NOMOKA 6
MPAHCNOPMHOU Cemu PasHa NPONYCKHOU CHOCOOHOCMU MUHUMATbHO20 pa3pesd.

Hambomee w3BecTHass wmomudukanusa anroputma Poppa-Dankepcona,
pa3pabortannas E. duanmnom, k. Onmoracom u P. Kapmom Ha ocHOBe momcka
KpaT4ailero JOMOJHSIOMIEr0 MyTH, pellaeT 3a/adyy 0 MaKCUMAaJIbHOM TOTOKe (U
COOTBETCTBEHHO O MHHUMAJbHOM pa3pe3e) B TpPaHCIOPTHOW CETH 3a Bpems
O(IVI|E]) [12,13].

Pemenne 3a7aun 0 MMUHHUMAJIBHOM paspese Ul TPAHCIIOPTHOW CETH JIETKO
0000mHTh I TFOO0TO0 HEOPHEHTHUPOBAHHOTO Tpada: JOCTATOYHO MPOU3BOIHHBIM
00pa3oM BIOpaTh BEPIINHY-UCTOYHHK S, @ B Ka4eCTBE CTOKA t MOCIEJOBATEIBHO
nepeOpaTh BCE OCTalIbHbIC BEPIIMHBI Ipada, MOCiIe Yero U3 MOJyYCHHBIX JaHHBIM
CIoco0OM pa3pe30B BBHIOpATh MUHUMAIBHBIA. TakuM oOpa3oMm, perieHue 3a1a4qu O
MHHHMaJbHOM  pa3pe3e  IOTOKOBBIMH  Meromamu  motpebyer  |V|—1
MOCJICOBATENbHBIX  NpuMeHeHuid  anroputma @oppa-dankepcoHa, u B
momdukanuu Jununa-Damonaca-Kapna 6yaer umets Tpynoemkocts O (V|3 |E)).
k. Xao m /Dx. OpnuH mOKazanu, 4TO B CWIY CHENU(UKH IrOpUTMa JUIs
HeopreHTHpoBaHHOTO rpada Bee |V| — 1 3amad 0 MakCHMaIbHOM MOTOKE MOXKHO
pemmTh 32 BpeMs AaCHUMIITOTHYECKM paBHOE OJHOKPAaTHOMY HPHUMEHEHHIO
anmroputma @opna-Dankepcona [22]. Hakonen, M. Croep u @. Baraep
MIPOIEMOHCTPUPOBATH 3PPEKTHUBHBIA aNrOPUTM PELICHHS 3aJa9l O MHHIUMAaJIEHOM
paspese, HE HCIOIB3YIOIMA MOTOKOBBIE METOJBI M HMMEIOIIUH TPYZOEMKOCTh
O(IVIIE| + V?log|V]) [32].



B cBoto ogepens, 3a1a4a 0 HaX0XKIEHIH MAaKCHMAIBHOTO pa3pesa rpada umeer
Ba)XHOE IIPUKJIAJHOE 3HAYCHHWE B KJIACTEPHOM aHalu3e: 3ajadye pa3OueHus
HEKOTOPO¥ BHIOOPKH JAHHBIX Ha IOJMHOXKECTBA, HA3bIBAEMBIC KJIACTEPaMH, TakK,
4TOOBl KaXKIBIH KJIACTEP COCTOSUI M3 CXO0XKHUX OOBEKTOB, a OOBEKTHl pa3HbIX
KJIaCTEPOB CYHIECTBEHHO OTIMYaIKCh. KaxIoMy OOBEKTYy [aHHBIX MOXHO
COIOCTaBUTh BEPIIMHY Ipad)a JaHHBIX, a KAKIOH Iape 00bEKTOB — peOPO ¢ BECOM,
COOTBCTCTBYIOIIUM HUX (CXOKECTU». Tak JJIA YUCJIOBBIX JaHHBIX B KAUCCTBC TaKOT'O
KPUTEPHsI MOXKET OBITh MCIOJB30BAHO EBKIMIOBO paccrostane. Kpome toro, @.
Bapaxona, M. I'peruen, M. IOurep u I'. PeiiHenr moxasamu, 4yTo 3amaga o
MaKCHMaJIbHOM pas3pe3e Tpada HampsMyl0 BO3HHUKAeT MNpPU IPOESKTHPOBAHHU
HHTETpabHBIX cxeM [1].

HecMmoTpst Ha pakTHYECKyI0 BaKHOCTH 3aJa4l O MaKCHMalbHOM paspese, He
yJAJIOCh TIOCTPOUTH HU OJHOTO AJITOPUTMA €€ PEIICHHS OTIMYHOTO OT IOJHOTO
nepebopa. McKmroueHnsIME SBISIFOTCSI JIMIIb HEKOTOPhIE YaCTHBIE CITy4al 3a/1aduH,
HarpuMep, MOMCK MaKCHMabHOTO pa3pe3a B IUIAHAPHOM rpade, it KOTOPOTo
ObLIM HaiiieHbl TOJMHOMHAJBbHBIC anroput™bl [21]. Bomee Toro, ObLIO
YCTaHOBJICHO, YTO 3a/[ada 0 MOMCKEe MaKCUMAaJIBHOTO pa3pesa B rpade MpuHaUICKUT
kmaccy NP-TpymHBIX 3agad  ®W  sABISETCS OOHOH W3  (DyHAaMEHTATbHBIX
TpyZHOpEmaeMbIX 3agad. OTMETHM, YTO TaKas CUTyalus HE SBISIETCS] yHUKAIbHOM.
B kauecTBe aHaNOra MOXKHO NMPHUBECTH APYTYIO APy XOPOIIO W3BECTHBIX 3a4ad U3
TeopuH TpadoB: MOUCK KpaTyaimero myTH (TOTMHOMHAIBHA) W TOWCK CaMOTO
JUTMHHOTO TIyTH B Tpade (NP-tpyaua) [17].

Ynpaxuenue. IlpoBepuTh pemieHue 3aJadydl O MHHHMAIBHOM paspese,
npuBeneHHoe Ha Puc. 1, ¢ nomomibio anroputma @opaa-dankepcoHa.



2. CJI0KHOCTH 32124

HamoMHUM, 4TO B TEOPHH CII0KHOCTH aJITOPUTMOB BBIICISIOT, KaK IPABUIIO,
Tpu 0a30BBIX Kiacca 3amad (oOmast kmaccuukamus cogepxut donee 60 kiaccoB
crmoxuoctn): P (polynomial), NP (non-deterministic polynomial) u NPC (non-
deterministic polynomial complete, nnn N P-mionHbIe 3a1a4H).

B naHHOl TepMHMHONOIMH, Kak TIPaBUIO, PAcCMaTPHBAIOTCS 3aJauH
pacro3HaBaHusl (3a1a4H, TIPENOIATAI0IIIe OTBET «I1a» WU «HET»), OAHAKO 331auH
pAcIIO3HABAHUS M ONTHMH3ALMU SKBUBAJICHTHBI C TOYKH 3PCHHS MPUHIHITHATIEHOM
TPYIOEMKOCTH: €CJIH CYIIECTBYET ITOJIMHOMHAIBHBIN QJITOPUTM JUIsl IEPBOM 3a1a4H,
TO W BTOpas IOJMHOMHAIBGHO pa3pemnMa, U HaobopoT. B ¢hopme 3adauu
Pacno3Hasanus 3a0a4a o pazpese NpuMer BUJ!

Cywecmeyem nu 60 g36ewennom epage G = (V, E) ¢ ¢pynxyueit secos C: E —
R,y maxou paspes, umo cymma 6ecog 6xo0swux 8 Hezco pebep He 0Oonbuie
HEeKOmopou QUKCUPOBAHHOU GeUYUHbL S (MUHUMATbHBIL pa3pe3) Uil He MeHblie
Hekomopou (ukcuposannoil genuyunvl T (Maxcumanvhulil pazpes)?

B kmacc P BXOZAT 3ajaun KOMOWHATOPHOM ONTHUMM3ALNH, IJISI KOTOPBIX
CYIIECTBYIOT aJITOPUTMBI pEIICHHUs, BpeMs pabOThl KOTOPBIX ITOJMHOMHAIIEHO
3aBHCHT OT pa3Mepa BXOITHBIX JaHHBIX. M3BecTHbIH Tesuc KobOxama-DamoHzca
TJIACUT: BBIYUCIUTENbHAS 3a/Ja4a MOXeT OBITh pelmIieHa Ha HEKOTOPOM
BEIYMCIIUTEIFHOM YCTPOMCTBE 32 pa3yMHOE BpeMs TOJIBKO B TOM Ciydae, eCiH ee
TPYIOEMKOCTh OLCHHUBAETCSI CBEPXY MOJMHOMUAIbHON (yHKuueh [6]. TToaromy
ANTOPUTMBI W3 Kiacca P HocAT Ha3BaHue dPQeKkTuBHBIX. CleayeT OTMETUTh, UTO
JIaHHOE TI0JIO’KEHHE He COBCEM OecCIOpHO: alrOpUTM ¢ TpynoeMmkocThio 101007
cuntaercs S(QGEKTUBHBIM, TaK Kak 3TO JIMHEWHas (QYHKLUUS, a aIrOpUTM C
SKCMOHEHIMANLHON TpygoeMkocThio 2900001% _ pesddexrupuniv. Ilpu sTOM
NEepBBIN HE NMPE/ICTABISIETCSI BO3MOXHBIM PEaIM30BaTh Ha IPAKTUKE JaKe TIPH N =
1, B TO BpeMs Kak TPyA0eMKOCTb BTOporo u mpu n = 10° cocrasnser Bcero nuiib
1024 onepanuu. Tem He MeHee, B 00IEM CiIydae, 32 HCKIFOUEHUEM UCKYCCTBEHHO
CKOHCTPYMPOBAHHBIX MPUMEPOB, OTOXK/CCTBICHHUE IMOJUHOMUAIBHBIX aJITOPUTMOB
¢ 3peKTUBHBIMHU, a HEMOJMHOMUAIIBHBIX ¢ HeahekTuBHBIMU (B cuiy 3ddexra
KOMOWHATOPHOTO B3pPbIBA) MPEICTABISIETCS BEPHBIM, M Takas Kiaccuduxarms
3aKpernIIach.

B xmacc NP BXOIAT 3ajJaud, PELIEHUE KOTOPBIX MOYKHO IPOBEPUTH 3a
MOJIMHOMHUAJIbHOE BpeMsi Ha MamnHe ThiopuHra. Tak 3amada o paspese B dopme
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pacno3HaBaHUs, OYEBHIHO, NPHHALICKHUT Kiaccy NP, Tak Kak eclii W3BECTEH
HEKOTOPBIH pa3pes, TO VISl €ro MPOBEPKH JI0CTATOYHO CIIOKHUTH BECA BCEX BXOISIINX
B paspe3 pebep, 4MCIIO KOTOPBHIX He mpeBocxogutT n(n — 1)/2, u cpaBHHTH C
3amaHHoH pukcupoBaHHO# BemmunHOM S wu T'. [IpoBepka mpon3BOIBHOTO pa3pes3a
notpebyer He Gonee O(n?) onepauuii, re n — 4ucio BepuuH rpada G.

Bnoxennocts P © NP mpsiMo ciellyeT U3 ONpeleseHus KiaccoB. Bompoc
paBeHCTBa WK HepaBeHCTBA P U NP ocTaeTcs HEpELIEHHBIM, SIBJSETCS OAHUM U3
OCHOBHBIX BOIPOCOB COBPEMEHHON MaTeMaTHKU M BXOIWT B CIHCOK CEMH 3a/ad
TBICSTYEIICTHS 10 Bepcuu Maremarideckoro nHetuTyta Kimst [5].

OyHIaMEHTaIbHBIM ITPOPHIBOM B TEOPHH CJIIOKHOCTH crajia Teopema Kyka-
JleBuna 06 N P-mofaHOTE 3a/1a44 BBITIOJIHUMOCTH OyneBbix (yHkiwuii [7,40]. 3agaqa
HasbiBaercsi NP-momroit (NP-complete, NPC), ecii K Helt MOXHO CBECTH JHOOYIO
Jpyryto 3amady u3 kinacca NP 3a nmosmHOMHanbHOE BpeMsi. B nanpHeimem kiacc
NP-nonHpIx 3amad ObUT 3HAYMTENbHO paciiuper [17], BxmounB B cebs, B
YaCTHOCTH, 3aJadyy O MaKCHMaJIbHOM paspe3e B (opMe pacro3HaBaHUs, W
3HAYMTEILHO NPEB3OILIEIN M0 pa3MepaM Kiacc P — MOJMHOMUAIBHO Pa3pelinMbIX
3aga4. B Hacrosmuiit MOMEHT OOJIBIIMHCTBO M3BECTHBIX TPYIHOPEUIAEMBIX 331ad
(3amau 17 KOTOPBIX HE M3BECTHO MOJIMHOMHMAIBHBIX AITOPUTMOB DEIICHHS)
oTHeceHBI B kiacc NPC, 3a HCKIIOYCHHNEM TaKHX 3a1a4 Kak H30Mophu3M rpados,
(dakTopH3ays HEJbIX YUCENT M IUCKPETHOE JIOrOPU(PMHUpPOBAHHUE, IUIsI KOTOPBIX
OpuTO OKa3aHO, uTO B ciydae P # NP onu He npuHamiexar Hu P #vu NP u
00pa3yroT mpoMeKyTouHbId Kiace N P-intermediate.

3amada 0 MaKCMMaIbHOM pa3pe3e B ONTHMHU3AMUOHHON (popMe BXOIWT B eIie
OMH KJIAacC CJOKHOCTH, Tak Ha3piBaeMbix NP-tpymubix 3amaa (N P-hard),
COCTOSIIINI M3 3a/1a4 HE YCTYMAroUIUX MO CJI0KHOCTH N P-TIONHBIM 3ajlayaM, HO He
BxosAnuX B kiacc NP (kiacc 3aj1a4 pacrio3HaBaHUs).

I'ernanbHOCTE Maen NP-NONHBIX 3a7a4 3aKJIIOYAeTCsA B TOM, YTO IOCTPOUB
3¢ (eKTHBHBIA aNropuT™M peUIeHUs MPou3BoIbHON N P-ToJHOM 3a1a4n (Hampumep,
3aJa4d O pa3pe3e) MOXXKHO MEepPeKHMHYTh MOCTHK Ha JIIOOYI0 NpYrylo 3amady
pacno3HaBaHusi M3 Kiacca NP ® pemmTh €€ 3a JI0OCTaToOuyHO ObIcTpoe
(mosnmHOMHMaNBEHOE) BpeMs. [10100HbII BapuaHT paBeHCTBA KJIACCOB CJIOKHOCTH P 1
NP mepeBepHyNn OBl KapTHHY COBPEMEHHOW Maremartuku. Hampumep, Obuio ObI
OTIPOBEPTHYTO CYIIECTBOBAHUE OJJHOCTOPOHHUX (DYHKIHI, HA KOTOPBIX MTOCTPOCHBI
BCC AITOPUTMbBI MH(POBAHUS, YTO IIOJIOKHIO OBl KOHEI BCEH COBPEMEHHOM
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kpunrorpadun. bonee toro, Crusen Kyk [8] mokasain, uto mpu BeINoNHEHHH P =
NP xommbloTep cMOT OBl TOCTPOUTH (POpMajbHOE TOKa3aTeNbCTBO aOCOIIOTHO
0001 TeopeMsbl (pa3yMHON JUIMHBI), TaK Kak (opMalibHOE J0Ka3aTeIbCTBO JIETKO
MPOBEPUTH 32 NOJMHOMHAIBHOE BpeMs. OJHAKO BOIIPOC TaK U OCTAETCSA OTKPHITHIM.

Yupaxuenune. Jlokazate NP-NONHOTY 3aJadd O MaKCHMaJbHOM paspese,
CBeJSA K HEW JpYyryro u3BecTHYO NP-MonHyr0 3a1avy, HalpuMep, MaKCHMAaTbHYIO
2-BBINOJIHIMOCTD.
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3. 'eoMeTpuYeckasi MHTEepIpPeTAIIMS 33124

HamoMHHM HECKOJIBKO 0a30BBIX OHPGHCHCHI/Iﬁ U3 TCOpHUU KOM6HHaTOpHOﬁ
OIITUMU3AINH.

Onpenenenue. Maccogas 3adaua (3adaua) — obwuil 60NPOC, HA KOMOPbHII
crnedyem damv omeem. 3a0aemcsi CRUCKOM NapamMempos U KpUmepusimu, KOmopbim
00J121CeH YO0BIEeMBOPAMb OMEEN.

Omnpenenenne. Huousudyanvnas 3adaua — 3a0aud, NOIYYEHHAS U3 MACCOBOU
NPUCBOEHUEM KOHKDEMHbIX 3HAYEHUI 6CeM NaAPaAMempan.

KpoMme TOro, MOXKHO pPaccMOTPETh MAacCOBYIO 3aiady C (PUKCHPOBaHHEM
OJIHOTO H3 IIapaMeTpPOB.

MaccoBoii 3aaueii 0 pa3pese OyaeT oOmas NocTaHOBKa 3a/1aul 0e3 yKa3aHUs
pa3mepa rpada u GYHKIIH BecoB pedep.

PaccMoTtpum MaccoByro 33/1a4y 0 paszpese ¢ (GUKCHPOBAHHBIM YHCIIOM BEPILIHH
rpadpa G = (V,E), |V| = n. Be3 orpannuenust oOIIHOCTU MOJOKUM, uTO Tpad G
SBJSIETCSl TIOJIHBIM. B TIPOTMBHOM ciyyae B WHIMBHIYaJIBHOH 3ajade JJIs
OTCYTCTBYIOLIMX peOep MOKHO 331aTh HyJIeBble Beca. Hucio pebep B HotHOM rpade
o6o3naunm uepes d = |E| = n(n — 1)/2. Ynopsnounm pebpa B rpade 1 IpucBouM
Ka)XXIOMy YHHKaJIbHBIA HOMep oT 1 10 d.

Puc. 2. IIpumep Hymeparuu pedep B rpade K,
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Kaxnomy paspesy B rpade G comocraBuM xapakrepucruieckuii 0/1-sekrop
(m1s 3amaum 0 paspe3e OH TaKKe Ha3bIBAETCS pPa3pe3HbIM BEKTOPOM) U3
npoctpancTBa R? 1o crenyromeMy NpaBwily: €cld pebpo Momano B paspes
(coenuHsieT BepLIMHBI M3 Pa3MYHBIX IOAMHOXECTB), TO COOTBETCTBYIOLIAs
KOOpAMHATA NpUpaBHUBaeTcs K 1, B mpotuBHOM ciydae — K 0. Tax, s monHoro
rpada Ha geTsIpex BepurnHax (Puc. 2) cymecTByeT 8 pa3mu4HBIX pa3pe30B, KOTOPHIE
MOKHO 3aKOJMPOBATH CIIELYIONINM 00pa3oM:

P Q PaspesHnoii BekTop

(0] AB,CD (0,0,0,0,0,0)

A B,C,D (1,0,0,1,1,0)

B ACD (1,1,0,0,0,2)

C ABD (0,1,1,0,1,0)

D AD.C (0,0,1,1,1,0)
AB CD (0,1,0,1,1,1)
AC B,.D (1,1,1,1,0,0)
AD B,C (1,0,1,0,1,1)

Tabmuna 1. Pa3pesnsie BekTopa mis rpada K.

B

D

Puc. 3. [Ipumep nunAMBUAYaIEHOM 334a4u O pa3pes3e
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O0603HaYMM MHOXKECTBO BCEX pa3pe3HBIX BEKTOPOB MAacCOBOHM 3agaud o
paspe3e ¢ (UKCHPOBAHHBIM YKCJIOM BepmiuH rpada n uepe3 X,. Torma mobas
WHIUBHyallbHAs 3a1ava o paspese (Puc. 3) Moxer ObITh MpeacTaBicHa B (opMe
ONTUMU3AINH JTUHEHHOW LIENeBOW (YHKIIMH Ha MHOXECTBE TOUCK B €BKIIUIOBOM
BEKTOPHOM TIpocTpaHcTBe RY

cTx = (¢,x) » min, x € X,, € R* (MUHMMaNbHbI paspes),
cTx = (c,x) » max, x € X,, € R* (MakcuManbHbIii paspes),

rie Bektop ¢ € R% — 310 BekTOp Becos pebep (B mpumepe u3 Puc. 3, BekTop € =
(4,3,4,3,5,5)).

OOpatiM BHMMaHHE, YTO K YyKa3aHHOH QopMe ONTHMHU3AIMU JIMHEHHON
yHKIMK Ha MHOXecTBe Touek B R MokeT ObITh pHBe/eHa JF06as 3a1a4a 1o
BBIOOPY ONTHUMANBHOTO mojarpada: 3agada KOMMHUBOSDKEPA, 337a4a O KpaTJaliinem
MyTH, 3aJada O MHHHMMAalbHOM OCTOBHOM JEpEeBE, 3aJada O MaKCHMalbHOM
B3BELICHHOM IapOCOYETaHUM M JApyrue. JlocTaTo4HO 3aHymMepoBaTh Bce pedpa B
rpade W 3aKOJUPOBATh BCE BO3MOJKHBIE PEIICHMS 33Ja4d XapaKTEPUCTUYECKHIMHU
BEKTOpaMH, KOODIMHATHI KOTOPBIX paBHBI 1, ecClM COOTBETCTBYOIIee pPedpo
nmormajaet B moArpad, B3sB B KaUECTBE 1IEJICBOTO BEKTOPa C BEKTOP BECOB pedep.

AHAIOTHYHO MOXHO paccMOTpeTh M JApPYTHe 3amadd KOMOHWHATOpPHOU
ONTUMU3AINH, HAIpPUMEp 3aady O Ha3HAYCHWAX (ONTHMAaIbHOE Ha3HAUYCHHE
pabOTHUKOB Ha JOJDKHOCTH), UIsI KOTOPOW MHOXecTBO X, cocTonT u3 n!
MepeCTaHOBOYHBIX MATPHIl HAa3HAYCHHUI, a BEKTOp ¢ — MaTpulia 3()(PeKTHBHOCTH
(cootBercTBHs) paboTHHKA H0KHOCTH [35].

TaxuMm 06pa3om, K yKa3aHHOH (OpMe MOXKHO MPUBECTH HE TOJBKO 3a1ady O
pa3pese, HO M OOJIBIIMHCTBO 337ad KOMOMHATOPHOH ONTHMH3AIWU MPH YCIOBHH
JMHEIHOCTH LeNIeBOH (QyHKINH, KOTOPOE, KaK MPABHII0, BEIOIHICTCS.

Ynpaxnenue. OmucaTh TEOMETPUYECKYI0O  MHTEPIpPETAlMIO  3ajJauu
COPTHPOBKH N JCUCTBUTEIBHBIX YHCEI 10 BO3PACTAHHIO B ()OPME ONMTHMH3AINU
JUHEWHOU ()YHKIMU Ha MHOXKECTBE TOUCK B EBKIIHIOBOM IIPOCTPAHCTBE.
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4. BplnyKJble MHOTOTPAHHUKH

Onpenenenne. Ompesxom, coedunsiowum mouxy x u y u3 R, nazvieaemes
mHoocecmeo mouex euda Ax + (1 —2A)y, eoe LER u 0 <A <1 (0obo3nauenue

[, y]).

Onpenenenne. Muoocecmseo S naswvisaemces svinyknvim (CONVex set), ecau
emecme ¢ T0OOLIMU CEOUMU OBYMSI MOYKAMU OHO COOEPICUM COCOUHSIOWULL UX
ompe3oK

Vx,y €S: [x,y] cS.

Puc. 4. HpI/IMepH BBIITYKJIOT'O Y HEBLIITYKJIOTO MHOXKCCTB

OcoOblif MHTEpEC B KOHTEKCTE T€OMETPHYECKOTO IIOAXOAa K 3ajadam
KOMOMHATOPHON ONTHMH3ALNH MPEACTABISIIOT CICAYIOMINE MPUMEPHI BBITYKIIBIX
MHOXKECTB:

Onpenenaenne. [unepniockocmvio H € R4 nasvieaemes noonpocmpancmeo
pasmeprocmu d — 1, npeocmasnsrowee coOOU MHONCECMBO PEUEHUNl 0OHO20
JIUHENIHO20 YPABHEeHUs

H = {x € R%: (a,x) = b}.

Kakaas — THIOEpIIOCKOCTh — pa3sbuBaer mpocTpanctBo RY  ma  1Ba
nonyrpoctpadctea HY u H™, KOTOpble Ha3bIBAKOTCSA 3aMKHYTBIMH, €CIIH COIEPKAT
IMIEPIIOCKOCTs H (MHOMeCTBAa pelleHHH HECTpOrux HepaseHCTB (a,x) = b u
(a,x) < b), K OTKPHITEIMH, €CITK He coaepkar H (MHOKeCTBa PELIEHHH CTPOrUX
nepasercts (a,x) > b u (a,x) < b COOTBETCTBEHHO).

HerpynHo yOequThCsi, YTO THUIEPIIOCKOCTh U MOJYIPOCTPAHCTBO SIBJISIOTCS
BBIITYKIIBIMY MHOXECTBAMM.
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Onpenenaenue. Muozozepannvim muoxcecmeom (noausopom, polyhedron)
HA3bIBACMCS NepeceyeHie KOHEUHO20 YUCHA 3AMKHYMbIX NOLYAPOCMPAHCMG, Mm.e.
MHOICECME0 peutenuli KOHEYHOU CUCIEMbl TUHEIHbIX HEPABEHCMS.

Teopema. [lepeceuenue npousgoibHO20 HUCAA BbINYKILIX MHONCECME eChib
BbINYKILOE MHONCECIBO.

Takum 06pa3oM, MOIUIP — 3TO BHIMTYKIOE MHOXECTBO.

Omnpenenenne. OzpaHuyeHHoe MHO202PAHHOE MHOICECMBO HA3bIGACMCSL
BBINYKILIM MHO202PaHHUuKoM (CONVeX polytope).

HanmoMHHM, 9TO MHOJKECTBO OrPAaHHYEHO, €CJIM OHO COICPXKUTCS BHYTPH
HEKOTOPOTO Iapa GUKCHPOBAHHOTO paanyca.

Tax, BBRITTYKJIBIH MHOTOTpaHHUK P Ha Puc. 5 mpencrasmiser co00it MHOXKECTBO
PELICHUH CUCTEMBI

( x=0,
y=0,
x <2,
LySZ,
x+y<3.
Y
3
2
11 P
0 1 2 3INX

Puc. 5. IIpuMep BBITYKIOTO MHOTOTpaHHHUKA.
Onpenenenue. I panvio 6bInyKi020 MHO202PAHHUKA
P ={x:Ax < b}
16



HA3b18AeMCsl 8bINYKIbIU MHO20SPAHHUK, NOTYYEHHbIU 3AMEHOU Yacmu HepaseHcme
cucmemvl Ax < b na pasencmea

F={x:Ix<cQx=d} meA=(é),b=(2).

Teopema. Pazmepnocme epanu F paena
dimP —rg Q.
Onpenenenne. [panv  pazmepnocmu 0 Hazvleaemcs — GepuiuHou
MHO202paHHUKA, 2paHb pasmepHocmu 1 — pebpo MHO2OZpaHHUKA, 2paHb

pasmeprocmu k — smo k-epans mnococpannuxa, epans pasmeprocmu dimP — 1 —
Gacema unu cunepepanv MHO202PAHHUKA.

Omnpenesnenue. Jlunetinas KOMOUHAYUA MOYEK X1, X2, ..., Xy € R4
/11x1 + }lzxz + A + Akxk

Ha3zvleaemcst 6‘bll’lyl<']1012, eciu

k
Vi: 4,20, u Zai -1
i=1
Omnpenenenune. Buinyxnoil oboroukou conv (S) (convex hull) muoscecmsa S
HA3bIBAEMCsl  NepeceveHue 8cex BbINYKIbIX — MHOJNCecms, — cooepocawux S
(HauMmenbliee 8bINYKILOe MHONCECME0, cooepacauyee S).

BLIHyKJ'IaSI 000JI0YKa KOHEYHOT'O MHOKECTBA TOUYEK COBIIAACT C MHOXXCCTBOM
BCEX BO3MOKHBIX BBIITYKJIBIX KOM6I/IH3L[PII71 9THX TOYECK

K
conv({xy, .., x ) =3y: vy =Ayx1 + o+ Aex, A = O,Z A =11
i=1

OCHOBHOM T€OpPEeMOii B TECOPHUHU BBITYKIIBIX MHOTOTPAHHUKOB SIBIISICTCA

Teopema Beiiisi — MuHkoBcKkoro. Muooicecmeo P aensemcs ocpanuyennvim
nepeceueHuem KOHeYH020 YUCIA 3AMKHYMbIX NOAYNPOCMPAHCIG

P = {x: Ax < b} u P — orpanuyeHo,

moeda u moabko moedda, koeda P — evinyknas 060104Ka KOHEUHO20 MHONCECBA
mouex (Ceoux epuiuH)

P = conv{xy, x5, ..., Xi.}.
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Teopema Beinis-MUHKOBCKOIO NPEACTABIAET JBa HE3aBUCHUMBIX OIHMCAHUS
JUISl BBIITYKJIBIX MHOIOIDAaHHUKOB:

1) BuemHee omucanue (H-polytope) — MHOTOTpaHHHK Kak OTpaHHYECHHOE
MHOXKECTBO PELICHUH CHCTEMBI TMHEHHBIX HEPABEHCTB;

2) sBuyrpennee omucanue (V-polytope) — MHOTOTpaHHWK Kak BBITYKJIast
000J109Ka CBOUX BEPIIHUH.

Tax, mHOTOTrpaHHUK P Ha PHic. 5 MOXeT OBITh OTIMCaH KaK

P = conv{(0,0),(2,0), (2,1), (1,2),(0,2)}.

Teopema Ha3BaHa B 4ECTb Cpa3y JABYX MAaTeMAaTHKOB, TaK Kak IPEICTaBIISET
co0oif 00beIHEHNE IBYX PA3IHYHbBIX TEOpPEM: TeopeMbl MuHKoBcKoTo (H-polytope
—aro V-polytope) u teopemnr Beiins (V-polytope — ato H-polytope).

ITepexon Mex 1y ABYMsI HE3aBUCHMBIMH OIMCAaHUSMH IIPEJCTABISET COOOI 1BE
3aJa4y BEIYMCIUTEILHON T€OMETPHUH:

1) s3agaya mepeyrclieHHs BEPIIMH BBIIYKJIOIO MHOTOrpaHHHKa (Vertex
enumeration problem);

2) 3amaya MOCTPOCHHMS BBHIMYKIOW OOOJOYKH KOHEYHOTO MHOXKECTBA TOUYCK
(convex hull problem).

Kiaccudeckuit MeTon pemeHus 3afaqn MepedrcCIeHUs] BEPIIUH — alTOPUTM
®dypoe-Mornkuna (Fourier-Motzkin elimination), koTopslii sBIsleTcs aHAIOTOM
Merona [laycca Uil cHCTeM JIMHEHHBIX YpaBHEHUH U 3aK/IIOYaeTcss B
HOCJICAOBATEIBHOM HCKIIFOUYCHHH HEM3BECTHBIX M3 CHCTEMBI HepaBeHCTB [33].

OTMeTHM, YTO BBIIIOJTHEHHE UCKITIOYECHUS OJTHOM NepeMeHHOI B cucTeMe u3 m
HEpaBeHCTB aIroputMoM Dypbe-MOLKHMHA MOXKET IIPUBECTH K NOsABJIEHUIO M2 /4
HOBBIX HEpaBEHCTB. TakuMm oOpa3oM, mocie d TIOCIEROBATENbHBIX IIAaroB
JITOPUTMA CHCTEMA MOXKET COAEPKATh JI0

+(3)

HCPABCHCTB, YTO IMOPOKAACT CBCPXIKCIOHCHIHUAIBHYIO TPYAOCMKOCTh B XyALIEM

2d

ciyqae. OTO MPOUCXOAUT BCIEACTBHE MOPOXKICHUS 3HAYUTENBHOIO YHCIIA
M30BITOYHBIX JIMHEWHO 3aBUCHMBIX HepaBeHCTB. OJHAKO W YUCIO JIMHEWHO
HE3aBUCHUMBIX HEPABEHCTB OYy/IET pacTH ¢ 9KCIOHEHIMABHOM CKOPOCThIO [26]. s
anroputMa @Dyppe-MoOIKHHA TOCTPOEHO 3HAYMTEIBHOE UHUCIO PA3JIMYHBIX
Mo drKaIMi, caMoi U3BECTHOM U3 KOTOPBIX SIBISIETCS METO] IBOMHOTO OTIMCAHUS
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(double description method), koTopsie, 0HAKO, TAKXKE HMEFOT IKCITOHEHIIHAITBHYIO
B Xy/IIIEM ClTydae TpYHR0EMKOCTS [3].

Jmns oOpaTHOW 3amaud TIOCTPOCHUS BBITYKIOW O0OOJIOYKH W3BECTHO
3HAYUTENbHOE YHCIO S((GEKTHUBHBIX AITOPUTMOB, pEIIAIONIMX 33aJady Ha
TUTOCKOCTH, T¢ OHa (PAKTHYIECKHA CBOJAUTCS K 3aJade COPTUPOBKU. Tak anropuTm
I'paxema (Graham scan) pemiaetr mocTaBieHHYI0 3aqady 3a Bpems O(nlogn).
OpmHako B NPOCTPAHCTBAX IPOM3BOJIBHON Pa3MEPHOCTH CIOXKHOCTh MOCTPOCHUS
BBIITYKJIOI 000JI0YKM MHOTOKpPATHO Bo3pacTaer. J[emo B TOM, YTO UIS TIOCTPOCHUS
BBITYKJION O000JOYKM MHOXECTBa TOYEK HEO0OXOJAWMO HaWTH Bce IJMHEHHBIC
HEpaBEHCTBA,  ONHCHIBAIOIIHE  (aceThl  COOTBETCTBYIOUIETO  BBITYKJIOTO
MHOTOTPAaHHHKA, YACIO KOTOPBIX MOKET OBITh OYECHB BEJIHKO.

Onpenenenne. Buinyknvlli MHO202pAHHUK Hazvleaemcs k-cmescnocmubim,
ecau obvle k e2o eepuiun 00paszyOm epans MHO20SPAHHUKA.

Hanbonee  M3BECTHBIM  CMEXKHOCTHBIM  MHOTOTPaHHHKOM  SIBJISICTCS
LUKJINYECKUH MHOTOTPaHHUK, BepBble onucanHblii Koncrantunom Kapareonopu
B 1907 [4] rony u He3aBucHMO mepeoTKpbITHI J3Bumom ['eitom B 1956 romy [16].

Onpenenenne. Kpusas x(t) = (t,t%,t3,...,tY) 6 R? wuazvieaemca
Momenmuou kpusoti (moment curve).

Onpenenenne. Luxnuueckum muozoepannuxom Cy () Hazvieaemcs epinyKias
0607104KA N PASIUYHBIX MOYEK HA MOMeHmMHOU Kpueoil 6 RY

Cd(tll t21 ey tn) = Conv{x(tl)' x(tz); ey x(tn)}

Teopema (Kaparteomopu, Teiin). [uxnuueckuii mmocoepannux Cy(n)
sensemest | d [ 2]-cmexcnocmmupim mrozoepannurom.

Onpenenenne. Muozozpannuk Hazvieaemes cmexcHocmmuwim, eciu on |d/2]-
CMENCHOCMHOU.

Teopema MaxkMainena o BepxHeii rpanmme. Cpeou ecex d-mephvix
MHO202DAHHUKOB HA N-8EPUIUHAX CMEMCHOCMHbIE MHO20ZPAHHUKY (8 YACMHOCMU
YUKTUYECKULl MHO20SPAHHUK) UMem Haubobuiee Koauuecmeo k-wepuvix epaneil
onsa mobozo k = 1,2,3,...,d — 1.

Teopema. Yucno gpacem yuknuueckoeo muocoepantuxa Cy(n) pasro

da/2
n—d—-1+i
Z 2(" 747
i
i=0
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Takum oOpa3zoM, ecnu pa3MepHOCTh d (UKCHpPOBaHA, TO 4YHCIO acer
[UKIMYECKOTO MHOTOTPAHHHKA PACTET KAk MOJMHOM crerend |d/2] ot uucna n
BEpIIMH MHOTOrpaHHuKa. COOTBETCTBEHHO, HHM OJWH alNTOPUTM IOCTPOCHHUS
BBITYKJIOH 060JIOUKH MHOXECTBA M3 N Touek B RY He MOXET UMETh TPYI0€MKOCT
menee Q(n!%/2l) B xymmem ciyuae. B wacTHOCTH, TaKyiO TPYIOEMKOCTh HMEIOT
anmroputmel gift wrapping (anroputm «3aBopadrBaHUs TTOJAPKOBY» MM AITOPHTM
Jxapsuca) u QuickHull (anroputm 651cTpOit 060109KH).

HaHOMHI/IM, YTO YCpe3 Q 0003HaYaIOT ACUMIITOTUYCCKYIO OLICHKY CHH3Y Ha
3HA4YCHUC (l)yHKI_[I/II/I C TOYHOCTBIO 1O MHOXXHTCIIA

f) =a(g(n) & 3(C > 0),ny:V(n >n,) f(n) = C-gn).
yﬂpaﬂ(l—[e]—ll/lﬂ. 1) ,HOKa3aTI), YTO NEPECCUCHUC MPOMU3BOJILHOIO YHCJIa BBIITYKJIBIX

MHOKECTB €CTh BBIITYKJIOC MHOKECTBO.

2) JlokazaTh, 9TO aITOPUTM ITOCTPOCSHUS BBITYKIION 000I0YKH MHOKECTBA TOUEK Ha
TUIOCKOCTH HE MOXET OBITh BBINOJHEH ObicTpee, uem 3a Q(nlogn) maros, T.e.
HMEET TY )K€ TPYAOEMKOCTb, YTO U 3a/1a4a COPTHPOBKH YHCEIL.
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5. MHOTOTpaHHMKH 32124

ITycte X = X,, HEKOTOpas MaccoBas 3aada KOMOMHATOPHON ONITHUMH3AIINHN C
(hukcUpoBaHHBIM MapaMmeTpoM n. Hampumep, 3a1ada 0 MaKCHMaJIbHOM pa3pes3e B
rpade Ha n BepIMHaX. MHOXECTBO BO3MOXHBIX pEIICHHH 33/1a4d KOJUPYETCS
XapaKTepUCTUUECKMMHU BEKTOpaMU M MPEACTaBIAEeT cOOOW MHOMXECTBO TOYEK,
KOTOpoe Takike o6o3Hauaercs X,, B €BKIMIOBOM mpoctpanctBe RY, rme d —
HekoTopas (yHKIuS oT n. Tak Juid 3ama4um o paspese d paBHO 4HCIy pebep B
nojgHoM rpade Ha n BepmmHax: n(n —1)/2. [lycts neneBas GpyHKUus 3a1a4u
JUHEWHA, U 3a1a4a B FeOMETPUUCCKON MHTEPIPETAI[NH IPUHUMAET BUJ

(c,x) » minuau max, x € X,, ¢ R

O6o3naunM uepes P(X) = conv X,. Ilo Tteopeme Belnsi-MUHKOBCKOTO
BBIMYKJIast 000JI0YKa KOHEYHOTO MHOXECTBA TOUYEK — 3TO BBIMYKJIbIf MHOTOTPaHHHUK,
KOTOpBIM  HAa30BEM MHOTOrpaHHMKOM 3aaadyd  X. MHOXECTBO BepUIUH
MHororpananka ext P(X) OymeT TMOIMHOXECTBOM MHOXeECTBAa Touek X,. bBes
OrpaHHYeHUs] OOIIHOCTH, €ClIM X, HE COJEPKUT 3aBEJAOMO HEBBIIOJIHUMBIX
peLIeHui 331241, MOKHO TTOJIOKHTh

ext P(X) = X,,.

IMpuBeneM KiIacCHMYECKUMil BapHaHT MOCTPOCHHS MHOTOIPAaHHUKA 3a1a4d O
paspese [11]. Kaxugomy mnoamuoxectsy S SN, ={1,2,3,..,n} (xaxmzomy
pa3pesy), comocraBisieTcsi Xapakrepuctuueckuii 0/1-BeKTop, KOTOpBIH Takxke
Ha3bIBACTCS PA3PE3HbIM 6EKNOPOM, TIO CIEAYIOLIEMY PaBHITY
nn-1)

—
1,ecmn |Sn{i,j}=1],
0, B IPOTHUBHOM CJIy4ae;

x(S) €{0,1}¢, raed =

x(S); ={

1<i<j<n
Torma paspesnoir muororpanauk CUT(n) mnpeacraBiasier coOOH BBITYKIYIO
000JI104Ky BCEX BO3MOXHBIX Pa3pe3HbIX BEKTOPOB
CUT(n) = conv {x(5): S €N, } c R%,
OTMETHM, YTO TOJ paspe3HbIM MHOTOIPAHHHKOM (M B OOIIEM CITydae MO

MHOTOI'paHHUKOM 3a)13q1/1) IIOHUMACTCAd HC OJHH yHI/IKaJ'ILHHﬁ MHOT'OI'paHHHUK, a
noCJaCaA0OBATCIbHOCTD MHOTOI'PaHHUKOB MAaCCOBBIX  3aaa4 (6] pa3pese C
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MPOM3BOJILHBIM YHCJIOM N BepIIMH rpada, YHUKaJIbHBIE NPEICTABUTENN KOTOPBIX
MOJy4JaroTcsl NMpH (UKCHPOBAaHMHM MapaMeTpa Nn. DTO JAENaeTcs 10 aHaJoTHH C
OTIpEeNICTICHUSIMA  THIIEpKy0a WM CHMIUICKCA, KOTOpPBHIE BKJIIOYAIOT IEJIbIe
ceMeiicTBa, COOTBETCTBEHHO, (-MEPHBIX TMIIEPKyOOB M CHMIIIEKCOB.

BBeneHue HOBOM  KOHCTPYKLIMM MHOIOIDAaHHUKA —33aJa4yd  II03BOJIAET
3a/leiicTBOBaTh BCIO MOIIb TEOPUM JIMHEHHOTO MPOrpaMMMpPOBAHUS, 3al10KEHHON
Jleonumom Kantoposuuem B 1939 roay [39], u yaoctoeHHo# HOGETEBCKO# IpeMun
o 3koHOMHuKe B 1975 roxy.

OcHoBHasi TeopeMa JIMHEHHOro mporpamMmmupoBanue. [Jeresas (yukyus
3a0a4u IUHEUHO20 NPOSPAMMUPOBAHUS HA GbINYKIOM MHO202panHuKe P

(¢, x) » min(max),
x € P = {x € R*: Ax < b},
P — orpanuyeHoe MHOX€eCTBO,

docmuezaem c80e20 IKCMpemMyma (MAKCUmMyma u MUHUMYMA) 8 HeKOMOPOU 8epuiune
MHo202paHHuka P.

Kak mpaBmwiio, oOCHOBHas TeopeMa JIMHEHHOTO MPOTrPaMMHPOBAHHS
MIPUMEHSETCS U1l CBEJICHUS 3aa4l OTITUMU3AIMH JINHEHHO 11eneBoil pyHKInu Ha
BCEM MHOTOTpaHHHKE (KOHTHHYaTPHOM MHOXECTBE) K ONTHMH3AINN HA MHOKECTBE
€ro BepIIUH (IUCKPETHOM KOHCYHOM MHOXECTBE) C MOCICIYIONINM ITPUMCHEHUCM
cUMILIeKc-MeTona JlaHura Ui rpaMoTHOTO repebopa BepmuH. OZHAKO B HAIIEM
clydae WMEET CMBICT BBITIOJHHUTH OOpAaTHBIM Tepexox OT ONTHMHU3AIlMH Ha
UCKPETHOM MHOJKECTBE permeHuil X, (MHOXKECTBE BEpIIMH MHOTOTPaHHHKA) K
ONTUMHU3AIIMM HAa BCEM MHOTOTPAaHHHWKE, YTO TIIO3BOJIUT CBECTH 3a/1ady
KOMOWHATOPHOW ONTHMHU3AIIMA B TEOMETPUYECKON WHTEpIpeTalnd K 3aaade
JUHEWHOTO MPOTPAMMHUPOBAHIS

(¢, x) » min(max),
x € P(X) = {x € R%: Ax < b} = conv X,,.
WUnes 3aneiicTBOBaTh aIrOPUTMbl JIMHEMHOrO MPOrpaMMHUPOBAHUS IS
peIIeHHs CIOKHBIX ONTUMHU3AIMOHHBIX 3a/1a4 TOSBUJIACH €Ie Ha 3ape Pa3BHTHSA
nmaaHoi Teopuu. Tak JDxopmx Jaxmmr, Pait @ankepcon n Cenmep [[xoHCOH

onybnukoBand B 1954 roay cBoro 3HaMeHHTYIO padoty [9] mo reomerpuueckomy
PELICHHUIO 3a0auu KOMMUBOAI CePa.
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3aoanvi: neopuenmuposannvii epagp G = (V,E) u nexomopas @yuxyus
C:E - R,y xraxoomy pebpy e€E conocmasnarowas neompuyamenvbHoe
Oeticmeumenvroe yucno C(e), Hasvieaemoe 6ecom pebpa.

Tpebyemcss Haiimu 2amMuibmoHO8 YUKL (MYymb, COOEPIUCAUUT  KAACOYIO
sepuwuny epaga posrHo 00uH pas U 6036PAWAIOWULCS 8 UCXOOHVIO 8ePULUNY) C
MUHUMATILHOU CYMMOUL 8€C08 8X00SIUUX 6 He2o pebep.

B 3amaue xoMMuBOsDKepa BEpIIHHEI rpada 0OBITHO HA3BIBAIOTCS TOPOJAaMHU, a
cama 3ajada 3aKII0uacTcs B TOWCKE KpaTYaWIlero Mapiipyra, 10 KOTOPOMY
KOMMEBOSDKEp CMOT OBl TOCETHTH Bce Topoaa. OOImee YHCIO BO3MOXKHBIX
MapuIpyToB (TaMIJIBTOHOBEIX IUKIIOB B HEOPHEHTHPOBAHHOM Tpad)e) COCTaBISACT

2

CeMbl0 TOaMHM paHee YIOMSHYTOW Bblle cTaTthi JlaHimr paspaboTai
cumrekc-mMeron [10], KOTopslit OBICTPO CTajd OCHOBHBIM AIIapaTtoM pPEIICHHSI
3a/a4 JIMHEHHOIO IpPOrpaMMHUpPOBaHMS U cuuTaercss ofHMM u3 10 OCHOBHBIX
anroputMoB  20-ro Beka [28]. Ha BosiHe BoomylieBieHHs OT OECKOHEUHBIX
MPUJIOKEHUH cuMIUIeke-MeTona dannur, dankepcoH u JKOHCOH mpeoOpa3oBaiu
3a/lauy KOMMUBOSDKEPA K 3aj1aue 1eJIOUUCICHHOTO JIMHEHHOro NporpaMMHUPOBAHUS
1, IPUMEHNB CUMIUIEKC-METO/I, PEILIMIIN 3aa4y JJIsl KapThl aBTOMOOMIIBHBIX JOPOT
n 49 roponos CIIA (1o ogHOMY ropoy Ha KasKAblid U3 48 MaTepHKOBBIX ILTATOB 32
uckmoueHneM [l'aBafiee u  Auscku, U ropoja BammuHITOH, KOTOPBIA
TEPPUTOPHUAIEHO TPUHAIIISKUT (enepaibHOMy okpyry KomymOwus), 4to Ha TOT

MOMEHT ObUIO ()eHOMEHANBHBIM pe3yinbraToM (Puc. 6). O0miee urcio BO3MOKHBIX

48!
MapuipyToB Uit 49 ropoJoB COCTaBIsET 5~ 6.2 - 100, yro maxoaurtcs 3a

rpaHbI0 BO3MOKHOCTEH repedopa COBPEMEHHBIX CYNEPKOMITBIOTEPOB.

[Monmyuaem yHHGUUMPOBAaHHBIN ammapar CBEACHHMS IPAKTHYECKU JI000H
33724l KOMOMHATOPHOW ONTHUMM3ALMM, TAKMX Kak 3ajada O pa3pese I 3a/1ada
KOMMUBOsSDKEpa, K 3ajade JIMHEHHOr0 NpPOrpaMMHPOBAHUS C IOCIEOYIOIIHUM €€
pelleHreM, HallpuMep, CUMILIEKC-METOIOM.

CremyeT OTMETHTb, YTO, CTPOTO TOBOPS, CHMIUIEKC-METOJl HE MOXET
cunTaTbcad S(PGEKTHBHBIM aITOpUTMOM, Tak Kak B 1972 romy Buxrtop Kmm n
Jbxopmk MUHTH NOKa3ajid, YTO HA HE3HAUMTENBHO CKOIIEHHOM €JUHUYHOM KyOe
(xy6 Kim-MuHTH) CHMIDIEKC-METOJ] paboTaeT M0 HAWXYALIEMY CIEHApUIi0 U
MOCIIEZIOBATENIbHO TepedupaeT BCEe BEPLIMHBI MHOTOTPaHHHMKA, 4YTO TpeOyeT
HKCMOHEHITMATLHOTO YrcIIa maros [25].
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Puc. 6. Pemmenne 3amaun kommuBospkepa st 49 ropogos CIIA

Tem He menee, yxe B 1978 rony Jleonnn XauussH MOIU(PUIIMPOBAT METOX
smmunconnoB llopa mis peleHus 3aadd JUHEHHOTO MporpamMMupoBanus [41],
JI0Ka3aB, 4TO BPEMsl BHIYUCIIEHHs Oy/leT rapanTupoBanHo Menbuie O (nblL), roe n —
YHCIO TEPEMEHHBIX, a L — anmHa BXoJa B OWTaX, TO €CTh MOJIMHOMHAIBHOH
(hyHKIMM OT BXOJHBIX JaHHBIX. OJJHAKO CTENEHb OIMHOMA 3/1€Ch CITUIIKOM BBICOKA
JUIsl IPUMEHEHHS allrOpUTMa XaudusHa [IpU PEeLIeHUH 3a1ad. B 1elCcTBUTENBHOCTH,
Ha TPAKTHYECKWX 3amadax «Hed()(EKTUBHBI) CHMIDICKC-METON OOTOHSET
MOJIMHOMHAJIBHBIA aJTOPUTM JIUIMICOMIOB B 99.9% ciydae, KpoMe CHENHaIBHO
CKOHCTPYHPOBAHHEIX NMprMepoB (kyd Kmu-MuaTH). U BCe ke pe3ynbraT XadnsHa
uMen (yHAAaMEHTANbHBIM XapakTep, TaK KakK JO0Ka3al MPHHIUNHAIBHYO
BO3MOXKHOCTh MOCTPOEHHS MOJIMHOMHAIBHBIX AITOPUTMOB IS PEHICHHS 3amaqn
JMHEIHOTO MpPOrpaMMHUPOBAHUS M, COOTBETCTBEHHO, MPUHAIICKHOCTH 334a4n
Kaccy P NMOMMHOMMANIBHO pa3pelnMbIX 331ad. A elle IIECThI0 T0JaMH MO3XKE B
1984 romy Hapenapa Kapmapkap [23] mnpemtoxuin mHepBbIi MO HACTOAIIEMY
3pQPEKTUBHBIA  MOJMHOMHAJBHBIA  aIrOPUTM  JUI  3ada4d  JIKHCHHOTO
IPOrpaMMHpPOBaHHUs ¢ TpyaoeMkocTbio Beero 0(n3SL). CoBpeMeHHBIE arOpPHTMBI
U3 KJIacca METOJ/I0B BHYTPEHHEW TOUYKH, KOTOPBIE B OTIIMYUE OT CHMIUIEKC-METO/a
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JIOCTUTAIOT ONTHUMAJBHOTO pEIICHUS IIyreM o0XoJa BHYTPEHHEW IOIMyCTHMOMN
o0nacTu, He yCTYNalT CUMIUIEKC-METOAY HE TOJBKO IPH XYALIEM CLEHApUH, HO U
Ha IIPOU3BOJILHOM 3ajaue.

Taxum 00pazom, MpakTHYECKH JT00YI0 331a4y KOMOMHATOPHON ONITHMHU3AIINH,
B TOM 4YHCIIE 33/1ady O pa3pese WM 3a/lady KOMMHBOSDKEPA, MOYKHO TIPE/ICTaBUTh B
(hopme 3amaun ONTUMHU3ALMHN JIMHEHHOH 11e7IeBOH (DYHKIIMM Ha MHOXKECTBE TOUCK B
€BKJIMI0BOM IIPOCTPAHCTBE, YTO B CBOIO OYEPE b 110 OCHOBHOW TeOpeMe JIMHEHHOTO
MPOrpaMMHpPOBAHUSI CBOJUTCSA K 3ajade ONTUMH3ALMM JIMHEHHOH (yHKIMH Ha
BBIYKJIOM  MHOTOTpaHHHMKE.  3ajaya  JIMHEMHOTO  MPOrpaMMHPOBAHUS
MOJIMHOMHANIFHO pa3pernMa U MBI TodydaeM cueHapuit P = NP. OgHako He Bce
TaK MpOCTO.

IIpob6nema Ne 1: BeImykjgasg 0007104Ka. AJNTOpUTMBI  JIMHEHHOTO
NpOrpaMMHUpPOBAHUSl  IPEAINOJaraloT  Ha  BXOJE  ONHCAHWUE  BBIMYKJIOTO
MHOTOTpaHHHMKa KakK oOOJIaCTM JIOIYCTHMBIX pELICHUI CHCTEMBl JIMHEHHBIX
HepaBeHCTB (BHemiHee omnucanue, H-polytope). 3agaum  KOMOUHATOPHOMN
ONTHUMHU3AIMN CBOAATCS K ONTHUMH3AIMK JIMHEHHON (YHKIMM HAa MHOXECTBE
BEPIUH MHOTOTpaHHMKa (BHyTpeHHee onmcanue, V-polytope). TTo Teopeme Beiins-
MUHKOBCKOTO TEOPETHYECKH 3TH [[BAa ONHCAHUS 3KBHBAICHTHBL. OJHAKO OHH
OTHIOAb HE OSKBHBAICHTHBl C BBIYMCIUTENBHONM TOukH 3peHus. Ilepexon ot
BHYTPEHHETO OITMCAHUS K BHEITHEMY NPEZIOJIAracT PeIICHNE 3a1adl HOCTPOCHHUS
BBIyKIIOM 06ostouku (convex hull problem), tpymoemkocTs KOoTOpOi HE MOXKET
ObITh MeHbIIe umcia (aceT (JIMHEHHBIX HEPAaBEHCTB BO BHEIIHEM OIHMCAHWIN)
PE3yNBTHPYIOIIETO MHOTOTpaHHUKA. [IpW Xyxalmem croeHapuw d9uciao ¢acer

14/21) " rie m-uncno Todyek MO KOTOPHIM CTPOHTCS

OLICHUBAeTCs CHU3Y Kak ((m
BBINyKJIast 000J1049Ka, a d-pa3MepHOCTb NpocTpaHcTBa. OTHAKO B HAIIEM CIIydae I
TEOMETPUYECKOIl HMHTepIpeTalud 3ajadyd m U d SBISIOTCd (QYHKOUSAMHU OT
(hMKCHPOBAHHOTO IapaMeTpa MaccoBOM 3anauu n. Tak, 171 3a4a4u 0 pa3pese YUciIo
BO3MOKHBIX penrenuit m = 2™"~1, a pasmepHocts npoctpanctsa d = n(n — 1)/2,

YTO HacT

QZlZ

n(n—l)ZJ ’

CBCPXOKCIIOHCHIIUAJIBHYIO TPYAOCMKOCTh JJIA 3aJa4d TMOCTPOCHHSA BHCIIHETO
omnucanus pa3pesHoro MHororpanauka CUT (n).
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Tem He MeHee, 3a7a4a TIOCTPOCHHUS BHINYKIONH 000JI0YKH cama 1o cede moka
HE CTaBHUT KpPECT Ha BCEH KOHCTPYKLUMH. Bo-mepBbIX, TPYAOEMKOCTb 33/1a4u ObLiIa
OLIGHEHA B XYyIIIEM cllydae sl [UKIMYECKUX MHOTOTPaHHHKOB. B HEKOTOpBIX
CIly4asix, HalpuMep JUlsi N-MEPHOT0 TUIIepKy0a, YNCIIo TpaHeii KoToporo paBHO 2d,
rae  d-pa3MEepHOCTh NPOCTPAHCTBA, IOCTPOCHHE BBIMYKIOHW 00OJIOYKH He
MPE/CTABISIET HHUKAKOW CIIOKHOCTH. BoO-BTOpBIX, clenyeT OTMETHTb, YTO MBI
paccMarpuBaeM T'€OMETPHYCCKYI0O WHTEPIPETalyi0 HEe WHIUBHIYaJbHOH, a
MaccoBOH 3aaud KOMOMHATOPHOH ONTHMH3aIMH. DTO O3HAYACT, YTO BBIMYKJIBINA
MHOTOTPaHHHMK HYXXHO ITOCTPOHUTH BCETO OAWH Pa3 Ul KaXIOTO (HKCHPOBAHHOTO
rapaMeTpa n MaccoBOif 3314 (A1 KaXKJJ0r0 YHUKAJIFHOTO YHCIIa BEPIIMH rpada B
3ajJade O pa3pese), 4TO MOKHO BBINOJHWUTH, HAIPUMEP, Ha CYNEPKOMIIBIOTEPE.
Janee xxe 1u1s pemeHns HHAUBUAYaTbHOM 3a1a4n OyeT JOCTaTOYHO MEHATH JIHIIIb
BEKTOp 11e71eBOH (yHKIMH. DaKTHUECKH, HMEET MECTO TOAXOJ NMPOTrpaMMHUCTa K
3aJade: peuInThb OJMH pa3 00Jee CIOKHYIO 3aJa4y BMECTO MHOTOKPATHOTO PEIICHUS
6oJtee MPOCTHIX 3a71ad.

IIpo6nema Ne 2: uyumeao dacer. K coxaneHuio, HMHTepecyroIlue Hac
MHOTOTPaHHHMKU:  pa3pe3Hod  MHororpaHHuk CUT(n) u  MHOTOrpaHHHUK
KomMmuBOsDKepa TSP(n) (kak B TpodeM H TOAABISIOMIee  OOJIBITUHCTBO
MHOTOTPaHHHMKOB 33714 KOMOMHATOPHOH ONTHMH3AIMM) MMEIOT 110 HACTOAIEMY
mHoro (dacet (Tabu. 2 u Tabn. 3) [31].

MHororpaHHuk Yucino dacer
(uucno Bepiuun rpada) | (THHEHHBIX HEPABEHCTB BO BHEIIHEM OITHUCAHHH )
TSP(6) 100 cacer
TSP(7) 3 437 dacer
TSP(8) 194 187 ¢acer
TSP(9) 42 104 442 dacer
TSP(10) 51 043 900 866 ¢acer
TSP(11) MIOJIHOE ONTUCAHWE MHOTOTPAHHUKA HE HAWJEHO

Ta6n1/111a 2. Uucao U3BECTHEIX (baCCT JJIA MHOTOTpaHHUKAa KOMMHUBOSKEPaA

MHororpaHHuK Uucno ¢acer
(amcmo BepmmH rpada) | (JIMHEHHBIX HEPABEHCTB BO BHEIITHEM OITHMCAHUH)
CUT(5) 56 dacer
CUT(6) 368 dacer
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CUT(7) 116 764 ¢acer

CUT(8) 217 093 472 ¢acer

CUT(9) 12 246 651 158 320 dacer
CUT(10) MI0JIHOE ONUCAaHWE MHOTOTPAHHUKA HE HaleHO

Tabmuma 3. Uncno u3BecTHHIX (aceT A pa3pe3HOro MHOrOrpaHHUKA

Yucno ¢acer H, COOTBETCTBEHHO, JIMHEHHBIX OIPaHUYCHUI BO BHELIHEM
OINMMCaHWH MHOTOTPAHHUKOB 3a/lad O pa3pe3e M KOMMHBOSDKEpa PacTeT, CyAs IO
BCEMY, CO CBEPXIKCIOHEHIMAIBHON CKOPOCTBIO. BO-IIepBhIX, 3TO HENOCPEICTBEHHO
HPEMSITCTBYET PEIISHHIO 331a41 OCTPOEHHS BBIITYKIIOH 000JIOUKH U HaX0XKJICHUIO
BHEIITHETO OINMCAHUs COOTBETCTBYIOLIMX MHOTOTPaHHMKOB. Tak, yxe Ui 3agaqn
KOMMHBOsDKepa B rpade Ha 11 BepmmHax u Juis 3aiadu o paspese B rpade Ha 10
BEpIIMHAX [TOJHOTO ONHMCAHMA BCeX (aceT IO CHX HOp He ObLIO HaiileHo. A, BO-
BTOPBIX, JaXK€ €CIIM IPEINOI0KHTh, YTO BHEIIHEES ONMCAHHE COOTBETCTBYIOLIETO
MHOTOTpaHHHKa OymeT KakuM-Tu0o o0pa3oM IIOCTPOEHO, TO Hamia 3agada
(HampuMep 3azia4a o0 paspese) CBEASTCS K 3a1aue JINHSHHOT0 IPOrpaMMHUPOBAHUS CO
CBEPXIKINOHECHIIMAIBHBIM YUCIIOM JIMHEHHBIX HEpaBEHCTB BO BXOJHBIX IaHHBIX.
Tpynoemkocts anroput™ma Kapmapkapa Iuisi JHHEHHOTO IpOrpaMMHPOBaHUS
cocrapnser 0(n3SL), rae L niuna BXoAa, W TOTeHIManbHas 3()(EKTHBHOCTH
aNropurMa OyJeT HOJHOCTBIO YTepsHa 3a CUeT 4YpPe3MEpHOro 00beMa BXOJIHBIX
JaHHBIX.

IIpoodaema Ne 3: pazmep ko3 duuuentos. ['peruen, Jlosac u Llpaiisep [20],
B CBOEM HCCIICIOBAaHMH METOJIa 3JUTUIICOUIOB XauusHa U ero (yHIaMEeHTaIbHOTO
3HAYEHHS B KOMOWHATOPHOW ONTHMH3AIMH IOKA3aIM, YTO AJITOPHUTM HE TOJIBKO
MOJIMHOMHAJIEH, HO W, B CHIIy CBOECH CHEIU(HKH, KpailHe HEUYBCTBUTEIIEH K YHCITY
OTpaHWYECHUI BO BHEIIHEM OIMCAaHWM MHOTOTPaHHWKA P: Ui perieHus 3amaqn
JMHEIHOTO MPOrpaMMHUPOBAHUS METOAOM IUIMIICOMIOB HE TPeOyeTCsl HAapsAMYIO
3ajaBath Bce aceTsl P, 10CTaTOYHO ONMUCATh MPOLELYPY IS JF000TO BEKTOpa X €
R? npoBepAIOIIyI0 NPUHAIEKHOCT, X € P M, B ciydae x & P, CTpOSAILyIO
THIEPIUIOCKOCTh, OTENAIONIyl0 X oT P. ITonck Tako# THHEPINIOCKOCTH SBISETCS
IpYroi 3amadeii KOMOMHATOPHON ONTHMU3AINH, KOTOpPAas, OJHAKO, KaK IPABHIO
HaMHOro mnpoiue ucxoaHo. Ilo nannoir meronuke I'peruen, Jlosac u IllpaiiBep
CMOTJIM TIOCTPOWTH IOJMHOMHAIBHBIE AJTOPUTMBI IUISI TAKUX KOMOWHATOPHBIX
3aa4d Kak BEpIIMHHAs YAKOBKAa B COBEPLIEHHOM Trpade, 3amada o mepecedeHun
MaTpOHJIOB U psifia IPYrHX.
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Takum o0pa3zoMm, MeTOJ DJUIMICOMAOB MOXET OOMaHyTh MpoliieMy cO
CBEPXIKCIIOHEHIMAIBHBIM ~ 4YHCIOM (aceT U, COOTBETCTBEHHO, JIMHEHHBIX
orpaHuyeHuil B GopMyaHpoBKe 3aa4 KOMOMHATOPHOW ONTHUMHU3ALNH KaK 3aaqu
JIMHEHHOro IporpammupoBaHus. TeM He MeHee, QJIrOPUTMY IO-IPEKHEMY
npuaeTcs paboTaTh ¢ OTACIBbHBIMH (paceTaMu MHOTOTpaHHMKA 3a7a4yn. Ha nepBoiid
B3TJISIT B 3TOM HET HUYETro CTPAIIHOTO, OJHAKO Jake OJHa €AWHCTBEHHas ¢acera
MOKET CTaTh IPUYMHOMN 3HAYUTEIbHBIX HENIPUATHOCTEH.

ITo moCTpOEHHIO pa3pe3HOil MHOTOTPaHHMK (& TaKKe MHOTOIPaHHHUK
KOMMHBOSDKEPA U IPyre MHOTOTPAHHHUKH 3a/1ad BLIOOPA ONTUMAIBHOTO oArpada)
npuHaUIeKUT Kiaccy 0/1-MHOrOrpaHHHKOB: €r0 BEPIIHHBI — 3TO [I0JMHOKECTBO
BepuuH eauauaHoro 0/1-runepkyba. OTBET Ha BOIPOC: «HACKOJIBKO BEJTUKH MOTYT
ObITh IIehbIe (palMOHAIbHBIC) KOI(POGHUIMEHTH B JIMHECHHBIX HEPABCHCTBAX,
onuceiBaronux 0/1-muororpanHuk?» naer [33]

Teopema Augona-By. Haubonvuuii yenvii xosgppuyuenm coeff(d) 6
onucanuu  ¢acem  6cex nonmnopasmepuvix  0/1-unozoepannuxos 6 RE
YO061emEopsiem HepPaeeHCmEaM

d-1 d
(d- 1)[T dliJ
2dvo@ < coeff(d) < 2@

Hanpumep anst 3amaun o paspese B rpade Ha 15 BepmimHax pa3sMepHOCTb

pa3pe3Horo MHOTOTPaHHUKA

15(15-1
dim(CUT(15)) = % =105.
HauOonbimmii menbiii koddduimenT B omucanuu (acer MOIHOpasMepHbIX 105-
MepHBIX 0/1-MHOTOTPaHHHUKOB YIOBICTBOPSICT HIKHEH OLICHKE

10452
coeff (105) = W ~ 9.34 x 1041,

VYuuTeiBast, uto (hacersl paspezHoro muororpanauka CUT (15) ele He onucaHsl, TO
3Ta OLICHKA BIIOJIHE MOXKET JOCTUraThCs M Ha HEM.

CBepXdKCIOHEHIIMATBHBIA pasMep Ko3(h¢HIMeHTOB B omnucaHuu (acer
MHOTOTpaHHHMKa HE IMO3BOJIUT 3((GEKTUBHO PEUIMTh 33/1ady JaXxe €ClIH YHacTcs
oOmaHyTh npobaemy Ne2 ¢ uucnom dacer. OHaKO BTOPYIO U TPETHIO NMPOOIEMBI
MOXHO 00OWTH, €CITM HECKOJIBKO U3MEHUTDH TOUKY 3PEHUSI.
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YnpaxHenue. IlocTpouTh MHOTOrpaHHMK 3aJauyd COPTUPOBKH M YHCEI.
Haiiti a1t Hero Konm4ecTBo (haceT U BEeNWYMHY HauOoJbliero koadduureHra Bo
BHEIIIHEM OIUCAHUM.
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6. Pacimupennasi popMyJTMpPOBKA

B HCKOTOPBIX CIIydasAaX MOKCT IIOKa3aTbCd, YTO HCKOTOpasA 3aJayda (I/IJII/I B
HalleM Cj1y4a€ MHOTOIpaHHUK 321,[[21‘11/[) YpEe3MEPHO CJIOKHA. O,IIHaKO BO3MOXHO
PpCUb UACT JINIIb O Heyl[a‘lHOﬁ TOYKH 3PCHU.

Onpenenenue. [lycmv P u Q ewvinykivie mHo202panuuxu, mozoa Q
Haswvisaemcst pacuiupennol hopmynuposxou P (extended formulation): Q=
EF(P), eciu naiioemcsi makoe MuHeliHoe omoopasicenue npoeKmuposanust projy,
umo

P = proj,Q = {x € R%: 3z € R¥ (JZC) € Rd+k},
PcR?Y  Qc Rk,

Ha Puc. 7 npuBenen npumep Q = EF (P), OTHOCHTEIIFHO JIMHEHHOTO OTOOpaXKeHHsI
OPTOroHANLHOTO NpoekTHpoBaHus R Ha miockocts 0Xy.

PrOjyy

Puc. 7. P — npoekiusi MHOTOTpaHHUKa () Ha TIIOCKOCTh OXxy

3agady JMHEIHOTO MpPOrpaMMHpPOBAHUS Ha MHOTOTpaHHUKE P HeTpyaHO
mpeobpas3oBaTh K 337ade JTHHEHHOTO MPOTrpaMMHUPOBAHMS HAa MHOTOTPaHHHKE Q —
pacmmpeHHoit GpopmynupoBke P:
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max{(c,x):x € P} = max {(c, x) + (0,2): ()ZC) € P}.

ITpu 3TOM, MHOTOTpaHHUK  pacuIMpEeHHON HOPMYITHUPOBKH 3aaud MOXKET UMETh
MPUHIUIIMATIBHO 00Jiee MPOCTOC BHEIIHEE ONUCAHWe, YEeM  HCXOHBIH
MHororpaHHuk 3aj1auu P. Tak B npumepe Ha Puc. 7 MHOrorpanHuk P Ha miuockocTu
uMeeT 8 QaceT W 3amacTca CHCTEMOW W3 8 JIMHCHHBIX HEPABEHCTB C JBYMS
HEW3BECTHRIMH X M ), B TO BpeMs KaK €ro pacmupeHHas (opMynmupoBka @ B
TPEXMEPHOM IIPOCTPAHCTBE HMEET BCero 6 (paceT M, COOTBETCTBEHHO, OMPEIETIAeTCS
CHCTEMOH M3 6 HEPaBEHCTB C TpeMs HEW3BECTHBIMHU X, Y, Z. [loGaBieHHEeM HOBOH
KOOpAWHATHI YIAIOCh YMEHBIIUT YUCIO (DaceT MHOTOTPAaHHHWKA M YIIPOCTUTH €ro
BHCIIIHEE OIKMCAHME.

KrnaccuueckuM  mMpUMEpPOM — YCIEIIHOTO — MPUMEHCHHUS]  PACHIMPEHHOM
(OPMYIUPOBKHY SIBISCTCS 331248 HAXOHCOCHUS MUHUMATIBHOZ20 OCIOGHO20 0ePesa
(minimum spanning tree) B cBsI3aHHOM B3BELICHHOM rpade:

3aoanwi: neopuenmupogannwiii cesazannviii epagp G = (V,E) u nexomopas
@dyHryus C:E - R,,, Kascoomy — pebpy e€kFE conocmasaaouas
HeompuyameinvHoe Oeticmeumenvroe yucio C(e), Hazvisaemoe eecom pebpa.

Tpebyemcs Haiimu 0cmosHoe 0epe6o (AYUKIULECKUU CE3Hbl noozpad, 6
KOmMOopblil 6x005m 6ce eepututsl epaga G) ¢ MUHUMATILHOU CYMMOU 8€CO8 BXOOAUUX
6 He2o pebep.

3agada 0 MUHMMQJIFHOM OCTOBHOM JEPEBE HAMPSAMYIO NPHMEHSETCS IMpU
MIPOEKTUPOBAHUH CETEH, BKJIIOYAsi KOMITBIOTEPHBIE CETH, TEICKOMMYHUKAIIMOHHBIE
CETH, TPAHCTIOPTHBIE CETH, CETH EKTPO- M BOJOCHAOKCHNS.

I'eomeTpuyeckass HHTEpIPETALUs 3aJa4y MOMCKAa MUHHUMAaIBHOTO OCTOBHOTO
JilepeBa BBOJMTCS KJIACCHMYECKUM 00pa3oM, Kak M IS JAPYrUX 3agad BbliOopa
ONTUMAILHOTO ToArpada: JOCTATOYHO 3aHYMEpoBaTh BCe pebpa B Tpade u
3aKOJUPOBATh  BO3MOXKHBIE  peIIeHUs  (OCTOBHBIE  JEpeBbsi) B  BHJE
xapakrepuctniyecknx 0/1-BeKTOPOB IO BKIIIOYEHHIO COOTBETCTBYIOIIUX pedep B
ocToBHOE JiepeBo. OOIIee YNCII0 OCTOBHBIX A€PEBbEB (M MOTEHIMAIBHBIX PEIleHUH
3aja4uM) B MOJHOM rpade Ha M BepUIMHAX paBHO N2, Beimykmas 060J04YKa
XapaKTEPUCTHYECKHX BEKTOPOB BCEX N2 BO3MOKHBIX OCTOBHBIX JIEPEBHEB
Ha3bIBACTCS MHOTOTPaHHHKOM 3afadd 00 OCTOBHOM JepeBe Wian Spanning tree

polytope, SPT (n), rae n — 4uciio BepIInH rpada 3aaauu.
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Xopomef/'l HOBOCTBIO SABJISIETCSA TOT (baKT, YTO, B OTJIMYUH OT MHOT'OT'PaHHHUKOB
3aJa4 0 pa3pe3e U KOMMHBOSDKEpa, Ul MHOTOTpaHHMKa 3a1adl 00 OCTOBHOM
JIepeBe MOCTPOCHO TMOJHOE BHEIIIHEE ONUCaHKe (TTOTHBIN CITUCOK (haceT) s 000
pPa3sMEpPHOCTH 3a/Ia4H U JIFOOOT0 YKCIIa BEPIIMH 1 UCXOTHOTO Tpada G.

n(n-1)
x€eER 2 :

er =n-—1,
SPT(n) =+ €€l r
X <|s|—1,vScV,

e€E(S)
X, =0,Ve EE

T[Ipupo Ty NaHHBIX OrPaHUYEHMI HETPYHO MOHATH. PazmepHocTh nmpocTpancTBa RE
paBHa umcny pedep B moiaHoM rpade n(n — 1)/2. 3a x, obo3HavaeTcs KOOpaAUHATa
XapaKTepUCTHUECKOTO BEKTOpa X, COOTBETCTBYIoIas pebpy e € E. Ilepsoe
OrPaHHYEHHUE ),ocp X = N — 1 03HAYAET, YTO KAXKI0€ OCTOBHOE JEPEBO COAEPIKUT
poBH0 nm —1 pebpo, a BTOPOE OTPAHHMYEHHE Yecp(s)Xe < |S|—1,VS SV

rapaHTHPYET, YTO HUKAKOW 1moArpad 0OCTOBHOTO JiepeBa He COJEPIKUT IIUKIIOB.

OtmetnM, uto mpobrmema Ne 1 w3 mpenpiaymero maparpada o CIOXHOCTH
MOCTPOCHHS BBIMYKIONH OOOJIOYKH 3/1eCh TOJTHOCTBIO pelleHa TEOPETUICCKUMHU
Metomamu. [Ipobmema Ne 3 0 CBepXIKCIOHEHIHANBHBIX KOA(QGHUIMEHTaX B
ommcaHnu (aceT MHOTOTPAaHHWKA 3aJadd 3]ech TakkKe He CyIIeCTBEHHA:
HanOONBIIAN KOA(PGHUIMEHT IPUCYTCTBYET B MPABOI YacTH MEPBOTO YPaBHEHUS U
paBeH n — 1. OgHako ocraercs mpobiaema Ne 2 o umcne daceT MHOTOrpaHHHUKA.
Orpannyenne Y.cg(s)Xe < [s| —1,VS SV npennonaraer paccMoOTpeHHe Bcex
BO3MOXXHBIX TTOJIMHOKECTB S MHOXKecTBa BepliMH rpada V, 4yucio KOTOpbIX,
UCKIIIOUas IyCTOE MOAMHOXKECTBO, cocrapiser 2™ — 1. Muororpanauk SPT(n)
HUMEET 3KCIIOHCHIIMAILHO MHOTO (haceT, YTO MPEMSITCTBYET PCIICHHUIO 3a7a4l O
MUHHUMaJTbHOM  OCTOBHOM  JIGPEBE  HANPSAMYKD  METOJaMU  JIMHEHHOTO
MpOrpaMMHPOBaHUs (OJHAKO CJEIyeT OTMETHTh, YTO 4YHCIO (aceT BCe IKe
NPUHIUIMANLHO MEHbIIEe uuMclda N2  XapakTepUCTUYECKHX BEKTOPOB B
TEOMETPUIECKOI HHTEPIIPETAINN 3a1a49H J0 TIOCTPOCHUS BBITYKIONH 000JIOUKH).

BBezneM HOBBIE IEpEMEHHBIE U YBEINYUM Pa3MepHOCTh IpocTpancTBa. [1ycts
Ak,ij = 1, ecnn j — poauTenb (HAXOQUTCSA Ha OJMH INAr OMMKE K KOPHIO) y371a [ B
TEPEBE C KOPHEM K, B MPOTHBHOM ciydae A; jx = 0, 1 pacCMOTPUM CIEIYIONIHH

MHOTOI'PAaHHUK:
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n(n-1) n(n-1)
() e R 4 e 5 2 e

Z X,:'j =n- 1,

iLjev

EF(SPT(n)) =4 x;;=0, LjEV,
Xij = AijtAjil<ijk<n,
Z/lk,i,j =1,1<i,k<ni+k,
jev

Ak,i,j = O;Ak_k_]' = o'ﬂ'k,i,i = 0,1 < i,j,k <n )

Mnororpannuk  EF (SPT(n)) SBJISIETCSl  PAaCUIMPEHHOH (DOPMYIMPOBKOI
muororpanuuka SPT(n), KOTOpPBI MONyYaeTess OPTOrOHAIBHBIM TIPOEKTUPOBAHKE

n(n-1)

Ha R 2 (mpupaBHuBaHHEM K 0 BCEX «HOBBIX» KOOPMHAT Ay ; ;).

HerpynaHo 3amMeTHTh, YTO YHCIIO JIMHEWHBIX OTPaHUYCHHH B OIMCAHUH
MHoOTrorpaniuka EF (SPT(n)) cocrapisier 0(n®). Takum 06pa3om, BBeIEHHEM
HOBBIX IIEPEMEHHBIX Ay ;; M TOJMHOMHUAIBHBIM YBEJIUYEHHEM Pa3MEPHOCTH
npocTpaHcTBa Ha N3 4MCI0 (aceT MHOrOrpaHHMKA 3a71a4d 00 OCTOBHOM JIEPEBE
yIA10Ch COKPAaTUTh ¢ 3KCHOHeHUuanbHoro O(2™) no mosuHomuanshoro O(n?),
nocine dvero 3amada d(GQGEKTHBHO  peulaeTcs  AIrOpUTMaMH  JIMHEHHOTO
MPOrPaMMUPOBAHUSL.

BezycnoBHO, 3a1aua 0 MUHUMaJILHOM OCTOBHOM JIEPEBE MOXET OBITH pelIeHa
HarnpsiMyto, 6€3 reOMeTpHUECKOI HHTEpIIpeTalny, )XaaHbIMI aroputMamu [Ipuma
u Kpackana ¢ Tpymoemkocteio O(n?logn), KOTOpbIE NPEBOCXOMAAT  TIO
3¢ (PEKTUBHOCTH aITOPUTMEI THHEWHOTO TIporpaMmmupoBanna. OmHAKO HAM BaKHa
NPUHIHUITHATEHAS BO3MOXXHOCTh TOJOOHOTO S(P(EKTHBHOTO TIeOMETPHYECKOTO
pelIeHHs 3aa41, KOTOPYIO XOTENOCh ObI NIEPEHECTH Ha 3aJady O MaKCHMAaIbHOM
paspese WM 3amady KOMMHBOSDKEpa, I KOTOPBIX HE H3BECTHBI 3((EKTHBHBIC
HETCOMETPUYCCKHE aITOPUTMBI.

K coxaneHuro, mMocClemHWe WCCIACIOBaHHS B JaHHOW o6mactu [14]
IOKa3bIBAIOT, YTO 3TO HEBO3MOXKHO.

Omnpenenaenue. CrodjcHocms  pacuupennou  Qopmyauposku 3aoauu —
MUHUMATILHOE YUCTKO JUHEUHBIX O2PAHUYEHULl 60 6HEWHEeM ONUCAHUU 6Cex
B03MOICHBIX PACUWUPEHHBIX POPMYTUPOBOK MHOLOSPAHHUKA 3A0AUU.
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Teopema (®@uopunu u ap.) CrodcHOCMb pACUUPEHHOU DOPMYIUPOBKU
MHO202panHuka 3adauu o paspese CUT (n) pasna 24,

Teopema (®@uopunu u aAp.) CrodcHOCMb pACUUPEHHOU DOPMYIUPOBKU
MHO202paHHuKa 3a0ayu kommueosiszcepa TSP(n) pasua 200m),

Takum 00pa3oM, 3agayll 0 MaKCHMAJIBHOM pa3pe3e W KOMMHBOSDKED IIPH
T000¥ 3amicH WX B BHUJIE 33734 IMHEHHOTO TPOrpaMMHPOBAHUS OYIYT COepKaTh
SKCHOHEHINAIBFHO OOJIBIIOE YMCIIO TMHEHHBIX OTPaHUICHUH B CHCTEME.

Yrnpaxknenue. Haiitu TouHOe 3HaueHue uucna (acer MHOTOrpaHHUKA
pacuiupeHHoi (QOopMYyIHPOBKK 3amadud 00 ocTOBHOM jepeBe EF (SPT (n)) u

MPOBEPHUTh, YTO OHO IMOJMHOMHAIBHO IO YHCIYy N BEPIIUH HCXOJHOro rpada
3aJ1auu.

34



/. KonycHble pa3onenusi

PaccMoTpum  elle  OAHY HMHTEpHPETAllMIO  3aJadyd  KOMOWHATOPHOM
ONITHMU3AIIMH B (OpMe BHIOOPA OTNITHMAITBHOTO BBITYKJIOTO KOHyca permenus [35].

Onpenenenne. Konycom (CONe) mazvieaemcs makoe noomuodicecmso K C
R%, ymo

Vx EK,.YAERA=0):Ax € K.

Takum obpazom, koHyc K BMecTe c Jt000ii cBoeil Toukol x € K COJEpKUT Jyd,
BBIXOISIIIMN U3 HYJIS M MPOXOJSIICH Yepes X.

Onpenenenne. Buinyxaviti konyc (CONVEX CONE) — 2mo KOHYC, KOMOpbLiL
AGNAEMCS GLINYKIBIM MHONCECMBOM.

Puc. 8. IIpuMep BBIIYKIIOrO KOHYycCa

Onpenenenne. Jluneiinas KOMOURAYUS MOYEK X1, Xy, .., X € RY
Alxl + }lzxz + -4 )].kxk
Hazvieaemcst konuweckotl, eciu Vi: A; = 0.

Omnpenenenne. Konuueckoii obonouxoti cone (S) (conical hull) mroocecmea
S naswisaemcs nepeceuenue 8cex 6bINYKIbIX KOHYCO8, COOepHCamux S (naumenvuuuil
BbINYKIIbLIL KOHYC, co0epoicauiuti S).
KoHunueckass 000J0Yka KOHEYHOI'O MHOKECTBA TOYEK COBMAJACT C
MHOYECTBOM BCEX BO3MOKHBIX KOHUYECKMX KOMOMHAIMI 3THX TOYEK
cone({xq, .., x, ) ={y: y = 41x1 + -+ Agxy, Vi: 2; = 0}.
JInst BBIMTYKJIBIX KOHYCOB TI0 aHAJOTHH C BBIMYKJIBIMH MHOTOTPaHHHKAMH

cripaBeTBa TeopeMa Beiins-MunkoBckoro [34].
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Teopema Beiijiss — MUHKOBCKOI0 1J1l BBINYKJIBIX KOHYCOB. Konyc K —amo
KOHUuyeckas 060104Ka KOHeUHO20 MHOJCecmsea moyex (y4eti)

K = cone{xy,xy, ..., Xz}
moz2da u monbko mozda, koeda K sensiemcss MHOdCECMBOM pewenull cucmembl
OOHOPOOHDBIX TUHEIIHbIX HEPABEHCME
K = {x:Ax < 0}.
ITycts X = X,, HeKoTOpas MaccoBas 3a7ada KOMOMHATOPHON ONTUMH3AIINHN C
(DUKCHPOBAHHBIM TAPAMETPOM N.
Kak u panee yepe3 P(X) = conv X ompenenuM MHOTOTPAaHHUK 3amaud X, u
nycth ext P(X) = X.
Onpenenenue. /s npousgonvrozo peutenus X € X obosnauum uepes
K(x) = {c € R*:(c,x) = (c,y),Vy € X}
MHOJICECTB0 6Cex yenesblx eexkmopos ¢ € R, onsa komopuix numeiinas yenesas
Gynryus (¢, x) docmuzaem c60e2o Maxcumyma 6 mounocmu 6 mouxe X € X.
Jis 3ajauM Ha MHHHMYM JIOCTATOYHO MOMEHSATh B OIPENCIICHUH 3HAK
HEpPaBEHCTBA.
K (x) — 5T0 MHOKECTBO pEIEHHI KOHEYHOM CHCTEMBI OIHOPOIHBIX JTHHEHHBIX
HEPABEHCTB, T.€. BBIMYKJIBIH KOHYC, KOTOPBIl HA30BEM KOHYCOM PEIICHHS X.
Omnpenenenne. Yuumovigas, ymo
| Jxew =re
xEX
cosoxynnocms ecex komycos K(x),x € X nasvlieaemcs Kkomycnvlm pazbuenuem
npocmpancmsa R no mnosicecmsy X.

KonycHoe pa3OueHue SBISETCS aHaJIOroM AuarpaMmmbl BopoHOT0, B TOUHOCTH
COBMaJasi C HeH, €ClIM eBKIIMIOBBI HOPMBI BCEX TOUEK MHOXECTBAa X PaBHBI MEXKIY
co0oii.
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Puc. 9. IlpumMep KOHYCHOTO pa3OMEHNs TPOCTPAHCTBA

WunuBuayansHas 3agaya KOMOMHATOPHOW ONTHMHU3AIMU B T€OMETPHYECKON

MHTEPIIPETaLUH

(c,x) » max, x € X,
CBOJIUTCS K IOMCKY Takoro X, € X, uto ¢ € K(x;), T.€. K OIpe/ICICHHIO TOI'0 KOHYyCa
B KOHYCHOM pa30ueHuu npocTpanctBa R? 1o MHOkecTBY X, KOTOPOMY
[IPUHAIEKUT LIEJIEBOM BEKTOD C.

Tax ma Puc. 9 u 10 npuBeneH npuMep KOHYCHOTO pa30WEHIsI TUIOCKOCTH IO
mHOXectBy Todek X = {x;(—1,0),x,(0,1),x5(1,0),x,(0,—1)}. Ha osrom
MHOecTBe LesneBas GyHkiust (¢, X) HHIMBUYa IbHOM 3aJa41 C LIEJIEBBIM BEKTOPOM
c(2,-0.5) pmocruraer makcumyma B Touke x3(1,0), mo3TOMY BEKTOp C
MPUHAIISKUT KOHYCY K (X3).

X3 (1,0)

C (2,-0.5)

Puc. 10. TIpumep KOHYCHOTO pa3OueHus ¢ LeaeBbM BekTopoM ¢ (2, —0.5)
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CBs3b MEXKIY CTPYKTYpPOH KOHYCHOTO pa3OMeHHMs IpOCTPaHCTBA MO
MHOKeCTBY X W CTPOCHHEM TPAHWYHOTO KOMILUIeKca MHororpanuuka P(X)
YCTaHABJIMBAET Clieytonias Teopema [35]

Teopema (Bonaapenko). [Tycmb xi,%, €EX CR* u v — naumenvwas

pazmepnocmo 2paneil muozoepannuxa P(X), cooepacauux 0onospemenno x4 u x,,
moz20a

dim(K(xl) n K(xz)) =d-—r.
CaencrBue. Bepuunvl Xy u X, muocoepannuxa P(X) cmesicnvr 6 mom u
moabko mom cayuae, koeoa konycvl K(xq) u K (x;) umerom obwyio eunepepamns
dim(K(xl) n K(xz)) =d-1.
Yupa:knenus. 1) [Tokazats, 4To J11000¥ MOTUIAP MOXKHO NPEICTABUTH B BULIE
CYMMBI BBIITYKJIOTO MHOTOT'PDaHHHUKA U KOHYca.

2) JlokazaTh, 4TO KOHYCHOE pa3OueHHe COBIaaaeT ¢ AuarpaMmor Bopororo,
€CJIM eBKJIMIOBBI HOPMBI BCEX TOUEK MHOXKECTBA X PaBHBI (TOUKH JIexkat Ha cdepe ¢
IIEHTPOM B Havaje KOOPIUHAT).
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8. JIuneiiHble pa3aessoimme JepeBbs

OpHOM M3 KIACCHMYECKUX MOJEIEH IMPEACTABICHUS AITOPUTMOB B TEOPHH
HCCITETIOBAHMS OTIEPAIINii ABISETCS MOJICIb IEPEBbEB IPUHATHS pernenuii (decision
tree). Mutepnperaliyst aIrOpuTMOB KOMOMHATOPHOMN ONITUMHU3AIMH B BUJIC ICPCBHEB
MPUHSITHS PEUICHHUI TOJTyYHIIa ITUPOKOE PACIIPOCTPAHEHUE B CUITY CBOEH IPOCTOTHI
u HarmsigHocTy. Tak Ha Puc. 11 mpuBenen nmpumep nepeBa st 3a1a4l COPTUPOBKU
Tpex 4ucen a, b, c.

[ asc<b ] [ c<asb ] [ bsc<a ] [c<b<a ]

Puc. 11. Ilpumep aepeBa COPTHPOBKHU TPEX UHCEI

[TomoOHBIE AEepeBbs, TIIE KAKIBIH y3eI UMeeT He 0oJiee TBYX TOTOMKOB
HA3bIBAIOTCSI OMHAPHBIMHA MITH TBOMYHBIMH.

Onpenenenune. Bvicoma (enyouna) oepesa h(T) — onuna maxcumanvrHozo
nymu om KopHsi 00 qucma.

KonndecTBO BCEX BO3MOKHBIX MEPECTAHOBOK N YHCET B 3a7a4e COPTHPOBKH
paBHo n!. OOuiee 4YKCIO JMCTHEB IOJHOTO OWHApPHOrO JepeBa TIIIyOMHBI h
coctapnser 2. Takum 06pa3oM, TomyyaeM H3BECTHYK HMKHIOIO OIIEHKY Ha
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rnyOuHy OWHApHOTO JiepeBa 3a/Jaud COPTHPOBKHM H, COOTBETCTBEHHO, Ha BCE
COPTHPOBOYHBIEC ANTOPUTMBI

h(T) = log,(n!) = Q(nlog, n).
PaccMOTpUM BaKHBIM KIIACC JI€PEBLEB IIPUHSTUS PELICHUNW — JIMHEHHBIE
paznensrorue aepesbs [35].

ITycte X = X,, HEKOoTOpas MaccoBas 3a7ada KOMOMHATOPHON ONITHUMH3AIINHN C
(PMKCHPOBaHHBIM ITAPAMETPOM M.

Onpenenenne. Jluneiinoim pazdensiowum Oepeeom 3adauu X (X € R%)
HA3bI8AEMCS OPUEHMUPOBANHOE OepeBo, 00aadaiouee CredyIouUMU CEOUCMBAMU.

a) 8 Kadxcovlll y3el, 3a UCKTIOUeHUeM 00H020, HA3bIBAeMO20 KOPHEM, 8X00UMm
00Ha Oyea,

6) U3 Kaxnco0020 y31a ebixoo0um 08e Oyeu (6HympeHHUll y3ei) Uil He 8bIX00Um
Huyezo (nucm);

8)  KAANCOOMY GHYMPEHHEMY Y3y COOMEENCMEYem IUHEUHbIU (DYHKYUOHAT
(6exmop) f € RY;

2)  KadcOOMy AUCHY COOMBEMCMEYem dnemMenm MHodlcecmsa X,

0)  Kaoicoou dyee d coomeemcmegyem uucno sgn d, pasnoe 1 unu —1, dyeu,
BHIXO0SIUYUE U3 OOHO20 Y3d, UMEIOM PAZHBLIL 3HAK,

e) o kaxcoou yenu W = fid,fod, ... frdyx, coedunsoweii xopenv u
nucm, ons nobozo eexmopa ¢ € R uz nepasencms

(fi,c)sgnd; =0, i=1,..,k,

cnedyem exarouerue ¢ € K(x).

OTMeTHM, YTO JIMHEHHOE pa3feisrolee JACPeBO HE SBIISICTCS AITOPUTMOM B
KJIACCUYECKOM CMBICIIC H3-332 HEIAOCTATOYHOro omucaHus. OHO JIHIb OTPaKaeT
MaKpOCTPYKTYPY BBIYHCIUTEIBHOTO IIPOIIecca, HATPABICHHOTO Ha PEIICHHUE 3a1a41
X. Tlpouecc peuieHUs WHAMBUAYAJIbHOW 3amadu X C II€JIEBBIM BEKTOPOM C
MpEeJCTaBIIEeT COO0H MPOXOKACHUE HEKOTOPOU eru W B TMHEHHOM pa3elsiomeM
JlepeBe 3ajadyd, A€ Ha [-TOM LIlare K BEKTOpYy C IPUMEHSETCS JIMHEHHBIN
(dyHKIMOHAN (IMHEHHBIH TecT) f;, BHIOOP KOTOPOTO OCYIIECTBISIETCSI MCXOJsl U3
3HaKa JTUHEeHHOW Qopmbl (f;_q, c). IIpumep JTMHEHHOTO Pa3ICIAIONICTO IepeBa s
3a/laud COPTUPOBKH TPEX YHCEI C [EeNeBBIM BekTopoM (a, b, ¢) mpuBeneH Ha Puc.
12.
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[ ascsb ] [ c<asb ] [ bs<c<a ] [ c<bsa ]

Puc. 12. JluneiiHoe pa3zaensioniee IepeBo i 3a1a4l COPTUPOBKU

JluHeitHbIE pa3lensiomye IepeBbs HANPSIMYIO CBA3aHBI C T'€OMETPHUYECKOM
MHTEpIIpeTanued  3agad  KOMOWHATOPHOM  ONTHMH3alMM M KOHYCHBIMH
pa3OMeHnsIMH TPOCTPAHCTBA.

Onpenenenne. Pazbuenuem D npocmpancmea RE nazoeem xomeunyio
COBOKYNHOCMb  A-MEPHBIX GbINYKIbIX MHO20SPAHHBIX MHONCECME  (NOAUIOPO8)
Q1,Q5, ..., Q;, xomopvie nonapno He umerOm OOWUX GHYMPEHHUX MOUEK, U
obvedunenue komopwix cognadaem ¢ RY.

B kauectBe mNpPUMEPOB MOKHO pAacCMOTPETh KOHYCHOE pa3zOueHue
npoctpanctBa R? mo mHosxkectBy X (koTopoe o6o3zHauum 4uepe3 D (X)) umm
JquarpamMmy Boponoro.

Onpenenenue. Pazdouenue Dy, mazvieaemcs OUHApHuIM, eciu OHO SA615emcs
De3VIbmMamom nocie008amenbHblX onepayuil ciedyiouje2o 8uoa: Ha nepeom uiaee
npocmpancmeo R paspesaemcs 2unepniockocmuio na 2 nonynpocmpancmea, na
NOCeOYIOWUX WaA2ax HeKomopbvie (B03MONCHO 6cCe) NOLYYEHHblE HA Npedbloyujem
wiace MHO20SDAHHbIE MHONCECBA PA3PE3AMCA  HA  NAPY MHO20SPAHHBIX
MHOdCecme pasmepHocmiu d.
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Onpenenenune. byoem 2o6opums, umo pazbuenue D, en0diceno 6 pazdouenue
D, (06o3nauenue D, < D), ecnu Kascooe MHO20ZPAHHOE MHOJICECMBO, 8X00sujee 8
D,, cooeparcumcest 8 HEKOMOPOM MHO20ZPAHHOM MHOdCcecmae u3 D;.

Teopema (Bonmapenko). Jlioboe nunelinoe paszodensioujee 0epeso peuileHul
sa0auu X (X € R%) onpedensem 6unapnoe pazbuenue npocmpancmea R?,
enodicentoe 6 konycroe pazouenue D (X). IIpu smom norusdpamu uz pazouenust Dy,
CIYACAM KOHYCbL

KW) ={c € R*: (f;,c)sgnd; = 0,i = 1,...,k},

coomgememeyrowue 6cegosmodicvim yenim W = fid,fod, ... frdpx, eedywum us
KopHs 8 aucm X. Baoowcenue Dy, < D(x) obecneuusaemcs pagencmeamu

kw= | ) kw), xex
W:xew

Bepro u oOpatHOe yTBepkIOeHHE: Kaxkaoe OwHapHOe paszbmenue Dy,
BJIOKEHHOE B KOHyCHOe pasduenue D(X), ompexenser JuHEiHOE pasfessioliee
JiepeBo 3anaqu X.

I'eomeTpuueckass WHTEpHpeTanys JIMHEHHBIX pa3lelsioluX JIePEBHEB
MO3BOJIICT OIHCATh MHOMKECTBO JIMHEHHBIX (PYHKIMOHAIOB, (UIYpHUPYOIIHX B
OTIpENIETICHUH JePeBa, KOTOPbIE 00A3aTeNbHO OyIyT PEaln30BaHBI ANTOPUTMOM,
peLIaonyM 3a1a4y.

Iycrs T = T(X) — nuueiinoe pasnensiomee aepeo 3amaun X (X c R%).
[ycts f — nuneiinblit gynkiuonan (f € RY). Bynem mucars f € T, eciu f
MPONOPLIHUOHATIEH HEKOTOPOMY BHYTPEHHEMY y311y nepeBa T .

Teopema 0 He0OXOAUMBIX CPABHEHUSIX. /[151 1H00bIX CMEJICHBIX 6EPUIUH X UY
MmHo20epannuka 3a0ayu P (X) evinoansemces exnouenue

x—y€eTX),
20e T (X) npouzeonvHoe nunetinoe pasoensarouee 0epego 3adauu X.

[TpuMeHUTENbHO K JIMHEWHBIM pa3JeisSIoNIUM JEpeBbsIM 0C000 CleayeT
otMeTuTh pe3ynbTatl M.IO. MomkoBa [27] OTHOCHTENIFHO OIEHOK CIO0KHOCTH
paccMaTpUBaEMBbIX aJITOPUTMOB.

O6o3naunM uepes S(X) = min h(T), rae MuHEMyM OepeTcs IO BCEM
JIMHENHBIM pa3feisiouM AepeBbsiM T 3a1aun X, TOr1a UMEET MECTO
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Teopema Momkosa. /{1 1106020 d u mo6oii 3adauu X € R®: evinonnsemcs
HepageHcmeo

S(X) < 7d3log,|X|.

Tak s 3amadu 0 paspese B rpade Ha n BepUIMHAX YHCIO BO3MOIKHBIX
pemenuit  |X| = 2""!, pasMepHOCTH NpPOCTpaHCTBA B  I'€OMETPUYECKOI
unHTeprperauuu d = n(n — 1) /2, uro naer Ham

nn—-1)

3
3 log, 2" 1 = 0(n7),

SX) <7
T.€ TOJUHOMHAIBHYIO BEPXHIOI0 OIEHKY HA BBICOTY JIMHEHHOTO Pa3essIOmIEro
JiepeBa 3a1auu 0 paspese.

Ha mepBerit B3rmsax ToT (akt, yto mIs 1r000H 3amauM KOMOWHATOPHOW
ONTUMU3AINH CYIIECTBYET JHWHEHHOE pa3elsiomee AepPeBO MOIHMHOMHATBHON
BBICOTHI O3HAUYAET BBINOJIHEHUE paBeHcTBAa P = NP, 0JJHaKo, KaK y)K€ OTMEe4alloCh
paHee, THHEHHOE pa3/eiIIolee AepeBO — 3TO elle He anropuTM. PaccMoTpuM nBa
BapHaHTa peayn3alliy JepeBa B BUAE aAITOPUTMA.

Bapuant Ne 1: XpaHeHHe MOJIHOW CTPYKTYPHI JepeBa. be3ycioBHO B ToM
cllydae, €clU TOJHas CTPYKTypa JIMHEMHOTO pa3felsiioIlero aepeBa 3ajaud C
MOJIMHOMHUAJIBHON BBICOTOM INOCTpOEHAa M HAXOAUTCA B MaMATH KOMIIBIOTEpa,
JajbHEHIIee pelIeHHe 3aJauyd He MpPEACTaBisieT coO0OH  alropuTMHYECKON
CJIO)KHOCTH, W TIOJy4EHHBIH alIrOpuTM Ul WHIUBHIYaJbHOH 3agaun OynmeT
3¢ (QEKTUBHBIM OTHOCHUTEIHLHO BpPEMEHHOH TpynoeMkocTH. OfHAKO HETPYAHO
3aMETUTh, YTO ATO IOTPeOyeT XpaHEHHsI CBEPXIKCIOHEHIHAIBLHOTO, B 00LIEM
ciyqae, oObeMa JaHHBIX Ul TIOJIHOM CTPYKTYpHI JiepeBa, 4To, B CHIy d¢derra
KOMOMHATOPHOTO B3pHIBa, HO YXE€ JUISl MaMSTH, MPEACTAaBIIETCS HACTOJBKO JKe
Hepealn3yeMbIM Ha MpakTUKe, KaK M IEepBOHAYAIbHBII aQJTOPUTM IIOJHOIO
nepebopa BapuaHTOB. TpymoeMKOCTh 3aJad IO HCIOJIb30BAHUIO MaMSATH HMEeT
CBOIO KJIacCH(MKAINIO, TaK MBI 0N B Ki1ace cioxuoctd EXPSPACE D NP.

Onpenenenue. Knacc cnoocnocmu EXPSPACE  obpasyiom  3a0auu
PACnO3HABANUS, paspeuumble HA OemepMunuposannol mawune Tviopunea c
0(2PM) namamoio, 20e p(n) — norunom no n.

Bapuant Ne 2: reHepanus y3JoB AepeBa IO XoAy ajropurma. B cumy
HEBO3MOXXHOCTH XpaHEHUS TNOJIHOM CTPYKTYphl JepeBa OCTaeTCs BapHUaHT
TeHepaIyy JMHEHHBIX (QYHKIIMOHAJIOB Y3JI0B Ha K&KOM IlIare ajJroputMa, Ho He JI0
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KOHI[A MMOHATHO IO KAaKOMY MPHUHIMIY 3TO [ejiaTh. TeopeMa O HEO0OXOIMMBIX
CpaBHCHUAX IMOJCKA3bIBACT, YTO (byHK]_II/IOHa.J'H)I JOJDKHBI COOTBETCTBOBATH ITapaM
CMECKHBIX BCPIIMH MHOTOrpaHHMKaA 3agayqu. OI[HaKO BOIIPOC CMEKHOCTU BEPUIUH
MHOTOI'PaHHUKOB 3aJia4 KOM6HHaT0pHOﬁ ONTUMU3ALU CaM 3a4acCTylo SABJIACTCA
JIOCTATOYHO CJIOXKHBIM, Tak uMeeT Mecto [30]

Teopema (IlamapumuTpuy). 3adaua pacnosnHagamus CMeNCHOCMU O08YX
BEPUIUH X U Y MHO202pAHHUKA 3a0ayu Kommugosiicepa TSP senaemcs NP-noanoil.

TakuM o00pa3oM, OTBET Ha BONPOC: «CMEXHBI JM ABa 00xoxa rpada B
MHOTOIPaHHUKE 3a/laul KOMMMBOSDKEpa» SIBJIIETCSI HE MEHee TPYIHBIM YeM cama
3aJa4a KOMMHUBOSIKEPA.

He nnst Beex 3amay KOMOMHATOPHOW ONTHMH3ALUMK BOIIPOC CO CMEKHOCTBIO
BEPIUUH SBIISIETCSA CTOJIb JK€ CIIONKHBIM Kak Ul 33/laull KOMMHBOSDKEpA, OJHAKO
CYLIECTBYIOT U IPYrHe NPEISTCTBHA Ha ITyTH OCTPOCHUS IMHEHHBIX Pa3AeIIIOIINX
JIEPEBBEB C MOJMHOMHAIFHON BBICOTOH, 0 4eM Oojee moapoOHO OyaeT paccka3aHo
B CJICAYIOIIEM pa3zele.

YnpaxHenue. IlocTpouts JHMHENHHOE pas3faensioliee AEPEBO U 3afadd o
MaKCHMaJIbHOM paspese B rpade, npuBeneHHOM Ha Puc. 3.
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9. AIropuTMBI IPAMOTO THUIIA

JanpHelye nocTpoeHus: OyayT OCHOBAHBI Ha CICAYIOIIEM [€OMETPHYSCKOM
¢akre [35]:

Teopema. Ilycmp S = {Ql, Q,, ..., Qp} — cemelicmeo d-mepHblx NOAUIOPOS 6
R%, nobble 06a u3 KOMOPHIX uMelom o6Wyl0 2unepepans U He uMerom obuux
eHympennux mouex. Toz0a ons noboii cunennockocmu H 6 R® xoms 6b1 00Ho u3

omipoimolx norynpocmpancme H™ u H™ nepecexaemcs no menvueii mepe ¢ p — 1
noausopamu uz S.

Jnsg JNWHEHHBIX pa3feisIoNuX [epeBbeB M KOHYCHBIX pa3OMEHHd 3TO
YTBEpXKICHHE O3HAYaeT, 4YTO JI000€ JMHEHHOE CpaBHEHHE HA KaKAOM IMIare
MO3BOJISIET OTOPOCUTH XOTS OBI TIPH OJHOM HCXOJE W3 ABYX BO3MOXKHBIX He Oojiee
OJTHOTO KOHYCa M3 MOTIAPHO CMEXKHBIX.

\
%
2\ )52
X
O\
S
\
) c
\ °
\
X1 \ X3
\ [ J
\
\
\

Puc. 13. JIro6ast rumepriockoCcTh 0TOpachiBaeT HE 00JIee OJHOTO KOHYyCa

OTMeTHM, YTO STO HE WCKIIOYacT NPHHIUIHAAIGHON BO3MOXKHOCTH
0TOpachIBaHUS 3a HECKOJIBKO CPaBHEHWI OOJBIIEro 4mcia KOHYCOB, YEM UHCIIO
BBINOJTHEHHBIX CPABHEHHUMH, O Ue€M CBHIETEILCTBYIOT PE3yabTaThl MOIIKOBA, 0THAKO
3TO MOJKET NPUBECTH K paboTe ¢ cHCcTeMaMH C OOJBIIMM YHCIOM HEPABEHCTB U
COOTBETCTBYIOIINM YBEIMUYECHUEM TPYIOSMKOCTH aJITOPUTMa.

PaccMOTpUM MOJMHOXECTBO JHMHEHHBIX Pa3[eifIolUX JepPEeBEEB 0COO0ro
Buza. [lycts T — nuHeitHOE pazfensroniee AepeBo 3a1aun X U f — ero BHYTpeHHHH
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y3en. OOosHaunmm uepes Xy — MHOXECTBO JIMCTheB JepeBa T, KOTOpHIM
npesmiecTByeT y3en f, a depes X§ m X; — mojmMHOKecTBa X, COOTBETCTBYIONIHE
BBIXOSAIIMM U3 [ Jyram.

Omnpenenenne. Jlunetinoe paszoensiowee odepeeo T 3adauu X aensemcs
0epesomM npsAMo20 mund, eciu Onsl 106020 enympeHnHe2o y3ia [ u 0as mobo2o
noomuodcecmsea Y nonapHo cmedxcHuix movex us X eubinoaHsaemcsa HepageHcmeo

max{|X} nY|,|X; nY|} =[x, nY|-1.

Taxum oOpazoM, 1 JF000T0 MOAMHOKECTBA ITOMAPHO CMEKHBIX peIIeHUH Y
TMIOCIIE BHITIOJTHEHMS JIMHEHHOTO TecTa f XOTs ObI B OTHOM M3 BETOK BBIXOJIICH U3
f oxaxyTcs BCce IOIIapHO CMEXHBIE PELICHHs Y KpoMe BO3ZMOXKHO OJTHOTO.

JluneiiHoe paszpeisoniee IepeBO MPsSMOTO THITA 00IagaeT YIPOUICHHOMN IUis
peanuzauuu  CTpyKTypod. COOTBETCTBYIOUIMII €My alIrOpUTM HPSMOIO THUIIA
BBITIOJIHSIET UCKIIIOUUTEIBHO JIMHEHHbIE CPABHEHHUS: HAa KaXKJIOM LIare OH MpOBOJIUT
IMIEPIOCKOCT, H M omnpenenser KakoMy M3 mnosynpoctpadcte HY wma H™
MPUHAICKAT IEIEBOW BEKTOP €, OTOpachiBas BCE HEpEaN3yeMbIe PEUICHHS,
KOHYCBHI KOTOPBIX IIEJIMKOM JIeXkKAaT B TIOJTYIIPOCTPAHCTBE HE COIEPKAIEM BEKTOpa C.
K kiaccy anropuTMOB MpsSIMOTO THIIA OTHOCSITCSI BCE HM3BECTHBIC alTOPUTMBI
COPTHPOBKH, HCIIOJNB3YIONIHE TIOMApPHBIE CPAaBHEHWS YHCElN, JKaIHBIA aJrOPUTM,
IUHAMHAYECKOE TIPOTPaMMHUpPOBAHME, BEHTEPCKUN alroOpuT™M s 33Ja4d O
Ha3HAYEHUSIX, METOJI BETBEH U IPAHUIl U MHOTHE JPYTrUe KIACCHUECKUE AT OPUTMBI
[35].

OneHnM TPYIOEMKOCTh aTOPUTMOB MPSMOTO THIIA.

Onpenenenue. [lycms w(X) — KIuKogoe wucio (4ucio sepuwiun 6 HAUOOIbLULEM
noanom nooepage) epaga muocoepannuxa P(X) zadauu X.

Teopema (Boumpapenko). ITycms T — Oepeso npsmozo muna 3adavu X, mozoa
h(T) 2 w(X) — 1,
20e h(T) — evicoma Oepesa T.

JlelicTBuTenpHO, Tak Kak T — JepeBO NMPsIMOTO THIIA, TO Ha KaXJIOM miare f
HAaIleTo aIrOpUTMa XOTS Obl B OJHOW BETKE, BBIXOJSMIEH M3 f, OKaxyTcs Bce
TIOTIAPHO CMEKHBIE PENICHHS W3 MHOXKECTBA Xy, KPOME BO3MOMKHO OJHOTO.
ANTOpUTM IPSMOTO THIIA 32 OAWH TMHEWHBIN TECT He CIOCOOSH 0TOpackIBaTh Ooee

OJIHOTO TIOMAPHO CMEXHOIO PEMIEHHS, COOTBETCTBEHHO BBICOTA T HE MOXKET OBITH
MeHblie 3Hadenus w(X) — 1.
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Taxum 06pazom, kukoBoe uucio @ (X) rpada muororpannuka P(X) 3amaun
X sBISIETCS HIDKHEH OICHKOH TPYJOEMKOCTH JITOPHUTMOB B XYIIEM CIydae st
JIOCTATOYHO IIUPOKOTO KJIacca aIrOPUTMOB IMPSMOTO THIA, OCHOBAHHBIX Ha
JUHEWHBIX TECTaX, B KOTOPBIA MOTAIAIOT OOJIBITHHCTBO M3BECTHBIX KIIACCHYCCKHUX
AITOPUTMOB.

Uto 3TO AaeT MPUMEHMTENBHO K paccMaTpuBaeMbIM 3axadaMm? Kak yxe ObII0
OTMEUEHO BBIIIE, 3a/laUya PACIO3HABAHHMS CMEXHOCTH BEPLUIMH MHOTOTPaHHHKA
3a/1aud KOMMHUBOsDKepa saBisiercss N P-nosiHo#. O1HAKO MOYKHO MOJYYUTh HUXKHIOIO
OIIEHKY JUTs KIIMKOBOT'O 4yKcIia rpada MHOrorpanHuka [35]

Teopema (Bonaapenko). Kiukosoe uucno w(X) epagpa muoeocpannuxa
TSP(n) 3adauu kommueosiicepa 01 N 20p0008 YOOBIeMEOpsient HePaAGeHCMEY

w(X) = 2<J@_9)/2.

OTHOCHTENBHO 3aMayd O pas3pes3e, OIEHKa KIMKOBOTO YHCIA CTPOUTCS
HECKOJIBKO Tpotie [2]

Teopema (Bapaxona, Maxxky0). I pag mnozoepannuxa CUT(n) sadauu o
paspese a6J51emcst NOHbIM.

Bce Bo3MOXHBIE pa3pesbl Tpada ABJISIOTCA MONapHO CMEXHBIMU M w(X) =
2n-t

Takum 00pa3oMm, HU OJIMH AITOPUTM NPSMOIO TUIA B IPHHIUIE HE CMOXKET
PEIINTh 3a1a4i O pa3pe3e Wik KOMMHBOSDKEpA 32 IOJMHOMHAIBHOE BPEMSI, TaK KaK
HIDKHSSL OIICHKA Ha TPYJOCMKOCTh SIBJISCTCS CBEPXIOJIMHOMHAIBHON IS
KOMMUBOSDKEpa U OKCIIOHCHIIMANLHOW I paspe3a. WHTepecHo, 4to rpad
pa3pe3HOr0 MHOTOTPAHHUKA SIBJISCTCS TMOJMHBIM, a 3HAYUT JIIOOOH alrOpUTM
MpSIMOTO THIMA JIOJDKEH B XYyIIIEM cilydae nepedpaTb BCE BO3MOKHBI pEIICHHS
3a/1auM, T.€. CBECTUCH K MOJTHOMY TiepeOopy. JleHCTBUTENBHO, IS 3a1a4r O pa3pese
C TpPOW3BOJBHBIMH BeCaMM M IS 3aJadyd O MAaKCHUMajJbHOM paspe3e ¢
HEOTPUIIATCILHBIMU BeCaMH, O ueM OymeT Oosiee MOAPOOHO paccka3aHO B
CJICIYIOIIEM pa3Jielic He U3BECTHO HU OJJHOTO aJrOPUTMAa PEUICHHS OTIMYHOTO OT
MOJTHOTO Tiepedopa.

OTMeTHM, YTO JaHHOE yTBEPXKACHHE HE O03HAYAeT HAIPSAMYIO BBITIOJTHECHUS
P # NP. TIloTeHIMaipHO MOTYT CYIIECTBOBAaTh d3(P(EeKTUBHBIE aITOPUTMEL,
pematoiiie Takue N P-1ioJIHbIE 3aJ1a4M KaK pa3pe3 U KOMMHUBOSIKEP, UCTIOJB3YIOIINE
HE TOJBKO WJIM HE CTOJIbKO JIMHEWHblEe cpaBHEHusA. Tak, Ajid 3aadyd JIMHEWMHOTO
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MPOTPaMMHPOBAHUS OCHOBAaHHBI Ha JHMHEHHBIX TeCcTaX CHUMIUIEKC-METO] He
sBisiercst 9QGEKTUBHBIM B XyJIIEM Ciiydae, B TO BpeMs KaK MOJUHOMHUAIIbHbIC
JITOPUTMbI BHYTPEHHEH TOUKU SBJIAIOTCS HEJIMHEHMHBIMU. TeM He MeHee, UCII0b3Ys
UJCI0 JIePEeBBEB NPSMOTO THIA, MOKHO Pa3oM OTOPOCHUTH OTPOMHBIN ILIACT
QITOPUTMOB, KOTOPbIE B IIPUHLIMIIE HE CMOTrYT pelliuTh 3anady. Hampumep, ans
3a/1a4M O paspese ¢ IPOU3BOJIbHBIMU BECAMU MOKHO J1aXKe HE MbITAaThCS [IOCTPOUTh
ITOPUTM, HCHOJBb3YIOIIUNA TOJBKO JIMHEHHBIE TECThl U OTJIMYHBIM OT IOJIHOTO
nepebopa.

IIpumep. PaccMotprm Hanbolree MpocTyro 3a1ady AUCKPETHON ONTUMH3ALIUH:
BbIOOp Haubonbliero umcia B wmaccuBe a = (aq,dy,...ap). CraHgapTHbINA
JITOPUTM, OCHOBAaHHBIH Ha MOMAPHBIX CPABHEHMSAX YHCEN JOJDKEH OyIeT OAMH pa3
MIPOMTH BECh MAaCCUB U BBIIIOIIHUTE 1 — 1 cpaBHEHHE.

[peanonoxum, 4TOo y HAC €CTh AJITOPUTM, KOTOPBIH BMECTO MOMApPHBIX
CpaBHEHMH BBHIYMCISAET 3HAK IMHENHON Qynkumun (¢, a) = 0 umm (c,a) < 0,rnec €
R"™. Hanpumep, eciu

(1,-1,-1,0,...,0) - (ay, ay, ..a,))T =0,
a, —a,—az =0,
a; = a, + as,
a; = ay, a; = as,
YTO MO3BOJISET 3a OJIHO JHMHEHHOE CpAaBHCHHUE OTOPOCUTH Cpa3y JIBa YMCIIA.

Bonpoc: MOXHO 1M TpHIyMaTh NOJAOOHBIN alTrOPUTM, TPYAOEMKOCTH
KOTOPOTO B XY/IIIEM CIy4ae COCTaBUT MeHee N — 1 TUHEHHBIX CpaBHEHUSI.

FeOMeTpI/I‘wIGCKaFI HUHTEPIIPpETAlNA 3aJa4U I[TOHCKa HauOOJIBIIETO YKCIIa UMEET

BH/I
(1,0,...,0),

(a, X) - max, xeEX = (0,1, ...,0), .
0,0, ...,1)

Bepumnbl MHOTOrpanHuka 3anaun P(X) adduHHO He3aBUCUMBI (HE JIeXKaT B
OJIHOW THIIEPIUIOCKOCTH ), BBIMYKIast 000049ka N ahpGUHHO HE3aBHCUMBIX TOUYCK —
910 (n — 1)-MepHBIN CUMILIEKC (TPEYroNIbHHUK ISl TPEX TOUEK, HE JIeKAIIUX Ha
OJTHOH TIPSAMO#A, TeTpasaAp /ISl YEeThIPEX TOYEK, HE JIEKAIINX B OJHOU IIOCKOCTH U
T.11.). JIo00€e MOAMHOKECTBO BEPIIMH CUMILIEKCA — 3TO MOAMHOXECTBO ad)(HHHHO
HE3aBHCUMOTO MHOXECTBa, T.c. ap(OUHHO HE3aBUCHMOE MHOXECTBO, BBIMYKIAs
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000J109Ka KOTOPOTO, COOTBETCTBEHHO, TOXKE CHMITIIEKC. B 4acTHOCTH, Bce BEPIIMHBI
CHMIUIEKCa IOTIapHO CMeXHBI ¥ rpad P (X) sBisieTcst MOJIHBIM.

PaccMOTpeHHSBIH anropuT™, MO IOCTPOCHHUIO, SIBISIETCS] AITOPHTMOM MIPSIMOTO
THIIA, a 3HAYUT €0 TPYAOEMKOCTb HE MOXKET ObITh MEHBIIIE 3HAYCHHS

T zwX)=n-1,
T.€. TPYZA0EMKOCTH IOJTHOTO nepedopa ¢ MomapHbIMU CPaBHEHHUSIMH.

Urax, B citydae eciii rpad) MHOTOIpaHHHKA SBJISCTCS ITOJTHBIM, BCE aTOPHUTMEI
OPSIMOTO THIIA BBIPOXKIAIOTCS B IOJHBIA HepeOop. MHTepecHbIM MpeCTaBIIsAeTCS
BOIIPOC: & HACKOJIBKO OKMIaeMa Takas cutyanus. B mpoctpancteax R? u R3 tombko
CHUMILIEKCH (TPEYTOJIBHUK U TETpadp) oOMagaroT MoIHBIM Tpadom. OmHAKO yKe B
IPOCTPAHCTBE PA3MEPHOCTH YETHIPE CUTYALMs NPHHUMAET NMPUHLUINAIBHO HHOM
xapakTep. Kak yxe oTmewanock paHee, HUKIMYSCKHH MHOTOTPAaHHHUK (BBITYKJIas
006010UKa TIPOM3BOIBLHBEIX TOUEK HA MOMEHTHOM kpuBoii x(t) = (t,t2%,t3,...,t%) B
R%) sBaseTcs cMexHOCTHBIM (mobbie |d/2] ero BepmmH 06pasyloT TrpaHb).
COOTBETCTBEHHO, YK€ B YCTBIPEXMEPHOM MPOCTPAHCTBE MOXKHO IOCTPOHTh
[UKJIMYECKHI MHOTOTPAHHUK C HPOU3BOJILHBIM YHCJIOM BEPILUHH, IPHYEM BCE OHH
OyoyT TOMapHO CMEXHBI, M Tpad MHOTOrPaHHUKA OKaKETCS MOJHBIM. I[lpn
YBEJIIMYCHUH Pa3MEPHOCTH IOJNOOHAs CUTYyalMsi cTaHoBHTCA oOmei. Tak umeer
mecto [35]

Teopema (bonmapeHnko). Bvibepem cyuaiHbiM 00pa3om ¢ pPaGHOMEPHLIM
pacnpedenenue eeposmuocmu k sepuiun d-meprozo kyéa {0,134, Obosnauum uepes
Py 4 6eposmnocme mozo, umo 6éce 6epuiunbl MHO20ZPAHHUKA — BbINYKILOT 0OOIOUKU
6bLIOPAHHbIX MOYEK OKAJNCYMCs. nonapno cmexcnvimu. Tozoa Vd >3 u k < 2¢
CNpageoneo HepageHcmeo

k* /5\%
Pea>1-7(5)

Tak, eciau BeIOpaTh cirydaiiapiM 06pazom 25000 sepima 100-mepHOTo Kyba,
BEPOSITHOCTD P;5000,100 MOJYYHTh MHOTOIPAaHHHK C TOJHBIM TIpadoM COCTAaBUT
ooiree 0,99.

Ynpaxuenue. 1) [lokazaTp, 4To B TeOpeMe O MOMAPHO CMEKHBIX MOIUIAPAX
YCJIOBHE BBIIYKIOCTH SIBIISETCS KIIIOUEBBIM, M B CIIydae €ro HCKIIOYEHHs TeopeMa
nepecTaeT paboTaTh: HOCTPOUTH KOHTPIIPUMED MPOU3BOJIBHBIX MTOTTAPHO CMEKHBIX
MHOTOYT'OJIbHUKOB Ha IIOCKOCTH.
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2) Jlokaszarh, 4TO JIFOOOW aIrOPUTM COPTHPOBKH, HCIOJB3YIOIHKA MOTapHbBIC
CpaBHEHHUS YyKcel OyJeT alrOPUTMOM TIPSIMOTO THIIA.
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10. 3agauya o pa3pe3se ¢ HeOTpUIIATEIbHBIMHI
BecaMu

I'pad paspesnoro mHororpannuka CUT(n) sBiseTCS MOJIHBIM W HU OJUH
QJITOPHUTM MIPSAMOTO TUIIA HE CMOKET PELIUTS 3a/1a4y 0 paspese Obictpee uem w (X) —
1=2"1—1 maros, T.e. He BBHIIOJHUB HOJHHI HepeOOP BCEX BO3MOKHBIX
paspe3oB B rpade. Jeiicturensro [17], 3amaua o paspese B ONTUMH3AMHAOHHOMN
dhopme npuHaAexRuT Kiaccy N P-TpyaHbIX 3aj1a4, U sl Hee He U3BECTHO HU OJTHOTO
aIrOpuTMa pelIeHus OTIUYHOTO OT TMOJIHOTO Tepebopa. OpHako Bce
BBIIIECKa3aHHOE OTHOCUTCA K 3a7a4e 0 pa3pese B rpade ¢ Ipon3BOILHBIMHA BECAMH
pebep, B TO BpeMsI Kak KJIacCHYeCcKasi TOCTaHOBKA 33/1a4H1 JIOTIOTHEHA YCIIOBHEM, UTO
pebpa MOTYT HMeTh TOJBKO HEOTpUIaTeIbHBIE Beca. llpm 3ToM 3amaum o
MUHUMaJIbHOM ¥ MaKCHMaJbHOM pa3pe3e ¢ HEOTPUIATEeIbHBIMA BECAMH
NPUHIMIHAIBHO pa3iuyaloTcs. B To BpeMs Kak 33j1aua 0 MakCHMaJIbHOM paspese
ocraeTcs B Takoil ¢GopmynupoBke NP-TpymHOM, 3aa4a 0 MUHUMAJIBHOM pa3pese
MMOJIMHOMHUAJIBHO paspeuiruMa, B YaCTHOCTU IMOTOKOBBIMU MCETOJaMHU CI)olea-
®dankepcona (6onee mompoOHO cMmoTpu TiaBy 1 «3agada o paspese»). s
MOSICHEHHUS CJIOKUBIIIEHCS CUTyallun HCO6XOHI/IMO nepeonpeacjimTb KOHYCHBIC
pa3bueHus POCTPaHCTBA.

ITycts X (X © R%) maccoBas 3a7a4a.

Omnpenesnenue. /[na npouszsonvrHozo peuiteHus X € X 6sedem credyroujue
MHOdICECMBA

Kfin(x) ={c€R%,c=0:(c,x) = (c,y),Vy € X},
Kfpx(x)={ceR%c=0:(c,x)<(cy),Vy€EX}
KOmopble HA306eM HEOMPUYAMENbHLIMY KOHYCaMu pewienus X Oia 3a0ay Ha
MUHUMYM U 1A MAKCUMYM.
Onpenenenue. Yuumoigas, yumo
U ktin @ = | K0 = RS,
X€EX xXeX
cosoxynnocmu  6cex komycos Kl (x) u Kf.,(x) (x€X) mnasosem

HeompuyamejlbHblMU KOH)YCHbIMU pa36uenuejw npocmpancmeda ]Rd no MHoaicecmey
X Ons 3a0ay Ha MUHUMYM U HA MAKCUMYM, COOMEBEMCIMBEHHO.
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y
-1,3
X1(. ) 1 K;ax(x1)
3
X»(2,2)
2 T °
Kr-:ax(XZ)
1 -+
Kr:ax(XS)
) 0 T 2 37X
X3(3,-1)
11 °

Puc.14. [Tpumep HEOTPHUIIATEILHOIO KOHYCHOTO pa3OnEeHHUSI

BeezieM rpad koHycHOTO pasz6uenus npoctpancta R? (RE)) mo MHOMkeCTBY
X, BepIIMHaMH KOTOPOTo OyIyT KOHYCHI, 1 J1Ba KoHyca K (x) n K (y) cMexHBI TOor1a
Y TOJIBKO TOT/Ia, KOTJJa OHM UMEIOT OOIIYIO THIIeprpaHb

dim(K(xl) n K(xz)) =d-1.

ITo mocTpoenuto, rpad KOHycHOro pazéuenus npoctpanctBa R4 cosmaser ¢
rpadom MHororpanHuka 3agauu P(X), 4To 00ecIeunT nepeHoc BCex pe3yabTaToB
OTHOCHTENBHO KJIMKOBOTO 4HcNa rpada MHOTOTPAaHHHKA M TPYIOOEMKOCTH
ANTOPUTMOB TPSMOTO THHA Ha Tpad KOHycHOro pazbmenma. OmHako ecin
paccMarpuBaeTCcsl 3aJada C JIONOJHHUTEIBHBIM YCIOBHEM HEOTPUIATEIFHOCTH
MCXOJHBIX JIAHHBIX, TO Tpad) KOHycHOro paszbuenms mpocTpanctBa RE, yxe He
Oyner coBmanath ¢ rpadom P(X). Tak, B mpumepe Ha Puc. 14 HeoTpHuLaTeIbHBIE
KoHychl Kb oy (1) 1 K0 (X3) He MMerOT 00LIEl runeprpady 1, COOTBETCTBEHHO,
HEe CMEXHBI. B TO jxe BpeMsi BepILIMHBI X, U X3 MHOrorpaHHuka P(X) coenuHeHsb
peopom, Tak kak P(X) — 310 BhImyKJIass 00oJiouka TpeX apPUHHO HE3aBUCHMBIX
TO4YeK (TPEYTrONbHUK).
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Takum obpazom, Ui 3aa4 C HEOTPHUIATCIHLHBIMU HCXOIHBIMHU JTAHHBIMH,
Hampumep, i KJIAaCCHUYECKOW IIOCTAaHOBKM 3a/ad O MakCUMajJbHOM |
MUHUMAJIBHOM pa3pe3ax ¢ HeOTPHIATEeIbHBIMUA BECaMHU, JUIS TIOJNyYEHHS] HIDKHEH
OIICHKH Ha TPYJO0EMKOCTh aJITOPUTMOB IPSMOTO THIIA HEOOXOAUMO HUCCIICA0BATh HE
rpad MHOTOTpaHHHMKA, a Tpad HEOTPUIATEIBHOTO KOHYCHOTO pa30HeHUs.
COOTBETCTBEHHO, IS 3aJayd Ha MaKCHMyM BBICOTa JIepeBa MPSMOTO THIIA
YAOBIETBOPSET HEPABEHCTBY

hmax(T) 2 w(K;lax(X)) -1
rie (K} (X)) — xmukoBoe umcno rpada HEOTpHIATENHHOTO KOHYCHOTO
pazOueHus. AHAOTUYHO JUIA 337244 HAa MUHUMYM HMeEeM
Ronin (T) = (K%, (X)) — 1.
Torma mosydeHHble B pabore [36] pe3yabTaThl COBMAMAIOT C HM3BECTHOM
TPYIOEMKOCTBIO aJITOPUTMOB ISl 33/1a4 O MUHUMAJILHOM U MaKCUMaJIbHOM pa3pese.

Teopema (Bonmapenko, HukogaeB). Kiukogoe uucno epaga KoHycHozo
pasbuerus 3a0auu 0 MUHUMATLHOM PA3pe3e ¢ HeOMPUYAMenbHbIMU 8eCaMU TUHENHO
N0 YUCTY N 8epUIUH UCXOOHO20 epagda 3a0adu U pagHo

(K} (X)) =2n—3.
B kauectBe npumepa 2n — 3 paspesos (P, Q) B rpade Ha n BepIIUHAX, KOHYCHI
KOTOPBIX 00pa3yroT KJIMKY MOXHO PacCMOTPETh CIIEAYIOLIHNE pa3pe3bl
e n paspesos Buma P; = {i}, Q; = N, \{i}, Vi € N;
e n-—3pagpesaBuna P, ={1,2,..,k}, Qp={k+1,k+2,..,n},rne 2 <
k<n-2

Teopema (bonnapenko, HuxousaeB). Kiuxosoe yucio epaga KoHycHoeo
paszbuenus 3a0a4u 0 MAKCUMATbHOM paspe3e ¢ HeOmpuyamenbHbIMU Gecamu
CBEPXNONUHOMUATLHO NO HUCTY N 8EPULUH UCXOOHO20 epagha 3adadu

L 2" 2
o(Kihax (X)) = C2 "yn > Tn(l - 2) + n (/151 YeTHBIX ),

2" 1
1—
/Z(n—l)( n+1

Kimka B rpade HeOTpUIIATENPHOTO KOHYCHOTO pa30MEeHNUs TOCTUTaeTCsl, KaK U
JUIS 3a7]a4K Ha MUHIMYM, Ha pa3pe3ax, OTACISIONIX OHY BEPIIMHY OT OCTaIbHBIX,

n-1
w(K‘r;ax(X)) >C,% +n= ) + n (A9 HeYeTHBIX N).
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a Takke Ha pa3pesax, pa30MBAIONMX MHOXKECTBA BEPIIMH HAa PaBHBIC WM MOYTH
paBHBIE (€CJIM 1 HEYETHO) TI0AMHOKECTBA.

Takum 00pa3oM, MosTydaeM JIMHEHHYIO HUKHIOI OIICHKY (1(1) TPYI0EeMKOCTH
ANITOPUTMOB TPSIMOTO THIIA JUIA 33Ja4d O MHHHUMAIbHOM paspese. Jlyummit
QITOPUTM PEUICHMsI 33]]aud Ha CETOJHSIIHUN MOMEHT 00JanaeT TPYAOEeMKOCThIO
0(n®) mna monHoro rpada. A Takke CBEpPXHONMHOMHAILHYIO HUKHIOI OLEHKY

217.
Q(ﬁ) JUISL 3aJaud O MaKCUMaJbHOM pa3pe3e, E€JIMHCTBEHHBIM H3BECTHBIM
ITOPUTMOM JIJIsl KOTOPOH SIBIISICTCS MOJTHBIH mepebop O (2™).

CJ10KMBIIASICS CUTYaIIUs OOBSICHSETCSI XapaKTEPHBIMU OCOOCHHOCTSMH CaMOM
3a/1a4M 0 pazpese. s Apyrux 3a/1a4 CUTyanus MOKeT OBbITh MPUHITUTTHAIBHO HHOM
[36].

Teopema (bongapenxo, HukonaeB). Eciu ece mouku mmoocecmea X C
{0,134 nearcam na cgpepe c yenmpom 6 nyne:

va,b € X: |lall = ||bl],

u ona napol mouex x,y € X xonycol Kpygr () u Koy (¥) cmedicuvr, mo u xomycor
Kt e (0) u Koo (v) maxorce cmedicho.

Ananoeuunoe ymeepoicoenue 6epHo u 0Jis 3a0a4u Ha MUHUMYM.

B pesymbraTe, M 3amad, MHOXKECTBA PEIICHHMI KOTOPBIX NPEICTABIAIOT
co0O#l BEpIIMHBI €IMHUYHOTO d-MEpHOro Kyba M eBKJIWAOBAa HOpPMa BEKTOPOB
KOHCTaHTa, rpadbl MPOCTHIX KOHYCHBIX pa30ueHud coBmaxyr ¢ rpadamu
HEOTPULIATENbHBIX KOHYCHBIX pa30MeHMH U, COOTBETCTBEHHO, C rpadom
MHOTOrpaHHuKa 3axauu P(X).

OTO0 BepHO, HampuMep, I 3aJadd KOMMHBOsDKepa (BCe pEIIeHUS —
raMUJIBTOHOBBI IUKIJIBI COJEPXKAT POBHO M pedep M CTOJNBKO JK€ CJUHUIl B
KOJIMPYIOUIMX UX XapaKTepUCTHUECKUX BEKTOPax) M YISl 3a/laud O MUHHUMAJIbHOM
OCTOBHOM JiepeBe (KaXKJJ0€ OCTOBHOE JICPEBO COACPKUT B TOUHOCTH N — 1 pebpo).
JlelicTBUTENBHO, BCE BEPCHUU 3a7a4l KOMMHBOsDKepa NP-TpynHBI, B TO BpeMsl Kak
BCE MTOCTAaHOBKH 33/1a4l 00 OCTOBHOM JIepeBe HMOJIMHOMHAIBHO pa3pemumsl. B To
JKe BpeMs, JUIA 3aJja4M O IMyTH B rpade MapuIpyT MOXKET CO/IEpXKaTh IPOU3BOIILHOE
yrcino pedep U BO3MOKHBIE PelIeHUs He NpuHayexar cepe. limeem, ecnu pedpa
rpaga HeOTpHIATEIbHBL: 33/1a4a O KpaT4alIieM MyTH HOJIMHOMHAIBHO Pa3peninMma,
HarpuMep, U3BECTHBIM allrOpUTMOB JIeHKCTpEI, a 3a]ja4a 0 caMOM JUTMHHOM IIyTH B
rpade NP-TpynHa.
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Ynpaxaenne. [IpoBepuTh CBEpXNOJINHOMUATIBLHBIE HI)KHUE OLICHKU

n

1 2 2
C:2 +n> —(1 - m) + n (a9 4YeTHBIX 1),

n-1 n 1
C? +n> (1 - ) + n (/151 HeYeTHBIX N)
n [2(n—1) n+1

JUIS KIIMKOBOTO 4Hcia rpada HEOTPHLATEIBHOTO KOHYCHOTO pa30OHeHHs 3a/add O
MaKCHMaJIbHOM pa3pe3e, HCIOJb3ysd CBOMCTBA IEHTPAIHLHOTO OWHOMHAIBHOTO

Kodpdunnenra.

55



11. PerakcauimOHHbIE MHOTOTPAHHUKH

BepHemcsi k reomMeTpudeckuM criocobaM peIIeHHs 3a1ad KOMOWHATOpHOM
ontuMuzanmu. IlpsmMoil moaxox co cBegeHHMEM K 3ajade  JIMHEWHOTO
MPOrpaMMHpPOBAaHUSI HE TPOINENI B CHIIy CBEPXIKCHOHEHIHAIBHOW CIIOXKHOCTH,
TIOJIyYCHHBIX B PE3yJIbTaTe IOCTPOCHHMS BBIIYKIONH 000I0OUKH MHOKECTBA PEIICHHI
MHOTOTpaHHUKOB. OJHAKO MpoOieMy MOKHO OOOWTH C HEOXKHIAAHHOH CTOPOHBI:
€CITM NCKJIIOYNTH OTPAHMYECHHUE, YTO PEIICHHS MOTYT OBITh TOJIBKO IIEIBIMH.

2
Paccmotpum  MHororpanHuk ~ RMET, w3  npoctpanctea  R*™,
YIOBJIETBOPSAIOUIMN CUCTEME OTpaHUYEHUIT

Xijtyijtzijtt;=1,
Xij+Vij = Xpjt Y
Xij+ Zij = Xig + Zi
Xij =Xty = 4GuYij = Zji
Yii =Zii =0,
Xij = O,yi,j > O'Zi,j = O,ti‘j >0,
rze i, j, k npoberarotr He3aBUCHMO 3HaueHus 1, ..., n.

Bnepsrie muororpanauk RMET, Gbut onucan B.A. Bonnmapenko B pabote
[37], mo3nHee HezaBucumo onucan M. [andeprom B [29], B cBsi3u ¢ 3aaaueii OyneBa
KBaJIpaTUYHOTO IporpaMmupoBanus. IlogpoOHO cBoiicTBa MHOrOrpaHHHKA
uccnenoBansl B MoHorpaguu M. [leza u M. Jlopan «['eoMeTpusi pa3pe3oB H
merpuk» [11], TAe OH moNydnsn Ha3BaHUE KOPHEBO20 NOIYMEMPULECKO20
mnoeoepannuxa (rooted semimetric polytope, RMET).

[TepBoe, uTo cneayer OTMETHTH puMeHHTENbHO K RMET,,, — 310 TOT (axr,
YTO YHUCJIO JIMHEHHBIX OrPaHWYE€HWH BO BHEIIHEM OIMCAHWM MHOTOTPAaHHHKA
TIOJIMHOMHUATBHO 0 N M HE MPEBOCXOaMT 9In? (Takum 00pazoM Mo pasMepHOCTH
HpocTpaHcTBa 4n? OHO JMHEHHO). DTO BHITOAHO OTJIMYAET KOPHEBOM
MOJIyMETPUYECKUI MHOTOTPAHHUK OT pPaccCMaTpHUBaeMbIX paHee MHOTOTPaHHHUKOB
3amad 0 paspe3e M KOMMHBOSDKEpa, OOJNAMAOIIMX CBEPXIKCHOHEHIMAIBHBIM
yucioM (¢aceT, M, COOTBETCTBEHHO, JHHEWHBIX OTPAaHHYEHHH BO BHEIIHEM
OTIMCAaHHH.

VYuuteiBast CTpykTypy orpanudeHuit RMET,,, Hanbonee yqoOHO KOOPIAMHATEHI
€ro TOYeK IPEACTaBIATh B BUe OJ0uHOM Matpunbl (Tabdmn. 4). [Ipudem, npuHIMAas
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BO BHMMAaHHME CHUMMETPUYEHOCTb MATPHULIBI KOOPAUHAT, KaK IPAaBUJIO MOYKHO
OIPaHUYUTHCS JIMILL BEPXHEN IIOJOBUHOM.

Xig | O | Xg5 | Vij | Xik | Yik

0 | tii | Zij | tij | Zik | tik

Jl % | 0 | Xk | Yik

Yij | tij | O | G| Zik | Lik

Xik | Zik | Xjk | Zik | Xkx| O

Yirk | tike | Vike | Gk | O | ek

Tabmuna 4. biiounas matpuna koopaunar RMET,

Tak Kak ONUCBIBaIOIIAsi KOPHEBON NOJYMETPUUECKUA MHOTOIPAaHHUK CUCTEMA
COJICPXKHUT HE TOJIKO HEPaBEHCTBA, HO W ypaBHeHus, RMET, He sBmsgercs
MOJHOPa3MEPHbIM MHOTOTPaHHUKOM: €ro peajbHas pa3MEPHOCTb HE COBHAJAET C
Pa3sMEpHOCTBIO MPOCTPAHCTBA, B KOTOPOM OH omnucad. Hampumep, BbImykias
oboouka Tpex Touek B R3, He nexarux Ha oiHOM NPSAMOit, Oy/IET TPEYTONBHUKOM,
T.6. JBYMEPHBIM MHOTOIPDAaHHHMKOM, JIeKAIleM B TPEXMEPHOM MPOCTPAHCTBE.
JelicTBUTEeNbHAsT Pa3MEPHOCTh KOPHEBOTO MOIyMETPUUYECKOIO0 MHOTOTPaHHHUKA
cocrasiser n(n + 1)/2, a uucno dacer pasHo 2n2.

[TpuHIMTHAIBHBIM OTIIMYHEM KOPHEBOTO TTOJIyMETPUYECKOTO MHOTOTPaHHHKA

OT paHee pAcCCMOTPEHHBIX SIBJIIETCS TOT (aKkT, 4TO HE BCE €ro BEpUIMHBI

nenoyncieHHsie. Ha camoMm nene, kak ObLIO ycTaHOBIEHO B pabote [29], oHun

SBJISIFOTCA HOJ'IyIIeJ'H)IMI/I: KOOpJAWHAThl BEPUIMH MPUHHUMAIOT 3HAYCHUA U3
1

MHO>KECTBa {0, > 1}. Bce Bepiunab RMET,, noinHOCTBIO onrcansl [35], B yacTHOCTH

LEJIOYHNCIIEHHbIE BEPIIMHBI OIPEICISIOTCS B COOTBETCTBHHM CO  CIIEAYIOIINM

YTIBEPKJICHHUEM:!

Teopema. Mmuooicecmeo YeNoUUCTEHHbIX 6EpPUIUH KOpHe8020
noaymempuueckoeo muoeoepannuxka RMET, cocmoum uz 2™ mouek, xaxcoas us
KOMOPbIX umeem KOOpOUHAmMbl

Xij =X %5 Vg = (1= %) %5
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ziy=x- (=)t =(1-x) (1-xy)

Takum o00pa3oM, KOOpAWHATHI HeNbIX BepmmH RMET, HampsMmyro
OIIPEJIEIISAIOTCS YePe3 3HAUEHUS AUAroHaIbHBIX KOOPIUHAT X ;.

A Temepp mepeiiieM K HENOCPEICTBEHHOMY IIPUMEHEHHIO KOPHEBOIO
MOJIyMETPUYECKOTO MHOTOI'PaHHMKA. Y CTaHOBUM CBs3b Mexxay RMET, u 3anaueit
0 paspese.

Kaxnomy noagmuoxectBy S © N, (T.e. KakIoMy pa3pes3y B IOJHOM Tpade)
COTIOCTAaBUM IIENYIO BEpIINHY MHOTOrpanHuka RMET,, 1o ciienyoiemMy npaBuiy:

1, ecaui € S,
{0, ecnn i € N\S.

IIpou3BosibHOMY B3BEIICHHOMY HeopueHTHpoBaHHOMY rpady G = (V,E) Han

Xii =

)

epmunaax (|V|=n,C:E - R;,) comocraBuM LEneBoi BekTop ¢ € ]R‘*"Z, BCE
KOOPJMHATHI KOTOpOoro paBHbI 0, KpoMe
VijUsi<jsm) g,=z,={Gr  compeioGeEr
, B IPOTHBHOM CJIy4ae.
PaccmotpuM meneByio dymkmmio f = (é,x). Herpymo yOemurthes, €TO
3HAYEHHE TOCTPOCHHON JaHHBIM 06pazoM (yHKIHMH f(Z) B HEKOTOPOH Iemoif
BeplIMHE Z MHororpaHHuka RMET, B TOYHOCTM paBHO BeNHWYMHE pa3pes3a
COOTBETCTBYIOIIEr0 3TOH BepmmHe. TakuM o0Opa3oM, 3aaya 0 pa3pe3e CBOAUTCS K
3aJa4e ONTUMH3ALUH JMHEHHON LeNeBOH (YHKIIMU Ha MHOYKECTBE LEJIbIX BEPLIMH
KOPHEBOI'O TOJIyMETPUYECKOTO MHOTOIPAaHHHUKA, T.€. K 3ajadye LEJIOYUCICHHOTO
JUHEHHOTO mporpamMMmupoBanus Ha RMET,,.

O0o3HaunM  uepe3 Z  MHOXKECTBO  LIEJNbIX  BEpPIIMH  KOPHEBOTO
MOJIYMETPUYECKOTO MHOTOTPaHHMKAa W IIOCTPOMM €ro BBIMYKIYIO OO0OJOUYKY
RMETZ = conv (Z). Bepmmusl RMET,? 01HO3HaYHO COOTBETCTBYIOT MHOKECTBY
BCEX Pa3pe3HbIX BEKTOPOB IIOJIHOTO rpada 1, COOTBETCTBEHHO, MHOXKECTBY BEpIINH
pa3pe3Horo MHororpanHuka. Ecii ObITh TOUHEE, CYIIECTBYET JIMHEeHHas OMeKIus
mexny RMET,? w CUTy,,,, y4uTbIBas, 4TO YHCIIO Pa3pe30B B MOJHOM Irpade Ha N
BepiuMHax paBHo 2"71[11]. A ecnu OwiTh eme TouHee, RMETZ cosmagaer c
MHOTOTpaHHUKOM BQP, npyroil M3BecTHON ONTUMHU3AIIMOHHON 3aJaud: 3amadu
OyneBa  KBaIpaTHYHOTO  MPOTPaMMHPOBAHHSA, KOTOPBIH, COOTBETCTBEHHO,
HaXOJMTCs B OMEeKTHBHOM cooTHOImeHn! ¢ CUT,, 1.
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Ecnu cunrtaTh, 9TO 32 BEpIINHBI MHOTOT'PaHHUKA MBI IIPHHUMAEM MHOYKECTBO
BO3MOXHBIX PEUICHUM 3aJayd, TO KOPHEBOW IOJyMETPUYECKUH MHOIOIDAHHUK
IIOJIy4UTCS B TOM Clly4yae, KOIa Mbl JJOIyCKaeM B 3aJlaue O pa3pes3e CyLeCTBOBAHUE
HELEJIOYHUCIICHHBIX PELIECHUN: BO3MOXHOCTb «pa3pe3aTb) HEKOTOPYHO BEPIUHHY
rpaga momojiaM W BKJIIOYUTH ¢ B 0o0a mommHoxkecTBa P u . MHOrorpaHHUKH,
KOTOPBIE MOJIY4ar0TCA U3 3a7a4 UCKIIOYEHUEM OTPAHUYEHUS O LIEJIOYUCIEHHOCTH
BO3MOJKHBIX DPELICHHH HAa3bIBAIOTCS PEITAKCALlMOHHBIMM MHOTOTpaHHUKamu. Tax
KOPHEBOM  MOIYMETPUUYECKUII MHOTOTPAHHUK  SBISETCS  PEIaKCALlUOHHBIM
MHOTOTPaHHMKOM 33Jaud o pas3pe3e (M 3amaun  OyneBa KBaJpaTHYHOIO
MPOrpaMMHUPOBAHUS B CHITY BBIILIECKa3aHHOTO).

BesycnoBHO, moo0OHast KOHCTPYKIHSI HE MO3BOJIUT HaM HAIMPSIMYIO PEIIUThH
3a/ady o pa3pese, TaK Kak 3a7ada [eJIOYHNCICHHOTO IPOTPaMMHUPOBAHHS M B O0IIEM
cilyyae U Ha KOPHEBOM IOJIYMETPUYECKOM MHOTOrpaHHUKe saBisiercsi N P-1moaHoi.
OjiHaKo OHa JaeT HaM HOBBIM MHCTPYMEHTApHA, KOTOPBIH MOXKET ObITh IPUMEHEH B
HEOXHUJIAHHBIX HalpaBleHUsIX. Tak, pacCMOTPUM 3adauy 00 OpUeHmUpPOBAHHOM
MaxkcumanabHom paspese B cienyromeii popmynuposke [35]

3aoanwi: opuenmuposannwiii 2pagh G = (V, A) u nexomopast pynkyus C: A -
R, xaorcoou dyze uz A (ynopsioouennoi nape eepuwun {i,j}, maxux umo i,j €
V,i #j) conocmasnsiowas neompuyamenvnoe oOeiicmsumenvioe uucio C;;,

Ha3zvleaemoe 6ecom Oyzu

Tpebyemcss natimu maxoe pazbuenue MmHodcecmea Y3108 V  na Oea
Henepecexkarowuxcsi noomuoxcecmsa P u Q (opuenmuposannulii paszpes), umoouvl
8eIUYUHA

Cy= Y Gy
i€P,jEQ i€Q,jeP
ObLIA MAKCUMATLHOU.

OnpenenuM 1eneByio (yHkimio f = (¢,X) ¢ LENeBBIM BEKTOPOM ¢ =

(% Vijr 21yt jpi,J € Ny), monokus
2 =Cijyij=—Cijlj €Ny (0 # ),
a OCTaJIbHBIE KOOPIMHATH! PaBHBIMHU HYIIIO.

Herpynuo y6emuthes, uto 3Hauenue f = (¢, x) B uensix sepumaax RMET, B
TOYHOCTH COBIIAJaeT C 3HAYCHHEM BEJIMYMHBI OPUCHTUPOBAHHOTO MAaKCHMAJIbHOTO
paspesa.

J171s1 KOPHEBOTO MOJYMETPHYECKOTO MHOTOTPAHHHKA U3BECTHO, YTO
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Teopema (Bonmapenko). Eciu 01 Hekomopozo yenesoeo eekmopa ¢
8bINOTHAEMCA YCI08UE
VijEN, (i #)) Xij+1li;=Vij+2

MO Ha KOpHegoM norymempuieckom muoeozpantuxke RMET, yeneeas ¢hynkyus f
(€, x) oocmueaem ceoeco mMakcumMyma cmpo2o 6 yeioii epuiuHe.

TaxuMm 00pa3zom, 3a/1aua 0 MAaKCHMaJIbHOM pa3pe3e B OPHEHTHPOBAHHOM Tpade
CBOAWTCA K  33aJa4e JIMHEHHOTO  TNPOTPaMMHUpPOBAHMS Ha  KOPHEBOM
[IOJIyMETpUYECKOM  MHororpanHuke RMET,, a 3HAuuT IOJIMHOMHUAIBHO
paspemmMma.

Jpyroe uHTEpECHOE CBOMCTBO KOPHEBOT'O MOJIyMETPUYECKOTO MHOIOIPAHHUKA
CBSI3aHO C ellle OJHOW 3alavell Ha IeNbIX BEpIIMHAX: 3adauell pacno3HaéaHus
yenouucnennocmu.

ITycmb P — nexomopwlil knacc ebinyknvix mMuozozpanuuxo. Ilycme P € P u Z
— murodxcecmeo ecex yenvix mouex uz P. ITyems f(x) = (c, x) nexomopas nunetinas
yenesas ynxyus. Tpebyemcs 6biacHUMb . 6bINOIHACMCA U PABEHCHIBO

maxj/(x) =maxj(Zz).
XEM f( ) Z€EZ f( )
ﬂJ’IH peuicHus 3aJladud  pacrio3HaBaHUsd LCJIOYHUCICHHOCTH HeO6XO,HI/IMO

OTBETUTb Ha BOIIPOC: «CCTh JIK CPCAU BCPIINH, HA KOTOPBLIX 3aJaHHas JIMHEHHAs
neiacBas (byHKHI/IH JOCTUTACT CBOCTO MAKCUMYMaA, XOTA OBI OJHa uenaﬁ‘?»

Iloctpoum HOBBII MHoOrorpanHuk MET,, mnonydeHusli u3 RMET,
HAJIO’KEHUEM JOTMOIHUTEIBHBIX OTPaHHYCHUN

)

xi,j + ti,j + Xik + ti,k + yj,k + Zj,k <
xi,j + ti,j + Yik + Zik + xj,k + tj,k <

2
2,
YijtzZij+ Xig+ i + X+ G <2,
VijtZij+ Vi + Zigg + Vjix + i <2

JUTS KaxI0¥ Tpoiiku mHAekcoB 1 < i < j < k < n.

HerpynHo mpoBeputh, 4to Bce neible BepminHbl RMET, ymoOBIETBOPSIOT
HOBBIM OIPaHUYEHUSM U, COOTBETCTBEHHO, ABIIOTCA BepmnHamu MET,. Takum
0o0pazoM, MHOTOTPaHHHUK MET, Ttakke SBIAETCA  pEIAaKCalMOHHBIM
MHOTOTPaHHHKOM 33/1a4¥ O Pa3pe3e U Ha3bIBACTCS METPUIECKUM MHOTOTPAHHUKOM.
B cBoio ouepenb, MOMOJHUTENBHBIE OTPAHUYCHUS, MEPEBOAAIINE KOPHEBOH
MOJIYMETPHUYECKHH MHOTOTPAHHHK B METPHUYECKHH, HOCST Ha3BaHUE «HEPABEHCTB
TPEyroJIbHUKAY.
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CUT,41~BQP, = RMETZ? < MET,, € RMET,.

Metpruueckinii MHOTOTpaHHHK OONamaeT psAAOM HWHTEPECHBIX CBOWCTB, B
4acTHOCTH, B padoTe [38] Obuia ycraHOBIICHA

Teopema (Bbonaapenko, YpwiBaeB). Kaoxcoas mouxka MET, sensemcs
svinyknol kombunayueu eepuun RMET, cpedu xomopuvix ecmv xoms Obl 00HA
yenas 6epuiuHa.

Jns mexotopoil numueilnod muenesoit ¢ynkuuu f(x) = (¢,x), B cuny
BIIOKEHHOCTH MHOrorpanaukos RMETZ € MET, S RMET,,, BbinonHsercs

ma x) < ma x) < ma x).
xeRM;(T{f( )< xEME)%nf( )< xeRMI)i‘(Tnf( )

PaccMoTpuM  3a7ady pacrio3HaBaHWs I[EJIOYNCICHHOCTH Ha KOPHEBOM
MOJIYMETPUUECKOM ~ MHOTOTpAHHHWKE. JIBaXKIObl pEmIMM  3a1ady JIHHEHHOTO
nporpaMMupoBanus U HailieM max f (x) va MET, u RMET,,. Ecnu

max x) < max x) < max X
xeRMET,{f( )< xEMETnf( ) xERMETnf( ),

TO, OYEBHJHBIM 00pa3oM, MakcuMyM f(X) He JOCTUTaeTCs B LENOH BepIInHEe
RMET,, n 3afaya pacro3HaBaHUs LIETOYUCICHHOCTH MPEAINOaraeT OTBET «HET».
Ecnu xe

max x) < max X) = max X
xeRMET,%f( )< xEMETnf( ) xERMETnf( ),

torpa BepmmHa MET,, Ha kotopoil f(X) HOCTMraeT MakCUMyMa, SIBISIETCS
BHYTpeHHEeH Toukoil rpamm RMET,, xoTs OBl OOHa W3 BEPIIHH KOTOPOM
nenouncieHHas (B cuiay cBoiictB MET,). Tak Kak ONTHMaJbHBIC 3HAUCHHUS
GbyHKIUE paBHBI, TO 3Ta IpaHb MakcuMmusupyer f(x) Ha BceM MHOTOIPaHHHKE
RMET,, a 3Ha4uT OTBET B 3ajjaye paclo3HaBaHUs IEJIOYUCICHHOCTH OYIeT «aax»:
cpenu BepinH RMET,,, Ha KOTOpBIX f (X) TOoCTUraeT MakCMMyMa ecTh XOTs Obl 0/JHa
nenast. 3ajada paclo3HABAHUS LEIOYUCIEHHOCTH HA KOPHEBOM MOJIYMETPUUECKOM
MHOTOIPAaHHUKE CBOJUTCA K JABOIMHOMY NPUMEHEHUIO alrOPUTMOB IHHEHHOIO
IPOrpaMMUPOBAHUs, CIEJ0BATEIBHO, OHA MOJIMHOMHUANIBHO pa3peliuMa.

Takum oOpa3oM, TOJMHOMHUAIBHO pa3pemuMoil OymeT mrobas 3amada
KOMOMHATOPHOW ONTHMHU3AIMK, KOTOPYIO MOXHO CBECTH K paclOo3HABAHHIO
nesnouncieHHocty Ha RMET,,.

JlaHHBIA pe3ynbTaT TakKe IO3BOJIAET, B TOM Ciydae, Korjaa s 3aJaHHON
meeBol (pyHKIWMM 3afada paclo3HaBaHHUA IEJOYUCICHHOCTH Ha KOPHEBOM
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MOJIYMETPUYCCKOM MHOT'OTPAaHHHUKE MPEANOaract OTBET «aa», HaNTH peUICHUeC
3a/1a4y O paspese 3a NoJUHOMUAIBHOE BpeMs. [loiyuaem npouenypy, KoTopas uin
peluT 3a7a4y O pa3pese, WIM CKaKEeT, YTO He MOXET HallTh pemieHue. B ctporom
CMBICJIE, 3TO HE AITOPUTM, TaK KaK HE TApAaHTUPYET BEPHOIO pe3yJbTara JJid BCeX
JONYCTUMBIX UCXOJHBIX TaHHBIX. Ho Bce ke 3To 3HAaYUTEIBLHO JIyqmai€, 4€M COBCEM
HUYEro (T.€. MOJHBIN mepedop).

Ynpaxuenue. Caectn TIOJIMHOMHUAJIBHO pa3penmnmMyo 3agaqy
KOMOMHATOPHOH ONTHUMHU3AIMK B (hOPME paclo3HaBaHUS K 33/1a4€ Paclo3HABaHUS
EJIOYNCIIEHHOCTH Ha KOPHEBOM IOJIYMETPUYECKOM MHOTOT'PAaHHHKE.
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12. IlonnyonpeaejieHHOe MPOrpaMMHUPOBaHKe

3agaga 0 MaKCHMaIbHOM Pa3pese NPHHAUICKHT Kinaccy NP-TpynHbIX 3a/1a4 U
JUIl Hee HE M3BECTHO HM OJHOTO AJITOPUTMAa TOYHOTO PELIEHHUS, KPOME IIOJIHOTO
nepebopa. Kak mpaBuio, B TOAOOHBIX CIydasX, €CJIM HE BO3MOXKHO 32 pasyMHOE
BpeMsl HaWTH TOYHOTO pENICHWS 3aJadd, NpUOeraloT K TaK Ha3bIBaeMbIM
anMpOKCUMALMOHHBIM WM OpUOMIKEHHBIM  (approximation  algorithms)
ITOPUTMaM, KOTOpPBIE 32 MOIMHOMHMAIBHOE BPEMsI MOTYT PEIIUTh 3a7ady C
HEKOTOPO# rapaHTHPOBAHHOM TOUHOCTHIO. [IpHBenem crporoe onpenenenre [18]

Onpeneaenne. [lycms P — 9mo Hekomopas Macco8as 3a0a4a MakCuMuzayuu,
a J - ee MHONCECMBO BO3MOICHBIX UHOUBSUOYANbHLIX 3a0ad. Ilycmb A — smo
aneopumm, KOmMopwill 01 Kaxcoou unousudyarvhou 3adayu 1 € I eozepawaem
odonycmumoe peurenue A(l) co snauenuem w(A(l)). Ilycms §:J = Ry, Hekomopas
@yHryus.

Aneopumm A nazvieaemcs §-annpoKCUMAYUOHHBIM ANOPUMMOM 0TI 3a0ayu
P, ecau bINOIHAIOMCS Cedyioujue YCro6Us.:

a) Haloemcs maxou NOAUHOM P, YUMo 01 10001 UHOUBUOYATbHOU 3a0ayu | €
J epems pabomul anzopumma A ozpanuueno ceepxy gpynxyuen p(|1|), 20e
|I| — onuna éxooa unousudyanvroi 3adavu I;
6) 0ons moboul unousudyanvrol 3adauu I € J
w(A(D) = §(Dopt(D),
20e opt(I) — smo onmumanvroe pewenue O UHOUBUOYANLHOU 3A0aYU
Mmaxcumuzayuu 1.

Takum obOpazoM, BemuunHa & 0003HAYaeT TaPAaHTHPOBAHHYIO TOYHOCTh
OpUOIIIDKEHHOTO ~ anroputMa. VIHTepeCHBIM YacTHBIM — CIydaeM  SIBJISCTCSI
nocrosiHHoe 3HaueHue § (6§ = const € [0,1]). OueBUAHO, 4TO YeM ONMKE 3HAUCHHE
8 K eOUHHMIIE, TEM BBILIE KAYECTBO AMPOKCUMAIINH.

KpaiiHe mosie3HbIM sBisieTcst 0000IEHNE ONPEAEIEHHs ISl BEPOSITHOCTHBIX
ITOPUTMOB (JITOPUTMOB, HPEITyCMAaTPUBAIOIINKI OOpallleHne Ha OIpeAeIEHHbBIX
aTanax cBoed paboThl K TaOJMIE CIyYalHBIX YHCEN JUIS NPUHATHS PELICHHH,
randomized algorithms).

BeposiTHOCTHBIM ~ §-aNMpOKCHMAIMOHHBIA ~ alrOpuT™M  JOJDKeH  HMETh
0’KHaeMO€ IMOJIMHOMHUAIBHOE BpeMsI pabOTHI M BCETIa BO3BPAIIATh TAKOE PEIICHHUE,
qTO
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E (0(4(D)) 2 8(Dopt(D).

Jlist BepOSITHOCTHBIX anroputMoB 3Hadenue w(A(I)) — 310 ciyyaiiHas
BEJIMYMHA, U MBI TpeOyeM, YTOObI ee MaTeMaTHYeCKOe OXKHJIaHUE OBbLIO XOPOIINM
NpUOIMKEHUEM TOYHOTO PEILICHNUS 3a/1auH.

Ecnmn paccMmaTtpuBarh 3agady MHHUMH3ALUHA, TO B  IPELIOKEHHOM
OTIpEJIETICHNH HY)KHO MOTPEOOBATh BHINIOJHEHNE

w(A(D) < 8Dopt(), VIET,
YTO MPUBEIALT K 5-aHHpOKCI/IMaHI/IOHHBIM aJropuTMam, rc BeJIMInHa 6=1.

ITocTpouM BEpOSITHOCTHBIN ANIIPOKCHUMALMOHHBIA ANTOPUTM AJIA 3aJadd O
MaKCUMallbHOM pa3pe3e B B3BemeHHOM rpade G = (V,E) ¢ QyHKIUCH BecoB
C:E - R,y. PaccMotpum ciydaiinyro BeauuuHy ¢ C IUCKPETHBIM pPaBHOMEPHBIM
pacnpesieneHreM, MPUHUMAIONIYI0O C BeposiTHOCThIO 1/2 3nauennst 0 wim 1
(monOpaceiBaHne MOHETKH). [ KaXk 101 BepmuHEI Tpada v € V Halinem 3HaYeHHE
&. Ecmm é(v) = 1, o v € P, B npoTuBHOM ciydae v € Q. Ha3zoBem 5TOT anroputm
FlipCoinMaxCut.

Mo3KeT [OKAa3aThCsl, YTO MOCTPOESHHBIH M0I06HBIM 00pPa30M aIrOPUTM HHKYIA
HE TOJUTCS, BEIb OH JIA)Ke HE yUUTHIBAeT Beca pedep. OHAKO UMEET MECTO

Teopema. Anecopumm FlipCoinMaxCut sersemcs eeposmuocmuvim 1/2-
ANNPOKCUMAYUOHHBIM AN2OPUMMOM O 3A0a4U O MAKCUMATLHOM paspese.

JleliCTBUTENIBHO, MAaTeMaTH4eCcKoe OXHIAHHE BEIUYWHBI IIOJTyYCHHOTO
JAHHBIM 00pa30M pa3pesa COCTaBISET

E(w(ApproximateMaxCut)) = Z (C(e) . Bep0HTHOCTb(e e E(P, Q))).
eeE
s xaxporo peodpa (i,j) € E uMeeM JIUCKPETHOE PABHOMEPHOE PACHIPEIENEHHUE C

YeTHIPbMS 3HAUCHUSIMH: [, j € P, wmni € P,j € Q,umuj € P,i € Q, mmu i,j € Q.
Taxum obpaszom,

E(w(ApproximateMaxCut)) = Z <C(e) %) = %Z C(e) = %opt(G).
e€E e€E
[TonoBuHa cyMMBI Bcex BecoB pebep B rpade G rapaHTHPOBAHHO HE MOXKET
OBITH MEHbIIE 3HAYCHUS BEJIMYMHBI MaKCUMaJbHOTO paspe3a. Takum oOpasom, B
XyIOueM ciydae pemeHue, nomydeHHoe anroputmom FlipCoinMaxCut, Gyner
OTJIMYATHCS OT TOYHOTO He 0oJiee YeM B JBa pasa.
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V3BecTHBl HEKOTOpbIE MOAU(UKAIMK aNroOpuTMa, KOTOPBIE MO3BOJISIOT
HE3HAYHUTENIFHO YIYYIIUTh TOYHOCTh €ro paboTel, Hanmpumep, nocrpoutsh 0.5(1 +
1/m)-anmpokcuManMoHHBIN anroput™, rae m = |E|. Ognako no 1994 rona ne
OBLJIO ONMMCAHO HH OJHOTO §-alNPOKCUMAILIMOHHOIO AITOPUTMa C IIOCTOSHHBIM
3HaueHueM § > 0.5.

[MpuHIMTIHATBHEIA TPOPBIB MPOW30IIIEN B 3HaMeHUTOH pabote M. 'omanca u
O. Yumesimcona [19], 3a KOTOpYIHO aBTOpBI MOJYYHIM TPECTUKHYIO HPEMHIO
QankepcoHa. 'omanc U1 YWIBSIMCOH CMOIJIM MOCTPOUTH BEpOSATHOCTHBIM 0.878-
anMpOKCUMAIIMOHHBIN aJTOPUTM AT 3312491 O MAaKCHMAJIbHOM Pa3pe3e C HOMOIIBIO
TEOMETPUYECKOW HMHTEpPNpEeTAlMy 3aJaddl W TEOPHUH  IOJIYOIPENeIICHHOTO
MIPOTPaMMHUPOBAHUSL.

UroObl  TOSICHUTH W0  MOJYONPEASIICHHOTO  NPOrpaMMHPOBAaHUS
(semidefinite programming, SDP) MbI cHauana BepHEMCsI K TPUBBIYHO M KOHIICTIIIHH
JIMHEIHOTO NPOrpaMMHUPOBAHUS

(c,x) = cTx » max,
x €ER™
Ax = b,
x=0.

UroObl mepedTH K 3ajade IOJYOIPEAEIEHHOTO NPOrpaMMHPOBAHUS MBI
3aMEHUM BEKTOpHOE IpocTpaHcTBO R™ Ha BEKTOpPHOE MPOCTPAHCTBO

j— nxn. j—
S, ={X e RV =x;}
CUMMETPHUYECKUX N X n Marpull. Matpuny A 3aMeHUM Ha JUHEWHBIH OmepaTop

A:S, > R™, a cranjaptHoe ckanspHoe npoussenenue (x,y) = xTy mag R™ Ha
CTaHJApTHOE CKANAPHOE ITPOU3BEAEHHUE IS MATPHI]

n n
— Ty —
X, Y) =Tr(X'Y) = ZZ Xij¥ij
i=1 j=1
HaJ OpocTpaHcTBOM S,. Hamomuum, uro cien kBagpaTHod marpuipsl X (trace,
Tr(X)) — 310 cCymMMa JHaroHaIbHBIX 3JTEMEHTOB X .
Haxownen, orpanmdenue x > 0 mbl 3amernM Ha X > 0, 9TO0 O3HAdaer, 4To
MaTpuia X MoJIOKUTEIHHO MOIyOIpeIeicHa.
Onpenenenue. Cummempuyeckas Mampuya HA3bl8AeMCcs NOJOHCUMETbHO
NOIYOnpeOeseHHOl, eciil 8ce ee COOCMBEHHbIe 3HAYEeHUS HeOMPUYAMElbHbl.
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Tak KakK IIOJIOKHUTECIIBHO TMOJyonIpeaACICHHAA MaTtpunia SIBJIISICTCS
CUMMETPHUYECKOH, TO MO CIIEKTPATbHON TeopeMe Bce ee COOCTBEHHBIC 3HAYCHUS —
]Iel\/’ICTBI/ITeJ'II)H]:Ie quciia, U, COOTBCTCTBCHHO, MOI'YT 6I)ITI:- CpaBHUMBI C HYJICM.
PaznnuHbie SKBUBAJIEHTHBIC q)OpMyJ'lI/IpOBKI/I TMOJIOKUTCIIBHO MOJYONIPEACICHHBIX
MaTpPHIl MOKHO 000OITUTH CIAEAYIONINM TEOPEMOK:

Teopema. Ilycme mampuya M € S,, mozda credyrwwue ymeepicoeHUs
IKBUBALEHNHBL

a) M — smo nonodxcumenvHo NOLYONPeOeieHHAs. MAampuyd, m.e. 6ce

cobcmeennvie 3navenus M neompuyamenvhbi,

6) xTMx =0, onsa eécex x € R™,;

6) naiioemcs maxas mampuya U € R™" uymo M = UTU (pasnoscenue

Xoneykozo).
Takum obpazom, MOCTaHOBKA 3aa4u MOJYOIPE/ICIICHHOTO
MPOrpaMMUPOBAHUS IPUMET BHUJT
Tr(CTX) - max,
XES,:
A(X) = b,
X >0,
rae A:S, = R™ — 370 NuHCHHEI omiepaTop.

Uzsectno [18], uTo MeToAbl BHYTpEHHEH TOYKM JUId  3ajadu
MOJYONPE/ICIIEHHOTO MPOrPaMMUPOBAHUSI MOTYT PEIIUTh 3ajady ¢ JII000H Kak
YroJHO MaJioM aJAWTHBHOW OIIMOKOW € (COOTBETCTBEHHO C JItOOOW Tpedyemoit
TOYHOCTBIO) 32 BpeMsi, TIOJIMHOMHAIBHO 3aBUCSIIEE OT JUIMHBI BXOAa U (YHKIHHU
logi. [Togo6OHast OlLEHKA CIOKHOCTH HECKOJIKO HENpHUBBIYHA, OCOOEHHO TOCIe
33724y JITHEHHOTO MPOIpaMMHUPOBAHUS, UIs KOTOPOH 3a MOJMHOMUAIBHOE BpeMs
MOXHO HaWTH TO4YHOE pemeHne. Ho nmpuMeHeHHe MeToJI0B IOJIyOIpeelIeHHOTO

NpOrpaMMHUpOBaHus KpaiiHe 3((GEKTUBHO VISl MOCTPOEHHS aIllpPOKCHMAMOHHBIX
ITOPUTMOB PELICHUS CIIOKHBIX 3a/1ad.

CezeM 3aady O MAaKCHMAlbHOM pa3pe3e K 3aJade MOJyOIpeAeiIeHHOTO
MIPOTpaMMHUPOBAHU 3a HECKOJIBKO mIaroB. [Ipexae Bcero copmynupyem 3amady o
paspese B GopMe 3aqaud yCIOBHOW ONTUMH3AIMU. [1ycTh MHOXKECTBO BepIiiuH V
rpaga G pasHo V = N,,. BBesiem HOBbIe epeMeHHbIE
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X1, X3, e, Xy € {—1,1}.
Kaxknoe Ha3HaueHHe dTHX NepeMeHHbIX KoaupyeT paspes (P, Q), rae
P={ieVix;=1}, Q={jeVixj=-1}.
ITycts C; ; paBHO Becy pebpa (i,)), eciu 310 pebpo ecThb B rpade G, U HyIO B
OPOTHBHOM citydae. Toraa Bennunna

1—x;x;
C”'( 2 l 1)

B TOYHOCTH COOTBETCTBYeT BKIany pebpa (i,j) B COOTBETCTBYIONIUH pazpes.
JeiictBuTensHO, eciu mapa (i, j) He sABiseTcs peOpoM, MM HE BXOJHT B pa3pes, TO
Ci; = 0 nnu x;x; = 1, v BKIaz pebpa B BEJIMYMHY pa3pesa paBeH Hyio. Ecim ke

pebpo (i, j) monano B paspes, To X;X; = —1 n BKIax pebpa cocranser C; ;.
TaxuMm 00pa3oM 3aa4a 0 MaKCUMaJILHOM pa3pe3e IPUMET BHT
1- .xin
D (5 ) = ma
i<j
X1, X2,y X € {—1,1}
O0603HaunM 3Ty 3agauy kak CO(G) (ot constraint optimization).

A Temepp KIIOYEBOHM IIar: Mbl COCTaBUM 3aJady IOJIYOIPENeICHHOTO
MPOrPaMMUPOBAHMS, PEIIEHUE KOTOPOH OylneT BEpXHEW OIEHKON Ha BEIUYHHY
MaKCHMaJIbHOTO paspe3a B rpade opt(G). dns 3Toro Mbl 3aMEHHM KaXIylo
MepEeMEHHYIO X; Ha BEKTOp U;, IPUHAUISKAIINHA eqMHIIHOHN (n — 1)-MepHO# cdhepe

u; € S" 1 = {u e R™ ||lul| = 1}.
Torna 3agaga npuMeT BT
c 1—uly
Z i (T) - max,
i<j
Up, Uy, .o, Uy € STTL
Oty 3amady obo3naunm kak RCO(G) (ot relaxed constraint optimization).

Vuuteias ToT Qakt, uyto chepy S° ={—1,1} moxno Bnokure B S"7! ¢
nomoieto otodopaxenus 7:x — (0,0, ...,0,x), MBI MoJdy4aeM CIEAyIOMIee BaKHOE
CBOWCTBO: ecinu (Xq,Xy, ..., X,) — 3T0 pomycTumoe petieHre CO(G) ¢ 3HaYeHHEM
eNeBoi GpyHKIUN
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1—x;x;
XIS

i<j
10 (7(x1),7(x3), ..., T(xy)) — 310 momyctumoe pemienne RCO(G) ¢ 3uaueHueM
neneBoi GpyHKImMn

i<j i<j

Takum o0pazom, 3agaua RCO(G) sBasercs penakcanueit 3amaun CO(G), Tak
Kak UMeeT 0OJIbIIe JOMYCTUMBIX PEIICHUH, CJIeJOBATEIBHO, €€ PEIIEHHE HE MOXKET
ObITH MEHBINIE YeM BEJIMYHMHA MAaKCHMalbHOro paspe3a opt(G). Ortmerum, urto
3HayeHue neiaeBoil Gpyuakiuu RCO(G) o mpexHeMy OTPAHUYCHO, TaK KaK uiTuj >

—1 st Beex i, J.
OcTaeTcs BBINOIHUTB €I BCErO O/IHY 3aMEHY IEPEMEHHBIX X; ; = U] U;, 1 MBI
NPUAEM K 3a7a4e HoJIyoTpeielieHHOro porpammupoBanus SDP(G):

Z C: . <ﬂ) — max
L] 2 ’

i<j

X =0.
JelCTBUTENBHO, TAK KAK X; ; = uiTuj, MBI UIMEEM
X=UTU,
rae Matpuna U mosrydeHa u3 CTOJIOLOB Uy, Uy, ..., Uy. DTO PASIOKEHHE XOJIEIIKOTO

M, COOTBETCTBEHHO, MaTpHLia X MOJIOKUTEIBHO TOJTYOlPEAeIcHa. YPaBHEHNS X;; =
1 BBITEKAIOT U3 yclaoBus u; € S™1,

Tak kak 3amaua SDP(G) MMeeT AOMYCTHMbIC PEIICHUS C TEM KE 3HAYCHUEM
ueneBoil pyHkuuu y = opt(G), uro u RCO(G), Mbl MOKeM 33 MOJIMHOMHAIBHOE
BpeMs HalTH Takyto MaTpuity X* > 0, 4To x;; = 1 and Bcex i, U 3HaYEHHUE LIENEeBOI
¢ynkiuu SDP(G) cocraBisier He MeHee Y — € i Jitoboro € > 0. Tarke 3a
nojuHoMuanbHoe Bpems O(n3) MOXKHO MOCTPOUTH pasioxkeHue XOJELKOro Jyls
maTpunsl X* = (U*)TU* [18]. Torga crombusl uj,u, ..., U, — 3TO €IUHUYHBIE
BEKTOPA, KOTOPBIE AAIOT MPUOIMKEHHOE pelIeHue
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1— )T
ZCi,j<—( DY

> >ZV—620pt(G)—€.
i<j

HamomuuM, uto MbI XO0TUM petuth 3amauyy CO(G) ¢ HEM3BECTHBIMU X; 3
mHoxkecTBa S° = {—1,1}, Habop 3HaueHHIi KOTOPBIX onpeaenset paspes (P, Q), rae
P ={l S VZXL' = 1}

Y Hac ecTh NpUONMKEHHOE pellleHHe penakcannoHHoi 3amaun RCO(G) c
BekTOpamu petienuii u; € S™ 1. Teneps Ham TpeOyercss oTo6pasuth chepy S 1
o6patHo Ha S° ¥ TIPU 3TOM He CHIIBHO MCMOPTHTH 3HAUEHHE IIENEBOH (DYHKIMH.
BriGepem p € S™1 u onpeienum otoGpaxkeHne

}LI,:S"_1 - S5O

1, ecmupTu > 0,
Apu) = {—1 ;

B IPOTHBHOM CJIyyae.
JlaHHas mpolieypa Ha3bIBAETCsl BEPOSITHOCTHBIM OKPYTJICHUEM.

C reoMeTpuyecKoil TOUKU 3pEHMs CUTYaIMs CIeAYIOmast: BEKTOp p pa3OuBaeT
chepy S™1

Ha 3amkayryro monycpepy H ={u € S" L:ipTu >0} u ee
nononHenue. Bektopa u3 H otobpaxarorcs B 1, a BekTopa U3 nonojiHenus k H B
—1 (Puc. 15).

Ocraercst TOJIBKO BBIOpaTh BEKTOp p. MblI OymeMm 3TO jaenaTh CilydalHBIM
ob6paszom. Eciu 6bITh TOuHee, BbIOepeM ciydaiiHoe p € S™! ¢ HenmpepbIBHBIM
PaBHOMEPHBIM pacipeeeHne BepostHocTd. Toraa umeer mecro [19]

Jlemma (I'omanc, YuabsimcoH). [lycms uj, u]’-‘ € S™ 1 moeoa
BepOATHOCTH (4, (u; Y )) = 7rarccos u;) ).
JleMma naetT Ham 3Ha4Y€HHE BEPOSATHOCTH TOTO, YTO MPHU OTOOpaKeHHH A,

paspes. Torna MAaTeéMaTUYCCKOC OXUAAHUC BCJIUYUHBI IMOJTYYECHHOI'0 pa3pe3a
COCTaBUT

arccos((u}) )
Z Cl,j - |-

i T
i<j

BEPILIUHEI [ U j MONAayT B pa3HbIC IMOJAMHOXKECTBA, a 3HaYuT pedpo (i,j) BoimeT B
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Puc. 15. Tlpumep BEpOATHOCTHOTO OKPYTIICHUS

Ocraercst TeXHHUYECKasl 4acTh, YTOOBI OIIEHUTH TTOJTy4eHHYI0 cyMMy. HasoBem
OTIFICAaHHBIN ANTOPHUTM pemtieHns 3a1auu o pa3peze SDPMaxCut, Toraa BermonHeHa
[19]

Teopema (I'omaHc, YHIBSIMCOH). Mamemamuyueckoe 0#CUOAHUE GETUHUHDL
MaKcuManrbHo2o paspesa, noayiennozo no arzopummy SDPMaxCut cocmaensiem

arccos((u)™u}) 1- W)y
Z Cj\—— — )=

> 0.878567232 Cij 2

i<j i<j
> 0.87856723(opt(G) — €) = 0.878 opt(G),
ecnu 6vibpams 3navenue € < 5 X 1074,

ITomyqaem BeposiTHOCTHBIN (.87 8-annpoxcHMallMOHHBIM alTOPUTM pEIeHUs
3alaud 0 MAaKCHMalbHOM pa3pes3e, KOTOPbI 3HAUUTEIbHO MPEBOCXOIUT IO
TOYHOCTHU BCE HET€OMETPUUYECKUE AJITOPUTMBI.

Bomnpoc 0 BO3MOKHOCTH  TOCTPOCHUS b6oree 3 PEKTHBHBIX
aIMpPOKCUMAIIMOHHBIX aJTOPUTMOB UL 3aJladd O pa3pe3e OCTAeTCS OTKPBITHIM.
V3BecTHO, YTO 3amada HAXOXKACHUS IPHOIKEHHOIO DEIIeHUS Ul 3aJadd o

16 .
MaKCHMAJILHOM Pa3pe3e ¢ TOYHOCTBIO BBIINIE - ~ 0.941 ssnsercs NP-TpynHOi

3amaveii. Ecnu ke BepHa Tak HaspiBaeMmas «Unique games conjecturey» [24], To
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nosydeHHoe ['omaHcOM U YHIBSIMCOHOM NPUOIDKEHHE ABISETCS HAWIYYIINM W3
T€X, YTO MO>KHO HAMTHU 3a OJIMHOMUAIIBHOE BpPEMs.

[IpopeiBHOM  pe3ynbraT Tomanca W YWIbSIMCOHAa  CTHUMYJIHPOBAI
3HAYUTEIBHBIA HHTEPEC K pa3paboTKe anmpoKCHMAMOHHBIX aITOPUTMOB IS 3a/1a4
KOMOMHATOPHOH ONTHMH3allM{, OCHOBAaHHBIX Ha HAEIX MOJIYOIPEICICHHBIX
penakcanuii. B wacTHOCTH, IpHOIImKEeHHBIE anropuT™bl aHaornaasie SDPMaxCut
OBUTH MTOCTPOEHBI VISl TAaKUX 3a]ad KOMOMHATOPHOW ONTHMH3ALMK KaK pacKkpacka
3-XpoMaTu4eckoro rpada, MakCHMHU3alus KBaJpaTHUHOH (opMbl Ha rpade u
MHOTHX Jpyrux. bonee moapoOHo ¢ 31oit TeMaTHKOil MOXKHO 03HaKOMHThCA B [18].
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