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BBenenue

[Tocobue o mpakTuyeckomy Kypcy «Teopust yHKIUI KOMILJIEKCHOTO
[IEPEMEHHOr0» (BTOpas 4acTh) COAEPXKUT Pa300p 3a/a9 U 3aJaHus JIIs
CaMOCTOATEIbHOM paboThl. BKITIOUEHBI TPUMEPHBbIE BAPUAHTHI KOHTPOJIb-
HBIX PabOT U MPUMEPHBIN BAPUAHT SK3aMEHAITHOHHON paboThl. MaTtepuaJt
BTOPOI YaCTU CBsA3aH, BO-TIEPBBIX, C TEOPHUEi BBHIYETOB, T. €. ¢ pa3bopoM
BOIIPOCOB, CBSI3aHHBIX C KJIacCUDUKaIIIell H30JIMPOBAHHBIX OCOOBIX TOYEK
OJIHO3HAYHOW aHAJTUTUIECKON (DYHKIUH, C OIpeJIeJIeHINeM U BBIYUCIECHN-
€M BBIUETOB. 371eCh Ke OyJeT pacCMOTpPEHa OCHOBHAsI T€OPEMa, TEOPUU
BBIUETOB U €€ MPUJIOYKEHNE K BHITUCICHIIO MHTerpasioB. OTaebHast Tia-
Ba, HOCBSIIIEHA OIPEJIETEHUIO JIOTAPUMMUIECKOrO BbIUETa, 00CYKICHUIO
TeOpEeMBI O HYJISIX U [TOJIFocax U TeopeMbl Pyitiie. Bo-BTopbIX, MbI 00Cy UM
OIIpejieJIeHrEe U CBOMCTBA KOH(OPMHBIX OTOOPAaXKEHU U HAYIUMCs CTPO-
ATHh OTOOParKEHUsI, IEePEBOJIAIIIE OJHY 33 JaHHYI0 00JIaCTh B JIDYTYIO.

Kak Bcé HauymHaJ10Ch

B 1545 r. Beinuia B cBer Kaura «Besmkoe uckyccrsoy (“Ars magna”)
3HAMEHHUTOIO UTAJIbsiHCKOro Maremaruka Jlxeposamo Kapmano (1501—
1576). B ocHOBHOM OHa 6bLIA HOCBSIIEHA PEIIEHUIO ypaBHeHuil 3-it u 4-it
crerneneil. Kaura okasajach noucrune Bejukoit. OHa u apyrue pabo-
Te1 Kapgano ceirpaiu  OOJIBIIYIO POJIb HE TOJBKO B COBPEMEHHON emy
maremaTuke X VI Beka. [loxkaityit, HacTosImas 3HAYUMOCTD UX It POP-
MUPOBaHUS ajredPhl KaK HAyKHW ObLIa OCO3HAHA TOJBKO K XIX Beky.

YestoBE1ECTBO JOCTATOYHO €CTECTBEHHO BBEJO B ymoTpebsieHne Ha-
TypaJbHbIE YUCJIA, UCIOIb3yEeMbIE JJIsI CUETA, U ITOJIOKUTEJLHBIE PAIH-
oHaJIbHbIE. MBI HE Oy/IeM 3/1eCh OCTAHABIMBATLCA HA BOIPOCAX MEPBOTO
KPU3UCA B UCTOPUU MATEMaTUKU, CBSI3aHHOIO C UPPAIMOHAbHBIMI IUC-



stamu. Ceifuac pedpb UIET O TOM, UTO TSXKEJIO BXOJIUJIU B MCIIOJIb30BAHLE
OTpHUIIATEIbHBIE YUC/IA U, KOHEYHO, KOMILJIeKCHbIe. Kapnano B «Beaukom
HUCKYCCTBE» PACCMATPUBAECT OTPUIATEIbHBIE UHC/IA, HA3bIBas UX «UH-
CTO JIOXKHBIMU», U KOMILIeKCHBIe uncia. [locmeaane Kapaano HaspiBaer
«tmoucture coducrudeckumuy. OHAKO B KHUTE COJEPKUTCS yKa3aHUE,
YTO KBaJIpDATHOMY yPaBHEHHIO, HE MMEIOIIEMY JIefCTBUTE/IbHBIX KOPHEIA,
MOXKHO IPHUIUCATH KOMILIEKCHbIe KOpHU. OH IIpejjaraer ornepupoBaTh
¢ «CO(PUCTUICCKUMU» YUCTAMU O TIOHATHBIM €CTECTBEHHBIM ITPABUJIAM.
IIponomxarenem uccnenosanmit Kapmano n uraibsaHCKON MIKOJIBL aared-
pancros crai Padasis Bombesm (1526-1572) . B ocnoBHOM Tpyme «AJr-
rebpay OH PAcCCMATPUBAJ OTPUIATENIHHBIE U KOMILJIEKCHBIE UHCJIA KAaK
JierajibHble OOBEKTHI. 3JIeCh BIEpBble ObLIN C(HOPMYIMPOBAHbI Ha30BbIE
[paBUJIa JAeHCTBUIl ¢ MHUMBIMA YUCIaMU. BoMOe/LIn TPUMEHMIT STH 1Ipa-
BUJIa K MCCJIEJIOBAHUIO HEMIPUBOIUMBIX YPABHEHUN TPeTheil CTereHu.

B XVIII Beke nosiBISIOTCST PAOOTHI, COTEPKAIINE HHTEPIIPETAITIH KOM-
IUIEKCHBIX YHCel W ommcaHue jeficrBuii Haj Humu. [losHoe obocHOBa-
HU€ TEOPUU U TeOMETPUIECKYI0 MHTEPIPETAINI0 KOMIIJIEKCHOTO YUCTIA
MBI HaXOAuM B «Teopun OMKBaIpATHBIX BBIUETOB» — Tpyae Kapia Opu-
npuxa Faycca (1777-1855). B 1799 romy um Hanucana JIOKTOPCKAsl JIUC-
cepralysi, OCBAINIEHHAs JO0KA3aTEIbCTBY OCHOBHOM TEOPEMbl AJIN€OPHI.
B «Apudmernueckux uccieoBaHusIX» laycc MpUMEHMT KOMILIEKCHBIE
KODHHU U3 €IMHUIIBI JJIsi [IOCTPOEHUST TPABUILHBIX MHOTOYTOJBHUKOB.

BoJibinioe 3HaveHue Jijisi pa3BUTHS TEOPUU aHAJIUTHIECKUX (DYHKITUI
umesn uccrenoanus Jleonapna Ditepa (1707-1783), cBsizaHHBIE € €10
METOJAMM BBIYMCJIEHHS OIPEICICHHBIX MHTerpaaoB. B paborax Ditrepa
BBEJICHBI MOHATHUS (PYHKIIUN KOMILJIEKCHOTO apryMEHTa, JaHbl yCJIOBUSI
guddepeHImpyeMocTi. 3aHNMAsICh BOIIPOCAME KapTOTpadui, OH OIpe-
JIETTUIT TIOHSATHE OTODPAXKEHUsT «ITOJO0HOTO B MaJIoM». BriocseicTBun oHI
Oy/yT Ha3BaHbI KOH(OPMHBIMHA. Diijlep Hava I IPUMEHSTh (DYHKIIUU KOM-
ILUIEKCHOT'O apryMEeHTa B UCCJIEIOBAHUSX 0 TUIPOIAHAMUKE.

B XIX Beke passurue TOKII B ocHoBHOM cBsizaHo ¢ mmeHamu Orto-
crena Kommu (1789-1897), Kapua Beitepmrpacca (1815-1897), T'eopra
Bepuxapna Pumana (1826-1866). B csoux paGorax, madunas ¢ 1826
roga, O. Komm cospmaer teopuro BbrderoB. OH BBOAMT TepMUH B Ha-
yaje uccienoBanuil, usydas passocru (“résidus” wim “residuum”) un-
TErpaJioB MO KPUBBIM, UMEIOIIUM OOIIye Hadaa 0 U KoHer. B obsactb
MeKJly KPUBBIMU IIOIIaI0T 0coOble TouKu. B nukire crareit O. Komn
CTPOUT TEOPHIO PSJIOB M 3JIEMEHTAPHBIX (DYHKIUN, (DOpMyIUpyeT WH-



Terpayibuyio dopmyiy. B 1841 romy Beiiepmrpace 06061maeT Teopemy
Komm o paznoxkennn yHKIME B CTENEHHON psif Ha caydail hyHKIINU,
HemnpepbIBHOM u nuddepeHiupyeMoil B KoJiblle. Bo3nukaer psiz, comep-
JKAInii TOJIO’KUTENIbHBIE U OTPUIIATEIbHBIE cTernenn nepemennoii. Hesa-
BucuMo ot Beiteprirpacca, psn 6but zHaiizen [Isepom Asbdonrcom Jlopa-
HoM (1813-1854), nmMsi KOTOPOro TOT psiJ cefivac Hocut. PaGorsr Beitep-
mrrpacca chOpMUPOBAJIH [TOIXO, OCHOBAHHBII HA MOHATUU PABHOMEDHOMN
CXOIMMOCTH, a IMOTOMY B €r0 OCHOBE JIE2KUT BO3MOYKHOCTH IIPEJICTABIIE-
Husa GyHKIUH cTeneHHbIMT psagavu. Puman B 1851 romgy 3ammumaer 10K-
TopcKyto muccepranuio «OCHOBBI 001Ieil Teopun (DYHKIUU OJTHON KOM-
ILJIEKCHOI 1iepeMeHHOi1». OH IPeIoXKIII ¢ KaXK 10 (PyHKIINEH KOMILIEKC-
HOT'O IIEPEMEHHOI0 CBS3BIBATH IIPeJCTaB/ieHne 00 OTOOPayKeHWH OHOMN
obJtacTu Ha Apyryr. Puman pazpaborasn Teoputo KOH(MOPMHBIX 0TOOpa-
JKEHU, BBEJI MOHSATHE PUMAHOBOI MOBEPXHOCTH, 3aHUMAJICS BOIIPOCAMU
OCHOB TE€OPHUH AHAJUTUIECKUX (DYHKIINIA, TOJOXKII HAYAIO T€eOMEeTPUIe-
cKoit Teopuu pyHKIHIA.

Wcropust Teopun aHAJIMTUYIECKHUX (DYHKIUI CBsI3aHa CO MHOTMME UMe-
HaMu. MBI KpaTKO ONUCca/M BKJIAJ] TOJBKO HECKOJIBKUX yIeHBIX. MOXKHO
PAaCCKa3bIBaTh O JIUCKYCCUU II0 TIOBOJLY JIOTapPU(PMOB OTPUIIATETbHBIX TN~
cen B nepermcke I. Jleitbaura nu W. Bepmrynnau, rosoputs o pemrenun
3a/la9l O KOPHHAX M-Il CTelneHn M3 KOMILJIEKCHOIO 4ucja B paborax aH-
rmiickoro Mmaremaruka Abpaxama e Myaspa, o nukJie pabor I1.-C. Jla-
IIaca ¢ HOBBIM METOJIOM DeIlleHUs PA3HOCTHBIX U JudhepeHImabHbIX
ypaBHeHWUil, 0 craThax [lyaccoHa o pacupesenennn 3J/eKTPUIECTBa Ha, 10~
BEPXHOCTH ITPOBOJIHUKOB U T. II.

B 1826 romy mosBuiach pabora H. . Jlobauesckoro, comeprkarias
OJIHO W3 CAMbBIX 3aM€YaTeJIbHBIX OTKPBLITHII B HCTOPUU HAyKHU — HEEB-
KJIMJIOBY T€OMeTPHUI0. B TeueHune JiecsTUIeTHI TIPUIILJIO IOHUMaHUe, 9TO
reOMeTpHsl TEOPUU aHAJIUTHIECKUX (DYHKIUI OIHOI MepeMeHHO! U ecTh
reomerpus Jlobauesckoro. Paborer II.JI. Yebbrmesa u I. Pumana mo-
CJLy?KUJIN OCHOBOM JIJIS TOSIBJIEHUSI AHAJUTUIECKON TEOPUU UUCET, UC-
MTOJIB3YIOIIell METO/IBl TEOPUH AHAJTUTUYECKUX (DYHKINNA KOMILJIEKCHOI'O
aprymenTa. Haunnasi, Bugumo, ¢ Beiiepirpacca obiasi Teopust aHAJIM-
THYecKux (PYHKIUIA cTajia yHuBepcuTeTrckuM KypcoM. B Tlerepbyprekom
yuuBepcurere Takoit kypc unrasa F0.B. Coxonkunit — aBTop mccienoBa-
Huit o Teopun yHKIWI KoMmIiuiekcHoro aprymenTta. TOKII maxomur
MIIPOKOE IIpUMeHeHne B (pU3MKe, HHKEHEPHBIX pacdeTax, B aHAJIUTUYIE-
CKOIl TEOpHUHU JHUCEJsI, ONEPAITMOHHOM HCUIUCECHUN, Teopun (HOPaKTAJIOB.



I'maBa 1

N3oanpoBaHabIE 0COOBIE
TOYKN

[TepBriit Bompoc, KOTOPBIN HAM IIPEJICTOUT PACCMOTPETH, — 9TO BO-
npoc o Kiaccuukanuu ocoObix Touek. OH OCHOBAH HA PA3JIOXKEHUU
dyuknun B psaz Jlopana, I09TOMY HAIIOMHHAM COOTBETCTBYIOIIUI MaTe-
puaJt.

1.1. Paawr Jlopana

1.1.1. O6maacts cxomumocTu psana Jlopana

—+oo
PaccymorpuM pa, E en(z — 20)".
n=-—oo

3Bnech zg — GUKCHPOBAHHAST TOYKA KOMILIEKCHOU ILJIOCKOCTH, KO3(-
GUIUEHTDI ¢;, — HEKOTOPbIE KOMILIEKCHBIE YHCJIA, & CYMMHUDOBAHUE Be-
JIETCSI KaK 110 MTOJIOXKUTENBbHBIM, TaK U 10 OTPUIATEIbHBIM 3HAYCHUSIM

HHJIEKCA:
C_p C_1

" 4t
(z — z)" z— 29

+eotalz—z0)+...+enlz4+20)" +...

Takoii psi;t Ha3bIBaeTcs psijaoM JlopaHa.



YcraHoBUM 06JIACTH CXOAUMOCTHU 3TOTO psija. s aToro mpepcraBum
BBIpa’KEHHE B BHUJIE

—+oo o0
Z Cn(Z_ZO :Z Z—ZO —I—ZCHZ—ZQ)

n=-—oo n=1

OueBHIHO, 06JIACTHIO CXOMMOCTH BCETO pH,ZLa SABJISETCsI 0DIIasi 9acTh

o0
obJtacTeil CXOIUMOCTH PsIJIOB g ——u E en(z —20)"
(z — 20)™
n=1
+oo
HecnoXHO yCTaHOBUTD, 9TO PSI E cn(z — 20)" cxomurcs B Kpyre
n=0

|z — 20| < R x mekoropoit aHnaiuTideckoit pyHKuun fi(z) KOMILIEKCHON
o0

epeMenHoit. B cBoio ouepeib, pan E CXOJIUTCA BHE Kpyra

Cn
n=1 (Z o Zo)n
|z — 20| > p x anmammTmueckoit dbyuxkuun fo(z). Iosromy ecam p <

< R, TO CyIIIECTBYET 06ma51 00J1aCcTh CXO/IUMOCTHU 3TUX PAJIOB — KPYTroBoe
“+o0

KOJIBIO p < |z — 29| < R, B KOTOpOM st Jlopana Z en(z —20)" cxo-
n=-—00
JuTCs K aHaauTudeckoil pynkuun f(2).
Tax Kak psijibl, U3 KOTOPbBIX cocTaBjieH pa JIopana, sBIgOTCs 00bIY-
HBIMU CTEIEHHBIMU PAJAME, TO B yKasaHHOU obaactu dynkuus f(z) 06-
JIAJIAET BCEMU CBONCTBAMU CyMMBI CTEIIEHHOTO Psifa.

1.1.2. PaznoxkeHmne aHaauTm4deckoil pyHKITUN
B psa Jlopana

MozkHO Jin PYHKIIUU, AHAJTUTAIECKON B HEKOTOPOM KPYT'OBOM KOJIb-
1e, COmocTaBUTh psint JlopaHa, cxomsiiuiicss K 310l (DYHKIUKA B JAHHOM
KOJIbIIEe?

Teopema 1.1.1. (Jlopana) Dyrxuyus f(2), anasumuueckasn 6 xpyzo-
z—z0| < R, eduncmsennvim 06pazom npeicmasaniemes
6 amom Koavue cxodauwumca ¥ net padom Jlopana.

Ecan Mbl B cBOE BpeMsi pa300paJjuch € JI0Ka3aTeTHLCTBOM TEOPEMbI
Teitnopa, To npeacrasienne (GYHKIME B IPOU3BOJIBHON TOYKE 2 BHYTPHU



KoJsblla p < |z — 29| < R B BUJE CTENEHHOTO Psijia, COJEPIKAIIETO II0JI0-
JKUTEJIbHDBIE U OTPUIATEJbLHBIE CTEeHN (2 — Z0), BOBHUKAET JOCTATOYHO
ecrecTBeHHO. MbI crponM aBe okpyxkuoctu Cr, u Cr, ¢ IleHTpaMu B 2y,
PaIuyCchl KOTOPBIX YAOBJIETBOPAIOT yeaoBusM p < Ry < Ry < R. Ianee
ucnosb3yeM dopmyry Kormum aj1st MHOTOCBSI3HOM 00J1acTH, TIPEICTABUB

1 [ f®dt 1 [ f(t)dt

f)=— [ 22— [ 10T
(2) 273, t—z 27 t—z
- +
CR1 CRz
zZ— 20
ITockonbky Ha CpR, BBIIOJIHEHO HEPABEHCTBO |—— | < ¢ < 1,
t— 20
t— 20
a Ha C'R, COOTBETCTBEHHO BBIIOJIHEHO HEPaBEHCTBO |—— | < ¢ < 1,
zZ— 20

TO ,ZLpO6b . B KazKJ/IOM U3 UHTEIr'paJjioB IIpeJCTaB/IdeTCd PAJI0M II0 CO-

OTBETCTBYIOIIUM CTEIeHdM (Z — 20 ). BBIKJIaJIKH IPOBOAATCS aHAJIOIMIHO

JI0Ka3aTeIbCTBY TeopeMbl Teiiopa.
Heb6oabmioe 3amedanne 06 aHATUTHIHOCTH TTOABIHTErPATbHBIX (DYHK-
nuii 1Mo3BoJisier B pOpMyJiax Jijis KOE)(I)(‘bI/II?I/I)eHTOB nepeiiTu K OJHOMY
f(z

— (D ————————, rme C' — Ipou3BOIbL-
211 | (2 — zo) 1
c

KOHTYDPY U 3alUCaTb, YTO C, =

HbBIl 3aMKHYTBIIl KOHTYD, JIeXKalluii B KoJble p < |z —2o| < R, comepxa-
Uit TOYKY Zp BHYTPHU U IIPOOEraeMbIil B IIOJIO2KUTETHHOM HAIIPABJIEHNN.

10



IIpumep 1. Paznoxurs dbyukimo f(z) = B psiy1 Jlopana

(z—=1)(z +1)
B Kostbite 0 < |2 — 1| < v/2.
O6osnaunm t = z — 1. Torma
1 1 1

G-DE+)  HE+1+) 4149 (1+%+i) -

_ 1 & " t ”_ o (_1>ntn—1

n=0 n=0

3aMeTuM, 9TO 3/1eCh JEJIAI0TCsl CTaHIaPTHBIE TPeobpa30BaHUsT U UC-
moJIb3yeTcst GopMyJia CyMMbI OECKOHEYHO YOBIBAOIIEH ITeOMeTpUIecKOn

TPOrpecCHu €O SHAMEHATEIEM T — (KOTOPBI 110 MO0 MeHbIne 1).
1
B utore nomyvaem

o0

B 1 o (D)=t
1) = (z—1)(z +1) _; T
I 2111‘ <1, me |z—1]<|i+1] =2

1.2. M3ojgmpoBaHHBIE OCOObIE TOUYKH

Onpenenenune 1.2.1. Touka 2z HA3BIBAETCH U30AUPOSGHHOT 0COO0T MOY-
kol byukuuu f(z), ecom dysrums f(z) — oJHO3HAUHAS AHAJIATHIECKAST
B KpyrosoM KoJjblie 0 < |z — 29| < R, a B camoii TOUKe zg HE OIIpeIesIeHa
WIN He aHAJATUIHA.

Coruacuo Teopeme Jlopana dysukimo f(z) MOXKHO IPEJCTABATH CXO-

—+oo
psmumest B koaiblie 0 < |z — zp| < R psgom Jlopana g en(z — 20)".
n—=—oo
= ¢
—n %
HamoMuuM, 9T0 ps E ( T HA3BIBACTCS 24a6HOT 4ACMbIO PABTIO-
Z— 2z
n=1 0
+oo
JKCHIH, a g en(z — 20)" — npasuavhol wacmvio.
n=0

Bosmoxknnr TPpU PA3JIMIHBIX CJlyYdasd:

11



1. Tosmyvennsiii psy JIopaHa He COAEPKUT YJIEHOB C OTPUIATEIBHBI-
MU CTENEeHsSIMI PAa3HOCTH (z — Zp);

2. CopepzKuUT KOHEYHOE YHC/I0 WICHOB C OTPUIATeIbHBIMYI CTeIICHIMU
pasHocTH (2 — 20);

3. ConepKuUT GECKOHEIHOE UHCJIO YWICHOB C OTPHIATEIBHBIMA CTele-
HSIMU PA3HOCTH (2 — Zp).

KJIaCCI/I(I)I/IKaLH/IH U30JIMPOBaAHHDBIX 0COOBIX TOYEK IIPOBOJUTCA B 3a-
BUCUMOCTU OT TIOJIYY€HHOI'O DE3yJjbTaTa. BI/I,HOM IJIABHOU YacCTu pa3Jjio-
JKeHMsl oupejiensercs u nosejenne GyHKuu f(z) B OKPECTHOCTH TOYKU
Z0-

1.2.1. VYcrpanumasi ocobasi TOUKa

Onpenenenune 1.2.2. Eciu psz Jlopana dyaknuu f(z) B oKpecTHOCTH
€e M30JMPOBAHHOM 0CO0OH TOUKH Zg HE COJEPIKUT UJEHOB C OTPUIATEb-
HBIMH CTEIlIeHIMU PAa3HOCTU (Z — Zp), TO TOUKY Zz() HA30BEM yCTPAHUMOIL
0c0o00iT TOYKOIA.

—+oo
B srom ciyuae f(z) = Z en(z — 20)". OTCrOIa HECJIOXKHO YBUJIETh,
n=0

uro cymectsyer lim f(z) = ¢g. HHosromy ecim dbyuxius f(z) ne Gblia
z—20

OlIpeJIeJIeHa B TOYKE 2(, TO OyzeM caurarb, uro f(z9) = co. Ecau dbyHk-

mus f(z) GblIa oupezeeHa B TOUKe Zg, HO 3HAUYEHME He COBIAJAJIO C Co,

TO MIEpPeOoTIpeIeINM ero, ToJNoXKuB f(2g) = ¢p.

Tax onpejenennas GyHKIMs OyeT aHAJUTUYECKOM B Kpyre |z —zg| <
< R. Orciona u Ha3BaHHe 5TOr0 BHJA OCOOLIX TOYEK. [TOCKOJIBKY MBI
YCTPAHUIM Pa3pbiB (bYyHKIUU, TO HA3BAIM TOYKY YCTPAHUMON 0COGOMH
TOYKOH.

Bepno u obpaTHOe yTBEpKICHUE.

VYrBepxkaeuune 1.2.3. Ecau gynryus f(z) — odnosnaunan anasumu-
weckas 6 kpyzoeom xoavue 0 < |z — 29| < R u cywecmeyem lim f(z),
Z—r20

Mo MOUKG 29 ABAAEMCA YCMPAHUMOT 0C060T MOUKOT.

CuesaeMm nBa 3aMeYaHUs.
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Bo-mrepBhix, chopMmymupoBaHHOE YTBEPKIECHUE MOXKHO YCUJIUTD, 3a-
MEHUB YCJIOBUE CYIIECTBOBAHMS IIpeJiejia Ha yCJIOBUE OI'PAHUYEHHOCTH
byHKIINK B JJAHHOM KOJIBIIE.

Bo-BTophix, QyHKINMI B OKPECTHOCTH YCTPAHUMOI 0CO00M TOYKM MO-
+oo

JKeT ObITh IpejicTaBieHa pajoM f(z) = (z—z)™ Z en(z—20)" "™, THe

n=m
+o0
m > 0, miu, 0603HAYNB AHAJIUTUIECKYIO (DYHKITHIO Z cn(z — 20)" ™
n=m
1epes (z), eé MmoxkHO 3anucaTh B Buje f(z) = (2 — 20)"¢(2), ¢(20) # 0,
m = 0.

Paccemorpum mpumep.

sin z

IIpumep 2. @yukius f(z) = nMeeT 0cobyio TOUKy 2o = 0.

3 5
Z—%,—F%,—... 22 24

f(Z): - ZA =1- y—‘r*—

Tax kax psy Jlopana dynkuuu f(z) B OKPECTHOCTH €€ U30JMPOBAHHOMN
0cob0it Touku 2y = 0 He COAEPXKUT WIEHOB C OTPUIATETbHBIMY CTEIIEHS-
MU Z, TO TOUKa zg = () SBJISETCA yCTPAHUMOIT 0CODOIT TOUKOIL.

OTBer MOXKHO OBLIO TIOJIYYUTh, UCIOJIb3Ysl MOJIXO0/T K KIacCupUKAIIT

M30JTUPOBAHHBIX OCOOBIX TOYEK, OCHOBAHHBIN Ha XapaKTEPUCTHUKE TOBE-
sin z
1. Tak Kak

JeHns YHKIME B OKPECTHOCTH TON TOuYKHM: lim
z—0 Zz

[peJiest CyIecTByeT, TO TOUKa zg = 0 SBJIsieTcs yCTPpaHUMON 0COD0i TOY-
KOI.

1.2.2. Tlouroc

PaCCMOTpI/IIVI BTOpOfI TUIT U3OJINPOBAHHBIX 0COOBIX TOYEK.

Ounpenesenne 1.2.4. Eciuu psz Jlopana dyukuuu f(z) B okpecTHOCTH
€e U30/IMPOBAHHOI 0COBOI TOUKH 2( COAEPKUT KOHETHOE YUCIIO k UICHOB
C OTPHUIATEJILHBIME CTEIEHSIMU PA3HOCTH (2 — Z), TO TOUKY Z( HA30BEM
MTOJTFOCOM k-T'O TIOPSIJIKA.

B sTom cayuae

f(z):c—i’f-k...—i— e B chz—zo)

(z — 20)F (z—20)%2  z—2 *

13



[ToBeieHne aHAIMTUYIECKOH (DYHKIMH B OKPECTHOCTH €€ II0JIF0Ca MO-
JKeT OBITH OIPEJIETICHO CJIEAYIONMM 00Pa30M: €CIM TOUYKA Zz( SIBJISIETCS
[OJIIOCOM aHauTUIecKoil pynkuuu f(z), To upu z — 2o MoayJb ByHK-
mun f(z) HEOrPAHUYEHHO BO3PACTAET HE3ABUCUMO OT CHOCODA CTpeMJie-
HUS TOYKH Z K 2(.

Bepmo u obpaTHOe yTBEpKICHUE.

VYrBepxkaeuue 1.2.5. FEcau gynryus f(z) — 00nosnaunan anasumu-
weckas 6 kpyaogom Koavue 0 < |z—zg| < R u cywecmsyem lim |f(z)| =
Z—r20

= 00, MO MOYKG Z) ABAAEMCA NOMOCOM PYHKUUU.

Paccmorpum mpumep.

COos z

IIpumep 3. Oyuxnus f(z) = umMeeT 0cobyio TOUKy 2o = 0.

f(z) =

s a Tt

2 4
1-5+%5—-... 1 =z 23
z

Tak xak paj Jlopana dynkuun f(z) B OKpeCcTHOCTH ee M30IMPOBAH-
1

HOIT ocoboit Toukn zg = 0 comepKuT cjaaraeMoe —, TO To4Yka 2y = 0
z
SIBJISIETCSI B 9TOM CJIy9ae MOJIIOCOM MEPBOTO MOPSIKA.

[ToBeenne GpyHKIMN B OKPECTHOCTH ITONU TOUKHU OIPEIEIISIETCS KaK
Cos 2

lim
z—0 z
sirocoM. Ho mopsiiox erre mpejicTOuT Olpee/nTh.

‘ = 00. MBI MoxKeM CKa3aTb, 9YTO TOYKa Zg = 0 gBysgercs mo-

[TosToMy ycTaHOBHM CBSI3b MEXK/Iy HYJISIMU U IIOJIOCAMU (DYHKIIUN.

VrBepxkaeuune 1.2.6. Ecau mouka zg A6AAEMCA NOAIOCOM k-20 Nopad-

1
ka dynxyuu f(z), mo zg ecmov noaw Kpammocmu k das Pynruuu ——— .

f(2)

U naobopom, ecau mouka zy ecmdv HOAL kKpammocmu k das dymruuy

o8

, MBI JIETKO YBHJIUM, 4TO 2o = 0

f(2), mouka zy asanemes noarocom k-20 nopadka dynryuu

COS 2z

Bepnysumcs x npumepy f(z) =

1 z
SIBJISIETCS HyJIeM KpaTHOCTH 1 jyist byHKImn —— = ——.
f(z)  cosz
PaccMoTpuM erie mpuMep, B KOTOPOM HCIIOJIb3YIOTCs aHAJOTHIHBIE
pacCy KJICHHSL.
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22 -1

2
z=+1
ocobbie Toukn pyHKIuu. BO3HUK/IM OHY KaK HyJIM 3HAMeHATes s (Iucim-
TeJIb B HOJIb B 9TUX TOYKax He obpamaercs). HecokHO oHATH, 94T0 06€
TOYKHU — IIOJIIOCA TIEPBOTO MOPSAIKA.

IIpumep 4. Ilycrs f(z) = . Touknu i 1 —i CyTb U30IUPOBAHHLIE

1.2.3. CyimecTBeHHO 0cobasi TOYKaA
Bepremcst ¥ kitaccudukaum 0CoObIX TOUEK.

Onpenenenne 1.2.7. Eciu pan Jlopana dyukiuu f(z) B oKpecTHO-
CTH ee M30JIMPOBAHHOI OCOOOI TOYKHU Z( CONEPKUT OECKOHETHOE TUCIIO
YJIEHOB C OTPHUIATEIbHBIMU CTEIIEHSIMU PA3HOCTH (Z — Zp), TO TOUKY 20
Ha3BbIBAIOT CYIECTBEHHO 0CO0OH TOUKON (PYyHKITHH.

C y4eroM npeapLIymiero o6CyK/IeHHs, MOXKHO 3aMETHUTb, ITO JIJIsi
OIIMCAHNUS TIOBEJICHUS] AHAJUTHIECKOH (DYHKIMU B OKPECTHOCTH €€ Cy-
IIIECTBEHHO 0CO0O0¥ TOYKH OCTAJICS TOJBKO CJIydail — HeCyIecTBOBaHME
KOHEYHOI'O UJIM GECKOHEYHOrO IIpejiesia Zlgrzl f(2).

0

BoJtee koHKpETHO Ha BOIIPOC O TOBEICHUN AHAJTUTAIECKON (DyHKITIN
B OKPECTHOCTH €€ CYMIECTBEHHO 0c000it Toukn oTBedaeT TeopeMa Coxor-
Koro — BeiiepmTpacca.

Teopema 1.2.8. (Coxourozo—Beliepumpacca) Tas awbozo € > 0
8 10001 0KpeCMHOCTIY cyuecmeento ocobol mouku zo Pyrkyuu f(z2)
natidemes roms 0ve 00Ha MOuKa z, 6 Komopol anauenue Pgyrkyuy f(z)
OMAUNAENCA OM NPOU3BONLHO 340AHH020 KOMNAEKCHO20 “wucaa B menn-
we wem Ha €.

[Tosicrum ycnaosue.

Samevanue. Jliobas omHO3HaUHAsA aHaUTUYECKass PYHKINSA B KarKIOM
OKPECTHOCTH CYIIECTBEHHO OCOOON TOYKM NPUHUMAET 3HAYEHUs, CKOJIb
YIOJHO OJIM3KKE K JIFOOOMY Hallepell 3aJJaHHOMY KOMIIJIEKCHOMY YHUCJLY.

ITockonbKy B cyIiecTBEHHO 0c060# TOUKE 2 HE CYIIECTBYEeT KOHEYHO-
ro i DECKOHEYHOT'O MPEIETbHOIO 3HAUYEHUST aHAJIMTUIECKO (DYyHKIINAN,
TO, BEIOUpAs PA3JIMIHBIE ITOCJIEI0BATEILHOCTH TOYEK, CXOMSAIINXCS K TOU-
K€ Zp, MBI MOXKEM IIOJIy9IUTh HOCIEI0BATEHLHOCTH 3HAYEHIIT DYHKIINAMU,
CXOnAIMecsd K pa3IudHbIM npeenaM. [Ipudem MoKHO BbIOpaTH IOCTIE-
JI0BaTEJIbHOCTD, CXOJAIIYIOCS K JTI0O0MY Hallepe/l 3aJJaHHOMY KOMILIEKC-
HOMY YHUCJIy, BKJIIOYas OO.
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IIpumep 5. B xadecrse npumepa saMeruM, 410 Juis byHkumit f(z) =
1 .

=el/2 f(2) = cos — u f(2) = sin = TouKa 2y = 0 ABIACTCH CYMECTBEIHO
z z

ocoboit Toukoii. /leficTBUTENBHO,

1 1 1
Ve m 1 o oo 4
€ + z + 2122 + 3123 nlzn
1 1 1 1 1"
cos—=1——+— — —— + ... i
z 1122~ 4lz% 6126 (2n)!z2n
1011 1 1 (—1)"
sm—-=--———-+-—-—-—-——=——=-+...+

z oz 3lz3  Bld 717 (2n + 1)1z2n+1 +

1.3. Touka z = 0o — u30JIMpPOBaHHasI 0Cco0asd
TOYKAa

Onpenenenne 1.3.1. Touka z = 00— OGECKOHEYHO yjajleHHAsl TOYKA
KOMILJIEKCHOM TIJIOCKOCTH SIBJISIETCS M30JIUPOBAHHON 0C000# TOYKOIT 01
HO3BHAYHON aHasjuTHIecKoil GyHkimu f(z), eciu MOXKHO yKa3aTh TaKOe
suayenue R, uro BHe Kpyra |z| > R dyukuusa f(z) me umeer ocobbix
TOYEK, HAXOJIANINXCA HA KOHEYHOM PaccTosgHuU OT Touku 2z = (.

DaKTHYIECKN 3TO O3HAYAET, 9TO (DYHKIWS AHAJIUTUIECKAST B HEKOTO-
poii okpecTHOCTH TOYKH z = 00. IIpeacraBum (hyHKIHIO B 9TOM KOJIbIE
cxonAmMcest K Helt psioMm Jlopana.

Kak u /151 KOHEIHO# TOUKH, 37/€Ch MOYKHO PACCMOTPETH TPU CJIydasi:

1. Touka z = 0o Ha3BIBAETCA yCTPAHUMON 0Cc000# TOUKON DyHKINN

f(2), ecnn pazsioykeHne He COIEPKUT HUJIEHOB C IIOJIOKUTEIbHBIMI

oo oo
C_n C_n
crenensMy, T. e. f(z) = — =c+ E ——. Orciona cuenyer,
z z
n=0 n=1
YTO CyNEeCTBYyeT KOHEeUHbIH npezen lim f(z) = cp;
Z—r 00

2. Touka z = 0o HazbiBaercd nosmocoMm dbyuxiuu f(2), ecau pasiio-

»KeHue B psif JIopana cOIEpXKUT KOHETHOE UHCJIO UJEHOB C OTPH-
9] k

Cn
UATENbHBIMU CTEleHsMH, T.e. f(z) = E — + cn2". B aToM
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caydae o noBeieHnn (bYHKIHH Ha OECKOHETHOCTH CJIe/IyeT CKa3aTh,
9T0 (DYHKIMS HEOTPDAHMIEHHO BO3PACTAET 110 MOJLYJII0 HE3aBUCHMO
OT CII0coba CTPeMJICHUS z — O0;

3. Touka z = 00 HaA3BIBAETCHA CYIIECTBEHHO 0COOOI TOUKON (PyHK-

mun f(2), ecu JIOPAHOBCKOE PA3JIOKEHUE COUEPIKUT OECKOHETHOE
(oo}

C—n
YHCJIO WIEHOB € MOJIOKUTeJbHBIMU crenensMu: f(z) = E — T
z

n=1
oo
+ E cp,z". B aTOoM ciydae, BbIOMpasi II0CJIEIOBATETHHOCTD
n=0

Zp — 00, MOXKHO TOJIyIUTh TIOCJIEI0BATEIbHOCTD 3HAUeHnH [(2y,),
CXOJIATILYIOCS K JIIOOOMY HaIlepe 1 3aJAHHOMY KOMILIEKCHOMY YHUCJTY.

PaCCMOTpI/IlVl ele 1mpumMep.

1
IIpumep 6. Qynxmus f(z) = —;——5 umeer ocobble Toukn z = 0,
26—z
) 1 V3 L V3
z=lz=——i—,2=——+i—, z2=00.
’ 2 27 2 27
IIepenuiiem GpyHKIUIO B BUIE
1
f(z) = 1 \/5 1 \/5 N
23(z—1) (z+§—|—17> (z—|—§—17)
1 3 1 3
Touknm z = 0, 2z =1, 2 = —= — i%, z = —= —|—i7 SABJISTIOTCS

HyJIsIMU 3HaMeHaTesisi. 3uadut, mig f(z) sro nosoca. [lopsaok mosoca
OTIPEJIEIIAETCS TOPSIKOM HyJIsd (DyHKIUN
3 1 V3 1 V3
oz)=zCF-1|z+=+i— | |2z+=—i— ],
2 2 2 2

TO €CTh TOYKa 2 = () — MMOJIIOC TPETHLETO MOPSIIKA, OCTAIBHBIE — IIPOCTHIE
MIOJTIOCA, T. €. IEPBOTO TIOPSJIKA.

Tak Kak cymecTByer ILm f(2) =0, To z = co ABJsIeTCS HYJIEM ITOI

z o0

dyuknnu. [locMoTpuM Ha JIOpaHOBCKOE paziioxkenne (pyHKIUA B z2 = O0.

6
CrenaB 3aMeHy 2z = %, nepenmeM dynxmuio B Buge f(t) = liitff =
00 oo
=6 Ztgn = Zt3”+6, rze [t < 1.
n=0 n=0
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o0
Bepremest kK crapoif nmepemensoit: f(z) = E g THe lz| > 1.
z
n=0
Taxum 00pa3oM, pas3ioxkeHne (pYHKIUU B pal JIopaHa B OKPECTHOCTH

TOYKHN Z = OO HE COACPZKUT ITOJIOKNUTEJIbHBIX CTeleHen.

1.4. Ilpumepsl /jisi caMOCTOSTEJILHO

paboThI
Haiisiure nzosmposannbie 0coObIe TOUKH, OIPE/ICIUTE UX BH/L.
sin 2z z+1 1 1
1 f()= % g fo)=-"T" 3. f(z)= -
/() 2(z —1) 1) 1—cosz 1) e=*—1 + 22
4 fE) =zt s )= s 6 ()= —
. f(z) = zsin = SR = L) = ——
z (224 1) z—sinz
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I'maBa 2

Boryernl

2.1. OcHoBHBIE onpeJieJIEHNsI 1 T€OPEMbBI

ITycrs TouKa 2o — u3oaupoBanHas ocobas Touka dbyukmuu f(z). Co-
ruiacHo Teopeme Jlopana dyHKImIO f(2) MOXKHO IPEJICTABATD CXOISIIMM-
cst B kKoutble 0 < |z — 29| < R psmom Jlopana:

—+oo

f(z)= Z en(z — 20)".

n=—oo

B srom pazmoxxennn koadduriment c_1 umeer BUI

271'@ %f

Ounpenenenune 2.1.1. Buuemom ananurudeckoii dyuxiuu f(z) B uszo-
JIMPOBAHHOM 0CODOH TOYKE 2y HA3BIBAETCA KOMILICKCHOE YHCJIO, PABHOE

1
3HAYEHUIO HHTETrpaJia o f(2)dz. Nurerpasn Borancisiercs 1o Jobomy
e

e}
3aMKHYTOMY KOHTYpY C, jiexkaieMy B 00JIACTA aHAJIUTHIHOCTH (DYHK-
mun f(z), OXBATBHIBAIOIEMY €IUHCTBEHHYIO 0COOYIO TOYKY 2o (DyHKIuU
f(2) u 06xonUMOMY B MOJIOXKUTEJIHLHOM HAIIPABJICHWUH.

O6oznauaror Bbruer uepes res(f(z), zo), unorna Res.—., f(z) nm
Beru(f(z),20) (Mbl GyJeM ucmonb3oBaTh Hepsblii Bapuadt). Eme pas 06-
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paTuM BHUMaHUE, YTO BBIUMC/IEHUE BbIUeTa HE 3aBUCUT OT KPUBOU MHTE-
TPUPOBAHMUS.

O/1HO U3 OCHOBHBIX MPUJIOYKEHU BBIYETOB — BBIYHUCJIEHAE KOHTYPHBIX
WHTErpaJjoB. BeraucjieHne WHTErpajia OT aHAJUTUIEeCKONH (DYHKIMM TI0
HEKOTOPOMY 3aMKHYTOMY KOHTYPY, COAEpKaIeMy BHYTPH KOHETHOE UNC-
JIO M30JIMPOBAHHBIX OCOOBIX TOYEK, MOXKET OBITh CBEJIEHO K BBIUNCICHUIO
BBIUETOB (DYHKIIMH B 9TUX TOoUYkax. [lomobHoe cBemenme 3aadu MOTJIO
ObI 1MoKa3aThCcsad HEIPMOEKTUBHBIM, €CJin Obl B P CIydaeB HEe ObLT ObI
YKa3aH MPOCTOil CIIOCOO BBIYUC/IEHUS BHIYETA.

Cpa3zy MOXKHO 3aMETHUTb, UTO €CJIM TOYKA Z( SBJISIETCS TPABUIHLHOM
WM yeTpaHuMoil 0coboii Toukoit dhyukimu f(z), TO BeIYET B 9TOH TOUKE
paBeH HYJIIO.

Ecsin Touka 2o sBJIAETCS IOJIOCOM IIEpBOro nopsiaka Gyaknun f(z),
TO B HEKOTOPOI OKpecTHOCTH 31Ol Toukm 0 < |2z — 29| < R mmeer mecto

pa3JIoKeHne
“+oo
C_1 n
&=L 43 el z0)"
0 n=0
YMHOXKHUM paBEHCTBO Ha z — 2g. Homyanm f(z) = c_1 4+ ¢o(z — 20) +
+e1(z — 20)2 + ca(2 — 20)% + . . .. Tlepeiiném K mpeseny mpu z — 2

lim f(2)(z = 20) = c—1.

Z—20

IMonyuwmiu dopmyiny jyist Boraucsaenus Boraera res(f(z), zo) B u3oiu-
POBaHHOIT 0cO0O0IT TOUKe, SBJISIONIENCS ITOJIOCOM IIEPBOT'O IMOPSIKA.
Paccymorpum mpumep.

2

IMpumep 7. Haiitn oraersr ynkmm f(2) = —5——————-+ B H30/0-
(z22+1)(z+3)
POBaHHBIX OCOOBIX TOYKAX.
W3zonuposammbie ocobble TOYKA 3TON PyHKINU 2 = @, 2 = —i, 2 = —3

u z = 00. [lepBble Tpu TOYKM — MOJITOCA TIEPBOTO TOpsiaka. [loaTomy

T e N
res(f(2), ) = lﬁi (22 + 1)(z+3)( )= lﬁi (z—i)(z+i)(z+3)
22 i2 143

z=i (z+14)(z4+3)  (i+1)(i+3) 20
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res(f(z), —i) = lim 2 (z44) = lim 2%(z +1)

N P Y A G+ +3)
. 22 _ (—i)? 13

z=—i(z—i)(z+3) (—i—1i)(—i+3) 20

res(f(z), —3) = lim M — lim 22 B (_3)2 g

3 (2 1)(2+3) o241 (-32+41 10

Berauciienue BbrueTa B TOUKe z = 00 OOCYIUM JIAJI€e.

Ecim Touka zo siBisieTcsl 1OJOCOM k-ro nopsiiaka dyHknun f(z),
TO B OKPECTHOCTHU ITON TOUKU MMEET MECTO Pa3JI0KEHUE BUJIA

C_L C_9

+oo
C_1
flo)= —=F 4+ 2+2_Z0+ch(zfzo)n.

(z — 20)k (z — 20)

n=0
VamoxkuM o6e actn Ha (2 — 20)¥, momyanm

f(2)(z—20) =c_p+cpri(z —20) + ...+ c_a(z — 2)F 2+
+oo

+co1(z — zo)k_l + Z en(z — 20)"+k.

n=0

IIpomuddepenmupyem paserncTso k pas:

(f(2)(z = 20)")

Iepeitnem k npeneny npu z — 2. Lloayaum GhOpMy/Ty BHIYHCIEHUS
BbIUETA B 10JIIOCE k-10 nopsiyika Gynkiuu f(2):

D (k= 1)+ okl (2 — 20) + ..

res(f(2),20) = gy Jim (P2 = 200

st Beramcsienust Boraera GyHKimy f(z) B cylecTBeHHO 0c000ii ToY-
Ke CJe/lyeT BOCIIOJIb30BaThbCs pasiiokenneM dyHKnnun B psaj Jlopana
B OKPECTHOCTH 3TON TOUYKU.
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Eciu Touka z = 00 gABJIsIeTCS M30JIMPOBAHHONW 0CO00OM TOUKON (PyHK-
IIH, TO BBIYET B HEH CJIEJIYET OMPEJETUTh TaK:

res(f(z), 00) = QLm%f(z)dz ~3.7 §£ f(z
c

T. €. BBIUETOM aHAJUTHIECKOH dbyHKImu f(2) B M30JIMPOBAHHON 0CO-
6ol TOUKe z = 0O HA30BEM KOMILJIEKCHOE YHCJIO, PABHOE 3HAYEHHIO HH-
1
Terpaya —o f(2)dz. Bnecy nHTErpas BBIMHUCISIETCST L0 JIFOOOMY 32~
i

C
MKHyTOMY KOHTYPY C, BHE KOTOPOro HET 0COObIX Touek dbyHkimu f(z).

BepreMmcst K pacCMOTPEHHOMY BBIIIE TPUMEPY PYHKITAN

22

(22+1)(z+3)°

BrerueTsl B KOHEYHBIX N30JIMPOBaAHHBIX 0COOBIX TOYKAX 3ITOM Q)yHKI_[I/II/I
1

f(z) =

MBI y2Ke BeHaucauan. Paccemorpum zp = oo. CreniaeM 3aMeHy z = n

7 TIepEenuineM (DYHKINIO B BHUIE
S (OO —1)"t2"> (i(—l)n(&s)”)
TO =G5 maTey ! ;0( 2 !
rue |3t] < 1. 31ech cTaHAapTHOE PA3JIOMKEHUE MCIIOIB30BAIM JJIsl KaXK-
J0ro MHOZKHUTEeJIAd: 1

—  —.
1+t 143t
Bepuemcst k cTapoit nepeMeHHOi:

o=t (z <Z§3“> (z “”’) ,

n=0 n=0

rae |z| > 3. IlockombKy HaM Hy?KeH He BECTBb PsiJl, a TOJBKO Kodbdumn-

€HT C_1, B3AThI} C IPOTUBOIOJIOKHBIM 3HAKOM, To res(f(z), co) = —1.
. Cos z
IIpumep 8. Haiitu 3Hauenue Beruera f(z) = ﬁ B TOYKe OO.
z%(z —

1
Crenaem bopMasIbHYIO 3aM€EHY z = — U [epernuiineM (OYHKINIO B BUIE
z

£(t) = Poost g i (-1 22”7:” 2t] < 1
1—2¢ “— (2n) 't2” ’ '
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Bepuemcst ¥ cTapoit mepeMeHHoit:

1 [~ (=12 [ 2n
== e = 2.
1(2) ﬁ<;£@w >3 ) k>
3anuineM CyMMBI B PA3BEPHYTOM BHJIE:
1 22 24 8 28 2 22 23 ot
ﬁ”:ﬁQ w+@_@+$')0+z+%+ﬁ+%+m)

ITockombKy nHTEpPECYEMCS TOTBKO KOI(DMUIMEHTOM C_ 1, TO 3AITUIIEM
OTJ/ICJILHO cJjlaraemMoe c 21

1 1+22 23+24
z 20 4 6 8 )

ITpeo6pasyem BbIpakeHUe B CKOOKax (3T0 u ecTb Koabdunuent ¢_1):

122 28 o 1 22 24 98 98 B
B A T = I TR TR TR THR B
(g, 2 2 2 o B
G TR T TRT
=Ly Leos2
7 608
1 1
Oxonuatrensho res(f(z), 00) = —c_1 = 11 cos 2

2.2. OcHoBHas TeopeMa TEOPHUU BHIYETOB

OcHOBHasT TeOpEMa TEOPUU BBIUETOB sIBJIsI€TCS OA30BOM JJIsT TPAKTH-

qeckoro npumenenusi. [lpusegem HopMyIupOBKY 1 HEOOXOINMBIE TOSIC-
HEHUSI.

Teopema 2.2.1. ITycmo dynxyusa f(z) — odnosnaunas anasumue-
cKaa PYrKUUA 6 Hekomopot 3amrknymot D, 3a uckaouenuem Konewrozo
YUCAQ UB0AUPOBAHNBIT 0cobuT movex 2z (k =1,,2, ..., n), aescawur

erympu obaacmu D. Tozda

_¢ f(z dz—Qﬂ'ZZres(f( ), 2k),

oD+ k=1
20e 0Dt — noanaa epanuya obaacmu D.
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Yr00bI OSACHATD MOJIYY€HHbBIH PE3YJIbTAaT, BO-IIEPBBIX, 3aMETUM, 9TO
BCe TOYKH rpaHulibl 0D — IpaBUjIbHbIE, T.K. B YCJIOBUU CKA3aHO, UTO
f(2) — amammuTuueckas B 3aMKHYTOM D.

Bo-BTOPBIX, MIPOBEIA BOKPYT KasKJIOH U3 OCOOBIX TOYEK 2 3aMKHY-
TBI KOHTYP 7Yk, JOCTATOYHO MAJbIi JJI TOrO, 4TOObI KOHTYDBI HE IIe-
PECeKaMCh JAPYT C JPYIOM M KAXKJbI U3 HUX HE COIEPKAJI BHYTDH
JPYruX OCOOBIX TOYEK, KPOME TOYKHU Zk, MOJYIUM 3aMKHYTYIO MHOIO-
CBSABHYIO 00JIACTH, OrPAHUIEHHYI0 KOHTYpoM 0D 1 BceMu KOHTYpaMu Y
(k=1,,2,...,n). B oroit obuacru byuxius f(z) sBisgerca anaauTude-
CKOI.

0D

O

V1 Yk

O

[Tosromy 1o Teopeme Kotnu j1j1si MHOIOCBSI3HBIX 00/1acTell HOJIY MM

¢ e+ Y $ sy =0

oD+ - oy,

BcerioMHEB omnpesiesienne BbIYETa, MOIYIUM YTBEPXKICHNAE TE€OPEMBI.

HecmoTpa Ha TO 9TO IpaKTHYECKad 3HAYAMOCTD T€OPEMBI y2Ke ObLIa
OTMEYECHA BBIIIE, CIe Pa3 IMOAYCPKHEM, 9TO BO MHOTHX CJIy9asaX BbIYCThI
BBIUUCJIATH [IPOIIE, UeM caM uHTerpas. OTMeTuM u elle OJUH BaKHBIi
momeHT. Ecin dbyHkuuns f(z) siBisieTcst aHAJINTHYECKON HA MTOJTHON KOM-

IJIEKCHOM IIJIOCKOCTH, 3a HCKJIIOYEeHHEM KOHCYHOI'O YHCJIa U30JIMPOBaH-
n

HBIX OCOOBIX TOYEK 21, 22, « - -, Zn_1 U Zp = 00, TO Zres(f(z), zi) = 0.
k=1

24



Zn — QO 1—\

IIpoBemem 3aMKHYTBIN KOHTYD I, coepKaliuii BHYy TPU BCe KOHEUHBIE
0COOBbIe TOUKH 21, 22, - .., Zn—1. BHE KOHTYpa JIE2KUT TOUKA 2, = 00. [1o
OCHOBHOI1 TeopeMe TeOPUU BLIYETOB

55 f(z)dz = 2mi i: res(f(2), zk)-
k=1

or+

C Apyroit CTOPOHBI, ITOT YKe UHTErPAJ MOXKET OBITH ITPEJICTABIEH KAK

yg f(2)dz = —2mires(f(2), 00).

or+
n—1
Otciofa u mOJIyIuM, 9TO Z res(f(2), zi) + res(f(z), o0) = 0.
k=1

DTO yTBEPXKIEHUE MOXKET OBITh UCIIOIB30BAHO CJIEJYIONIM 00Pa30M.
IIycTh MBI BBIMHC/ISIEM HHTErPAJI IO 3aMKHYTOMY KOHTYPY OT (DYHKIIAH,
aHAJIUTUIECKOH Ha Bceil KOMILJIEKCHOH IJIOCKOCTH , 38 UCKJIIOUEHHEeM KO-
HEYHOTO YHCJIa N30JIMPOBAHHBIX 0COOBIX ToUYeK. OCHOBHAS TeopeMa Tpe-
OyeT BBIYMCIEHUS BBIYETOB BHYTPHU KOHTypa. Ho eciin BHyTpH comepKuT-
Csl MHOT'O OCODBIX TOUYeK (DYHKINH, & CHAPYKU UX MEHbIIIee KOJMIEeCTBO,
TOr/a Y/I00HO BOCIOJIB30BaThCS (DOPMYJION JIJIsI TIOJIHO# CyMMBI BBIYETOB.

PaccmoTrpum mpumepsbr.
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2

IIpumep 9. Borancantn 5& :

—dZ, e KOHTY C*OK y K-
C

HOCTB 2| = 2.

Hy)KHO OoIpee/InTh, KaKue OCO6I>I€ TOYKHU HUMeeT IOAbIHTEeI'DaJIbHad
dYHKIMS, KaKue U3 HUX MONaIal0T BHYTPh KOHTYPA, U BBIYUCIUTH BbI-
9eThl B 9TUX TOYKAX.

Ocobble ToukY 3T0i PYHKIME y2Ke ObLIu 06Cy K JeHbI Bhile. [ToaTomy
3aMeTHM, UTO BHYTPU KOHTYDa |z| = 2 jiexkar JBe U3 HUX: 2 = i, 2 = —i.
Broruersr Mbr ToKe y2Ke Bhraucauan. [losromy

52
?§<dz = 2mi (res(f(z),4) +res(f(2), — 1)) =
c

22+ 1)(2+3)
:27m_(1—|—3i+ 1—3i) :ﬂ;i.

20 20 )

44
er+1

ITpumep 10. Borauciaursb yg dz, tne C' — oKpy»KHOCTD |z| = 4.
C

Ocobbie Toukn 310N GYyHKIMI — 5TO HyJM 3HaAMeHaTes s e + 1 = 0.
W3 muozkecTBa Touek Buna i(m+27k) 1y k € Z BHyTpU KOHTYDA |2| = 4
JieXKaT JIBe: z = i, 2 = —7i. Berancaum Bbraersl. Kaxgas Touka — 310
HOJTIOC TIEPBOTO MopgAKa. 1losromy

res(f(z), i) = lim

z—i ez +1 0 22— (ez + ]_)/
5 _ 4\7 4 A7i 3 N\ 4
. (2° —miz®) lim 5z miz® (mi) R
z2—Ti (ez + 1)/ 2—Ti e? em
Anasiornuno seraucinm res(f(z), — wi) = —w. Orcrona

%ezzi 1dz = 2mi(res(f(2),mi)+res(f(2),—mi)) = 2mi(—n*—7) = —4ni.
C
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2.3. Ilpumepsl A9 CAMOCTOSTEIbHOM
paboThI

dz
(I —cosz)(1—2)

1. Boraucaurnb ?g
C

5> rie C' — okpy»xHocTs 2| = 3.

1
2. Beraucnurs %mdz, rie C — oxpyskHocTb 22 + y2 = 2u.
z
g1
—=2-dz, tne C'— oKkpyKHOCTD |2 — 1 — i = 2.
1z+1
61/22

3
mdz, rje C — OKPYXKHOCTH |z — i| = 3

3. Boruncinrs

4. BoruncsuTh

}
f
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I'maBa 3

Borunciienune nmarerpaJion
C IIOMOIIIbIO BbHIYETOB

Marepuas TpesiIynei TJIaBbl Mbl OyieM TPUMEHATH JJIS BBIYHC-
JIEHUsI OIPEJIEJIEHHBIX UHTErpasioB. JIjisi 9TOro MCIOIb3yeTcs Iepexo
K BBIYUCJIECHUIO UHTETPaJa OT 3aJaHHON (DYHKIIUHU, HO 10 CIIEIUATHHBIM
00pa3oM 1MoI06paHHOMY KOHTYPY, WJIM OT HEKOTOPOii JAPYroit dpyHKIUU
10 HEKOTOPOMY BBIOpAHHOMY KOHTYpY. Uarie Jaske BBIYUCSIOT HE CaM
HMHTETPAJI, a TIPEJeSl TAKOTO MHTErPaJIa, KOrAa KOHTYDP OECKOHEIHO yBe-
mnauBaioT. Cpasy 2Ke BOSHUKAIOT BOIIPOCHL: KaKyt0 (byHKIIUIO B3ITh? Kak
BBIOPATH KOHTYP? KaK MOJyIUTh U3 IPOBEJIEHHOIO PACCMOTPEHHS UCXOJI-
HbIf uHTerpas? OTBETHI HA 3TH BOIPOCHI YACTO 3aBUCAT OT (DOPMYJIH-
poBKU 3a1a49u. [109TOMY MBI OCTAHOBUMCS TOJIBKO HA TPEX CTAHIAPTHBIX,
YaIIe BCEro UCIIOIb3yEeMBIX MOIXOAX.

3.1. Mertoapl 1 npuMepbI

27

Cuayuaii 1. PaccMoTpuM MHTErpaJ BUIa / R(sin g, cosp)dep.

0
3aecy uepes R(sin g, cosp) obosHaueHa parpoHaIbHAs (DYHKIHS
or siny u cosy. Boipasum mo dopmynam Diijaepa CUHYC U KOCHHYC

28



u caenaeM 3ameny e'? = z. [omyunm

. el — g~ip z— 21 eiP 4 e~ 24+ 271
sinp = - = - cosp = =
21 2 2 2 ’
dz

wp=1Inz, dy= o

IIpu u3menenun ¢ ot 0 j10 27 TOUKa 2 = €'Y ONUCHIBAET E€JIMHIIHYIO
OKPYKHOCTH |z| = 1 B moJioxkuTe bHOM HanpasjeHun. Takum o6pazom,
UHTErpaJ IpuMeT BUJ,

2
/R(singo, cos p)dp = §1§ R(2)dz,
0 |z|=1

iz 2 2
YEeHHBI WHTErpaJjl BLIYUCISETCS C UCIOIb30BAHNEM TEOPEMbBI BBIYETOB.

1 _ -1 —1 ~
e —R (H W) = R(z) — panmonaubHnas ¢yukuus. [Tomy-

2

2 2
ITpumep 11. Beraucaurs I = / Md

2 —sing

Henaem 3ameny e'¥ = z. Bple ykazano, Kak sin @, cos@ u dp BbI-

24 cosp 24 i 22 4+4z41
PaKaIOTCs Yepes z, HO3TOMY - = — = i )
2 —sing 2— =2 22 —4iz—1
CremoBaTENIBHO,
2
/ /2+cos<pd yg 244z +1 dz 7§ 22 +4z4+1 J
= S E—— = —_— — = — —_—az.
2 —sine v 22 —4iz—1 iz 2(22 — 4iz — 1)
0 |z|=1 |z|=1

OcoObIMU TOYKAMU TIOABIHTETPATBHOM (DYHKINN SIBJIAIOTCS HYJIU 3HA~
Menatess — Toukn 2z = 0, z = i(2+1/3), z = i(2—/3). Buyrps konTypa
|z| = 1 nonaator Touxkn z = 0 u z = i(2 — /3). Haiiiem BorgeTsr B 9THX
toukax. O6e — mpocThie MoJIrCca.

. 2244z +1 . 2244z +1
res(f(2),0) = Iy o —ye =l S =
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res(f(z), 12 = VE) =l %@ —i(2—V3) =

. 22 +4z+1 2v/3
= lim - =14+1——.
2i(2—v3) 2(z — i(2 +V3)) 3

CrenoBarenbHO,
—omi (res( £(2),0) + res(f(2),i(2 — \/?Z))) -
:—27m'< 14+1+4 M) =47r\/§.

1

3

—+oo

Ciyygaii 2. Paccmorpum mHTErpas BUIA / f(z)dx

— 00

D10 HeCOOCTBEHHBIN WHTErpaJj MePBOro pojia. BylaeM CYuTaTb, 9TO
dyukuus f(x) oupenesena Ha Bceil JeHCTBUTEILHON OCH U MOXKeT GBIThH
AHAJIUTUYECKHU IIPOJOJI?KEHA Ha BEPXHIOK IIOJIYIJIOCKOCTh TaK, 4TO ee
MIPOJIOJI?KEHIE YIOBJIETBOPSIET JIOTIOJHUATEBHBIM YCIOBUSM.

Teoputo BBIYETOB 371eCh IPUMEHsIEM CJieyonmM obpazom. He mensist
MTOJIBIHTETPAJIBHY 0 (DYHKITHIO, PACCMOTPUM MHTErPAJI OT Hee 10 3aMKHY-
TOMY KOHTYDPY, OOpa30BaHHOMY MOJYyOKpYyKHOCTBbIO CR U JHaMeTpoM
[-R,R]. Paguyc BBIGEpEM HACTOJBKO OOJBINNM, YTOOBI BHYTPH KOHTY-
pa IonaJjm Bce U30IMPOBAHHbIE 0c00ble Toukn dyHKImY f(z), jgexKamme
B BepXHEH MOJIYIIOCKOCTH.

Hastee 3anurmiem, 910

/f dz+/f dz—ZMZres ,2k),  Imzp > 0.
B sroMm pasencrse nepeiiieM K npeneny npu R — oo. Iomyunm
+R m
li d li dz = 2mi
Jim [ e+t [ sz mi sl f(e): 1)
-R Cr =

rae 1mpaBasd 9aCTb OT R wme 3aBucur.
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—+oo

/ f(2)dz, 1. e. 310 UCxOAHBINA MH-
R—o00

+R
Ormernm, uTo lim / f(z)dz
-R —oo
rerpaJt. st BeIAucIeHus Rh_r};o / f(2)dz npumennm semmy.
Cr

JIemma 3.1.1. ITycmo gynkyus f(z) asasemces anarumuseckotl 6 epr-
net noaynaockocmuy Im z > 0, 3a uckaroueruem KOHEWHO20 YUCAG U30AU-
DOBAHHLT OCOOBLT MOYEK 21, 22, - - - 5 Zm, U CYWECTBYIOM NOAOAHCUMEND-
Hoe wucaa R, M, § maxue, wmo das ecex mouex eprmels noAynaoc-
Kocmu, Yydosaemeopaowux ycrosuto |z| > Ry, evinoaneno nepasencmaeo
lf(2)] < l Tozda lim /f(z)dz =0.
|z| 19 R—00
Cr

Ha camom geie, juist JI0Ka3aTesIbCTBA TOrO, UTO IIPEJEJI MHTErpa-
Jla TIO TIOJIyOKPY2KHOCTH PaBEH HYJIIO, HAJUYINE OCODBIX TOYEK HEBaXK-
no. Baxna omenka momysns dynkmuu. [Ipmuem Ha TpakTuke MOXKHO
OIPDAHUYIUTHCH yCJIOBHEM: ecyu (DyHKIWs f(z) yIOBIeTBODSET YCJIOBUIO

lim f(z)-2=0, 70 lim [ f(2)dz=0.
z—00 R—o
Cr
Mp! TpUBOIMM JIEMMY B TAKOH (POPMYIUPOBKE, ITOOBI OCHOBHYIO TEO-

peMy Jjid 9TOro Cjiyvdasl BbIYUCJ/ICHUA MHTEI'PaJIOB CC])Opl\lyJII/IpOBaTB 0o-
Jiee KOMIIaKTHO.

Teopema 3.1.2. ITycmov Pynxyua f(x), 3adannas na ecel deticmeu-
MEABHOT OCU, AHAAUMUYECKYU NPOJOANCAEMCA 8 BEPTHION NOAYNAOCKOCTIVD
max, wmo gynkyus f(z) Yyoo6AemEoPAEM YCAOBUAM ALMMbL U HE UMEEM
ocoboir movex na deticmeumenvrot ocu. Tozda

+00 m
/ f(z)dz = 27ri2res(f(z),zk)7 Imz, > 0.
o k=1

“+o0
1
ITpumep 12. Boraucmurs I = / mdm.

HO,ZLLIHTeraJIbHyIO (byHKI_[I/IIO MOXKHO aHaJIUTHUYECKHU IIPOJOJIZKUTH

HA BEPXHIOI KOMILIEKCHYIO IIOJIYILIOCKOCTh Kak f(2) = ————. D1a

(22 44)%
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GyHKIMS He MMeeT 0COObIX TOYEK Ha JACHCTBUTENLHON OCH, a B BEpXHEIl
[OJIYILJIOCKOCTHU UMEET OJIHY 0c00yt0 Touky z = 2i. Tak kak lim f(z)-z =
Z—r 00

. z
= lim ——— = 0 (cremnens 3HAMeHaTEssI paBHA 6, 9TO GOJIbIIE CTe-

2—00 (22 + 4)3
IIeHNn LII/ICJII/ITGHH), TO yCJIOBUA JIEMMbI BBIIIOJTHAKOTCHA. TOF,D;a. IO Teopeme

+oo
1 ) 1 )
1= / md‘f = 2mires (M7 22) .

—00

Ocrajoch HaliTH 3HaYEHNe BLIUETA.

‘ 1 . . 1 . "
res m, 21 ) = Zh_)rr%i m(z — 27,) =
im

1

2

1 1 "
—li — ] =
2 2521 \ (2 + 24)3

1

e e — 12 5

2 22 (z+2i)5  2-(4)5 512’
T 3 3
T
0 I= | —dv=2rmi —— =~
rerona / (@2 +42 "~ 7" 512i ~ 256

+oo

Cayuait 3. Paccmorpum wuHTerpassl  Buua / f(z) sinmadz

— 00

—+o0

u / f(z) cosmadz. Iycrs m > 0.
— 00

Yame Bcero dyuknus f(z)—»3ro pamuonaabHas apobb. [Tosromy
JIJIsl TOTO, YTOOBI MHTErpaJsl CXOJINJICs, HY?KHO YTOOBI 3HAMEHATE b STON
JIpo0U HE UMeJ JeHCTBATEILHBIX KOPHEN U CTENIeHb YUCIUTE s OblLIa, HU-
JKe CTEeIeHN 3HaMEHATeJs] XOTs Obl Ha €JIMHUILY.

B npumepax 3roro Buja Mbl JIEHCTByeM TaK: B KQUeCTBE IIPOJIOJIZKE-
Hust GyHKIMM 6epéM He MoJIbIHTerpaibHyio, a dbyHKimo suja f(2)e!™=.
KonTyp naTerpupoBanusi, Kak U B IPEJABIIYIIEM CIydae, 06pa3oBaH 110-
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ayokpyHocThio Cr u auamerpom [— R, R]. lasee 3amuiineM, 910

+R m
/ f(2)e™=dz + / f(2)e™m*dz = 2mi Zres(f(z), zk), Imzg > 0.
“R Cr k=1

B sTom pasenctBe nepeiiieM k npegeny npu R — oo. Iomyuanm

R—o0

+R m

lim / f(2)e"™*dz 4+ lim / f(2)e'™*dz = 2mi Zres(f(z), 2k)s
R—o0 o1
—R Cr -

rIae npaBad 9aCTb OT R me 3aBucur.

s mokazaresibeTBa, 9To  lim f(2)e'"*dz = 0 upumenum JleMMy
R—o0

Cr
2Koppana.

JIemma 3.1.3. (XKopdana) Iyemv gynruyus f(z) asasemca ananiu-
muueckol 6 eeprnel noaynaockocmu Imz > 0, 3a uckaouenuem Ko-
HEUHO20 YUCAL USOAUPOCAHHBIT 0COBBIT MOUEK 21, 22, ..., Zm, U DAG-
Homepho ommuocumenvro argz (0 < argz < m) cmpemumea k 0 npu
|z| = o0. Toeda npu m > 0: lim [ f(2)e'™*dz = 0, ede Cr — dyea
R—o0
Cr
noayoxpyotcnocmu |z| = R 6 eeprheli noaynaockocmu.

[IpuBoauTH MOHOE TOKA3ATEIHLCTBO HE OyIeM, CIeIaeM TOTHBKO HECKOIb-
KO 3aMedYaHUid.

3amewanue 1. Ppaza «pyukuus f(z) pABHOMEPHO OTHOCUTEIHHO arg z
(0 € argz < ) crpemurca K 0 npu |z| — co» o3Hadaer, 4To st PyHK-
mun f(z) upu |z| = R cupaseqyusa oneska |f(z)| < ug, tae pg — 0
npu R — oo.

Sameuanue 2. Ecim m < 0 u f(z) yJAOBJIETBODSIET yCJIOBUSIM JIEMMBI
ZKopaana B HUZKHe# TOJIyIJIOCKOCTH, TO Rlim f(z)e"™*dz = 0, tme
— o0

Cr
CRr — nyra TIOJIyOKpPY?KHOCTH |2| = R B HIDKHEH MOJTYILUIOCKOCTH.

Jlemma ZKopana 1mo3Bosint cpopMyInpOBATH OCHOBHYIO TEOPEMY JIJIst
9TOTO CJIy4asl BBITUCJIECHUS HHTETPAJIOB.
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Teopema 3.1.4. ITyemo dynxuyusa f(x), sadannas wa sceti deticmeu-
MeAbHOT 0cU, MOdHCEM ObiMb GHAAUMUYECKY NPOJOAHCEHA 6 BEPTHION
noaynaockocms max, wmo f(z) ydosaemeopsem ycaosusam semmo 2Kop-
dara u HE uMeem 0cobuT mouer na deticmeumenvroti ocu. Tozda

+oo m
/ f(2)e™*dz = 2mi Z res(f(2)e"™, z),
e k=1

2de zj, — ocobvie mouku Pynkyuu f(z), aescawue 6 seprmels nosYyNAOC-
xocmu (Im z, > 0).

23 sin 2z

d
6 +1 v

ITpumep 13. Boraucaurs I =

O\Jgr

+oo

. 1 23 sin 2
[ToapiaTerpanbuas GyHKINT Y€THAS, TOITOMY [ = — _—
6
2 %41
— 00
B kadecTBe aHAIUTUYECKOTO MIPOJIOJI?KEHNS Ha, BEPXHIOI TOJIYILIOCKOCTh
3 ,2iz
z’e .
Boibupaem dyuknuio f(z) = 1 Eé ocobbiMun TOUKaMu SIBJISIOTCsT
z
HyJII 3HAMEHATEJIsI, CPEIU KOTOPBIX B BEPXHIOK IOJIYIIOCKOCTH IIOIa~

7T+,,7r \/g_’_l‘ 7r+,,37r )

al0T 21 = COS— + iSln— = —— + =1, 22 = COS— + iSIn — = ¢

A ! 6 6 2 2" 6 6 "
T .. 57 V3 .

23 = COS F +12s1n I = Y + 51, ABJISAIONINECS IIPOCTHIMI TOJIIOCAMMU.
Im

Hecnoxno ybequnThbest, 9T0 ycioBus JeMMbl 2Kopana U MpuBeIeH-
HOI TEOpPEMBI BBIIIOJIHEHBI, [I09TOMY

+2o 32 3 302z
5 dz =2mi E res | —s—— %k | -
20 +1 20 +1
e k=1



Ocranoch HaliTH 3HaYEHNe BLIUCTOB:

3,.2iz 3.2iz
zle — w26 _ 32in pyy P
res = lim —— (2 — 2z1) = zye im ——

i —
2641’ z—z1 26 41 z—z1 26 + 1
; . 1 . 1 1 ;
— Z113€2121 lim — — 2?62121 — = 7262121 .
z—z 62 627 627

Ob6paTum BHUMAHUE, 9TO JJIs BEIYACIEHUSI [IPEJIesIa TPUMEHIIIN [IPa-
B0 Jlonurassi. AHAJIOTUYHO BBIYKMCJIUM OCTAJIbHBIE BHIYETHI:

3 ,2iz 3 ,2iz

z’e N ST z’e N ST
res | s, 22| = —5€ 7, res | —g——,23 | = —z€ 7.

2°+1 625 2° 41 625

IloncraBum HailleHHBIE 3HAYEHUS:

23212 1 ) 1 ) 1 )
dz =27 | — 2121 T 24z T 24z3 .
/26—|—1 z 7rz<6Z%e +6z§€ —|—6de

— 00

Teneps npeobpasyem, 3amucbiBad e2#¢ o dopmyie Diepa u mpe-
b

obpasysa —5 = Z—kg c yuérom 23 =i, 23 = —i, 23 =i
6z 6z
k k
+oo . +o0 +oo
z3e2% x3 cos 2z . 23 sin 2z
67dz = 67dx +1 67dx =
20 +1 0 +1 0+ 1
—00 —o00 —o0

e . . .
— (2162”1 + 2262122 T 2’362123) —

3
g @e(\/ngi)i Lie2 4 7\/§+Z‘6(*\/§+i)i

2
= Z% ((\/gsin V3 +cosvV3)e ! — 6_2) .
+oo +oo
T / a3 cosQazd / x> sin2:vd .
orja ———dxmn ——————dx — COOTBETCTBEHHO JIeHCTBU-
A 264+ 1 26 4+1 8

—0o0 — 00
TeJIbHad 1 MHUMaA JaCTU IIOJIYIUBIICTOCA 3HAYCHUA, IIOITOMY

—+o0
3o 2

/ mdw _T ((\/gsin\/?;—i—cos \/3) et —672) .
26 +1 3
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OTcrojia MCXOHbBIM UHTErPaJl PaBeH

+o0
1 23 sin 2z T
sz _— :7(( 1 ) 71— 72)_
2/ P dr 5 V3sin V3 + cos V3 ) e e

3.2. Ilpumepsl Ay caMOCTOSATEIbHOM

paboThI
2m
1
1. Berauciurs I = / —dop.
3+ cosp
0
“+oo
22— 242

2. Boramncmuts I = / 11022+ 9 xz

0
—+oo

4
T
3. Boruncimrs I = / 12 1) dx.
0
27 i
4. Boraucimrs [ = / w
34 2sinep
0
27
52
5. Beraucouts [ :/M ©
5—4cosp
0
400 3
6. Boruucimurs [ = / md:r.
4 +1
0
“+oo

x3sinx

7. Borunconrs [ = / m Z.

0
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I'taBa 4

JlorapundmMniecknii BbIaeT
1 ero IpujaoKeHus

4.1. OcHoBHBbIE oIIpe/ie/IeHNsI 1 TeOPeMbI

Bynem paccmarpusars dyskimn f(z), aHAIUTHYECKUE B HEKOTOPOI
ITPOKOJIOTON OKPECTHOCTH TOYKH Zo. LIpm 3TOM TOUYKa 27 MOXKET OBIThH
M30JIMPOBAHHOM 0c000# TOUYKOI, HO TakKe f(z) MOXKET U He TepsTh aHa-
JIUTHYHOCTHU B 910l Touke. st takux dyukuuit f(z) B Toukax onucan-
HOT'O BUJIA PACCMOTPUM TIOHSATHE A024PUPMUECKO20 GbiHemda.

Ounpenenenne 4.1.1. Jlorapudmudeckum sbraeroM byskmuu f(z)
B TOUKe 2y (ONMCAHHOIO BBINIE BUja) OyJeM Ha3bIBATH BBIYET €6 Jora-

/
pudmmyeckoii npoussoxHoi (In f(2)) = M B 9TOW TOYKeE:

f(z)
f'(2) ) 1 ?g f'(2)
res 20| = — dz,
(7 i ) J(2)
I/ TTPOCTON 3aMKHYTBIM KOHTYP L TOJTHOCTBIO JIE?KUT B paHee OMUCaH-

HOII IIPOKOJIOTOfi OKPECTHOCTH TOUKH Zg (B KadecTBe L MOXKHO B3ATDH
OKDY?KHOCTb |z — Zg| = 0 € JZOCTATOUHO MAJIBIM PAJIILyCoOM 0).

IIpumep 14. Boraucaurs jgorapudmudeckuii Berder f(z) = zel/?

Ke zg = 0.

B TOY-
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1 li
Tak Kax f/(Z) _ (Z)/ . 61/,2 + Z(el/z)/ _ 61/z + ZBI/Z . (> — el/z +
z

1
+ zel/% . <—> = el/? (1 — >, TO JIorapudMUIeCcKas IPOU3BOIHAS
z
o) _e#(1-3) 1 1

paBHa = 2L = — — —.

f(2) zellz z 22
Boruer dpyukmun paBer K0d3OGUIUEHTY ¢_1 JOPAHOBCKOTO Pa3JIOXkKe-
1

HUA B OKPECTHOCTU TOYKHU Z(. Tak Kak — — ) " TaK {ABJIdeTCd pa3Jio-
z z

JKEHUEM 110 CTEIEHsM z (T.e. B OKpecTHOCTH 2o = (), a cjaraemoe ¢ —
z

npucyTcrByer ¢ Koaddumnmentom 1, To c_1; = 1. IlosTomy
! 1 1
res f(z)70 =res| -——,0| =1.
f(z) z 22

J1J1st HEKOTOPBIX BHJIOB TOYEK JIOTapuMUIECKUI BHIUET MOXKHO Haii-
TH C IIOMOIIBIO CJIETYIONINX YTBEPKICHUIL.

Teopema 4.1.2. [Tycmsb zg — Hyav kKpammocmu k anaiumuseckots Pymx-
f'(z)
f(2)

Zo MPOCmOt NOAIC, G NO2GPUPMUYECKUT BOIUEM PABEH KPATHOCTNUY HY-

s (L)) =

Teopema 4.1.3. Ilycmov zy — noatoc nopsadka m gynxyuu f(z). To-

yuu f(z). Toeda aozapudmuneckas npouseoonas UMEEM 8 MouKe

f'(z) )
2da nozapupmuneckas npoussoonas, ) umeem 6 mouke zy NPocmot
z
nOAOC, G A02GPUPMUMECKUT 8bIMEM PABEH NOPAJKY NOAIOCA € NPOMUBO-
!
z
NONOAHCHDLM 3HAKOM: T€S f(())7 zo | = —m.
z
2.1
ITpumep 15. Haiitu norapudmvudeckuii Beraer Gyukimn f(z) = m
z
B ToukKax 1, —1, 7, —i.
o (=1t
epenumieM bysruuo B Buge f(2) TN ErTch Ormernwm,
—1
910 TOUKM 1 ¥ —1 SBJSIOTCS HyJISIME JuCIIUTeNsl (IepBOH KPATHOCTH),
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a 3HAMEeHAaTeJIb B 9TUX TOYKax He obopariaercs: B 0. Torma Toukn 1 m —1 —
HyJ1 11epBoit kpaTaoctu Gynkuuu f(2), mosromy

s (FE 1) =10 e (L 1) -0

B 10 Ke BpeMs TOYKH i U —i ABJAOTCH mosocaMu yuknuun f(z)
nopsizika 2 (KOpHU 3HaMEeHATeJ sl BTOPOii KPATHOCTHU, IPU 9TOM YUCIUTEIIb
B ToukKax +i ommmuen ot 0). [To coorsercTByMOIIEl Teopeme

(J;/g))”') e (J;%()) - ) -

151 HEKOTOPBIX yTBEPXKIEHUHN YI0OHO BBECTH TOHSITUE A02aPUPMU-
YECKO20 GHIHEMEA OMHOCUMEADHO KOHMYDA.

Ounpenesenne 4.1.4. Ilycrs dynkuus f(z) Ha 3amayTOM KOHTYpe L
SIBJISIETCS] aHAJIMTUIECKON 1 He nMeeT Ha HEM Hyseil. Torma 3HaveHune

(J;%()) ’ L) “ 5 75 J;g)) o

HA3BIBAECTCA A02apudmuneckum eviuemom pyukuuu f(z) OTHOCUTENHHO
KoHTypa L.

Teopema 4.1.5. (o aozapugpmuuecrom eviueme) Ilycmov dynruua
f(2), omauunas om KoHcmarmMbL, GHAAUMUYHA 8 00HOCEAZHOT 06AGCTNAU
D (sxarouas epanuyy — xycouno eaadkut xoumyp L), 3a uckaouenuem,
oMb MOdHCEM, KOHEUH020 Yucaa noatocos. Ilycmv na xonwmype L dynk-
yus f(z) ne umeem nu nyaed, nu noacos, a 6 obaacmu D koauvecmeo

nyaett xonewno. Tozda
!
res (f (Z),L) -N_-P
f(z)

2de N u P — coomsemcmeerno Koauwecmeo wyael (¢ yuémom ux xpam-
Hocmu) u noarocos (¢ yuémom ux nopadka) gynruuu f(z) 6 D.

Caencrue 4.1.6. Jlas mmozousena Py, (z) aoeapudmuneckuts svivem
ommocumenvro Kowmypa L pasen xoauvecmsy wopuel (¢ ywémom ux
kpamnocmu,) enympu L.
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IIpumep 16. Haiitu norapudmudeckuii oraer Gyuximn f(z) = (e* —

— 4)* 1o xourypy |z| = 9.

Hynu dyukuuu f(z) — kopau ypashenus e* = 4, T0 eCTb 4uCIa 2 =
=Ln4 =In4 +iargd + 2nki = 2In2 + 27ki (mas nensix k). Hecox-
HO ybenuThCs, 9YTO KOpHHU, coorBeTcTByfomue k = 0 u k = +£1, jexar
BHYTpPH KOHTyDa |z| = 9. Heficrsurensuo, |zo] = [2In2| = 2In2 < 9,
|z1] = |2In2 + 27i] < 2In2 + 27 < 9, aHAJOrMYHO JIsd Z_1. A s
k| > 2 |2] = |2In2 + 27ki| = \/(2In2)2 + (27k)2 > 27|k| > 47 > 9,
T. €. OCTAJbHbIE KOPHU JICYKAT BHE KOHTYpPA.

Taxum obpaszom, bynknus f(z) = (e* — 4)* umeer BHYTPHE KOHTYpa
|z| =9 tpu mynst (2In2, 2In2 4 27, 21n2 — 27i). Bee onn numeror Kpart-
HOCTB 4 (3a CIET BO3BE/IEHNs B CTEleHb 4), TI09TOMY KaXKblii KOPeHb MbI
nocumuraeM 4 pasa, OTCIO/ia KOJIMYIECTBO KOPHeH BHYTPH KOHTYpa |z| =9
(¢ yuérom ux kparnoctu) paBao 4+4+4 = 12. TlomocoB BHYTPU KOHTY-
pa Her (byukius gsiserca aHaauTudeckoil Ha C), mosroMy 1o reopeme

!
0 JTOrapu@MUIECKOM BBIUETE: TES (J;((Z)), |z] = 9) =12-0=12.
z
52
IIpumep 17. Haiitu norapudmudeckuii Boraer dbyuxiuu f(z) = W
24—

[0 KOHTYDY |z — 2 — 2i| = 3.

B rouke 0 byuknusg f(z) umeer HyJib BTOpoil KpaTHOCTH (38 CUET Imc-
JIATENIs) W OH JIEKAT BHYTPH KOHTYpa (OKPY>KHOCTH C II€HTPOM
B 2 + 2i u paguyca 3).

3namenaresb uMeer Hyn +2 u £24 (Bce KpaTHOCTH 3), B 9TUX TOYKAX
byHKIMS nMeeT NOTIOCHL NOPsKa 3 (UUCAUTENb B 9TUX TOUKAX OTJIMYEH
or 0). OgHako BHYTpH KOHTYpa |z — 2 — 2i| = 3 jeKar TOJBKO JBa

U3 3THUX MOJIIOCOB: 2 U 21.

22

(24 —16)3
Typa |z — 2 — 2i] = 3 Hynb KparHocTH 2 (z = 0) M jaBa mOJIHOCA IO-
panka 3 (z = 2 u z = 2i). Ilo Teopeme o JyiorapuMUIECKOM BbIYETE

f'(2) 1—3)—9_9.3-_
res<f(z),|z—2—21|—3>—2 2-3=—-4.

Takum obpazom, byukius f(z) = UMeeT BHYTpPH KOH-
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4.2. Ilpuniun aprymMeHTa

Paccmorpennast Teopema 0 jorapudMUIECKOM BbIYETE UMEET JIH00O-
MIBITHBIA T€OMETPUYECKHIT CMBIC/T: MOYKHO IIPOCJIEIUTh, KAK MEHSIETCS ap-
rymenT ¢yukiuu f(z) upu 06xoie KOHTypa L, U CBI3aTh 9T0 U3MEHEHUE
CO 3HAYEHWEM WHTEerpaJja OT Jorapudmudeckoit mpousBoanoit. Hecmox-
HO JIOKa3aTh CJIE/LYIONLYI0 TEOPEMY.

Teopema 4.2.1. [Tycmo Pynryus f(z) aHaAUMUYHA KA NPOCTNOM KY-
couno eaadkom xKowmype L u ne umeem wyaed na smom xonmype. Tozda

!/
79 f ((Z)) dz = iAp Arg f(2), 2de snauenue Ajp Arg f(z) — npupawenue
z
L

f

apeymenma mouxu f(z) Ha KOMNAEKCHOU NAOCKOCTU, K020a MOYKa Z
npoxodum koumyp L 6 nosoosicumenvrom HANPaBAEHUL.

[Mocnenauit pe3yabraT 1Mo TeOpeMe O JIOrapudMUIeCKOM BbIUeTe MOXK-
HO 3amucaTh B (popMe, KOTOPBI HA3BIBACTCS NPUHUUNOM AP2YMEHMA.

YrBepxkaenue 4.2.2. (npunyun apeymenma) B yciosusr meope-
MbL 0 AO2GPUPMUNECKOM BDINEME U 8 TET HCE 0003HAMEHUAT

1
N —P=_—ApArg f(2).
2m

Caencrue 4.2.3. I[Iycmo dynkuyua f(2), anasumuunas 6 00nocens-
Hol obaacmu D u e€ epanuie — Kycouno eaadkom kowmype L, ne umeem

nyaet wa L. Toeda 6 obaacmu D dynruyus umeem 2—AL Arg f(z) nyaed
m

(7{/‘0,91‘0(31)/,1'1 HYAb YHUMDBIBAEMCA CTNMOABKO PA3, KAKOBG €20 ’KIpCLmHOCmb).

CieicTBre U3 TPUHIUIA APTYMEHTa ITPUMEHUMO B 33/[a9aX [TO/ICIETa
KOJIMIECTBA KOPHEl MHOTOYJIEHA B ITOJIYILUIOCKOCTSX M KBaJpaHnTax. s
CJIy9asi TMOJIYIJIOCKOCTH OOBIYHO UCIIOJIB3YETCH TAKOM ITOIXO/I:

1. PaccMaTpuBaeTcsi KOHTYD, COCTOSIIMN U3 OTpe3Ka (yuacTKa KOOp-
JUHATHON ocH) ¥ Jayru (TPaHMIE HOJYKPYTa); IPU 3TOM [IPEJIIO-
JIATAETCS TOJIYKPYT HACTOJIHKO OOJIBIIOIO PaJinyca, ITO B HEro 3a-
BEJIOMO IIOTIa,/1aI0T BCe KOPDHU MHOTO4JIEHA B PacCMaTpUBAEMOI T10-
JIYIIJIOCKOCTH;

2. KouTyp 3a1a8TCsl TapaMeTPUIECKH, JJIsl 3TOTO MAPAMETPIIECKOTO
OIIPEJICJICHUS BBIYUC/IACTCA TIOJIHOE M3MEHEHUE apryMeHTa (DyHK-
mun f(z) npu 06xXo[e KOHTYpa,;
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3. Ilo ciencTBuio U3 NPUHITAIIA APTYMEHTA BBIUUCIISIETCS KOJIUIECTBO
KOpHel B IOJyKpyra (& 3HAYUT, U B IIOJIYILJIOCKOCTH).

[Tokazkem 0COOEHHOCTH MCIIOJIB30BAHUS TAKOTO CIIOCO0a HA IIPUMEPE.

IIpumep 18. Haiitu KommdecTBo KopHeil ypapHeHns 28 + 223 — 1 = 0
B IIPaBOY KOMIIJIEKCHOH ITOJIYIIJIOCKOCTH.

O6oznaunm P(z) = 28 + 223 — 1.

s HadaJia TIOKaXKeM, 9TO YPABHEHUE HEe UMEeET YUCTO MHUMBIX KOD-
Heil (T.e. KOpHM He TIONAJAIOT Ha MHUMYIO OCh). B caMom meste, ecsu Obl
ypaBHEHHE HMMEJIO YMCTO MHUMBIH KOPEHb, TO OH UMeJ Obl BUJ it jist
neiicrsurensroro t # 0. Ho torma (it)® — 2(it)® — 1 = 8 — 1 + 2it —
MMEET HEHYJIEBYI0O MHUMYIO 9aCTh, TIO9TOMY He puHuMaer 3uadenust (.

Paccmorpum  koutyp I', cocrosmumit w3 jgyru
'y (Jz2| =R, —7/2 < argz < w/2, R > 0) u orpe3ka
T's or iR 5o —iR (pucynok cupasa). Tak Kak MHOro-
IEH MMEeT KOHEHOE 9HCIIO KOPHEH, TO MOXKHO ¢un- T,
TaTh R HACTOIBKO OOJIBINM, UTO BCE KOPHH, JI€IKA-
1ie B HpaBoif OJYIIOCKOCTH, OKA3BIBAIOTCS BHYTPH ] Re
paccMaTpuBaeMoro KouTypa (a Ha ygacrke 'y oHu He
JIeZKaT 10 JoKazaHHoMy panee). COriacHO IPUHIUILY
apryMeHTa, KOJUIeCTBO KOpHEH BHyTpu KoHTypa [
(a 3HAYUT U BO BCeil IPABOI MOJIYIIJIOCKOCTH) PABHO

1
—Ar Arg P(2).
2m

Im

Iy

ITpuparmenue aprymenta f(z) no KOHTYpY L MOXKHO pa3buThb HA CyM-
My [IPUPAIIEHNHT [0 OTIENbHBIM YIaCTKaM (C COXPAHEHMEM OPUEHTAIIHN ):

Ar Arg P(z) = Ar, Arg P(z) + Ar, Arg P(z).

2 1
Teneps mpeacrasuM Muorowien B suge P(z) = 28 (1 +=-=)
25z
[Tosb3ysACHh CBOMCTBOM apryMEeHTA IIPOU3BEICHHSI, IOy IHM:

2 1
Ar, Arg P(2) = Ar, Arg 2® + Ar, Arg (1 + 5 28) = Ap,8Argz+
Ar, A 2 1Y) - Ar, A Arp, A 2 !
+ r, Arg 1—"_;_; =38 1N rgz+ r, Arg 1+Zi5_? .
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ITpu nemxenun no ayre 'y aprymeHt z mensiercst Ha m (o1 —7/2
J10 /2), TI0ITOMY MEPBOE CJIATAeMOe B 9TOM BbIpaXKeHUU paBHO 87. Jljist
BTOPOTO CJIAraeMoro yao0Hee BBITUCIUTDL He 3HAUEHHUE IIPU KOHKPETHOM

R—00 28
6osbmux R 3HavYeHUs 9TOH (QyHKINU JeKAT B MaJjoil OKpecTHOCTH 1.
[TosToMy m3MeHeHUe apryMeHTa IPOUCXOAUT B IIPEJIEAX YIJIa, IOJ KO-
TOPBIM 3Ta OKPECTHOCTb BUIHA U3 TOYKHU (), HO 3TOT yroj crpeMuTcs K 0

2 1
¢ poctom R: lim Ap, Arg (1 + = - 8> = 0.
R—o0 z z

2 1
R, a npenen npu R — oco. Tak kak lim (1 + = - ) =1, To upmu
z

Orcroma Rlim Ar, Arg P(z) = 87 + 0 = 8n. Teuepsr paccmorpum

— 00
yuaacTok ['s. [Tapamerpuyeckn ero MoKHO 33JI1aTh KakK z = —it, rie ¢
npoberaer 3uadenus or —R 10 R (torma T'y npoberaercs cBepxy BHU3).
[ozncrasum B Muorowten: P(—it) = (—it)® +2(—it)> —1 =8 — 1 + 234,
HeiicrBuresbHas 1 MHEMas 4acTb o0pasa (3nauenus P(z) B Toukax I's)

pasubl u(t) = t8 — 1, v(t) = 2t3, Tak YTO MOMKHO BBIDA3UTH U Tepe3
3 'US
vit = v/2, orkyna u = (/v/2)8 —1 = — — 1 (upu aBuKeHHH
Yol (/o) T
mo orpe3ky I's HagambpHOil TOuKe Tpm t; = —R COOTBETCTBYET vp =

= —2R3, KoHeuHOI TOUKe TpH ty = R —3Hauenne vy = 2R3). Kpusas
(o6pas orpeska I'y qyist yrkimn P(z)) npecTaBieHa Ha PUCYHKE HUKE.

ITynkTupHOii cTpeskoii 06o3HaueHo n3MeHenue aprymenta P(z) upu
aBuzkeHn” z 10 I's. Jlerko ybeaurTbesi, 94TO Rlim Ar, Arg P(z) = =2«
—00

(zmeficTBUTENBLHO, OCTDBII yroJ Ha YepTexe paBeH arg P(zy)—arg P(z1) =
3

= 2arcth87+5 — 0 mpu R — o0). 3Hak (MMHYyC) CBsI3aH C TeM, UTO
npu JerkeHnu z 1o 'y Touka P(z) obxomut z = 0 npoTUB 4YacOBOM
CTPEJIKU.
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HaXO,ZLI/IM IIOJTHOE€ U3MEHEHUE apryMeHTa IIPpU O6XO,H€ KOHTYDa I

lim ArArg P(z) = lim Ap, Arg P(z) + lim Arp, Arg P(z) =
R—oo R—o0 R—o0

81 + (—27) = 6.

ITo ciresicTBUIO M3 TPUHITUIIA APTyMEHTa KOJIMYECTBO KOPHEHl BHYTPH
KOHTYDa (& ¢ y48TOM BbIGOpa KOHTYPa — U BO BCeil IPaBOil KOMILIEKCHOM
[IOJIYIJIOCKOCTH ) PABHO %Ap Arg P(z) = % =3.

3ajiada pelena, HO MOYXKHO 0oJjiee TOAPOOHO OIMCATH PACIOJIOKEHNE
KOpHel B IIpaBoil moJryruiockocTu. Ha mostoKuTebHoil 1efICTBUTETHbHO
HosTyocH He GoJiee OIHOTO KOpHS, Tak Kak P(x) = 28 + 223 — 1 o1 neit-
cTBUTENBHOTO = € [0, + 00) BO3pacTaet, mosToMmy obpamarbest B 0 MoxkeT
He GoJiee 4eM B OJIHOM TOUKe. A Takas TOUKa CymecTByeT, Tak Kak P(0) =
=—-1<0wu P(1) =2 > 0. B upasoii HOJIyIJIOCKOCTH OCTAJIOCH €IE JBa
KOMILJIEKCHBIX KOpHsl. Tak Kak koddduimentsl P(2z) nelicTBUTEIbHBI,
TO €ro KOMILJIEKCHBIE KOPHH Pa3bMBaIOTCs HA HAPbI CONPSKEHHBIX (ec/Iu
P(zp) = 0, To P(z;) = 0). IlosToMmy ocraBummecss KOpHA — IIapa COIPsi-
JKEHHBIX KOMILJIEKCHBIX Yncesl (OAMH U3 ITUX KOPHEl JIEKUT B IIEPBOM
KBaJIpaHTe, a APyroii — B 4eTBEPTOM).

4.3. Teopema Pyime

HWcnonp3oBannast mpu pacCMOTPEHUH MPEIBIIYINErO MPUMepa Ues ¢
BBIHECEHUEM «DOOJIBINIOr0» MHOXKUTEJNIS IPU HAXOXKJICHUN U3MEHEHUS ap-
T'yMEHTa IIOMOraeT B JIOKa3aTesIbCTBe CJIeJyIonieil TeopeMbl.

Teopema 4.3.1. (Pywe) ITycmov gynxyuu p(2) u f(2) anarumuse-
cxue 6 o0noceasnoli obnacmu D u ozpanuvusarowem eé xonmype L, a
60 acex moukax xKouwmypa L swnoansemes nepasencmso |o(z)| > |f(2)].
Toz0a gyrruuu (z) u(z)+ f(2) umerom odunarosoe Koauuecmso ny-
saett enympu D.

IIpumep 19. Haiitu xommdaectso KopHeit ypasaenus e — 527 +1 = 0
B Kpyre |z| < 1.

Paccmorpim dbyakman f(2) = e* n ¢(z) = —52 +1. Ha okpyzxuocTH
|z| = 1 umeem Rez < 1, mostomy |f(2)| = |e*]| = ef* < el < 3. Ilpn
atom |p(2)| = | =527+ 1] > | =527 = [1] = 5|2|" =1 =5—1 = 4. Takum

06pa30M, Ha KOHTYDe |z| = 1 BBIIOJIHSIOTCS BCe YCI0BHsI TeopeMbl Pyiie
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(le(2)] = 4 > 3 > |f(2)]), mosromy B Kpyre |z| < 1 anamuruueckas
byrkmus p(z) + f(z) = e* — 527 + 1 nMeeT Takoe ke KOJTMIECTBO Hyeit,
gro u dynkmma ¢(z) = —527 + 1. Ho nymm dbyskman ¢(z) — 3T0 KOpHH
ypasHenus 5z’ = 1, T.e. ceMb 3HAYCHMIT \7/1/75, KOTOpBIE JIEYXKAT BHYTPHU
koHTypa. Torja u ucxonHoe ypasHenue B kpyre |z| < 1 umeer 7 KopHeii.

ITpumep 20. Haiitu Ko/myaecTBo KopHeit Muorouiena P(z) = 23 — 3z —
—6: (a) B kpyre |2] < 1, (6) B KOIBIE 1 < |2| < 3.

(a) Paccmorpum amamutudeckue f(z) = 23 m p(z) = —3z — 6. Ha
rpanmme kpyra (okpyxmnoctu |z| = 1): |f(2)] = |23] = |z = 1, 5o
lp(z)| =] —6—32 > |—6|—1[32| =6 —3 =3 > |f(%)], nosromy P(z) B
Kpyre |z| < 1 umeer cTOIBKO Ke KOpHEHl, CKOJIbKO —3z — 6 = 0, T.e. HI
onHOro (TOYKa 2z = —2 JIEXKUT BHE KPYTa).

(6) Tenepn ¢(z) = 2% u f(z) = —3z — 6. Ha oxpyxuoctu |z| = 3:
()] = 2% = |2 = 27, [f(2)] = | 32 — 6] <3| — 2| + |~ 6] = 9+ 6 =

=15 < |¢(2)], mosTomy P(z) mmeer B kpyTe |z| < 3 CTONBKO ke KOpHEit,
CKOJIbKO MHOTOWIEH 22, a oH mmMeeT Kopenb 0 kparmoctu 3. Ilpu sTom
B Kpyre |z| < 1 kopmeit P(z) mer, Ha OKpy»KHOCTH |z| = 1 ToxKe HeT
kopreit (|23 —3z| < |23 + | — 32| = |2%] + 3|2| = 4, nosTOMY He MONeT
ObITh paBHO 6). 3HauuT, BCe Tpu KopHst P(z) nexar B koubie 1 < |z| < 3.

TeopeMa Pyme IIpUMEHUMa B JOKa3aTe/JIbCTBE N3BECTHOT'O CBOICTBA:

Teopema 4.3.2. (ocnosrnas meopema anzebpwt) Aszebpauueckul
MHO20YNEH P(z) = a,2" + an,lznf1 + -+ a1z + ag ¢ KOMNAEKCHDL-
MU KOIPPUUUEHMAMU (u an #0 ) uUMeem Po6HO 1. KOMNAEKCHHT KOPHET
(¢ yuémom ux Kpamuocmu).

IIpumep 21. Haiitu kosmaectso KopHeii ypasuenns 2° — 244823 —5 = 0
B obsactu |z| > 2.

ycts p(2) = 823, f(2) = 2° — 2% — 5. Ha xourype |2| = 2: [p(2)| =
= [823| = 8|z|® = 64, pu aTom | f(2)| = [2°—2*—5| < [2°|+]2*|+5 = 32+
+ 16 + 5 = 53 < |p(z)|. Ilo Teopeme Pymie, ucxontoe ypaBHeHHE nMeeT
B KpyTe |z| < 2 cTosibKO 3Ke KOpHeit, CKoJIbKO ypasHeHue 822 = (), a oHO
umeer kopenb 0 kparnocru 3. Ha camom KoHTYpe KopHeit HeT (paBeHCTBO
25— 2* — 5 = —82° 1pu |2| = 2 He BLIMOMHAETCH, TAK KAK MOJTY/Th JIEBOI
YacTH MeHbIIle MOAy/s UpaBoii). Beero mcxommoe ypaBHeHue mmeer 5
KOpHeli (KOpHUM MHOTOUJIEHA [SATOMN CTENeHr), N3 HUX TPU JIEXKAT B KPyTe
|z| < 2. TToaroMy BHe 9TOro Kpyra JiexKarT JBa KOPHsL.
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IIpumep 22. Haiitu KosmaecTBo KopHeil ypaHeHns 28 + 223 — 1 =0
BO BTOPOM U TPEThEM KBaJpaHTaX.

O6osnauum P(z) = 284223 — 1. Panee nokaszamu, uro P(z) He numeer
YUACTO MHAMBIX KOPHEH, UMeeT e¢JIMHCTBEHHBII ITOJIO2KNTEbHbINA 1eiicTBU-
TEJILHBIA KOPEHb U T1apy CONPSIXKEHHBIX KOPHEH B IIEPBOM U 9€TBEPTOM
KBaJpaHTe. 3HAYUT, Ha JIEBOi moJryiiockoctu P(z) uMeer 5 KopHeit.

[lpu geiicrBurenbubix x pacemorpuM P(z). Tak xax P'(z) = 827 +
+ 622 = 222(42° + 3) orpunarenvua npm npu ¥ € (—o00, — v/3/4)
U HosioKuTeIbHA pH z € (—</3/4,0), TO Ha KayKJIOM U3 yIOMSIHYTBIX
IPOMEXKYTKOB y P(2) B Culy MOHOTOHHOCTH He GOJIbIIE OJJHOrO KODHSI.
Ho P(z) mensier 3Hax Ha (—00,— y/3/4) (P(—10) > 0u P(—1) < 0), no-
9TOMY Ha 9TOM IPOMEXKYTKE €CTh KOpeHb. A Ha (— W,O) MHOTOYJIEH
Bo3zpacraer, HO P(0) < 0, mosroMy KOpHeii 371eChb HeT.

Takum 06pazoM, u3 IATH KOPHEH B JIEBOH MOJIYTLIIOCKOCTH POBHO OJIAH
JIEZKAT Ha OTPULATEJILHON JeHCTBUTEJHLHON IIOJYOCH, & OCTAJIbHbLIC Ye-
ThIpe Pa30UBAIOTCS HA JBE MAPhl KOMILJIEKCHO COIPSI?KEHHBIX (1B KOPHSI
JIEZKAT CTPOrO BO BTOPOM KBAJIPAHTE U JIBA KOPHS — CTPOTO B TPETHEM ).

4.4. Ilpumepsbl JJid CaAaMOCTOSTEJIbHO
paboThI

1. BoraucauThb siorapudMudecKuit BoIIeT:
(a) dpymern E =2 )
a HKIAA ~————
Y 2 )3

z—z

(6) bynxnmm Le " B Touxe 0;
(B) dynkuuu (e?* + 4i)3 ornocurensuo KonTypa |z| = 5;

B Toukax 0, 1, 2¢ u —21;

(r) byukuuu ( OTHOCHUTEJILHO KOHTYpa |z — 1| = 2;

sin
2% +16)2
(m) dbyuxmun tg® 2z oTHOCHTEbHO KOHTYPa |2| = 5.
2. HaiiTi KonmmaecTBo KopHeit ypasnenns 25 4+ 223 — 15 = 0
(a) B kpyre |z| < 1; (6) B kosBIE 1 < |2] < 4.
3. Haiiti KosmrdgecTBO KOpHeit ypasHenns z° + 524 —5 =0
(a) B npasoii osymnockocru; (6) B IEPBOM KBaJIpaHTe.
4. Haiitu KosmaecTBo KOpHeil ypaBHenus e + 3 = 122™ (st Hary-
PaJIbHOIO 1) B Kpyre |z| < 2.
5. HaiiTu kosmdaecTso KopHeit ypasuenust z* + 23 +422 422 4+3 =0
B IIPABOil MOJIYIIJIOCKOCTH.
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I'maBa 5

KondopmHublie
OoTOOpakeHusI

5.1. Oob1ue cBoiicTBa
KOH(OPMHBIX OTOOpaKEeHUIt

ITpu uzydenun GyHKOUHA KOMILIEKCHOIO IIEPEMEHHOIO HATJISIZIHOIO
IIPEJCTABICHUSA B BUJIE rpaduKa IOCTPOUTD HeJb3d. ApryMeHToM (hyHK-
[N SIBJISIETCS KOMILJIEKCHOE UmcJio (IPe/CTABIeHHOE eHCTBUTENbHOM
U MHMMO#1 9aCThIO), TO 2Ke caMoe CIIPaBeJJINBO JJIsl 3HaUeHui. B pesyib-
Tare rpadUK B IPUBBIYHOM MOHMMAHUN — KAK MHOXKECTBO TOYEK BUIA
(2,f(2)) — oKa3BIBAETCS YETHIPEXMEPHBIM.

TelVI HEe MeHe€ Mbl IIPUBLIKJIN I'€OMETPUYICCKU IIPEJCTaBJ/IATH KOM-
[UIEKCHOE YHCJI0 Z = & + {1y KaK TOUYKY ¢ KOOpAuHaTaMu (,y) Ha ILI0C-
kocru, a GyHKIHs [ KOMIUIEKCHOIO HEPEMEHHOIO MEPEBOJUT TOUKY Z
B TOUKY w = u + (v = f(z) ¢ kooppuHaramn (u,v). AHAJIOIMIHO MOXK-
HO OTOGPA3UTh MHOYKECTBA TOUEK (KPUBBIE, OOJACTA W JIPYTHE): KaXKIOMH
Touke z € D comocraBum o6pa3 — touky w = f(z) € D'. IIpu aToMm MOXK-
HO TOBOPUTH, 4TO (PyHKIUA f OTOOparKaeT MHOXKECTBO D B MHOMKECTBO
rouek D', a rpadudecKu ITO IPEJCTABUTH TAK: U300PA3UTH UCXOIHOE
MHOXKECTBO TOYEK Ha IIOCKOCTHU U €ro 0bpa3 npu jeilicrBun GyHKIun f.

Oco0bIit MHTEPEC MIPEICTABIISIOT OTOOPAYKEHUS, KOTOPBIE COXPAHSAIOT
HEKOTOPbIE I'€OMETPUIECKUE CBONCTRA.
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Onpepnenenne 5.1.1. Orobpaxkenne w = f(z) Ha3bIBaETCA KOHEHOPM-
HOLM 6 TOYKE Zg, €CJIM OHO COXPAHSIET YIIBI ME¥KJIy KPHBBIMI.

WNuade roBopsi, eciim KaKne-TO KPUBBIE MIEPECEKAJNCh B TOUKE 2z MO/
HEKOTOPBIM YIJIOM, TO UX 06pa3bl (KPUBbBIE, B KOTOPBIE OHU LEPEBOJISTCS
dyukimeit f) nepecekarorcss B Touke wy = f(zp) MOJ TEM XKe YIJIOM.
Bynem Takke cumraTh, YTO COXPAHSIETCsI €€ W HAIPABJIEHHE OTCUETa,
sTOoro yria (B oblieM Buie Takue 0TOOparkeHus HA3bIBAIOT KOH(MDOPMHbI-
MU OTOOpaXKEHUsIMU TIEPBOTO POJia, & €CJU HAIPABJIEHHE OTCIYETa MEHsI-
€TCsl — TO BTOPOrO POJA).

Onpenenenne 5.1.2. OroGpaxenue w = f(z) HazbiBaeTCsa KoHPopM-
HoMm 6 obaacmu D, ecam oHO KOH(MOPMHO B KaxXK0il Touke 2o € D.

JlokasbHble cBoOiicTBa (B MaJjIoif OKPECTHOCTH TOYKH Zp) OTOGDarKe-
HUsI, 337aBaeMOr0 aHaINTHIeCKol (yukuuneit f(z), Bo MHOroM ompese-
JIAIOTCA 3HAYCHUEM €€ IPOU3BOIHON B TOIKE 2(:

1. Monyss |f'(z0)| siBasieTes koadbdburmenTOM JTHHEHHOTO pacTsIKe-
HUSA B TOYKE 2(;

2. Apryment arg f'(zp) oupezenser yroj moBOpOTa KPUBOM, IPOXO-
JISIeit aepes zg, Ipu OTOOPaKeHUI;

3. Ksampar momyns |f/(20)]? (sxobuam) mpecrasiser coboit Koad-
buIMEeHT M3MEHEeHHsT TIOMAM MaJIOil OKPECTHOCTH Z( IPU 3TOM
OTOOpAaKEHUN.

OrMernM, 9TO €CIM JBe KPUBbIE, MPOXOJSIINe Yepe3 zg, IPU 0TOb-
parkeHWN B OKPECTHOCTHU 3TOH TOUKHU MOBepHYyTCs Ha arg f'(zg), TO yrox
MEZK/Ty HUIMH OCTAHETCS TIPEKHUM.

OcCHOBHOE BHUMAaHUE YIEJUM TAKUM 380a9aM:
1. Haiitu 06pa3 3aaHHOil 06J/IacTU IPHU 33 aHHOM OTOOPAYKEHUH;

2. Hust nByX 3aaHHbIX ObJacTeit HaiiTu byHKIINI0, KOHGPOPMHO 0TOD-
PAXKAIOIIYIo TEepBYI0 06JACTh BO BTOPYIO;

3. g 3aaHHO0TO Kitacca 0TOOpakeHuil oIucaTh creruduyecKue reo-
MeTpUYIECKHE CBOWCTBA.
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CyiiecTBoBaHUe peIlleHrs BTOPOl U3 MEPEeYNC/IeHHBIX 3aJa4 rapaH-
TUPYeTCs CAeYIONIeil TeopeMoil U CJIe/ICTBUEM U3 HEE.

Teopema 5.1.3. (Pumara) Ecau epanuya odnoceaswot obaacmu D
8 pacwupertotl KOMNAEKCHOT NAOCKOCTU cocmoum boaee “wem u3 00-
HOT Mowku, Mo cywecmeyem anaaumuseckas 6 D dynxyus w = f(z),
Kongopmno omobpasicarowas D wa kpye |w| < 1. Ecau npu amom das
3a0aHHL MOYEK 2o, Wy U Yeaa @ nompebosamsv, wmobv f(z9) = wo
warg f'(z0) = ¢, mo omobpasicenue onpedeacno 00HOZHAHHO.

Caencreue 5.1.4. Ecau epanuuynv, odnoceasnwvix obaacmeti D1 u Do
8 PacwWuUPerroli KOMNAEKCHOT NAOCKOCTU COCMoam boiee “em u3 00-
HOT MowKY, Mo cywecmsyem anasumuseckasn 6 D1 gynrxyus w = f(z),
Kongopmno omobpasicarowan D1 na Da. (Veaosus odnosnavwmnocmu ma-
Kue ofce, KaK 6 ucxodnotli meopeme. )

Teopema Pumana rapanTupyeT HaJIU<dHe PEIleHns], HO He JaéT CIIOCO-
6a ero nocrpoenusi. CaMo oTOOparkeHUe, JIaxKe JJIsl JTOBOJBHO IIPOCTHIX
obJiacTeit, MOXKET ONpPEIeaThbCd O9eHb CIOXKHO (Hanpumep, QyHKIUS,
oTobpazkaoIas 33JaHHbIA TPEYTOJIbHUK B KPYT'). A e/l OrpaHnauBaTh-
¢ KaKIM-TO KJIaccoM (DYHKIHMIl, TO TAKOTO OTOODAKEHHsI MOYKET W He
CYIIeCTBOBATD.

Jlns HaxoXK/ieHusl oTOOparkeHMit Mam 06pa30B oOsIacTeil MOYKHO HUC-
[I0JIB30BATH EIIE OJHO ITOJIE3HOE YTBEPKICHUE: DU HEKOTOPBIX YCJIOBHAX
006JIaCTH MEePeXoadaT B 00JIACTH, a TPAHUILI 00JacTeil — B TPAHUITH.

Teopema 5.1.5. (npunuyun coomeemcmeus eparuy) Ecau @yrix-
yus f(2) xongopmno (u odnoaucmmno) omobpasicaem 00HOCEA3HYIO 00-
aacmo Dy 8 odnoceastyro obaacmo Do, a eparnuyv, amux obaacmets (T'q
u Ty coomeememeento) — kycouno zaadkue xowmypu, mo f(z) nenpe-
PoIBHO npodossrcaemcs wa Kowmyp L'y, 83aumMH0 00HO3HAUHO OMOOPAHCAA
ezo na Uy (¢ coxpanernuem nanpasaenus 06xoda).

Teopema 5.1.6. (npuruyun coxparenus obaacmu) Eciu anaiumu-
weckasn f(z) # const omobpasicaem obaacms Dy na Dy = f(D1), mo
Dy — mooice obaacmo (omrpvimoe Aunetino c8AZHOE MHONCECTNEO).

O6cyuM pocThie, HO BayKHbBIE BUJIBI KOH(OPMHBIX OTOOParKEHUIA.
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5.2. JluneitHble oTOOpakKeHUS

Hauném ¢ jmHeiHbIX 0TOOparKeHmii (Hpe06pa3OBaHI/H71).

Omnpenenenne 5.2.1. OrobparkeHre HA3BIBACTCT AUHETHBIM, €CITH 3a-
JaéTcs TMHEHHOW (DYyHKITHEH:

w=az+ b, a,beC, a#0.

Cpasy MOKHO OTMETHTB, UTO Ji00asg KOHEIHAs TOUKA Z) KOMILJIEKC-
HOH IIJIOCKOCTH OTOOparkaeTcs B KOHEUHYIO TOUKY wWo = azg + b, a s
GeCKOHETHO YAaJIEHHON Touk uMeeM w(o0) = co. Hecoxuo ybemurnbes,
YTO PA3HBbIE TOUKHU 2] U 29 OTOOPAsKAIOTCS B Pa3Hble TOUKM w1 U wa (T. €.
0TOOparKeHNe SIBIISIETCST OOHOAUCTIHVLM ), & 0OPATHOE OTOOPAKEHUE CYIIe-

a
JIIsT KaXKJI0H TOYKH 2o, TO OTOOPAYKEHHE SBJISIeTCs KOH(POPMHBIM Ha BCeit

KOMIUIEKCHO# IIJIOCKOCTH (TaKKe MOYKHO CKa3aTh, YTO 3TO CHPABEIJINBO
U JJid z = 00, rie JinHeiiHas QYHKIMs UMeeT IIPOCTOil 0JIIoC).

Taxum 06pazom, nMeeM OTHOJUCTHOE KOH(MOPMHOE 0TOOPaYKeHne Pac-
IMIPEeHHoN KoMTLTeKkcHoit miockoetn C na cebsa. OCHOBHBIE TreoMeTputde-
CKUe CBOWCTBA JIMHEHHOI0 0TOOParKeHNUs! OIIPEICJISIOTC TeM, 9T0 (hyHK-
s w = az + b gaBjsgercs KoMosuiueil AByx (yHKIUHA: JOMHOKEHUST
Ha KOMILIEKCHYIO KOHCTaHTy (w = az, a = re'?, r = |a| > 0) u nputas-
JIeHWUsI KOHCTaHThI (W = z + b).

ITpu orobpaxkennn w = rz (r = |a] > 0) MOJY/Ib KaXKJOro IUCIA 2
YMHOXKAeTCsl Ha 7, & apryMeHT He MEHSIeTCs. DTO COOTBETCTBYET PaCTsi-
JKeHUIO (IIPeobpasoBAHUIO MOIO0US, TOMOTETHH) KOMILJIEKCHON ILIOCKO-
cTu ¢ KO3 PUIUEHTOM 7 ¢ TIeHTPoM B 0.

Y v

CTByeT <z =—w— ) u siByistercst jmHeiHbIM. Tak Kak w'(zg) = a # 0
a

0] xz (0] u

IIpu oTobparkerun w = ze'¥ MTPOU3BOJIBLHOIO 2 MOIY/Ib HE MEHSIETCS
(MHOKHTENb €'Y MMeeT eMHUYIHBIH MOJIY/Ib), & K apryMeHTy IIPUOABJIs-
ercst . Takoe oToOpaskeHne OCYIIECTBIISIET IIOBOPOT HA YTOJ (.
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w = ze'?
—_—

Oyuknusa w = z + b ¢ABATAET KaXKIyI0 TOUKY 2z Ha PaIIyC-BEKTOP
TOYKHU b, TIO9TOMY TaKOE OTOOpasKeHWe COOTBETCTBYET MAapPasIICTHbHOMY
TIepeHocy Ha b.

Y v

w=2z+b
- >

b
b
0] z (0] u
Takum 06pa3oM, KOMIIO3UIUs ITUX TPEX HpeobpasoBaHmil (JuHeil-
Hasg bYHKIWMA w = az + b) OCylIecTBisier NPOU3BOJIbHBIE JIBUKEHUSI

u npeobpazoBanus nogobus. Cpen JIBUKEHNN PEATn3yI0TCsS TOJIBKO CO-
XPAHSIOIIEe OPUEHTAIMIO KOHTYPOB (HAIIPUMED, 0CeBasi CUMMETDUs He
oCylIecTBIIsierca JiuHeitnoi gynkipmeii). Takxke OTMETUM, 9TO KOMIIO3HU-
s JIMHEHHBIX peobpa3oBanuil (0TOOpaXKeHUsI) TOXKE JIMHEeHHA.

B GosbminHCTBE CIydaeB HA KOMILJIEKCHOH IIJIOCKOCTH €CTh TOYKA,
OCTAIOIAsICS HA MeCTe IPHU JIMHEHHBIX IIPe0OPa30BAHIIX.

Onpenenenune 5.2.2. Touka zg Ha3bIBAETCSI HENOOGUNHCHOT MOUKOT OTOO-
paxenus f(z), ecimm f(z9) = 2.

IIpumep 23. BroisicauTs, npu Kakux 3Hadenusx a 7% 0 u b orobpazkenue
w = az + b nMeeT HENOABMKHYIO TOUKY.

Eciu zg — HenoxsuxKuas touka, 1o w(zg) = 2o. Torma azg + b = 2o,
orkyna (a — 1)zp = b. Ilpu a # 1 ynobomy 3HaUYEeHUIO D COOTBETCTBYET

€/IMHCTBEHHOE 3HAYEHNUE 2() = 1 Ecin a = 1, To oTobpaxkenue nume-

er BusL w = z + b (cooTBeTCTBYET NMapasIeIbHOMY TiepeHocy ). Hecmoxk-
HO y6eauThest, uro npu b # 0 Takux zo Her (paBeHCTBO 2y = zg + b
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HEBO3MOXKHO), a npu b = 0 oToOparkeHne TOXKJIECTBEHHO W = Z — B HEM
KaXKJ1as TOYKa HEeOJIBUKHA.

[Mosyaman, 970 HEMOABUKHBIE TOYKU UMEET JII000e JIMHEHHOEe 0TOD-
pazkeHue, OTJIMIHOE OT MapaJIeTbHOTO IIepeHOca Ha HEHYJIEBON BEKTOD.

[Ipu HATIMYNY HENIOJIBMKHON TOYKU z( JIMHENHOE 0TOOpaKeHNe 3allu-
meM B BUIe w — zg = a(z — 2p). Teomerpudeckuii cMBICII 3/1€Ch TaKoOii:
JINHEHOE 0TODpaKeHNe, He SIBJISIIOIIEeeCs MapaJlIIe/IbHbIM TIEPEHOCOM, B~
JisteTcst KOMOMHAIIMEH TOBOPOTa U ITPeodpa30BaHus MOI00Ms OTHOCUTE b
HO HEINOJBUXKHOI TOUKH 2o (IIOBOPOTHOIN rOMOTETHEN ¢ IEHTPOM B Z().

IIpumep 24. Haiitu nuneiiHyio GyHKIHIO, 0OTOOPAXKAIONIYIO TPEYTOIb-
HUK ¢ Beprnaamu 0, 1, ¢ B TpeyroJibHUK C BepmmHaMu —2, 23, —2 + 24.
Onpeie/iuTh HEMOABUKHYIO TOUKY HANRIEHHOTO OTOOPAXKEHUS.

Cnoco6 1. Jluneitnasi pyHKIMsA w = az + b

OCYIIECTBIISIET NOJOOHsT ¥ JIBIZKEHUsI, [OITOMY 24
MCXOJHBIA MIPAMOYTOJIBbHBIH TPEYTOJIBHUK OTOG-

PasuTCs B HOMOOHBI €My TPEYTOJIbHHK, & TUIIO- i

TeHy3a nepeiiér B runorenysy. OTpe3sok Mex-

Jly TouyKaMu 1 u i (TUIOTeHy3y IIepBOHAYAILHO- ) O ‘ 1
IO TPEYTOJbHUKA) MOYKHO IIEPEBECTH B OTPE30K

MexIy 2¢ u —2 aymst ciocobamu: w(l) = —2 u w(i) = 2i smbo HA0GO-
por —w(1) = 2i m w(i) = —2. BeIGpaTh MeXK/Iy STUMHA JBYMs CHOCOOAME

MOXKHO TaK: IIOCTPOUTH OTOOPaYKeHHUe U IIPOBEPHUTD, ePeIIa JIU TPEThsI
BEpIINHA B HYXKHYIO TOUYKY, JIUOO NPEJCTABUTH, KaK MMEHHO JIOJZKHO
OCYINECTBUTHCS IPeo0pa3oBanue (JOLyCTUMBI PACIIUPEHHE NN CXKATHE,
HOBOPOTHI U HapaJlIeIbHbIe IEPEHOCDI), U IIOHATH, Ky/Ia IIPH 9TOM IIepe-
XOZISIT KOHITBI OTPE3KA.

IMocrponm dyHKIMO w = az+b no yemosusm w(l) = =2 ww(i) = 2i.
ToxcTaBuM 9TH TOYKU B (DYHKIIO, HOJYIUM CHCTEMY yPaBHEHHMIL:

a-14+b=-2
a-i+b=2i.

amnuiieM pasHoCTh ITUX ypaBHeHHi, moayunm a(l — i) = —2 — 2i.
—2(1+1)
1—14
noJry<aeM JuHeitnyo GyHKImo w = —2i2 —2-+2i. Hecoxmo yoeurhest,
YTO TPEThsl BEPINNHA MCXOJHOI'O TPEYTOJHHHUKA IMEPEXOIUT B HYKHYIO
BepIINHY HOBOro TpeyrojbHuka: w(0) = —2i-0— 2 4 2i = —2 + 24.

Orciona a = = —2i. Torma b = —2—a = —2+2¢. B pesysibrare
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TakzKe MOKHO [OKa3aTh, ITO OTOOPasKeHUe, MOCTPOEHHOE IO yCIIOBUSIM
w(1l) = 2i u w(i) = —2, nepesesio ObI TPETHIO BepIIuHy B TOUKY 0, 4TO
HAC He yCTpauBaer.

Cnocob 2. PaccmoTpum reoMerpudecKkne IpeobpasoBaHUsl, BLIITOJ-
HEHUE KOTOPBIX MEePEBEIET UCXOIHbBIN TPEYTOJbHUK B TPeOyeMblil, U BbI-
MHUIIEM OIE€paIui, HeOOXOMUMBIE JJIsT UX OCYIIEeCTBICHUSI.

s
Tar 1: moBopoT BOKpyT TOUKHU ) HA yroy — 3 (Ha mpsiMoit yrout o ua-

/2 — _j: pyHK-

COBOI1 cTpesike). DTO COOTBETCTBYET YMHOXKEHUIO Ha €
s wi; = —12.

HTar 2: pacrskenne B 1Ba pasa oraHocuTeabHO 0. [l1st 9T0T0 HyKHO
BCé (mocsie mara 1) yMHOXKUTE Ha 2, TIOJy9IaeM MPOMEXKYTOUHYIO (DyHK-
Ui we = 2w, = —2ws.

IITar 3: Temepb TOJMYYUBHIIANICI TPEYTOJLHUK PaBeH TpedyeMOMy
U TaK K€ OPUEHTUPOBAH HA IIOCKOCTH, OCTAJIOCh TOJBKO TApaJLIe/Ih-
HBIM II€PEHOCOM Ha BEKTOP (—2,2) UX COBMECTUTDH . DTO COOTBETCTBYET
pubABIEHUIO KOMILIEKCHOTO YUCIa —2 + 21, & nToroBas (OyHKINS IPHU-

obpeTaeT BUI W = Wy — 2 + 26 = —2iz — 2 + 24.

IIlar 2 .
—1

—24

3ameTuM, 910 06a crocoba 1A OJUHAKOBYIO JIMHEHHYIO (DYHKIIHIO.

Tenepb HafiIEM HEOJBIKHYIO TOUKY. YeaoBue w(zg) = zo 3aIUIIeTcs B

. . . . -2+ 2
Buse —2izg — 2+ 2i = 2g, otRyza zo(1+2i) = —2+4+2inmzp = ——— =
) 142

6.
= — + —i. OTobparkeHre MOXKHO 3aIlICaTh U B TAKOM BHJIE:

(38 (- ()

DTO O3HAYAET, YTO IEPEBECTU UCXO/IHBIN TPEYTOJbHUK B TPEOyEeMbIil MOXK-

™ .
HO OBLIO IIOBOPOTOM Ha —§ OTHOCUTEJBbHO TOYKU 2o = — + —1.

5 5
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ITpumep 25. Onumure Bece JiuHeiHbIE (DYHKIIUU, TIEPEBOISIIKE TI0JIOCY
0<Rez<1Bmomocy —1 <Imz < 1.

Bynem onwmceiBarh JuHeliHbIe TpeodpasoBanus (JIBUKEHUS U IIPEOs-
pasoBaHusl OHO0US ), IIEPEBOILAIIIE OJIHY TI0JIOCY B APYTryio. [ panuia uc-
XOJIHOM TI0JIOCHI — JIB€ BEPTUKAJIBHBIE IPsIMbIe, TPAHUIA TPeOyeMoitl 1mo-
JIOCHI — JIB€ TOPUBOHTAJIbHBIE TpsiMble. COOTBETCTBEHHO, MHOXKHUTENb ¢
B JINHEITHOM (DYHKIINNI MOXKET 33/1aBaTh ITOBOPOT TOJILKO Ha IIPSIMOI yTOJI,

m
T.€. MO2KE€T UMETHb apryMEHT TOJIbKO 5 njim —5 Paccrosirne MeKIy Huc-

XOIHBIMU TIPSIMBIMI PABHO 1, a MEXIy Pe3yIbTUPYIONMMHI TPIMBIMA
(rpaHUIIAME HOBOIi 110JI0CBI) PACCTOSIHUE PABHO 2, IO9TOMY MOJLYJIb MHO-
)kuresd a (KodhUnuenT JIUHERHOro PacTsizKeHus) MOxKeT ObITh PaBeH
TosibKO 2. Takum obpazoM, K03 UIMEHT a MOXKET IPUHUMATH TOJIBKO
sHauenus a = 2€7/2 = 2i wim a = 2e”/2 = —21, a cKkoMasl JIMHeHas
dyHKIIMST MOYXKET UMeTb BU w = 2iz + b mwnm w = —2iz + b.

Paccmorpum 06a 3THX ciiydast U B KaXKJIOM U3 HUX OIUIIEM BO3MOXK-
Hble 3Ha4YeHud b.

2

w = 21z w= —2z

)

—_

)
*

—21

B mepBom cydae mocite oTobOpazkeHnst w = 212 MOJIyIaeTCs TOPU30H-
TasbHag nosioca 0 < Im z < 2. [lapasebHbIN IepeHOC, TePeBOISIIIIiT
eé Bosiocy —1 < Im 2z < 1, 1o/2keH peasin30BbIBATH CMelieHne Ha 1 BHU3
U MOXKET JI06ABJIATD JIIO60E CMEIIEHNE 110 TOPU3OHTAIN (HA BEJIMIUHY C).
B pesysnbprare nmeem dbyaKImMIo w = 2iz — i + ¢, e ¢ — IPOU3BOJIbHAS
[efCTBATEbHAST KOHCTAHTA.

AHajIoru4HO BO BTOPOM CJIydae II0JI0CY Hy»KHO IOIHATH BBEpX Ha 1
U MOXKHO JIODABUTH JIIO60E CMEIIEHNE 10 TOPU30HTAIN (HA BEJININHY C).
Uroroas dyukIms umeet Bu w = —2iz + ¢ + ¢, TJe ¢ — IIPOU3BOJIbLHAST
JeACTBUTEIbHAsT KOHCTAHTA.

OGe Haiiienable GyHKun omumeM Tak: w = +i(2z — 1) + ¢, c € R.
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5.3. /IpobHo-n1mHeiiHble OTOOpaXKEeHUS

Temepb 0bCy/IMM HEKOTOpDBIE JIIOOOIBITHBIE CBOMCTBA OTOOPAYKEHMUIA,
3a/1aBaeMbIX OTHOIIEHUSIMU JIMTHEHHBIX (DYHKITHIA.

Omnpenenenne 5.3.1. OrobparkeHue HA3LIBACTCS IPOOHO-AUHECTHBIM,
ec/ia 3aa6Tcsa PYyHKITHEH

w:w, a,b,c,d € C, ad 4+ bc # 0.
cz+d

Venosue ad — be # 0 rapaHTHPYET, YTO YUCIUTENb HE IIPOIOPIIMOHA~
JICH 3HAMEHATEO (B IIPOTUBHOM CJlydae OTOOPAKEHUE BBIPOKJIACTCS B
KOHCTAHTY ).

B ocHoBHOM MBI ceifuac GymemM paccMaTpuBaTh OTOOparKeHHUsI, B KO-
TopbIx ¢ # 0 (uHadue npobHO-JIMHE(iHOE 0TOOpPAYKEHUEe CTAHOBUTCS IIPO-
CTO JINHEHHBIM), HO B OIIPEJIEJIEHNE 5TO OIDAHUYEHNE BKJIOUATH HE OYy-
JIeM, ITOCKOJIbKY JIJIsi HEKOTOPBIX CBOMCTB OHO He Tpebyercsi. Hampumep,
KOMIIO3UIUS JTPOOHO-JIMHEIHBIX OTOOPaXKEeHUIT TOXKE SIBJISIETCS JIPOOHO-
JIMHEHHBIM 0TOOpazkeHneM (ecju pacCMaTpPUBaTh JIMHEHHbIE B KAYeCTBe
YACTHOIO CJLydast).

Tem me Meree TpU PACCMOTPEHUHU OOIIMX CBOMCTB APOOHO-THHEHHBIX
npeobpas3oBaHuii yaie OygeM mojpasymeBarb, uro ¢ # 0. Hanpuwmep,

[IpA 3TOM YCJIOBUU MOYKHO I'OBOPUTH, 9TO B TOYKE Z = —— OTODpaKe-
c

. az+b
HFE HE ONpEeJIEJICHO, a lim ———
z—00 ¢z +d
. d
JHeltHOe oToOpaxkenue: w [ —— | = oo, w(oo) =
c

a
= —. YI00HO J00IpeaenTh APOOHO-
c

— B pe3yJjibTaTe I10-

ol

JIyauM OTOOparkeHre pacIIupeHHo KoMitekcHoi miockoctu C Ha cebsi.
Hecnoxno nokazarh ciefyioniee ero CBONCTBO:

Teopema 5.3.2. /[pobro-sunetinoe 0omoodpastcenue ABAAEMCSA HENPEPHLG-
HBM U 63aUMHO-00H03HaHbLM omobpasicenuem C na C. IIpu smom ono
ABAAENCA KOHPOPMHBIM 6 PACUUPEHHOT KOMNAEKCHOT NAOCKOCTIVU.

HermnpepsiBHOCTD JI0Ka3bIBAETCS Yepe3 O0IINNe CBOMCTBA HEITPEPBIBHBIX

dyukuueir (Kpome TOYEK z — p U 00, B KOTOPBIX MbI camy (YHKIIUAIO

HEIPEPBIBHO J00IPEIeNN ). B3anMHY 0 OTHO3HATHOCTH HECIOXKHO 000C-
HOBATH HEIOCPEICTBEHHBIM IIOCTPOEHUEM OOPATHOrO 0TOOpaykeHus (KO-
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TOPOE TOXKE ABJIAETCA ,HpO6HO—JIHHeﬁHbIIvI). KOHCbOpMHOCTb YCTaHaBJIN-

ad — be
. / Py
BAeTCA PACCMOTPEHUEM MPOU3BOIHON w' = ———, ormgHoit ot 0

)
(cz +d)?
. d
BO BCEX KOHEYHBIX TOYKAX KOMIUIEKCHOH IIJIOCKOCTH, KpOME 2 = ——

(B KOTODO#1 JMPOGHO-JIMHEHAsT (DYHKIMST UMeeT MIPOCTOH MOJEC). ,Z[ni{
OGECKOHEYHO YJIAJIEHHON TOYKU KOH(MOPMHOCTH ITOKA3bIBAETCS PACCMOT-
pennem orobpazkenus w(1/z), koropoe koudopmuo B 0.

[Ipexne gem obcymum creruduaeckne CBOWCTBA APOOHO-JIMHEHHOTO
0TOOpaXKeHUs, IIOCTPONM 00pPa3bl HEKOTOPBIX JTUHUN «BPYIHYIO».

1
ITpumep 26. s pyskiun w = — HallTH 00pa3bl CJIEIYIONIX JTUHUI:
z

1
(a) okpyzxnocTH |z| = 5 (6) mpsmoit y = x/3; (B) mpsvoit x +y = 1;
(r) okpyzkHOCTH |2 — 2| = 2; (1) OKpy:KHOCTH |2z — 4] = 2.
. 1 1 .
(a) Ina z = re' samumem: w = — = —e Y. OKpyXKHOCTD |z| =
z. T
1

= 9 COCTOUT U3 TOYEK C MOAYJIEM 1" = 5 n aprymMmeirTaMe OT —7 0 7.

TOI‘,ZL& npu OTO6pa}K€HI/II/I W = — IOJy9UM TOYKH C MOIAYJIEM m =2
z

1 BCEMU BOSMO2KHBIMU apTyMeHTaMn (HpO6€FaIOH_[I/Il\II/I BCIO Opr}KHOCTb) .

TTosromy ob6pasoM GyJer Best OKPYZKHOCTH |w| = 2.

(6) Tpsimast y = 2v/3 COCTOUT U3 JBYX JIydeil: TOUEK € apryMeHTaMu
T

argz = — U argz = 7% (Momysu 1pu 3TOM HpOGEraroT BCE BO3MOXK-

1
uple 3Hauenus or 0 10 00). COOTBETCTBEHHO, IIPU OTOOPAYKEHUH W = —
[IOJIy9IUM BCE TOYKH, ¥ KOTOPBIX MOJY/IM IPUHUMAIOT JIIOObIE 3HaquH5i
a apryMeHTBI argw = — arg 2z, TO eCTb IPUHUMAIOT 3Ha4YeHUA fg u 2%

DT0 03HAYaeT, YTO 00pa30oM Oyier IpsiMasi IO, yIJIOM -3 K JeifCcTBU-

TeJIbHON ocu (upsMast y = —x\/g) OrmMernM, 9TO JieXKaIas Ha IPIMOT
Touka z = () orobpa3uTcs B 66CKOHETHO YIAJIEHHYIO TOUKY, & OECKOHEYTHO
yaaJ€HHas Todka IepeityieT B 0.

(B) Hpsimyto z + y = 1 mpeacTraBuM Kak MHOMKECTBO TOYEK 2, JIsI
KOTOpBIX & =t € (—oo, +00) my = 1 —x = 1 — ¢, T.e. TOYeK BUIA

. 1 1 t—i(l—1t) :
=t 1—1¢). T = - = = =
z + ( ). Torma w P S (R R Sy g u + v,
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4 t—1
m nv= m *,ZLGI‘/‘ICTBHT@HI)H&H " MHUMadA
1

4acTh TOUKH o6pasa. 3amerum, uto u’ + v? = 5T 55 HodTOMY
2+ (1-1)

u=tw?+v?) uv=(t—1)(u?+v?). Torma u — v = u? + v%, orxyaa

2 2 2
w+v2P—u+v =0 wm u—1 + v—l—1 = i Takum
2 2 V2)

00pazoM, 06pa3oM pAMOit & + y = 1 sABIAETCsT OKPYKHOCTH C IIEHTPOM
1 1

V2
(r) OkpysKHOCTB |z — 2| = 2 mapaMeTPUIeCKH MOXKHO 3aJaTh KakK
MHOKECTBO ToueK z = 2+ 2e't = 2(1+cost+isint), —m < t < 7. Torga

rme u =

B TOYKE R 52 7 PaJIyCcoM , IPOXoAATIasl depe3 Touky 0.

_1_ 1 _ 1+cost —isint
~z 2(1+cost+isint)  2((1+cost)?+sin’t)
_ 1+ cost —isint _ 1+cost—isint
2(1 + 2cost + cos2 t + sin’ t) 4(1 4+ cost)
1 . sint 1 ,2sin%cos% 1 .t
=l =~ — :**Ztg*.
4 4(14cost) 4 8cos? 5 4 2

t
IIpu —7 < t < 7 3Ha4YeHue tg 3 poberaeT Bce BO3MOXKHBIE JeCTBUTEb-

HbI€ 3HAYCHUA, ITIO3TOMY IIOJydaeM MHOZ?KECTBO TOYEK C ,ZLeI;'ICTBI/ITeIH)HOIL/'I

9acThi0O ¥ = — W MHUMOI YacThio v € R. 3uagut, ob6pa3zoMm sBISETCs

1
npsamas Rew = 1

(1) Amanormno myHKTY (T) 33718 11M OKPYKHOCTD |2 — 4| = 2 Kak
z =4+ 2" =2(2+ cost +isint), —m <t < 7. Torma

1 1 _ 2+4cost—isint
2z 2(2+cost+isint)  2((2+cost)? +sin’t)
24 cost —isint 2 4 cost ) sint )
= = —1 =u+ .
2(5+4cost) 2(5+4cost)  2(5+4cost)
Bamerum, aro p? = u® +v? = __ nostomy u = (2 + cost)p?
’ 2(5+ 4cost)’
nv = —sint - p?. Otciona cost = % —2wusint = ——, a 970 103~

BOJIAET 110 OCHOBHOMY TPUT'OHOMETPUYIECKOMY TO2KIECTBY 3alluCaTb, 9TO
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2 2 2 2
4
1:6052t+sin2t:(u2—2) —|—<—U> Zq—%-i-él. Tax
P P

P P
Kak u? 4+ v2 = p?, T0 ypaBHeHne mpuHIMaeT BUI 1 = — - —Z + 4 nm
p
4 1
3p? —4u+1 = 0. Orciona u? + v? — gu + 3= 0, aro mpeobpa3yercst
2 1
K [IPUBBITHOMY YPABHEHUIO OKPY2KHOCTH (u - 3) +0? = g Moy awm,

9TO 00PA30M OKPYZKHOCTHU |z — 4| = 2 gBisiercss OKPYyKHOCTD ¢ NEHTPOM
1

2
B = U PaJldyCoOM —.
3 panuy 3

Beimre MBI MOT/IM 3aMETUTH, UTO OKPY?KHOCTH MOLJIA OTOOPa3UTHCS
B IPMYIO, & MOIJIA — B OKPYYKHOCTD (U TO 7K€ caMoe ObLIO CIIPABEIJIMBO
IS OTODPAYKEHHsl IPAMBIX). DTOT PE3yJIbTaT MOXKHO CHOPMYJIUPOBATH
JI7IsI TIPOU3BOJIBHOTO JIPOOHO-TUHEHHOTO OTOOparKEHUsI.

Teopema 5.3.3. IIycmo 6 mouke zg = —— 3HameHamens OpobHo-AUHETHOT
c

az
dyrryuu w =

— 00] 0.
o obpawaemcs 6

1. Oxpyoicrocms uay NPpAMGA, NPOTOOAWAAL HePe3 2y, OMOOPAAHCAIOM-
cA amotl PYHKYUET 8 MPAMYIO.

2. OKpystcHocmd UAU NPAMGA, He NPOTOOAULAA “ePe3 2y, 0Mobpastca-
romes amotl PYHKUUET 68 OKPYHCHOCTD.

MO2KHO CYATATb M OKPY?KHOCTH (B IPUBBIYHOM IIOHMMAHWH), U [IPsi-
MblI€ (JIOIOTHEHHBIE GECKOHEYHO YIAIEHHON TOYKON) 0KPYIHCHOCTNAMU HA
pacwupenoti komnaexcrot naockocmu C. DTO TOBOJILHO €CTECTBEHHO
¢ y9€TOM TOro, 9T0 06a 3TUX BHUJA KPHUBBIX SIBJIAIOTCS cTepeorpadu-
YECKAMU IIPOEKIIUSIMU OKpYy2KHOCTeH chepbl Pumana Ha KOMILUIEKCHYIO
ILUIOCKOCTB. 1109TOMY NIpsIMyI0 MOXKHO Ha3BIBATH OKPYXKHOCTBIO, ITPOXO-
asieit uepes Touky 0o. Takasi HHTeprperanust IO3BOJISET 3alUCATEH TEO-
peMy 0oJiee KOMITAKTHO:

Teopema 5.3.4. Oxpyorcnocmo 6 C dpobro-nunetinoti dynruuets omob-
pastcaemcs wa okpyscrocms 6 C.

Jloka3biBaTh 3TO YTBEPXKJEHUE JOCTATOYHO TOJIBKO i (DYHKIIAN

w = — (upyrue apobHO-JMHEHbIe (DYHKIWH SIBIIAIOTCS KOMIIO3HUIAMI
z
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1
GYHKIIMM — ¥ OOBITHBIX JTUHEHHBIX (DYHKINH, KOTOPBIE COXPAHSIOT MPsI-
z

Mble U OKpy2KHOCTH). IIpeobpasoBaHusi MOTYT OBITH AHAJOTUIHBI PAC-
CMOTDEHHOMY DaHee IIPUMEpPY, HO ecThb U 6ojiee KOMIIAKTHBIE CIOCOOBI
(omuparoruecs: Ha ofIee ypaBHEHHE NPSIMONH M OKDPYXKHOCTH Ha KOM-
IJIEKCHOI ITJIOCKOCTH).

ITpumep 27. Haiitu o6pas uerBeptn kpyra |z| < 1, Rez > 0, Imz > 0
z

TIPU OTOOPaAYKEHUN W = -.
z+1

ITo npuHIAITY COOTBETCTEHSI TPAHUIL BA2KHO BLISICHUTD,
Ky/la oToOparkaercsi 'PaHuIla NCXoaHol obactu. ['pannna
9YEeTBEPTU KPyTa M3 yCJOBHS 3aJIa9U COCTOMT U3 OTPE3KA
JeficrBuTenbHON ocn (Mexay Toukamu 0 m 1), orpeska
MHAMON ocn (Mexxzay 0 u i) u myrm okpyxHOCTH |2| = 1
(or 1 710 4 IPOTUB YACOBOI CTPEJIKN).

z .

3HaMeHaTeIb QYHKIUH W = i obpamaercs B 0 mpu z = —i.
z+1

Touka —i JileXKUT HA MHUMOI OCH, TIO9TOMY 0O0pa30M MHUMOi ocu OyeT

npsaMas. Jliobas npamasa 3a7a€Tcst IByMsI TOYKAMM, TIO3TOMY JOCTATOY-
HO HaiiTu 06pa3bl ABYX TOYeK Ha MHUMON ocu. Paccmorpum w(0) = 0

uw(i) = 3 OTKYZa CIIEAyeT, <70 00pa3 MHHMOI 0CH — IpsAMasi, IIPOX0-

1
nsmas vepes 0 u 5 T. €. JIEUCTBUTEIbHAS OCh.

Touka —i Tak»Ke JIEXKUT HA OKPYXKHOCTU |z| = 1, KoTopas Bcjel-
CTBUE 9TOr0 TaK2Ke 0TOOpa3UTCs B MPAMYyI0. BeibepeM /1Be TOUKHY Ha 3TOi
1

3ol =15 =3 3%
Torma oKpyKHOCTD |z| = 1 0TO6pa3UTCst B IPIAMYIO, IIPOXOJAIILYIO Yepe3

OKPY?KHOCTH U HaiijiéM ux obpaspl: w(i) =

TOUKH o M 5 — 52 (BepTUKAIBHASI TIPSIMAst ).

2
IleiicTBuTeIbHAST OCh HE IIPOXOMIUAT Y€pPe3 —i, MOITOMY 0Dpa30M ITOiA

npsiMoit O6yzmer OKpy:KHOCTh. OHa 3amaéTcd TpeMsl TOYKAME, MTOITOMY
HaiiméM o0pa3bl TPEX TOUEK JeHCTBUTEIbHONW mpsmoit. Paccmorpum

1 1 —1 1 1 1
= 1) = = — = )= — = — 2 4 2 To
w(0) = 0, w(1) 5 2zI/Iw( ) 1= 2+21z o
[/1a OKPY?KHOCTB (00pa3 jeficTBuTesbHOl ocH) poxoaut yepes 0, 5~ 52

2

1
u -+ 51 —3TO OKPYZKHOCTb C IIEHTPOM B 3 U PaJIyCcoM 2
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Kak mokazano Bbime, jBe MpsMble U OKPYK-
HOCTh, (DpArMeHTaMU KOTOPBIX OBLIH YIACTKU I'DAHH- i
[IBl YETBEPTHU KPyTa U3 YCJAOBUS 3aJ1a91, 0TOOPA3UIINCH -
B JIBe TpsIMble W OKPYXKHOCTb, Pa30MBAOIINE KOM-
ILUIEKCHYIO IJIOCKOCTh Ha HECKOJIbKO objacreii. Ocra- o A
JIOCH BBIOPATH M3 HUX Ty, KOTOpAas SIBJISETCS 00Pa3oM . !

HCXOIHOI 0bJIacTu. -ty

Taxk xKak 0b1acTb 0TOOpAYKAETCS B 007aCTD, BEIOEPEM B MCXOIHOI YeT-

BEepTH KPyTa JIIOOYI0 BHYTPEHHIOI TOYKY, HAIIPUMED 3 + 51‘, " HaIEM
1,1,
. 1 1. 5+ 5 2 1.
eé¢ oopas. Tax xkax w | =+ 54| = v~ = ~ — —i, To u3 obna-
2 2 5+ 50+ 5 5

cTeil, OrpaHNIEHHBIX HANJICHHBIMU PSMBIMU U OKPY?KHOCTBIO, BBIOEPEM
TY, B KOTOPYIO HONAJaeT  — gz IenaeM BBIBOJI, 9TO 0OPA30OM MCXOIHOMN
9eTBEPTU KPYTa siBJIETCs 00JIaCTb, N300pakEHHAsT Ha YePTEeXKe BHIIIIE.

Tenepsb obpaTuMcsi K BOIPOCY OCTPOEHUs JIPOOHO-INHERHOrO 0TO6-
paXKeHusl 110 3aJaHHOMY IPooOpa3y u 06pa3y. B oTie/bHbIX ciydasx J1ist
peIleHs COOTBETCTBYIONIEN 3aa9u JTOCTATOYHO T0100paTh KO dUIm-
€HTBI, ONUPAasICh Ha HEKOTOPbIE M3BECTHBIE CBOMCTBA IPOOHO-THHEHHBIX

dyHKImIIL.
IIpumep 28. Haiitu apobGuo-smueiinyo dbynkimuio w = f(z) ¢ zeno-
JIBIDKHON TouKoit 0, st Koropoit w(l) =i n w(i) = oo.

az+b

D 0w = ——07}
YHKIHUIO W p——

JleJICHUEM YUCIUTEeIsl M 3HAMEHATe/sd Ha C
a1z + b1 .

MOXHO 3aIMCATL B BHTE W = — =7 Tak kak w(i) = 00, TO 3HaA-

z 1
MEHATENb B TOUKE i obpammaercs B 0, modToMy (byHKIMIO 3aIANIeM KaK
a1z + b1
= ————. Touka 0 menousmxkua, modromy w(0) = 0, a 3HaUUT,
z—1
B 9TOi TOYKE INCIUTENL obpamaercsa B 0 — 3TO MO3BOJISIET yTOIHUTD BH/L
aiz o e
PYHKINNT KaK w = -. Hakonern, koaddurnment a; HaligéM u3 ycio-

z—1
a-1
Bust w(1l) = i. JeitcrBurenbHo, 117 =1, orkyzma a; = (1 —i) =1 +1.

(1+14)z
z—1

Takum 06pazom, ucKoMasi (DYHKIUS pABHA W =

B paccmoTpenHOM mIpuMepe HEKOTOpBIE apaMeTpbl (OYHKIUKA OBLIH
JIETKO HaWJIEHBI U3-3a CIEIUMUIECKUX CBOUCTB oToOpaxkeHus. OHAKO
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B 00IlleM BHJIe HAXOXKJIEHUE JIPOOHO-JIMHEHHOH (DYHKIIUHU, I1epeBOISIIen
TPHU 3aJ[aHHBIE PA3JIMYHBIE TOYKU B TPU JIPYTHE PA3JIUIHBbIE TOUYKU, MO-
XKeT ObITH Oojiee TpPyHMHONM 3amadeil. 3Mech MOXKET IMOMOYb CJIELYIOIee
YTBEPXKIEHNE.

VYrBepxkaeuue 5.3.5. Jpobro-aunetinas gynxuus w = f(z), omobpa-
IHCANOWAA PASAUNHDIE TOUKY 21, Zo U 23 COOMEEMCMEEHHO 6 TOYKU W1,
Wy U W3 ONPEOCAACTNCA CACOYIOULUM COOTIVHOULCHUCM:

Z— 21 23— 22 w—w; W3 — W2

Zz — Z9 23721_w7w2 ’LU3*’LU1.

Hecnoxxto 3aMeTnTh, 9TO 11 HAphl TOUEK 21 W wi JIEBasg U IIpaBast
9acTh 9TOTO PABEHCTBa obOpaIaoTcs B 0, /I Maphl 23 U We — B 00, & JJIsT
napsel 23 1 w3 — B 1. [lomyanTs siBHOE BbhIpazkeHne PyHKITUN W Yepe3 2 uX
IIPUBEJIEHHOTO COOTHOIIIEHUSI MOYKHO HECJIOXKHBIMU ITPeo0pa30BaHUSIMU.
ITokaxkem 3TO Ha TIpEMepe.

IIpumep 29. Haiitn npo6ro-nurelnyo dynknmo w = f(z), orobpa-
karonryio (a) Trouku 0, 1, ¢ cooTBeTCTBEHHO B TOYKH i, —i, 0; (6) TOuKM
0, 1, 0O COOTBETCTBEHHO B TOUKH 1, 00, %.

(a) Banumem cooTHOmeHWE U3 paHee cHOPMYIUPOBAHHOTO YTBED-

KiaeHud g 21 =0, 20 =1, 23 =1 mw wy =1, we = —1, wg = 0:
z i—1 w—1 1
z—1 i wHi —i

Ero Moxk#O mepenucaTh B CJAEAYIONEM BHUJIE:

w—i (1—1i)z
wHi  i(z—1)

w—1 24
Tak xak -=1- -, TO TIpeobpa3yeM BBIpAXKEHUE
w+1 w+ 1
2 _1 (1—-i)z i(z—1)—(1—d)z (2i—1)z—1
wHi (2 —1) i(z—1) iz 1)
w1 i(z—1)
Orcioma — = — -, IO9TOMY OKOHYATEJHHO IOJIyIaeM
2i (26 — 1)z —i
9 i(z—1) o 2(z—=1)—i((2i — 1)z — 1) 1z+1
w=2———"—10= = .
(20 — 1)z —1 (20 — 1)z —1 (20 — 1)z —1
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(6) IIpobseMa 31eCh MOKET OBITH B HAJIMYIMU TOUEK 0O: HA IMEPBBII
B3IVIAJ, HEIIOHATHO, KaK IIPeo0Pa30BbIBATH COOTHOIIEHUE C TAKUMHU CJla-
raeMbIME U MHOKATeNAMA. POpMAIbHO €ro MOXKHO 3allUCaTh B BUIE

z oofliwfl 17— 00

z—1 00 w—00 §—1"

OfHAaKo OT HHUX MOXKHO M30aBHUTHCSI JTOBOJBHO IPOCTBIM CIIOCOOOM.
JleBy1o 9acTh MOKHO HEPEINCATD TaK:

z oo —1 . z zz3—1 z . 1—% z
-—— = lim . = lim - —= = .
z—1 00 z3—00 z — 1 23 z—1 z3—00 1 z—1

AHaJIOrNYHO MOCTYIIaeM U ¢ IPaBON YaCTHIO:

w—1 71— 00 . w—1 17— wy w—1 . w2—1 w—1
—— = lim -— = — lim 22— = —-.
w—00 1—1 wy—oo W — Wy ¢ — 1 z—1w2—>oow—2—1 i1—1

Muade roBopst, MOXKHO IPOCTO COKPATHTH MHOYKHUTENIN (B YHCIIATEE
U 3HaMeHaTeJIe), COIEPIKAIHe 00. DTO CLIPABEJIMBO [l 00enx dacreii
COOTHOIIIeHUs. B pesysbrare mosyduin 6oJiee MpoCTyio 3alliCh:

z _w—l
z2—1 i—-1"

OTKY/Ia HECJIO?KHO BBIPA3UTh W 4Yepe3 z:

, z (i—Dz+(z—1) iz—1
w=( )zfl—i— z—1 z—1

E1mé omamm BaxKHBIM CBOHCTBOM JIPOOHO-TMHEHHBIX OTOOPaKEHU SIB-
JISIETCsI COXPAHEHUE CUMMETPUU OTHOCUTEILHO MTPSIMOI UJIH OKPYXKHOCTH.
Kaxkwue Toukn Ha3bIBAIOTCSI CHMMETPUIHBIMI OTHOCUTEIBHO IIPSIMOIi, HaM
XOPOILIO M3BECTHO €IIE CO MIKOJBL. A /I OKPY?KHOCTH aHAJOTMIHOE II0-
HATHE BBEJIEM HECKOJIBKO MHAYe.

Omnpenenenune 5.3.6. Touku 21 U 2o HA3BIBAIOTCI CUMMEMPUHLHLMU
OMHOCUMENDHO OKPYICHOCTNAU C TIEHTPOM B zg pajanyca R, eciiu onu pac-
IIOJIO2KEHBI Ha OJIHOM JIyYe, BBIXOJSIIEM U3 Zg, a IIPOU3BEJIEHNE PACCTO-
SHUI OT 3TUX TOYEK 10 Zy PaBHO R2:

z1 — 20| - |22 — 20| = R%  arg(z — z9) = arg(ze — 20).
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0 0

IlenTpy OKpy>KHOCTH (TOUKE 2() IIPU ITOM OyJeT cuMMeTphdIHa Gec-
KOHEYHO yJIAJIEHHAsT TOUKA 2 = 00, AHAJIOTUIHO HAODOPOT.

Onpenenenue 5.3.7. ['eomerpudeckoe mpeobpa3oBaHme, KOTOPOE COIIO-
CTaBJISIET KAXKJIOW TOYKE IJIOCKOCTH CHUMMETPUIHYIO TOYKY OTHOCUTEI b
HO HEKOTOPO OKPY2KHOCTH, HA3bIBAETCH UHEEPCUEL.

MozkHO cKa3aTh, UHBEPCUS «BBHIBOPAUNBAET HAM3HAHKY» ILJIOCKOCTH
OTHOCUTEIHbHO OKPYKHOCTH: BHYTPEHHHUE TOUKH OKPY2KHOCTH OKAa3bIBa-
IOTCSI CHAPY?KM, BHEITHHE MEPEXOIAT BHYTPh OKPYKHOCTH, & OKpPYK-
HOCTBb OCTAETCsI Ha MeCTe.

Teopema 5.3.8. JIpobro-aunetinas dynryus w = f(z) omobpasicaem
MOUKY 21 U Z2, CUMMEMPUIHBLE OTMHOCUMEALHO NPAMOT UAU OKPYHCHO-
CMuU, 6 MOYKU W1 U W2, CUMMEMPUUHBIE OMHOCUMEALHO 00pasa Mot
NPAMOT, UAU OKPYHCHOCTNA.

BOCHO.HI)SyeMCH CBOMCTBOM CUMMETPpUU IJid IIOCTPOEHUA 0T06pa>Ke—
HUA TTOJIYIIJIOCKOCTU Ha OKPY>KHOCTD.

IIpumep 30. Haiitu Bce npobuo-suneiinbie dbyukimu w = f(z), orobpa-
JKAOTIIE TPaByo noayiiockocts (Re z > 0) Ha exuanuanbi KpyT |w| = 1
TaK, 910 Touka 1 mepexomuT B meHTp Kpyra (Touky 0).
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N3 yciosust usBecren obpa3 ool u3 tovek: w(l) = 0. Emé on-
Hy napy touek (mpoobpa3 m obpa3) MOXKHO HaWTH U3 CBOHCTBa COXpa-
HeHUs cuMMeTpun. JlefCTBUTEIbHO, TPAHNUIIA UCXOIHON TOJIYILIIOCKOCTH
(MHUMAasI OCB) 110 IPUHIUILY COOTBETCTBH I'PAHUL] 0TOOPA3UTCS B TDAHY-
iy kpyra (oxpyxkHoctsb |w| = 1). Touka —1 cuMMmeTpuIHA MHUMON OCH
Touke 1, mosTomy eé o6pas (w(—1)) Gymer cummerputdeH 06pasy Toukn 1
(rouke w(1) = 0) orHOCUTEIBHO OKpY2KHOCTH |w| = 1. Ho Touka w(1l) =
= ( gBJIIE€TCA TIEHTPOM ITON OKPYKHOCTHU , TOITOMY CUMMETPUIHON el
sBJIsieTcsd Touka 00. Takum obpasom, w(—1) = oco.

Tenepsb J10CTATOYHO TPOU3BOJIBHO BHIOpATh 23 # +1 U COOTBETCTBY-
omLyIo eif TouKy ws, omumdayo ot 0 u co. Ecau npu sTom 23 BbIOpana
B IIPABOHl TOJIYILIOCKOCTH, TO w3 HEOOXOIMMO BBIOPATH BHYTPHU OKPY K-
HOCTH, €CJIU Z] B JIEBOW IOJIYIIOCKOCTH — TOYKA W3 BBIOMPAETCS BHE
OKPY?KHOCTH, a TOYKE Z3 Ha MHUMOW OCH COOTBETCTBYET w3 HA €IUHII-
HOI OKPY2KHOCTH.

ITo Tpém m3BeCTHBIM TapaM TOYEK JIPOOHO-IMHEIHOEe OTOOpaKeHme
CTPOUTCS OJTHO3HAYTHO C TIOMOIIBIO OIMUCAHHOIO paHee COOTHOIIEHMUSI:

z—=1 z3+1  w w3 — 00

z+1.2371_w—oo w3

Kak 0Ob1710 0TMeYeHO B MpeIbIAyIeM TpUMeEpe, MHOXKUTEIU, COMIEP-
JKaIue 00, MOKHO COKPATUTDL. B pe3y/ibrare 9TOr0 COKPAIIEHUS U [TOCJIe
JOMHOKEHUA Ha w3 II0JIydaeM

z—1 23+1
a——, TAea=w
z+1 A 3

2’371.

ITapametp a ompenensieTcs mapamerpaMu zz u ws. JloKaxkeM TOb-
KO, 9TO |a| = 1. PaccMOTpUM IPOM3BOJIBHYIO TOYKY b Ha MHUMOI OCH,
orobpazKkarolelicsi Ha OKPY?KHOCTH |w| = 1. D10 03HavaeT, 4TO

ib—1 _‘a|\—1+ib|_|a|
ib+1| 1440

1=|w(ib)| =|a

COOTBeTCTBeHHO7 IMIapaMeTp a MOXXHO 3alliCaTb B BUJIE a4 = e’

Takum obpas3om, Bce JpOoOHO-IUHENHBIE (DYHKIIUN, OCYIIECTBIISIIONINE

z—1

TpebyeMoe B yCJIOBUHU OTOOparKeHWe, ONUCHIBAIOTCA Kak w = e'¥ )
z

JJId IIPOU3BOJIBHOT'O ITapaMeTpa .
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s naxoxkgenust (yHKIHUE, OTOOParXKAONUX 3aJaHHYI0 00JIACTD
B JIPYTYIO, MOJIE3HO UCIIOJIb30BATH MIPUHITUII COOTBETCTBUs TpaHull. 1lpu
peIlleHn TaKuX 3a7a49 OyJeM CTapaTbCs BbIOpATb (DYHKIUIO, KOTOpAasi
0TOOpaXKaeT I'PAHUILy [IEPBOIl 00JIACTH B TPAHUILY BTOPOW 0OJIACTH WJIA
B HaOOp JIMHUI, KOTOPBIE MOXKEM JAJTbHEHITNMU JIMHEHHBIMI TTPeodpa3o-
BaHUSIMU IPUBECTH K HYKHOMY BUJLY.

ITpumep 31. Ilocrpouts dyHKIMIO, 0TOGpaXKAOIILY 0 NOIYKPYT 2] < 1,
Rez > 0 ma Tperuit KBagpaHT (TPETHIO KOOPAUHATHYIO Y€TBEPTD).

I'panuiia MOIyKpyra COCTOUT U3 IOIYOKPYXKHOCTH (IACTH OKPYZK-
HocTH |z| = 1) m orpeska (uacTm MHUMON ocu). A 06pasoM JOJIKEH
CTaTh KBaJ[PAHT, TPAHUIA KOTOPOTO COCTOUT U3 (PPArMEHTOB JIBYX TIpsi-
MBIX (meficTBUTebHOl 1 MEUMOH ocH ). IToaroMy HEOGXOAUMO OCTPOUTD
yHKIMIO, 0TOGPAKAIONILYIO IPAMYIO B OKPY?KHOCTB B JIBE TPIMBIE.

Mbl yMeeM CTPOUTHL JApOGHO-JIMHEiHOe 0TOOpaykeHnue ¢ TaKUM CBOii-
CTBOM: Hy?KHO, YTOOBI KAKasA-TO TOYKA Ha UCXOIHOI IPSIMOil M MCXOIHOM
OKDY>KHOCTH (& 3HAYWT, HA UX [epecedeHnn) orobpasuiack Ha oo. Ilycrs

1

z—1
OTMeTuM, 9TO TAK KAK UCXOJHBIE OKPY?KHOCTb U IIPSAMAs HePeCeKa-

310 OyJIeT TOYKA ¢, TOTJIa ITI0Ka PACCMOTPHUM OTOOpaKeHue wp =

I0TCS elé B OIHOM TOUKe (2 = —%) N0 IPAMBIM YIJIOM, TO [OJLY YUBIIHECST
JiBe MpsiMble OY/yT epeceKaThCsl TOXKe IO/ IIPSMBIM YIIOM (13 CBOHCTBA

. 1 i
KOH(MDOPMHOCTH) B TOouKe wi(—1) = —— = 3 Tenepb BhIOepeM emné
—i—1
[0 OJIHOI TOYKe Ha UCXOIHOW OKPYKHOCTH |z| = 1 M MCXOmHON npsaMOoil
(MEMMOIT ocm), Hanpumep Touku 1 u 0, 1 BRIACHUM, Ky/Ia OHA OTOOpayKa-

1 1 1
forcst. Tak kak wy (1) = T-7=3 + 51 nwy(0) = T i, T0 06pa3oM
—i —i

i 1
OKDYXKHOCTH |z| = 1 Gyzier mpsiMasi, IPOXOASIasi depe3 5 %5 + Qi’
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(A
a 00pa3zoM MHUMON OCH — MPSIMAasi, IIPOXOJIAIIAs Iepes3 3 ui.

Otn JIBe IIpsSAMbIE pa36I/IBa.IOT KOMIIJIEKCHYIO IIJIOCKOCTH Ha Y€ThbIpe 00-
JIaCTH, BbI6paTI> HUCKOMYIO MOXKHO TaK: BO3bBMEM B HNCXOJHOM IIOJIYKDPYT€e

1 1 1 1
TOYKY 5 + 51’, OHa 0TOOpAarKAETCA B W1 (5 + 51) =1+ i (ormeuennast

TOYKA B 3aKPAIIEHHON 00JACTU Ha PUCYHKE BBIIIIE).

Y.

1
Tenepb CABHUHEM ITIOJIyY€HHYIO 00/1aCTh BHU3 HA 5 (,ZI,J'IH 9TOI'O HY>XK-

1.
HO pUOABUTH —51, 9T0 06ECIIeYUT HYKHBIH HapaJIIeJbHBIA [IePEHOC) —

IIOJIyYUTCA [IEPBBIX KBaJAPAHT. A 0TOOPA3UTh IIE€PBBI KBAJIPAHT HA Tpe-
THHi MOXXHO HOBODOTOM Ha 7 (JyIsi TOro yMHO)KaeM Ha e'm = —1).
B pesysbrare mosmyanm ucKoMyo OYyHKIHIO:

5.4. Ilpmmepsbl IJiI cCaMOCTOSTEIbHOI
paboThI

1. Haiitu nBe juneitable (hyHKINN, 0TOOPAKAIOIINE OTPE30K MEXKTY
Toukamu —1 u 1 + 2¢ B OTpe30K Mexkjay Todkamu ¢ u 3 — 2¢. Haittu
HEIOJBUKHBIE TOYKU JIJIsI KAXKJIONU M3 9TUX (DyHKIHIL.

2. Haiitu 06pa3 noaykpyra |z — 2| < 2, Rez < 2 upu orobpakenunu
w=(V3+i)z—2+i.

3. Haiitu obmmit Buj JuHEHHONH (GyHKIUU, 0TOOPaXKAONIIEN JIEBYIO
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OJIYIJIOCKOCTD HA BEPXHIOK HOJIYILIOCKOCTD.
z4+1 .
4. Tns orobparkenus w = —— HaiiTu 00pa3 (a) BepxHeii moJIyIIoc-
)

- —
kocty; (6) moaykpyra |z| = 1, Im z < 0; (B) xosbia 1 < |z| < 2.

5. Haiitu apoGHO-MHEHHYI0 (DYHKIMIO, MMEIONLYI0 HEMOABUKHYIO
rouky 0 m orobpaxkaromtyio Toukn 1 n 2: (a) B2 u 1l; (6) B3 n o0
COOTBETCTBEHHO.

6. Haitiure byHKIINIO, IEepeBOAAINILYI0 00/IACTh MEXKY OKPYKHOCTSI-
M |z — 1] =1wu|z—2] =2 B nomocy 0 < Imz < 1. Haiiaure Bce
HEIIO/IBUKHBIE TOYKHU MOCTPOCHHON (PyHKINN.
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OTBeTbl 1 yKa3aHus

N3oaupoBanubie ocobOble TOYKMT

1. Touka z = 0 — ycTpanmmasi, TOUYKa 2 = { — IIOJIIOC TIEPBOTO TOPSII-
K&, TOYKA 2 = 0O — CYIIIECTBEHHO 0C0ODasl.

2. Touku zp = 27k, k = 0, £1, +2, ... — mosroca IepPBOro MOPSIIKA,
TOYKA z = 00 — 0cobasi TOYKa i 000 DYHKIMH y2Ke B CUITYy CBOErO
onpenesenusi. Ho B maHHOM Cilydae OHA He SBJISIETCH W30JIMPOBAHHON.
DTO TpeiebHAsT TOYKA, TOJIIOCOB 2k, = 27k.

3. Touka z = 0 — moJIFOC BTOPOTO MTOPSIJIKA, TOYKH 2 = 27ki, k = £1,
42, ...—ToJrroca IePBOTrO MOPSIKA.

4. Touka z = 0 — cyImecTBeHHO 0cobasi TOUKa, TOUKa Z = 00 — yCTpa-
HUMAas.

BrrueTnsl

1 omi(4— 1
(1 —cos1)?

Borunciaenue MHTerpaJjioB ¢ moMoOIibilO BbI1€TOB

L, V2
2
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JlorapudmMunyecKuii BIYE€T U €ro NPUJIOXKEHUS

1. (a) 4 B rouke 0; 2 B Touke 1; —3 B ToOuKax +2i;
) -1 (8) 9 (r) -1 (m)5
) 0; (6)
)3

; (6) 1 (6e3 yuéra KOOpAMHATHBIX Oceii)

©
2. (a
3. (a
4. n

5. 0 (mer KopHeit)

KoudopmHbIe oTOOparkeHust

1. w— 3. 1. 3 2 73_+3 1. 715+16.
PW=—gizool g = —qp TRl W= iz 5h 20 =13t 3t

2. Vkasanue: ymuOKeHne Ha V3 + i = 2¢'™/% — pacraxenne B 2 pasa
7T . .
€ IIOBOPOTOM Ha (Bcé oTHOCHTEMBHO 0), Iajiee MapasIe bHbIH IePeHoC

Ha 2 BJeBO U 1 BHUS.
3. w=—aiz+b,tnea, beR,a>0

4. (a) obmacts BHE Kpyra: |w| > 1
(6) tperuit kBaapanT (Rew < 0, Imw < 0);

() mpasas nosymzockocts (Rew > 0) Bre kpyra (jw — 3| > %)
2z 3z
5. =—: OB)w=
(@) w= 5 O)w=5—
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6. YkazaHue: paccMoTpuTe (QyHKIHNIO, oToOpazkamomyo 0 Ha 00, —

00pa30M HCXO/IHOI 00JIACTH CTAHET IOJIOCA, KOTOPYIO OCTAHETCs TOJBKO
4i

nepesectn B Tpebyemyio. Iloaxomut, K mpuMmepy, OTOOpaskeHne w = — —
z

— 4, ero HeNOJBUKHBIE TOUKH — KOPHH ypaBHeHHd 22 + iz — 41 = 0.
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IIPNJIO>KEHUE 1

IIpumepHbIe BapuaHThl KOHTPOJIBHBIX PAdOT

PHﬂbI " BbIYE€TbI

1.

. Paznoxurs dbyukmuio f(z) =

. Beraucanrs %

. BeramcanTs 5&

z
22 +1
+3e~**! u maiiTu paguyc CXOAMMOCTH MOJIYYEHHOIO PA3JIOZKEHHSI.

Paszsioxkurs B psit Teiisiopa 1o crenensim z Gyuxuuio f(z) = +

z
————— B pay Jlopana no cre-
22,3 PIATOP

HeHsM 2z B KoJblle 1 < |z| < 3.

. Haittu ocobbie Toukn (HhYHKINH U BBISICHUTD X XapaKTep:

222 2z —1
(a) H#; (6) (2 + 1)el~V/=,
z

. Boramesants res ((z —2)3 (62/Z + cos L) ; 0)-

222

1 “
mdz , tie C — xouryp |2”1| = 2, npoberae-
e}
MBI IIPOTUB YaCOBOU CTPEJKU.
53
(22— 16)(27 — 1)

OeraeMblit IIpOTHUB 9aCOBOI CTPEJIKH.

dz, tne C —kouTyp |2| = 2, 1po-

KoudopmHbIe oTOOpa>keHUsI

1.

(a) Haiinure snuueitnyio dyHKimio (XoTs ObI OJHY), 0TOOParKaio-
myto orpes3ok [A(2,3); B(—2,1)] ma orpesok [0(0,0); C(1,1)].

(6) HaiiuTe HENOABUKHYIO TOYKY 3TOTO OTOODAKECHUSI.

(B) Boisicuure, Ky/ja ipu 3roM otobpazkaercs orpesok [0(0,0); C'(1,1)].

. Onummre mapamMeTpsl a u b, pu KOTOPBIX GYHKIWMA w = az + b

orobpaxkaer orpe3ok [A(0,0); B(3,0)] Ha 0Tpe30K, MEJUKOM JIexkKa-
MU Ha JeHCTBUTEIbHON IIPAMOIL.



. IloctpoiiTe ApOOHO-TUHENHYIO (DYHKIUIO C HEMOJBUKHON TOUKOIt
0 u orobpaxaiomyo Touku 1 u 2: (a) B2 wu 1; (6) B3 u oo
COOTBETCTBEHHO.

z4+1

. Haitmure Bce HEMOABUAKHBIE TOIKU OTOOPAXKEHUST W = -
z—1

. Haiimure 06pas rperneit wersepru (Rez < 0, Im 2 < 0) npu o1o6-
z+1

z—1

pakeHnu w =

. Haiture yHKIINO, mMepeBOIsInyio 00/1acTh MEXKITY OKPYZKHOCTSI-
vu |z —1=1wu|z—2|=28monocy 0 <Imz < 1.
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IIPNJIOXKEHUE 2

IIpumepHbIii BapuaHT 3K3aMeHAIMOHHOMN
padboThI

1. Iycrs byakuus f(z) onpenenena B obmactu D u muddepennn-
pyemMa B TOYKe 2o. I IVIaJKux KpPHUBBIX Y1 W Yo, IPOXOJISIIAX
4yepe3 TOUKY Zzg, BbinoJHensl yeiaosuda Re f(z) = Re f(20), 2z € 71;
Im f(z) = Im f(20), z € 2. Jokaxure, uro eciau f'(zg) # 0, T0O
KPHBBIE [IEPECEKAIOTCHA TOJ TIPSIMBIM YTJIOM.

2. Haittu anajmrmaeckyto dbynkmuo f(z) = u + v, ecm u = 3x2y —
— 3, f(i) =2i— 1.

3. Haiitun obmmit Bug JpOOHO-TUHERHOIO OTOOPaYKEeHNsI, MMEIOIIEro
JIB€ HEIOJIBUKHbIE TOYKH.

4. CdopmyupoBars ornpejesenrne KoupopMHOro orobpazkerust. Chop-
MyJIMpOBaTh TeopeMy Pumana.

5. CdopmynupoBars u J0Ka3aTh TeopeMy Koru.

6. Ilycrs dynkuusa f(z) anasurudeckas B obsiactu D u HenpepbIBHAS
B D. Jlokazarh, uTo eciu Moaysth f(z) ecTh KoHcTanTa Ha 0D, TO
dbyHKIMA WM nocrosdHHasg B obsiactu D nim obpariaercs B HOJIb
XOTs1 ObI B OJIHON TOYKE.

o0
7. Ilycts DyHKIMOHANLHBIA psij Z fn(2) cxomurest paBHOMEPHO
n=1
B JiI060#1 3aMKHyTOH 1101061acTH 06sacTu G u Bee dbyukimn f,(2)
SIBJIAIOTCS aHAJIUTUIeCKUMHU B objactu (G, TO cymma psjga Oyaer
AHAJMTUIECKON (DYHKIIMEH B 9TOH 00JIacTH.

8. Anasmruyeckast GyHKIms f(z) MOXKeT UMeTh GECKOHEUHOE YHCIIO
HyJIell JIUITh B OTKPBITON MM HEOTPAHUIEHHON 00JIaCTH.

9. CdopmynupoBars u JI0Ka3aTh TeopeMy Pyie.



10. Haiitu res (cp(z)

11.

f'(2)
f(2)

a zg — HOJIoC N-ro nopsaka dysximuu f(z).

; z0>, eciu Gynkuus p(z) aHaIUTHYECKA,

Ilycts 2 = a aBaseTcss M30IMPOBAHHON 0COOON TOUKOM DYHKITUN

fR)ulf(z)] <

M

m, rie 0 < a < 1. Hokazars, uro (O f(2)dz,
r

e ' — 3aMKHYTBII KOHTYD, JEXKAINH B TPOKOJIOTON OKPECTHOCTH

TOYKHU Q.
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