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Y4eOHO-MeTOAMYECKHE YKA3aHMS M PEKOMEHJANUM K H3YYEHHID TeM
JIEKIIMOHHBIX U MPAKTHYECKHUX 3aHATHIA, CAMOCTOATEILHOI padoTe CTYyIeHTOB

Jleknumn
Ne Tema nexkuun Komnue
/o CTBO 4acoOB

1 | Kpamuvie unmezpanuwi.

lleouinvle ummeepanvl. OnpeneneHue ABOMHOro wuHTerpaia (CBoiicTBa
uHTerpanoB. Teopema cymectBoBaHus. CBeieHHME ABOMHOIO HHTErpaia K 4
IIOBTOPHOMY. 3aM€Ha IIepEMEHHBIX B JBOMHOM wuHTerpaie. IIpunoxenue
JIBOMHBIX UHTETPAJIOB.

Tpoiinble unmmeepanvi. OnpeneneHue TpolHoro uHrerpana. (CpoiicTBa
uHTerpanoB. Teopema cymectBoBaHus. CBeleHHE TPOWHOTO HHTErpana K 2
IIOBTOPHOMY. 3aM€Ha IEpEMEHHbIX B TPOWHOM HHTerpane. Ilpunoxenue
TPOMHBIX UHTETPAJIOB.

Kpueonunetinvie unmeepanevl. KpuBoinHeHbIE UHTErPajibl IEPBOIO U BTOPOIO 4
pona. MX cBOiCTBA M BBIUHCICHHUE. ['€OMETpUUYECKHME U MEXaHWYECKUE
npuiioxkenus. Teopema ['puHa.

llogepxnocmuvle unmezpanvi. [10BepXHOCTHBIE UHTETPAJIBI IEPBOTO U BTOPOTO

pona. MXx cBOWCTBA M BBIYKCICHHE. [€OMETPUUYECKHME U MEXaHUYECKHUE 4
npunoxenus. Teopemsl ['aycca-Octporpaackoro u Crokca.

2 |Ckanapnoe none. CxalspHOe TIONe: JMHUM W TOBEPXHOCTH YPOBHS, 2
MPOU3BOJHAS 10 HANPABJICHUIO, TPAJIUECHT.
Bexmoproe none. BekTopHOE 10JI€: BEKTOPHbIC JIMHUHU, AUBEPrEeHILIUs, POTOP, 8

LUPKYJISALUS BEKTOPHOTO OISl BAOJIb KPUBOM, ITOTOK IOJISI YEPE3 TOBEPXHOCTb.
Juddepenunanpasie oneparui. CrnenpanbHble BUIbI BEKTOPHBIX MOJEH.

Utoro 24
IIpakTHYyeckue 3aHATHS
Ha3Banue Tembl NMPAKTHIECCKOI0 3aHATUA Yachbl
1. JIBoiiHoil unTerpan. CBeieHre KpaTHOTO MHTETpajia K IOBTOPHOMY. Brruncnenue. 2 4.
2. Beluncnenue ABOMHOTO HHTErpaa. 2 4.

3. IIpoBepounas pabota 1o Teme «JIBOWHON WHTETrpal». 3aMeHa MEPEMEHHBIX B JBOWHOM 24,
HHTETpAJIE.

4. Tlpuno>xeHusi ABOMHOTO UHTETpaa. 24,
5. Tpoitnbie unTerpaisl. [Ipunoxenus. 2 4.
6. 3ameHa mepeMeHHBIX B TPOMHOM HHTerpasne. [IpumoskeHus. 2 4.
7. KpuBosvHEHbIE HHTETPaJIbl IEPBOTO POJA. 2 4.
8. KpuBosuHeiinble naTerpaisl 2-ro poaa. Teopema I'puna. [lpunoxxenus. 2 4.
9. TIloBepxHOCTHBIE UHTErpanbl MepBoro poga. Mx cBoiicTBa U BBIYHCICHHE. 2 4.

I'eomeTprueckue W MEXaHMUECKUE MPHIOKEHHS. [lOBEPXHOCTHBIE HMHTETPalibl BTOPOTO
pona.

10. IloBepxHOCTHBIE HHTErpaibl BTOpPOro poja (mpomoipkeHue). ['eomerpuueckue u 2 4.
MexaHuueckue npunoxenus. Teopemsr ["aycca-Octporpanckoro u Crokca. M/JI3 no teme
«[TpunoxxeHne KpaTHbIX, KPUBOJIMHEHHBIX M TOBEPXHOCTHBIX HHTETPAJIOBY.

11. KourponpHas pabGota mno Teme «KpaTHble, KpHUBOJMHEHHBIE, ITOBEPXHOCTHbIE 24
UHTETPaJIbI».

12. CKaJ’ISIpHOG oJIC! JIMHUHU MW IMOBCPXHOCTHU YPOBHs, MPOU3BOJHAA I10 HAIIPABJICHUILO, 24,
TpaJguCHT.

13. IIpoBepouHnas pabota 1o reme «CKaasipHOE MOJIe». 2 4.




14. BexropHoe nose: BeKTOpHbIe TMHUM. [I0TOK 1ot yepe3 MoBEpXHOCTb 2 4.

15. TToTok mosist 4epe3 MOBEPXHOCTh. [[MBEpreHius BEKTOPHOTO MOJIS. 24,

16. LHupxynsius BEKTOPHOTO 10Jis. POTOp BEKTOPHOTO TOJIS. 24,

17. NuddepeHunanbapie omnepanuy BTOpOro mnopsaka. CreruanbHble BHABI BEKTOPHBIX 24,
TIOJICH.

18. KontpomasHas pabota 1o reme «BekTopHOE moJiey. 2 4.

CpeIlCTBa KOHTPOJIA KadecTBa oﬁyquml

TemaTuKa HHANBUAYAJIbHBIX 32 JaHUI

1. nousudyanvroe 3a0anue no meme «/[80UHOU UHMESPATLY.
V2 oy2-y?

[dy [0 y)dx.

1

1 y
1. V3MeHHTH NOPSIOK MHTETPUPOBAHMUS: J.dyJ. f(x, y)dx+
0 0 0

2. Unousuoyanvroe 3adanue no meme «lIpunoosicenue Kpammvix, KPUSOIUHEUHBIX U NOBEPXHOCTIHBIX

unmezcpaiosy
2 2

1. HaliTi Maccy miiacTuHKA X? + 32/—5 <1, y >0, ec;im miotHOCTE P(X,Y) = YX°.
z2=,4-x*-y?

2. HaiitTi 00beM Tena, OorpaHnYeHHOTO TOBEPXHOCTAMU T = (% + y?
l=,.—-
255

3. Haittu pabory cumst  F =(C+2y)i +(y?+2X) Ipn nepemMelieHnn TOMKM BAONH JIMHAH
X2
y=2- e ot Touku M(-4, 0) mo rouku N(0, 2).
4. Haittu maccy kpuBoii I: x=2t+3, y=1+t,0<t <2, ecmu motHocTh P(X, y) = —X + 3yx>.
5. Haiitu maccy moBepxHOCTH X* + y2 =4,2=0,z=10

6. Haiitu momans GUryphl, orpaHUdeHHON KpUBBIMU X =4y — y° X+Yy =6.

TemaTuka npoBepo4YHbIX padoT

1. Ilposepounas paboma no meme «/[60tiHot unmezpany.
1.IlepeliTi K MOBTOPHOMY MHTETpay, MOMEHITh MPEebl HHTETPUPOBAHUS,

x?—y?=0
BBIYHCIIUTH (OJIMH U3 HUX) U (X+ y)dxdy, coe D = )
D y=

2. O6nacts nHTErpUpoBanus D m300paxkeHa Ha PUCYHKE.

Torma JBOWHOMY WHTErpanty ”f(x, y)dxdy COOTBETCTBYET ITOBTOPHBIN
(D)

11 X x 10X P
MDA ) o £ x,y)ay®) [ AX T (X Y)Y [T 7o yyay") O] T 0y
0 0 0 0 0 X 0 X

2. Ilposepounas paboma no meme « Cxansproe noney.
1. HaiiTi TMHUM ypOBHS CKISAPHOTO moms U = 2X° + y*, cXeMaTH4eCKH TIOCTPOHTE.
2. HaliTu NOBEpXHOCTH YPOBHS CKAJSIPHOIO NOJSA U = X+ Y + 3Z, CXEMaTUYECKH [TOCTPOUTb.
3. Haiftm npouwsBomHyro (yHKIIMKM B 3aJaHHOW To4yke M B HampaBICEHUH BEKTOPA MA wu

HauOOJIBIIYI0 CKOPOCTh BO3pACTaHUS MOJS B 3TOM TOUke. U= Xy2 +4xz, M(3,-3,1), A(-3, 4, 2).

4. Haittu rpaauent Gyakuu U = U(X,Y,Z) B Touke M. U =X+ Yz —\/X_, M(2, 2, 6).

TeMaTHKa KOHTPOJIbHBIX padoT

1. Koumponvuas paboma Ne I no meme «Kpamuvie, KpusoiuHeliHvle U HOBEPXHOCHbIE UHMESPAIbL»




Ilpumepnuiii sapuanm
1. BeruncauTs MHTErpasn ”,/(xz +y?)dxdy, T :={x>0,x*+y* <4}
D

2. BeuucinuTh HHTErpa I”lS(XZ +yH)dxdydz T ={x=0,x+y=1,y=0,z=x+Yy,z=0};
T

. bBIYUCIINTHb OOBECM TECJ1a, OTPAHUYCHHOI'O ITIOBSCPXHOCTAMU =4, =V, = .
3.B o , xX*+y?=4,2=0,2=10

4. Berunciauth J(xy)ds; I:y=x+1 or roukn A(1,2) no Touku B(3.4).

5. Boracos, narerpa [ (x?dy+y2dx}l = AB:y = x+1,, A(L2), B(34).
|

6. Bpruucauts (AByMs croco0amu) MHOBEPXHOCTHBIM I/IHTerpanJ‘IQﬂXdde+ dxdz—3xdxdy, rne

o

X
—+y+z=1

IIOBEPXHOCTb O = 3 , HUOKHSAA CTOPOHA
x>20,y>0,z20

2. Konmponvnas paboma Ne 2 no meme «Bexmoproe noney
Ipumepnsiii sapuanm

x* +y?

1. Beruncnuth JUBEPIreHINIO rpaJueHTa CKaJLIPHOTO MOJId U = 1
Z+

2. BeIanCIIuTh poTop BekTopHOro moms a (P) = Xyzi + xy’z j + xyz°k .
L o Xi+yj+zk
3. BBIYHCIUTH IOTOK BEKTOpA d = % depes BCIO MOBEpXHOCTb chepsl X° + Y2 + 22 =R? B
X2 +yi+12

HaIPaBJICHUU BHEIIHENH HOPMAJIH.

4. Haiitn mupKynanuio BekTopHoro mons a= Yy%i—x’j+2z°k no xourypy ABCA, nomydaemomy
TpH IIepeceueHnH mapabononaa X° + z2 = 1 — yc KOOPAMHATHBIME ILIOCKOCTSMH.
+ - - X- In -~

y I+Xj— k

Xy
/X2+y YA y+1

5. IIpoBeputs conenounanbHoCcTh ot a(P) =

Ne Bonpocs! Kk 3a4ery:
/1.

1 | Onpenenennie kpatrHoro unHrterpana. OmnpeneneHue ABOMHOro WHTErpana. ['eomerpuueckuii u
(bu3nyecKuil CMBICI IBOMHOTO UHTErpaa.

Teopema cymiecTBoBaHuUsI ABOMHOTO MHTErpasa. CBoCTBa JBOMHBIX MHTEIPAJIOB.

BrruncieHne 1BOMHBIX HHTCI'PpAJIOB. CBeI[eHI/Ie JIBOMHOT'O HHTCIrpajia K IOBTOPHOMY.

3amMmeHa NEPpEMCHHBIX B JBOMHOM HUHTCrpajIc. Hepexozl K NOJIIPHBIM KOOpJAWHATAaAM.

IIpunoxxeHnus IBOMHOIO UHTETpaa.

OB WIN

Omnpenenenne TpoiHOro wuHterpana. [‘eomerpuueckuil u (U3MUECKMH CMBICH TPOMHOTO
WHTErpaja.

~

Brrunciienre TpoiHbIX HHTErpagoB. CBeaeHUE TPOMHOTO UHTErpaJia K TOBTOPHOMY.

8 | 3ameHa mepeMEHHBIX B TpOWHOM uHTerpane. [lepexon K chepudyeckuM H IFITHHIPHYECKIM
KOOPJIMHATAM.

9 | IIpuiioskeHust TPOHHOTO MHTETpaa.

10 | KpuBoauHeliHbIe HHTErpaJibl IEpPBOro poja. Mx cBoiCTBa U BBIYKMCICHHE.

11 | KpuBonuHeiHble HHTETpaJbl BTOPOro poaa. Mx cBoiicTBa M BBIYMCIIEHUE.

12 | CBsi3b KPUBOJIMHEHHBIX HHTErpANIOB. [IpHII0KEHUS KPUBOJIMHEHHBIX HHTETPAJIOB.

13 | Teopema I'puna.




14 | YcnoBus HE3aBUCUMOCTU KPUBOJIMHEHHOTO HHTETpaia OT IMyTH UHTErPUPOBAHUS.

15 | [ToBepxHOCTHBIN UHTETpa MIepBOro poaa. CBONCTBA U BEIYHCIICHHE.

16 | [ToBepxHOCTHBIN UHTETPaAT BTOPOTO posa. CBOWMCTBA M BBIYMCIICHUE.

17 | ®opmynsl 'aycca- Octporpaackoro u Croxca.

18 | IIpunoxeHus MOBEPXHOCTHBIX HHTETPAJIOB.

19 | Ckanspuoe mose. JIMHUM ¥ TOBEPXHOCTH YPOBHSI.

20 | [IpousBoHAs 11O HAIIPABJICHHIO.

21 | I'papuent.

22 | BekropHoe nosne. BekTopHbIe TMHUY.

23 | IloTOK BEKTOPHOTO TOJIS.

24 | luBepreHuusi BeKTOPHOTO mouist. CBOMCTBA IMBEPTEHIIHH.

25 | Teopema I'aycca — OcTporpaackoro.

26 | Hupkynsiuys BEKTOPHOTO MOJIS.

27 | Porop BekTopHOro nous u Teopema CTokca.

28 | Oneparop ["'amunbTOHA.

29 | IuddepennmanpHble ONEpaiMd BTOPOTO MOPSIKA.

30 | CnenuanpHbie BUABI BEKTOPHBIX MOJICH: COJICHOMIAIBHOE.

31 CHGI_II/IaJ'IbHBIC BHU bl BEKTOPHBIX noJjeu: moTeHIanbHoe. BeluucieHue noTeHmana.

32 CHGI_II/IaJ'IbHBIe BHU bl BEKTOPHBIX MoJeH: TapMOHHUYCCKOC HJIX JIAIIJIaCOBO IT10JIC.

33 | Teopema o pa3yioKE€HUH OJIS1 B CYMMY JIBYX HOJIEH.

BapuaHT 3a4eTHOr0 TECTA

1. (2 6anna) Yro u3 crienyromiero He OTHOCUTCS K o0actu D B 3amucu 1BoiiHOTO HHTErpaa?
Bapuanmuvr omeema: 1) nnockasi urypa, 2) durypa, orpaHu4eHHas MpsMbIMHU JIMHUSIMH, 3) cdepa,
4) TpeyroJbHHUK.

2. (2 6anua) [IBoitHOW MHTErpas MPOILIe BHIYUCIUTD B HOJSIPHBIX KOOPAUHATAX, KOTIA:

Bapuanmuvl omeema: 1) 001acTh HHTETPUPOBAHUS - OKPYKHOCTD MIIH €€ 4acTh, 2) CI0KHO PACCTABUTh
npeneabl MHTErPUPOBaHus, 3) MOJAbIHTErpajibHas (YHKIUS - CIOXHAs (QYHKIUS, 4) HEBO3MOXKHO
MIOMEHSTh MECTAaMH TIEpEMEHHEIE.

3. (2 6anna) Yro He sBAsieTCs MPaBUIBHOM 00s1acThiO V B Cllydae TPOWHOTO MHTErpaa?

Bapuanmor omeema: 1) snnurncoua, 2) nupamuma, 3) Terpasap, 4) o0macTh, TPaHUIBI KOTOPOI
npsMasi, napauienabHas ocu Oz nepecekaer 6osiee 4eM B IBYX TOUKaX.

4. (2 o6amma) Yro He sBusercs (GOpMyION, CBS3BIBAIOIICH MPSIMOYTOJbHBIE KOOPAMWHATBHI C
LHWINHAPUYECKUMU?

Bapuanmul omeema: 1) X =rcosp, 2)y =rsing, 3)z=rtgp, 4)z=1.

5.(2 6anma) Ecth 1 oTiiMuMe B CBOICTBAX KPUBOJMHEHHOTO MHTETpalia MEPBOrO pojJa U CBOWCTBAX
OIpeIeIEHHOI0 UHTErpaa, €CIu €CTh, TO B Y€M OHO 3aKiIroyaercs?

Bapuanmer omeéema: 1) B ciydae KPHBOJIMHEHHOTO MHTErpaja IEpPBOTO poja HE MMEET 3HAUCHHS,
KaKyl0 U3 TOUEK KpUBOW CUMTATh HAYaJIOM OTPE3Ka, a KaKyl0 — KOHIIOM, 2) KPUBOJIMHEHHBIN HHTErpall
MEPBOTO POJia MOXHO BBIYMCIATH B IMIMHJIPUYECKHX KOOpJAMHATAX, 3) B clyyae KPUBOJIMHEHHOTO
MHTETrpaja MepBOro poJia Hejlb3sl BBIHOCUTh MHOXKUTEIb 32 3HAK MHTErpana, 4) OTIuduii HeT.

6. (3 6amma) ®opmyny ['prHa MOKHO IPHUMEHHTH JUISl BRIYUCICHHS HHTETpasa (Kakozo poda?), ecin
KpHUBasi:

Bapuanmer omeema: 1) mapabomna, 2) OKpyXKHOCTh, 3) rurepoOodna, 4) qrobas 3aMKHYyTas. 3anucaThb
Teopemy.

7. (2 6anna) [ToHsATHE MOBEPXHOCTHOTO HHTETPajia BTOPOTO POJia HE BBOJUTCS IS

Bapuanmor omsema: 1) chepsbl, 2) TUIOCKOCTH, 3) 3JutHIICOHa, 4) OTHOCTOPOHHEH MOBEPXHOCTH.

8. (3 6anna) ®opmyny [Maycca-OcTporpajickoro MOKHO MPUMEHHTH ISl BBIYHMCIICHHS HHTETpaa,
€CITH TIOBEPXHOCTh:




Bapuanmur omsema: 1) chepa, 2) miockocTb, 3) amuuncous, 4) KoHyc. 3anmcatb Teopemy.
2 2-y

9. (4 6anna) 3sMeHNUTH TOPSIIOK HHTETPHUPOBAHHS: Idy J. f(x,y)dx.
-6 (y2-4)/4

10. (4 ©0amma) Haiitu oO0bem obGmactu 7 (IpH IMOMOIIM TPOMHOIO HHTErpaia), OrpaHHYCHHON
MOBEpPXHOCTAMH Z =9, Z = X% + y2.
11. (3 6asa) Haiitu paGory cumbl F ={(X+y)i +X] 10 IepeMeIIeHHI0 TOYKH BLOJb NAPabOIIbI
y=x>+2, x€[0,2].
12. (4 6anna) MoXHO J1H TIPHU BBIYMCICHUU MHTETpaia I(Xz +2y)dx—(y —2x)dy or touku  A(0, 1)
|

10 Touku B(2,-1), coenuuennsix kpupoit |: X*+Yy®+2y =3, 3aMeHUTh NIyTh UHTEIPUPOBAHHS HA
apyryto kpuByro? Eciu na, To Ha Kakyr0? MOXHO JIM PH TOMOIIM JaHHOTO WHTErpalia BEIYUCIUTh
LUPKYIALHIo Bektopa a = (X% +2y)i —(y—2X)] Bumous I?

1
X2 _ yz

13. (2 6anna) Jlate onpeaenacHre CKaasPHOro mosis. JIMHUAMH YPOBHS CKAJIIPHOIO mojas U =

SIBJISTFOTCSI:
Bapuanmor omeema: 1) napaboubl, 2) runiep0oiibl, 3) npsimbie, 4) OKpYKHOCTH. M300pa3uTh.

14. (2 6anna) I'paauenToM cKamspHoro monst U = X°yz® B touxe M(3, —2, 1) sBIIsleTCs BEKTOP:
Bapuanmet omeema: 1) 31 =2 +K , 2) =127 +97—36k, 3) 6i +j+2k, 4) 6i —2]+2k
15. (3 6asta) Berancints div(rotd) n rot(divd), econ & = xzi —2x%] +2yz°k .

[Tone, oOpa3yemMoe JaHHBIM BEKTOPOM:

Bapuanmer omeema: 1) nmoreHnmaibHOe, 2) COJEHOMAAIBbHOE, 3) TapMOHWYECKOe, 4) HM OIHO W3
MPE/UIOKEHHBIX BAPHAHTOB?



