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BBenenue

Teopust BepogTHOCTEl, KaK M JApyrue pasjiesibl MaTeMaTUKH, UMeeT JIeJI0 He
C CAMUMU ABJIEHUSAMU OKPYZKAIOIMIET0 MDA, & C UX MaTeMaTUIeCKIMN MOJIEISIMI.
B maremaTnueckoil Mojie/in JOJKHBI ObITH IIPABUJILHO IepeaHbl CyIIEeCTBEHHBIE
CTOPOHBI U3YYAEMOI0 sIBJIEHUSI, a HecyllecTBeHHble — oTOpoiIeHbl. CJIUIIKOM I10-
JIpPOOHOE OIIMCAHUEe M3Yy4YaeMOro sIBJICHHSI IPUBOIUT K YCJIOXKHEHUIO MaTeMaTude-
CKOII MOJIEJIN U MOXKET 3HAUNTEe/ILHO 3aTPYAHUTD JlajibHeliee ucciepopanne. M3-
JIMIITHEE YIIPOIIEHNE MOJIEC/IN MOXKET IIPUBECTH K HeBepHBbIM BbiBoJaM. Hackoabko
yIa9HO BBEJICHA MOJIE/Ih, MOXKHO B KarK/IOM KOHKPETHOM CJIydae CyJIUTh 110 COIJIa-
COBAHUIO TEOPETUIECKUX BBIBOJIOB C OIBITOM.

C 1mojgo0HBIMI 3ajJadaMid Mbl YacTO CTAJKHBAEMCs B KBAHTOBOI MeXaHUKE,
9JIEKTPOAUHAMUKE, CTATUCTUICCKON (PUBUKe U PU3NIECKOIl KUHETUKE.

Tak, HampuMep, B obbemMe V' = 1 cM® TBepIOro Teja HAXOTUTCS MOPSIKA
N = 10?2 aToMOB, /Il CTPOTOrO ONICAHUS JBIZKEHHS STHX aTOMOB B KazKIblil
MOMEHT BPEMEHH HY?KHO 3aJ1aBaTh 3 X 10%? IMITYJIbCOB U CTOIBKO K€ KOOP/IMHAT.
Cocrosinue cucreMbl u3 N aToMmoB, ornpejensemoe 3N umiyabcamu 1 3N Koop-
JMHATAMU, HA3BIBACTCI MUKDPOCKONUYECKUM COCTNOAHUEM.

B MakpocKonmieckoii TEOpUN COCTOSTHIE TAKOI CCTEMbI OOBIYTHO XapaKTepHu3y-
eTcsl HeOOJIBIINM YUCIOM MaKpPOCKOIIMYECKNX ITapaMeTpoB: Temieparypa 1', 00b-
eM V', naBjieHne p, Macca CUCTEMbl M 1 Tak jaJiee, IprudeM YUC/I0 9TUX apaMeT-
poB 3HaUNTEIbHO MeHbIe 6/N. CocTosiHIe CUCTEMBI, OIpe/Ie/isieMOoe STUMI ITapa-
MeTpaMU, Ha3bIBAETCA MAKPOCKONUYECKUM COCTNOAHUEM.

OueBHHO, YTO OJIHOMY MAKPOCOCTOSIHUIO COOTBETCTBYET HECKOJIBKO MUKPOCO-
crogauii. IapiMn cjoBamu, mepexoji 0T MIKPOCKOIINTIECKOT0 K MaKPOCKOITNIECKO-
MY OIICAHUIO CUCTEMBI BCET/1a COIIPOBOXKIAETCs HEKOTOPOI ToTepeit mHdopMalnm
U IPpUOOPETEHNEM KOJIJIEKTUBHBIX, CHHEPreTHIeCKNX CBOWUCTB. JljIsi BhIYMC/ICHHS
MaKpPOCKOITMIECKNX ITapaMeTPOB Ha OCHOBAHHUH IOBEICHUS aTOMOB, MOJICKYJI 1 10~
Jlelt B cucTteMe HaM BIIOJIHE JIOCTATOYHO 3HATH TOJILKO BEPOATHOCTH HaXOKIEHUS
CUCTEMBI B KaxKJIOM MUKPOCOCTOSHUU 1 YMETh MAHHUIIYJIMPOBATH ¢ Heil. Taxkum o0-
pasoM, cTaTucTudeckas pusnka u (pusndeckas KUHETHKA II0JHOCTHIO OCHOBAHDI
Ha, MCIOJIb30BaHNH MOHATHI 1 METOA0B TEOPUN BEPOATHOCTH.

BepogaTHOCTHBII TT0IXO0/1 SIBJIsIeTCsI OCHOBOII KBAHTOBOI MEXaHUK.



1. IlonsaTue BepodATHOCTU

K coxajenuio, crenuajucTbl M0 TEOPUU BEPOSATHOCTENH He chOpMYIUpOBasIN
MOKa €JINHOTO OIIPeJIe/IeHNs TOHATUS BEPOSITHOCTHU, YIOOHOTO JIIsT TPAKTUIECKO-
Io MCIOJIb30BaHUs U MaTeMaTudeckn crpororo. MaremaTndecknit aHa/ms3 moKa-
3aJI, YTO UCIOJIb3yeMble Ha IPaKTUKe (pOPMYJIUPOBKU 3TOr0 QpyHIaMeHTaIbHOTO
MOHATHS UMEIOT Pa3HyIo cTeneHb HajeykHocTr. OJIHAKO MPU BBITIOJIHEHUN OIpe-
JIeJIEHHBIX YCJIOBUI 3HAHME 00JIaCTH MPUMEHUMOCTH STUX (POPMYJIUPOBOK JAET
BO3MOYKHOCTb 110JIy4aTh IIPpaBUJIbHbIE PE3Y/IbTaThI.

1.1. «KombmHaTopHOEe» onpeaesieHue

Ecnu cobbiTre MoxkeT TpuBOAUTH K [N PABHOBO3MOYKHBIM Pa3JINIHBIM UCXO/IaM
1 eCJI B M CJIydastx HosiBjisieTcs pusHak A, To BepositHocTh A ecth n/N. Takoe
orpejieieHNe MOXKHO TIOJIBEPTHYTh KPUTHUKE Ha TOM OCHOBAHUU, YTO BbIparKeHUE
«PaBHOBO3MOXKHO» Ha CaMOM Jlejle 03HAYaeT «PABHOBEPOATHO» U B PACCYXKJIEHU-
X, TAKIM 00Pa30M, COAEPKUTCA TTOPOIHBIN KPYT.

ITpumep [1.]1. Tlycth coBepineHHO CydaitHbIM 06pa3oM OTOOPAHBI 23 4esI0-
BeKka. KakoBa BepOATHOCTL TOTO, UTO IO KpafiHeit Mepe y JIBOUX OKayKETCs OJINH
U TOT K€ JIeHb POXKIeHUs !

[TostHOE YMCI0 BO3MOXKHBIX KOMOMHAIWI 13 23 jiHEll pOXKJICHUs, CUUTasl, UTO
B Tomy 365 mmeit, pasao: N = 365%3. Yucio koMOUHAIMI, B KOTOPBIX HMEETCH
23 pa3anaHbIX JHs poxKaeHus, paBHo N —n = 365 X 364 x 363 x 362 x ... X
344 x 343. BepogTHOCTL TOTO, UTO BCE JIHW POXKJEHUS Pa3/JINIHBI, paBHA

N—n 365 x 364 x 363 x ... x 343
N 36523 '

BepOHTHOCTb TOI'O, 9YTO He BCe JHHU POXKJACHMA pa3/IMYHbI, paBHa

ooy Nz Y (2 2 22

—— .|l - = 2972.
N N 365 365 365 0, 007297

Taxum oOpazoM, Jijist TPYIIIbI, COCTOsIIeH n3 23 wim 60J1ee Je/I0BeK, BEPOsiTHOCTh
TOr0, YTO 110 KpaiiHell Mepe y JBOMX OKarKeTcs OOIIUil JIeHb POXKJCHUsI, ITPEeBbI-
maer 0,5. st rpynnbsl u3 25 4desioBek 3Ta BepodATHOCTH paBHa 0,5686997. s
rpynnbl u3 50 genoBek BepodTHOCTHL pasha 0,9703736. [Ing rpynnst u3 57 1eso-
Bek — 0,9901225, u3 60 genosex — 0,9901225.

Kaxk mpaBmio, onncanne BEpOSTHOCTeH, OCHOBAHHOE Ha KOMOMHATOPHOM OITpe-
JIeJIEHUM, CBOJHUTCS K KOMOWHATOPHBIM BBIYUCICHUSIM. PaccMOTPUM HEKOTOPBIE
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IIPUMEPBDI, T03BOJISIIOIINE IIOHATh TeXHUKY BbIYUCIeHUsT BepodTHocTeil. Hamomunm
BHadJaJie IpocTeiiiime KoMOMHATOPHBIE (DOPMYJIbI.

1.1.1. IIpaBumiao cymMMBbI

Ecim X m Y — J1Ba He nepecekarommxcsi KOHEUHBIX MHOYKECTBa, TO YHCJIO
9JIEMEHTOB, COJEPZKAINNXCST B OObeIMHEHNH ITHX MHOXKECTB, PABHO CyMMe YHCeT
9JIEMEHTOB B KayKJIOM U3 HUX.

YesioBuMest 0003HAYATD YUC/I0 9JIEMEHTOB KOHEUHOTO MHOZKecTBa X 1epes | X|,
TOTJIa 9UCT0 3JeMeHTOB 00bemuerns X u Y pasno: [ X UY| = |X]| + |Y].

OOBIYHO MTPaBUJIO CyMMBI (DOPMYJINPYETCsT HECKOJILKO MHAYe: €CJIM HEKOTOPbIi
00bekT X MOXKHO BbIOpaThb M crocobaMiu, a 00bekT Y — m crocobaMu, IIpHU-
yeM J1t000ii crtocod BbiOOpa 00bekToB X OoTIndeH oT Jitoboro ciocoba Bbibopa Y,
TO BRIOOD «X wau Y» MOxKHO cjiesiaTh 1 + m CIoCODaMMU.

1.1.2. IIpaBujo nmpousBeaeHUs

Byem pacemaTpuBaTh moCIe[0BATEIBHOCTH 9JIEMEHTOB X1, L9, . .., L) (HE 00s-
3aTeJIbHO PA3JINUHBIX) HEKOTOPOH JTHHBL k: (X1, Ta, ..., Tf).

YesioBuMcest J1Jist KPaTKOCTH HA3bIBAThL TaKUe II0CJIEJ0BATEILHOCTH CIMpPOKAMU.
HBe crpoku (x1, To, ..., xk) 1 (Y1, Yo, - - ., Yk) OyJIeM CIUTATH PA3IUIHBIMI B TOM
1 TOJIBKO B TOM CJIy4ae, eC/Ii XOTsI Obl JIJIsi OJTHOTO HOMepa i (U3 COBOKYITHOCTH
1, 2, ..., k) sjeMenT x; OTJIMYIECH OT ;.

[IpaBuio mpousBejieHnst MOYKET ObITh CCPOPMYJIMPOBAHO CJIEIYIONINM 00Pa30M:
IyCTh 3JIEMEHT X1 MOXKeT OBITh BBIOPAH 77 CIIOCODAMU; MPH KayKJIOM BBIOOpE I
9JIEMEHT Ty MOXKET ObITh BBIODAH Mo CHOCOOAMIE; TIPH KayKJIOM BblbOpe (X1, T2)
9JIEMEHT T3 MOXKET OBbITh BBIOpAH N3 CHOCOOAME U T.JI.; HAKOHEIl, IIPU KarKJIOM
BBIOOPE (71, T2, . .., Tk_1) DIEMEHT T MOKET ObITh BLIOpaH ny, crocobamu. Torma
QUCJIO PA3IHIHBIX CTPOK (X1, Ta, ..., T)) PABHO IPOU3BEICHUIO 11 X Ng X « + + X M.

1.1.3. Pasmemnienus

Yacro Bo3HUKaeT HeOOXOUMOCTD B II0/ICUYeTe YUC/Ia, CTPOK TOH MJIM MHOM JIJIM-
HBI, COCTABJIEHHBIX U3 3JIEMEHTOB JaHHOIO MHOXKECTBa X .

Bor oxna u3 nomodHbIx 3a1a4. Ilycts MHOKecTBO X cOCTOUT U3 N 9JIEMEHTOB.
Pacemorpum crpoku (x1, Zo, ..., T) JIKHON Kk 1pU YCJIOBUU, YTO BCE JJIEMEH-
TBI X1, L9, ..., T PA3JIUIHbL. Pasymeercs, 4To BCe 9TO BO3MOXKHO, eciau k < n.



JI1obast cTpoka Takoro poja Ha3bIBaeTCd pasMeleHneM 0e3 OBTOPEHUs 13 1, dJIe-
MEHTOB I10 k WJIM IIPOCTO pasMeneHneM n3 1 9JeMeHTOB 110 k. Yucso Bcex pasme-
mennit U3 n 31ementos 1o k obosnauaerca AF.

3aMeTHM, YTO JIjIsi BBIOOpaA 3JEMEHTa X1 UMEETCs
N BO3MOYKHOCTEM, ecjii o1 BbIOPaH, TO JJIsd o UMeeTcss . — 1 BO3MOXKHOCTD, €CJIN

Yrobpl maittn uncio AF
BBIODAHDI T'1, X2, TO JIJISI BLIOOPA X3 UMeeTCs n—2 BO3MOXKHOCTH, 1 T. 1. [lo/b3ysich
IPABIJIOM ITPOU3BEJICHUsI, HAXOIUM OTCIO/IA, UTO

A]:L:”X(”_1)X(”_2)X-~~X(n_(k_1)):(ni—!k)!-

Ocobo0 BakHbIM citydaeM sBjsieTcss k = n. CTpoku 6e3 MOBTOPEHUSsI, COCTaBJICH-
HbIE U3 BCEX 9JIEMEHTOB N-WIEHHOIO MHOXKeCTBa X , HA3bIBAIOTCSI [IePEeCTAHOBKAMI
U3 1 3JIEMEHTOB U obo3Havatorces P,

Po=nxn—-1)xn—-2)x...x2x1=n!

HobaBum K sTomy paercTso 0! = 1, KoTopoe NPUHUMAETCS 110 OIIPEJIeJIEHNUIO.

1.1.4. CouyeTtanunga

[Tycts X — MHOXKECTBO, cocTosdiee u3 n 3aeMeHTOB. JI1060e o IMHOKECTBO Y
MHOYKEeCTBa X , cojiepzKaliiee k 3/IeMeHTOB, paccMaTpuBaeMoe 6e3 yueTa uxX HOpsI-
Ka, Ha3bIBaeTCsd codeTanueM k 3jieMeHTOB u3 n. OOInee 4nuCI0 TAKMX COUYETAHUN
oboznauaercst uepes CK unm (1); snech obsizaresnsho k < n.

Hucso coueranuit u3 n 3JeMEHTOB 110 k paBHO
AR n!

Ck:(@_ﬁ_k!(n—k)!

CgoiicTBa:
a) C" % =nl/[(n — k) k] = CF,
6) npasuio Ilackansa CF | = C*1 4+ CF nua 1 < k <n;
B) CO4+Cl+--- O =2m,

Bburnom Hpiorona
113 KOJILHOTO Kypca u3BecTHb (bopMyJibl: (a+b)? = a®+2ab+b* u (a+b)* =
a3 +3a’b+3ab’+b3. UIx 0bobimenneM saBiiseTcs cieayiomas popMyJIa, Ha3blBacMasd
00bIYHO OuHoMoM Hvromona:
n
(a+b)"=Cla’b" +CLa't" ! + - + CI 7 a" I + O a™ = Z CFaFp"=F,
k=0



Oobob1IeHne peblIyIei popMyJIbl

n

n!
n ki K Eum
(a1 +as+az+...+a,)" = E T E sayay’ - ay
kil k! - !
k17k27"'7km—17km71

IpH yCJaoBUH, 9TO ki + ko + ... + ko1 + ki =

1.1.5. T'unepreomerpuyeckoe pacipe/iejieHue

[IycTh jaHa COBOKYITHOCTH 7 9JIEMEHTOB, CPEJIM KOTOPBIX k OTMEUeHHBIX (Ha-
npuMep, OPAKOBAHHBIX U3JI€Jil, BBIUTPBIIIHBIX OUJIETOB U T. 11.). Boibupaercs Ha-
yrajg m < n o0beKToB. KakoBa BEpPOSITHOCTH TOT'O, YTO CPEJIU HUX OKaXKEeTCH
[ ormMeueHHBIX?

Beibupars m 06bekToB U3 1 MozkHO C)"' pa3iamyHBIMI criocodamu. [ OTMedeH-
HBbIX U3 IIOJIHOTO UX 4Kcjia k MOXKHO BbIOpaTh C,i criocobamu, IMpPUIeM KarKJIOMY
TAKOMY CIIOCOOY COOTBETCTBYET C;”__,j cTIoco0oB, 100paTh eme m — | 00BHEKTOB
13 OOIIEro 4Kcja m, BIOUPATh UX U3 N — k HE OTMEYEHHBIX.

CutejtoBaTeIbHO, YNUCIO CHOCOOOB, 6ﬂaroanﬂTCTByfonmx HOSIBJIEHUIO [ OTMe-
YEHHBIX 00'bEKTOB CPEJIH 1M BIOPAHHBIX, PABHO C’l C’m "}, COTJIACHO TeopeMe yMHO-
xkeuns. [loaTomy nckomast BEposITHOCTH pPaBHA:

Cp O
C m

n

Pk, 1) =

[TostyueHHasi BEPOSITHOCTD HABBIBAETCSI 2UNEP2EOMEMPUECKUM PACTIPEIEACHUEM.
ITpumep [1.2. KakoBa BepogTHOCTE BbIUTpbIIa Ipu urpe B «CropTioros ?
B nannom ciyaae n = 49 (dncyio HanMeHOBaHU BUJIOB criopTa), k = 6 (4nciio
OTMEUYEHHbIX BHUJIOB cropra), m = 6 (ducyio BeiOpaHHBIX BUoB criopta). Cremo-
BATEJILHO, BEPOATHOCTD yTaJblBaHus | BUJOB CIIOPTA PABHA!

06 049 6 .

Py (6,1) = o
49

B TOM qHC/Ie BEPOATHOCTD yraIbIBaist BCEX MIeCTn BHJIOB cropTa — Py 6(6,6) =
1/C% = 7.1511234 x 10, narn — P49 6(6,5) = Cg Cl3/CSy = 1.844990 x 1072,
gerTbipex — Pio6(6,4) = 065 C3/C% = 9.686196 x 107* Tpex — Py94(6,3) =
C3C3,/CY = 1.765040 x 1072,

PaccmoTpum jajiee HECKOJIBKO BayKHBIX 3a/a4 Ha PasMeIeHns, YacTO BO3HM-
KaIOIIUX [TPU U3YYEHUN HEKOTOPBIX CUCTEM B KBAHTOBOI MEXaHUKE U CTATUCTUYE-
cKoll pusnke.



Cucrema MaxkcBeta—bBoJbIiMaHa XxapakTepusyeTcs Kak cucrema k pas-
JINYHBIX YACTUIl, KayKJ/as 13 KOTOPhIX MOXKET HAXOJUThCS B OJHOM M3 COCTOSIHMI
BHE 3aBUCUMOCTU OT TOT'O, IJie IIPU TOM HAXOISITCsl OCTaJIbHble YacTullbl. B Ta-
KOil crucTeMe BO3MOMKHBI BCero nF pasimdnbix pasmerienuii. Ecim npu 9ToM Bee
TaKne pasMereHnst (COCTOSTHUSI CHCTEMbl) PABHOBEPOSITHBI, TO TOBOPSAT O CTATU-
ctuke Makcpenna—bosbivana. BeposiTHOCTh KaKI0T0 COCTOSIHISI PaBHA

P=n"

Cucrema bBoze—9iiHINTElHA Olpejie/sieTcss Kak cucreMa k TOXKIeCTBEH-
HBIX JaCTUIL, KayKasl U3 KOTOPBIX HE3aBUCHMO OT OCTAJbHBIX MOXKET HAXOIUTHCS
B OJIHOM U3 N cOCTOsIHUI. PaceMoTpuM sIuK, cojeprKaliuii n gdeek u k JacTHIl.

* Xk Xk X ok X ok
X%

Pacnipenienenune k gacTurl o n sgdeifkaM MOYKHO TPAKTOBATh KaK BCEBO3MOXKHBIE
repeMelmBaHnsl CUCTEMbI 13 1 — 1 1eperopojioK u k 4acTull Ipu yCJIOBUH, UTO BCE
[IEPEropoOJIKN TOXKJIECTBEHHBI JIPYT JPYLY U BCE YACTUIILI TaKzKe TOXKJICCTBEHHBI
JIpyT ApyTy. D10 OyjeT ducao codetanuit uz n — 1 + k odbekToB 1mo n — 1:

(n—14F)!
(n — 1) E!

_ -1 _ ok
- Cn—1+k - Cn—1+k'

Eciin Bce cocTostHusi paBHOBEPOSITHBI, TO TOBOPSIT O CTATUCTUKE bo3e—IiHIITeii-
Ha. BeposiTHOCTD KaxKJI0I0 COCTOSHMUSI:

P = 1/05—1%-

Cucrema Pepmu—/Iupaka onpejiensiercss Kak cucrema boze—itHinreiina,
B KOTOPOIi JIONOJTHUTEIBHO JieficTByeT npuHim 3anpeta (npunmui [aymm), Tpedy-
IOIIUiT, YTOOBI B KayKJIOM sTueiike HAXO/IMI0Ch He DoJjiee OJIHOM JaCTHUIbl. 3aHSITYIO
sTIeiiKy MOXKHO paccMaTpPHUBaTh KaK YepHYIO, IIYCTYI0 — KakK 0eJIyio,

* X X X *

TOrJIa YKMC/I0 pa3dpachiBaHuil k 4acTuIl 1o n s4eiikam OyJeT paBHO YHCIY COve-
tannit C* u3 k 110 n 1 BepOSTHOCTL KazK/I0TO COCTOSAHMS

P=1/CF



1.2. YacToTHOoe omnpe/iesieHue

Hormycrum, uro npu N 4ducjie usMepeHuii n4 pa3 HaOJIIOMAIOT TOsIBICHIE IIPU-
sHaka A. Eciam ncxonnble coOBITHsT B 9TOI [TOC/IEI0BATEILHOCTH B3aUMHO HE3aBH-
CHMBI, TO BEPOSITHOCTD NpU3HaKa A olpenesieTcs Kak

.. N4
P(A) = lim —.
N—o0
HBIME CJTOBAMIE, 8EPOAMHOCTVG COOBIMUA — “UCAO, K KOTOPOMY NPUOAUNCAENCA

wacmoma HacmynaerHuss 31moeo cobvimusa ¢ YBEANUHEHUEM HUCAA ONDBLTNOG.

1.3. T'eomerpuyeckoe orpejejieHue

HTYnTHBHOE HIpPEICTABICHIE O BEPOSTHOCTU MOXKET OBITH COCTABICHO TAKZKE
B CBSI3U CO CJIEJYIOMIUM MBICJEHHBIM JKCIEpUMEHTOM. IlycTh Ha OTpe3oK [a, b]
aumnel ¢ = b — a Hayraj OpocaeTcs Touka. IKKakoBa BEpOATHOCTL TOTO, YTO OHA
nonajaeT Ha OTpe3okK [a, 3], comepxkammuiics B [a, b]?

OTBer B JIaHHOM cJiydae odeBujieH. [[0CKOIbKY BEPOSITHOCTD TIONACTE B [, [3]
HE 3aBUCUT OT TOrO, IJle UMEHHO Ha [a, b] paciojiozken oTpe3oK [« 3], To uckomasi

b —«

T h—a’

BEPOsATHOCTb paBHA!

P

KonTposbHbIE BOMPOCHI
1. B gem cMBICTT «KOMOMHATOPHOTO» OIpe/ie/IeHNsT BEPOATHOCTH !
2. O0bsICHUTDH MpaBUJia CyMM U ITPOU3BEJICHUST MHOYKECTB.

3. PackpoITh crienmudpukKy NOHATHI «pa3MeIeHnsi», «I1epecTaHOBKU» U «COve-
TaAHUS ».

4. HpI/IBe(ZTI/I IIPUMEPDI CO6I)ITI/HL/’I7 OIICbIBa€MbIX IIOJIMHOMHMAJIbHBIM pacCIpeae-
JICHMEM M THIIEPpreOMETPUYICCKUM pacCIIpeJc/JICHICM.

5. /laTb onpejenennsa cucTeM, UMEIOMNX cTaTucTuku Makcpesia—boJsibliMaHa,
Boze—itnmreiina 1 @epmu— Iupaka.

6. YKazarh, B Y€M CMBICT YACTOTHOTO U MeOMETPUIECKOTO OTpejie/ieHnil Bepo-
SATHOCTH.



2. Kuaaccuuaeckaa TEOPETUKO-MHO2KECTBEHHAasA MOJdEJIb

2.1. AJarebpa coObITuIil

Tak, B IOJIHOM COOTBETCTBUM C IIPEJJIOYKEHHBIMU OIIPEJICTICHUSIMUI BEPOSIT-
HOCTH MBI IIPUHUMAEM [IJIg Hee TaKoe OIpPeJe/IeHIe: GePOAMHOCL CAYHATHO20
cobbimUsA — STO CBSI3aHHOE C JIAHHBIM COOBITHEM II0JIOYKUTEIBHOE YUCJIO, OKOJIO
KOTOPOI'0 KOJIEDJIeTCsl 4acTOTa HACTYILIEHUs] 3TOI0 COOLITUSI B JAHHBIX CEPHSIX
OIIbITA.

Taxoe onpejiesienrie BEpOSTHOCTH JIAJIEKO OT COBEPIIEHCTBA B MaTEMaTITIECKOM
CMBICJIE CJIOBA, HO OHO YJ00HO B IIPAKTUYECKOM PEIIeHUN 3aJa4 U I03BOJIAET Je-
JIaTh HEKOTOPbIE 0000IIEHMSI.

2.1.1. KomOuHanmum coObITUil

[Tpyr HaxoXKeHNN BePOSITHOCTEH HEOOXOIUMO YUIUTBIBATEL CBA3U MEXKIY COObI-
TugMu. EcTecTBeHHO, YTO IPHU IPOBEJEHUN KaKOro-HUOYIb M3MEpPeHUsl M Ha-
OJTIOIeHIST MOXKHO 3a(UKCUPOBaTh BCE CJIydYailHble MCXOAbl 9TUX M3MEPEHUil nim
Ha0OJII0/IeHUIA.

B 00i11eit TeopeTnko-BeposiTHOCTHO cxeMe JIJIs KarK/[0r0 SKCIIEPUMEHTA CO CJIy-
YaHBIM HUCXOJ0M JOJIZKHBI ObITh YKa3aHbI BCE 3JIeMeHTapHbIe HUCXOJIbl, OTBEYAI0-
1€ CJIEIYIOMNUM TPeOOBAHUSIM.

B pesyavmame axcnepumenma HenpemMero npoucrodum odur U moavko 00uHt
u3 amuxr ucrodos. KarKaplii TaKoil MCX0J MPUHSITO HA3LIBATEL 9/IEMEHTAPHBIM CO-
ObITIEM, 0003HAYATE dJIeMEHTapHbIe cOObITUs OyIeM OyKBoii w;. I1o cMmbicity 3i1e-
MeHTapHbIe COOBITHSI HEPA3JIOKUMBI Ha «0boJjiee sjieMeHTapHble». MHOKeCTBO Bcex
9JIEMEHTapPHBIX COOBITHII B TEOPUU BEPOATHOCTEI NMPUHSITO HA3BIBATH NPOCMPAH-
CMBOM daemenmaprvir cobvimud. IIpocTpaHcTBO d/1eMeHTapHbBIX COOBITHI Oy 1eM
obo3HavyaTh OYKBOIl (2, a caMu 3JieMeHTapHbIe COOBITUS OYIYT MOYKaMU Npo-
CMPAHCNGEA INEMEHMAPHBLT COOBIMUT.

Cobvimue 1a3viearom cay4atinvim, €I IPU OCYIIECTBICHUN OIIPE IeJIeHHOM CO-
BOKYITHOCTH YCJIOBUI S OHO MOKeT JitO0 IMpOon30iiTH, b0 He npousoiitu. B jpaib-
HefIeM BMeCTO TOTO, 9TOObI TOBOPUTH «COBOKYIIHOCTHL YCJIOBHUI S OCYIIECTBIIE-
Ha», MBI OyJIeM TOBOPUTH KPATKO: «IIPOM3BEJIEHO HCIIBITAHIES. 1TaKimM 00pa3oM,
MBI OyJIeM paccMaTpuBaTh COOBITHE KaK Pe3yJbTaT HclbiTanunii. Ha mpakTuke oj-
HOMY COOBITHIO (HAampumep, A) MOYKET COOTBETCTBOBATH HECKOJIBKO JIEMEHTAD-
HBIX COOBLITHIA, T.e. coObITHE A MOXKHO CUNTATL MOJAMHOMXKECTBOM {2, COCTOSIINM
13 TOUYEK w € (), IPeJACTABJISIONINX T€ UCXO/Ibl SKCIIEPUMEHTa, IIPU KOTOPBIX IPO-
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ncxoaut cobwitne A. Ciydaiiible coOBITHsI OOBITHO 0DO3HAYAIOTCS JIATHHCKIMUI
oykBamun A, B, C, .... Cobbitie B (pU3NIECKOM OIIBITE, KOTOPOE OINNCHIBACTCS
OJIMHOZKECTBOM A, IIPOUCXOUT TOJIHKO B T€X CJIydasix, KOI/a IIPOUCXOINT KaKOoe-
60 s1emerTaproe coobitre n3 A. COBOKYIIHOCTL BCeX COOLITUI TaKzKe 0Opa3yer
MHO2KeCTBO ).

ITpumep [2.]1. Crpesiok cTpesisieT 1Mo MUIIEHH, Pa3/eJIeHHOl Ha deTbipe 0b.1a-
ctu. Beictpesr — 9ro ucnbitanue. [lomnaganne B onpeieneHHy 0 00/1aCTh MUIIEHT —
coObITHE.

Cobvimus Ha3veames HECOBMECMUMBLMAU, €CJIA TIOSIBJIEHIE OJHOIO U3 HUX
UCKJIIOUAeT OsIBJICHNEe APYTIUX COOBITHI B OJHOM M TOM K€ UCIIbITAHUU.

ITpumep [2.2. U3 simuka ¢ jgetajasMu Haygady U3BAeKaeTcs gerasb. [lossie-
HUe FOJHOI JleTa/in NCKJIIoYaeT rosiBjieHne jpedekTHoil perain. CoObITUs «II0sIBU-
JIACh TOJHAS JIeTaIby U <«IOABUIACH JETAIb C JIe(DEKTOM» — HECOBMECTUMBI.

Cobvimus Ha3vi8aomcesa euHCMEEHHO B03MONCHLMU, €CJIH TIOSBJICHIE B Pe-
3yJIbTaTe HCIBITAHUI OJHOIO U TOJBKO OJHOTO U3 HUX ABJISIETCS JTOCTOBEPHDLIM
COOBITHEM.

ITpumep [2.B. Crpesok mpousses BuicTpes o mean. O0si3aTeIbHO TPOU30ii-
JIET OJHO U3 CJIEJYIOIINX JIBYX COOBITHIL: TONaaHue W IPOMaxX. JTH COOBITHS
eJINHCTBEHHO BO3MOYKHBIE.

Cobvimus Ha3vleaOmes PasHO803MONCHBIMU, €CJIN eCTb OCHOBAHUS CUUTATD,
YTO HHU OJHO U3 TUX COOBITUII He sIBJIsieTCsl 00JIee BO3SMOYKHBIM, €M JIPYTHe.

ITpumep 2. TlosiBierne TOro Win WHOIO YHCJIa OYKOB Ha OPOIIEHHO WT-
paJIbHOI KOCTH €CTh COOBITHS PaBHOBO3MOZKHBIE.

2.2. Omnepamum HAJ COOBITUSIMU

PaccMoTpuM Terepb omnepalnund HaJ COOBITUSAME. DTH ONEPaIlliN sIBJIAIOTCS,
MO CYIIECTBY, OMEpaIusIMi HaJ[ MHOYKECTBAMU, W TOJbLKO TEPMWHOJIOTUS B Psjie
cJlydaeB HOCUT BEPOsITHOCTHBIN XapakTep.

st HaryIsTHOCTH yI00HO N300pazkaTh ITPOCTPAHCTBO 3JIEMEHTAPHBIX NCXOJ/I0B
HEKOTOPOIt obsacTeio Ha nosepxuoctn (puc. [I)). Torma cobbrrust GyayT u306pa-
KaTbest JacTsaMu 3toit obsactu. Ilycrs A u B — HeKOTOpbIe COOBITHS, OIIPE/Ie-
JIEHHbIE Ha JIAHHOM IIPOCTPAHCTBE SJIEMEHTAPHBIX COOBITHIA.

1. Oobenunennem codbiTuit A u B HaswiBaercss Takoe coobitue C = AU B,
KOTOPOE COCTOUT U3 TEX U TOJILKO TeX JIEMEHTaPHBIX UCXOJI0B, KOTOPbIE ITPUHA/I-
JIeXKaT o KpaitHeir Mepe ogHOMY 13 cobbiTuit A mmm B.

MoxkHO cKa3aTh, 4TO B peaJibHOM OIIbITe COOBITHE, cooTBeTcTBYyoMmee A U B,
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coctouT B ToM, uTo npousonuio: A mmun B. Cobsiruio A U B cooTBeTcTBYyeT 3a-
TeMHeHHas1 06J1acTh Ha puc. 2(a))
2. IlpousBenennem man mepecedeHnemM cooObiTuii A

n B naswiBaercst coopiTue C', cOCTOsIIee 13 dIeMeHTap- 0
HBIX COOBITHI, MpuHa IezKaImX oJlHoBpeMenno A n B,
u obosnavaercsas C' = ANB = A x B. lubiMu cioBaMu,
coowiTe C' = AN B IpourcxouT Toraa 1 TOJILKO TOT/ A,

SN

Kora npoucxonar u A, u B. Coowrruio C' cooTBETCTBY-
er 3aTeMHeHHas 06/1acTh Ha puc. 2(b)|
3. Pasuocteio C' = A\ B nasbiBaercsi cOOBITHE, CO-

croduiee U3 3JIEMECHTOB MHO>KECTBa A, HE IIpUHa/JICZKa-
Puc. 1. I'paduueckoe mpe-

nwx B, T.e. cobbitie A\ B cocrout B TOM, 9T0 A TpO-
CTaBJIeHUEe CO6I)ITI/IH

n3o1110, a B He npouzomnuio. CoobiTnio C' cOOTBETCTBY-
eT 3aTeMHeHHas 00/1acTh Ha pHc. [2(c)|

[IpungaTo HazbiBaThL coObITHE (2 docmosepHbviM COOBIMUEM, & TIYCTOE MHOKE-
cTBO ) — necosmodcHbIM.

Cobbitie Q\A = A HaspBaIOT MPOTHBONONOKHBIM cobbiTmio A. CobbrTie A
o3Hauaetr, 4To A He npousonuio (cM. puc. [1)).

OueBnno, uto A = A u

A\B = ANB = B\A.
Kpome Toro, oneparun U 1 M sIBJISIFOTCS COOBITUSIME B3aMMHO JUCTPUOYTUBHBIMU:
AU(BNC)=(AUB)N(AUC);
AN(BUC)=(ANB)U(ANCQC),

9TO MOXKHO JIEFKO IIPOBEPUTH rpadpUdecKy, BOCIOIL30BABIINCH PHC. u [2(e)
HakoHerl, B Teopunl BeposATHOCTEH I ee MPUJIOXKEHNAX BasKHYIO POJIb NTPAET TaK

Ha3bIBa€MbIil ITPUHINII JIBOMCTBEHHOCTU (SaKOHbl e MopraHa), KOTOPBII MOZKET
OBITH BBhIPaXKeH CJIEYIONUMUI COOTHOIIEHUSIMT:

AUB=ANB;
ANB=AUB.

Bgenewm ere ogmo nousarue. Ecin cobbiTiie A NMpOMCXOANT BCAKUI pas3, KOIIa
IIPOMCXOIUT COObITHE BB, TO OyIeM MOBOPUTH, YTO COOBITHE A SIBJISIETCSI CJIEJCTBU-
em B, u nucats B C A wim A O B |em. puc. 2(f)].

Ecitm A C Bu B C A, 1o cobbitust A 1 B 1poucxoisaT Win He HPOUCXOIST
JINIIb OJIHOBpeMeHHO. B TakoMm ciryuae Oyaem mmcath A = B, muoxkecrBa A u B
[P 9TOM COBITAOT.
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(a) AUB (b) AN B (c) A\B

(d) AU(BNC) (e) AN(BUC) (f)BC A
Puc. 2. I'paduteckoe mpejicrapiienne onepaiuii HaJi COOBITUSIMUI

Paccmorpennblie cBoiicTBa oneparuil HaJi COOBITHAMU HOCAT ajredpandeckuii
xapakTep. B Teopun BeposiTHOCTEll IPUHUMAETCsI, 9TO U3 Beex cobbituit A € )
BBIONpAETCsI TOJIbKO TaKoil KJjiacc JF CcOObITHIl, KOTOPBI YI0BIETBOPSAET CJIEIYIO-
UM TPeOOBAHMSM:

1. CaMoO IIPOCTPAHCTBO JIEMEHTapHbIX COOBITHI puHaie:kut F; ) € F.

2. Jnst Kaxk 10t mapel coobituit A u B u3 Bxiodenuss A € F u B € F caenyer
BrJtoueHne ANB € F. VIHbIMHU cI0BaMu, KJIACC BMECTe C KayK 0 Mapoii COOBITHI
COJIEPKUT UX O0beINHEHHE.

3. Bmecre ¢ xaxkapim cobbitTem A kiaace F COIEPXKHUT MPOTUBOIOJIOKHOE CO-
obiTne A € F. O1ciona ciejyer:
a) ) € F, mockonbky ) = Q;
6) corsacno npunnuiy asoiicrsennoctu AN B = A U B, n kinacc F BMecTe
¢ KaxKJoi mapoit cobbituit A u B conepxkut nx nepecedennst A N B u pasHocThb
A\B = AN B;
B) HAUMEHbIIEH CHCTEMON TTIOMHOXKECTB, 00Pa3yIouX ajredbpy J, 09eBUIHO, sB-
nstercst cucrema {€2, 0}
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Knacc MHOXKecTB J Ha3bIBaeTCA 0-aareOpoil, Wi OOPeIeBCKIM TIOJIeM COObI-
THH, ec/in 9uc0 codbblTuii A € () CYETHO U BBINOJHAETCS YC/IOBHE:

aer
n=1

2.3. AkcmomaTm4ieckKoe IIOCTpPpOEeHMnEe TeOpUNn BEPOATHOCTHA

J1o cux TIop MBI MCXOINJIA U3 TIPEJICTABIEHUS O BEPOATHOCTH CJIYIAHOTO COOBI-
THS KaK O 91cje, KOTOPOe BBOAMIN PA3HBIMU CIIOCOOAMU: KOMOMHATOPHOE, YaCTOT-
HOE U reoMeTpuYecKoe olpejiesieHus. Bee stu onpejenenus He 00J1aal0T CTPO-
rocTbio. YToObl MPUJIATH MTOHATHSAM TEOPUN BEPOATHOCTEN CTPOTOCTDL, MPHUCYIILYIO
JIDYTUM MaTeMaTHIecKUM MOHATHSAM, MOYKHO BOCIOJIB30BATLCA IMIPOKO PACITPO-
CTpaHEHHbIM B MaTeMaTHKe aHaJUTHIecKuM MeTojgoM. OH COCTOUT B TOM, UTO
¢ caMoro HavaJia (PUKCUPYIOTCS IEPBUYHBIC, HE TOJIJIEXKAIIIE OIPE/IC/ICHIIO TTOHSI-
TS JJaHHOi Teopun. VX ocHOBHBIE CBOIICTBa (DOPMUPYIOTCH B BUJIE PsAjia aKCHOM.
[Tocsie 5TOro BCe IMOJIOKEHUs] TeOPUHU BBIBOIATCA U3 AKCHOM CTPOIO JIOTHIECKUM
myTeM, 6e3 obpallleHusT K TIOCTOPOHHUM IOHATUSM THUIIA «HAIVISIHOCTbY, <«3JIpa-
BbIil cMbIcs» n ap. CoBpeMeHHasl aKCHOMATHKA TEOPUU BEPOSITHOCTEH ITpuHa/I/1e-
xKuT coperckomy maremaruky A. H. Kosmoroposy.

[IycTh maHO MPOCTPAHCTBO JIEMEHTAPHBIX COObITHII ) 1 B HEM HEKOTOpasl CHU-
crema cobbrTuii A, obpasyrorux anrebpy cobbituii. Beposgraocts wa {£2, F} ecthb
qucsioBast (DYyHKIUS, OllpejiesieHHast Ha MHOxKecTBaxX A n3 F u obJajatonas cie-
AVIOIMMH CBOMCTBaAMMU:

Al. P(A) > 0 s moboro A € F.
A2 P(Q) =1

A3. Ecin 6eckonedHas mocsie0BaTeIbHOCTh coObITHit { A, } TakoBa, 91O BCe CO-
ObITHs TTONApHO HecoBMecTHBI, T.¢. A; N A; = () npu i # j, 10

P L_JlAn = ;P(An).

B mmpokom cmbicsie tpoiika {2, F, P} Ha3bIBAeTCS BEPOSITHOCTHBIM POCTPAH-
crBoM. Ecyim Hekoropast ajrebpa J obpasyer g-ajiredpy, To akcuoma A3 Oyjer
BBIIIOJIHATHCS aBTOMaTHIeckn u Tpoitky {2, F, P} Ha3bIBatOT IPOCTO BEPOSITHOCT-
HBIM [IPOCTPAHCTBOM. B 3ak/iioueHne OTMETHM, YTO BBEJIEHHAS CHCTEMa aKCHOM
ABJISIETCS HEIIOJHON 1 HEIIPOTUBOPEINBOIL.
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2.3.1. CnoiicTBa BEepOSITHOCTH

1. P(0) =0, sro cneayer u3 pasencrsa ) U Q = Q.

2. P(A)=1—P(A), rak kak AUA=Qu ANA=0.

3. Ectu A C B, 1o P(A) < P(B). 910 cleyer u3 COOTHOIICHUS MEXKLy
sepositHocTsamu: P(A) + P(AN B) = P(B).

4. P(A) < 1.

5. P(AUB) = P(A)
orciona P(AU B)

P(B)—P(ANB), tak kak AUB = AU (B\(ANB)),
P(A)+ P(B\(AUB))=P(A)+ P(B)— P(ANn B).

I+

6. P(AUB) < P(A) + P(B).

P(UAk> = Y Py - ZP(Ai 4D+ Y PANANA) — ..
k=1 =1 i<k j<i<k

k
+ (=D)""PANAN---NA).

8. Ecimm A,, ecTb MOHOTOHHO BO3pacTAaOINasl IIOC/IEI0BATE/IHLHOCTE MHOYKECTB

(A C Apst) u A= ) An, 10 P(A) = limy, o P(A,).
n=1

2.4. YcjaoBHasi BEPOSITHOCTb

[Ipesk e gyem mepexoanThb K GOPMAILHOMY OIIPEIeIEHAI0 YCJIOBHON BEPOSITHOC-
T, BBEJEM ee Ha OCHOBAHNN KOMOMHATOPHOI'O OIIPee/IeHNsT BEPOSITHOCTH.

[Ipeamosoxkum, 910 cOObITHE A MOYKET OCYIIECTBIATHCA 14 CIIOCOOAME, COOBI-
e B — np crnocobamu, a cobbitue A N B — nyp crnocobamMu, IpudeM IOJHOe
GUCI0 BCEBO3MOXKHBIX ncx0n0B paBuo IN. Torma sepogrnoctn: P(A) = ny/N,
P(B) =np/N, P(ANB) =nap/N = (nap/na) (na/N) = (nap/na) P(A).

3 n4 ciydaeB, B KOTOPBIX MPOUCXOAIIO cOObITHE A, B OTHOCHTE/ILHOM JI0JI€,
PaBHOM N Ap /M 4, TPOUCXOJNT TAKkKe U cobbITHE B.

Taxum 06pasoM, nap/n4 €CTh BEPOSTHOCTH B IpH yCJIOBUE, YTO IIPOU3OIILIO
cobpiTie A. DTa BeposATHOCTH 3anuckiBaercs B Buje P(B|A) u nasbBaeTcs yeaos-
HOIT BEPOSATHOCTBIO COOBITHA B IpH yCJI0BHUM, UTO IPOU3OILIO cOObITHE A.
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Onpedeaenue. [lycrsb 3aan0 BeposiTHOCTHOE TipocTpancTso {2, F, P}, B Ko-
TOPOM BBIOpaHBI JiBa Mpou3BOJIbHBIX cobbitust A u B. Ecim P(B) > 0, ycios-
Hasl BEPOSITHOCTb COOBITUSI A HpPH YCIOBUH, UTO IIPOU3OILIO coObITHE B, paBHa

P(A|B) = P(AN B)/P(B).

2.5. He3aBucumbie cOObITHUS

Onpedeaenue. [IBa cobbituss A 1 B HA3bIBAIOTCS HE3aBUCUMBIMI, €CJIH BEPO-
araocts P(AN B) = P(A) P(B).

['paduueckn jBa HE3aBUCUMBLIX coObITuss A n B

n300parkaroTcs ABYMsI HE IepeceKaromuMUcT 00J1acTs- 0
MU B IIPOCTPAHCTBE 9JIeMEHTAPHBIX COOBITHIT {2, KAK 9TO
n300pazkeHo Ha puc. [3|

[Tokazkem, eciam cobbiTust A m B He3aBUCHMBI, TO
yCJIOBHAasI BEPOSATHOCTL COOBITUSI B TIpU yCJIOBUU, YTO
POM30ILIO coObITHE B, coBnajaeT ¢ 0e3yC/JIOBHOI Be-
positHocThio cobbiTnst B: P(ANB) = P(BJA) P(A) =
P(A) P(B), to ectb P(B|A) = P(B).

D70 o3Hauaer, uTo ecam cobbitusas A u B He3aBu-

Puc. 3. I'paduueckoe mpe;-

CTaBJIeHUE JIBYX HE3aBUCU-
CHMBI, TO CBejleHnsi 00 ocyliecTBIeHnn cOObITUs A HE v coBnrrmii

MEHAIOT BEPOATHOCTH OCYIICCTBICHUS COOBITUA 3.

ITycrs pacemarpusatoress n cobbituit Ay, As, ..., A,. DT coObITHS Ha3LIBA-
IOTCST NONAPHO He3asucuMbimMu, ecan Bomoanserca P(A; N A;) = P(A;) P(4))
IIPU BCEX 3HAYEHUSIX MHJIEKCOB 1, ] = 1,2, ..., n. YKa3aHHbIe COObITHsI Ha3bIBAIOT-
CsA HE3ABUCUMDIMU 6 COBOKYNHOCTMU, €CJIU UMEIOT MECTO COOTHOIIEHUS:

P(A;i N AN Ag) = P(A;) P(Aj) P(Ak), rtae @7 j#k;

I B 00IIeM BU/Ie
N N
P (4 ) =]]PA).
j=1 j=1

Hexomopuie ceotlicmea He3a8UCUMBLE coObbimuli

1. Eciin P(A) > 0, To HesaBucnMocTh coobiTuii A 1 B 9KBHBaJCHTHA DABCHCTBY
P(B|A) = P(B). [Joka3aTesbCTBO 0UEBU/IHO.
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2. Ecnn cobbitust A nu B He3aBucuMbI, TO He3aBucuMbl B n B. [leiicTBuTe IbHO,
P(BNB) = P(B\ANB) = P(B)— P(AnB) = P(B)(1-P(A)) =
P(B) P(B).

3. Ilyctb A u By, A n By nmezasucumel u By N By = (). Torna nesaBucumbl
cobbitust A u By N By. HeiictBurensno, P(AN (B N By)) = P((AN
Bi))N(ANBy)) = P(ANBy) + P(AN By) = P(A)[P(By) + P(By)] =
P(A) P(B1N By).

ITpumep 2. N3 kool B 52 KapThl BhIHEMaETCs ojHa Kapta. Ilycts A
O3HadaeT «Ty3», a B — «mmKoBasg MacThby. Jlokasarh, uro A 1 B — He3aBHUCHMbBIE
COOBITHSI.

Pewenue. P(A) = 4/52, P(B) = 13/52; BepoATHOCTb M3BJICUCHHs THKOBOTO
ty3a P(AN B) = 1/52, HO 9TOT Ke Pe3y/IbTaT MOXKHO HOJIYyIUTh ITyTeM yMHOKe-
anst P(A) na P(B).

CreroBaTeibHO, coObITUsI A 1 B HE3aBUCHMBI.

ITpumep 2.6. B npenpinyieit 3a1atie B Kooy J00aBIeH KOKED, T. €. KapTa,
He MMeoIast MacTH.

Pewenue. P(A) = 4/53, P(B) = 13/53, P(AN B) = 1/53, B T0 e BpeMms
P(A) P(B) = 52/(53)?, cienoBarenbho, cobbitusg A n B He nezaBucumMbl. DTOT
pe3ysIbTaT OObSICHAETCSI CJIEIYIONIMI PACCy K ACHIAME. Keim Mbl 3HAEM, 9TO JTaH-
Hasl KapTa — Ty3, TO «PaBHOIIPABHUE» CPEJIN OCTAJbHBIX XapaKTEePUCTUK JIAHHOMN
KapThl 110 MaCTIM HaPYIIAETCsd U3-3a TOr0, YTO TY3 HE MOXKET OBbITh JIZKOKEPOM.

ITpumep [2.]7. HezaBucumo ojins 0T Ipyroro mpoBOJSITCS TPU OIbITa: GpocaHie
MOHETBI, OpOCaHne UIPAJHHOI KOCTH M BBITACKMBAHIE KapPThl U3 KOJIOJbI. demy
paBHa BEPOSITHOCTb TOI0, UTO PE3YJIbTAThl STUX TPEX OIBITOB TAKOBBI: IIEPBOIO
OIbITa — T'epd, BTOPOro — H OYKOB U TPETHEro OIbITa — Ty37

Pewenue. Ilycrs cobbitie A — Bblnajenne repba, coobiTe B — BbllIajieHne
5 ouxoB u cobbitue C' — m3Bsedenne Tysa, torga P(A) = 1/2, P(B) = 1/6,
P(C) = 1/13. Tpebyemast BeposiTHOCTD

1 1

P(ANBNO) =5 cm = —.

DO | —
S|

ITpumep 2]8. Diexrprdaeckne JTaMIOYKN TPOU3BOJATCS Ha OJHOM MallHe,
IIPU 9TOM B CPEJIHEM OJIHA JIAMIIOUKA, U3 ThICSUM OKa3bIBaeTCsl OpaKoBaHHOM. Kaxk-
Jlasl JIAMIIOYKa, ITPOM3BOAUTCS HE3aBUCUMO OT JPYIHUX. deMy paBHa BEPOATHOCTH
TOI'0, UTO JIBE II0CJIeJ0BaTeIbHbIE JIAMIIOUKHI OKAXKyTCsl UCIPABHBIME !
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Pewenue. Ilycts /' n F' o3Ha49ai0T COOBITHS: «UCIpaBHASA epBas JaMIIOTKa»
1 <«HCIpaBHas Bropas Jammoukay. Torma P(E) = P(F) = 1 — 0,001 = 0,999
u P(ENF) = P(E)P(F)=(0,999)% = 0, 998.

2.6. PopmyJsia MOJIHON BEPOATHOCTHU

[Iycts pacemarpuBaeTcss HekoTopoe cobbiTie A n Tpebyercst HANTH ero Bepo-
STHOCTD 110 CJIEJLYIOIM UCXO/IHBIM JIAHHBIM.

NsBecrnnr Bepositnoctn P(A|H;) ocymiectienus: coObiTiust A 1pu yc/IoBuUH,
YTO IIPOM3O0ILIO HEKOTOpoe codbiTue H; u3 cucreMsl coobituit Hqy, Hs, ..., H,, Ko-
TOPBIE TIOMAPHO HECOBMECTUMBI I B 00bEIMHEHUN JIAIOT BCE TIPOCTPAHCTBO /IEMEH-
TapHbIX nexonos: H;MH; = 0, rne i # j; U;H; = Q. Kpome Toro, u3BecTHbI Bepo-
araoctu P(H;) atux cobbrruii. Ucnosb3ys onepanun oobequnernst U;—y H; = €,
nepecedennst coobituit A = AN, Teopembr ciokennsa P(ANB) = P(A)+ P(B)
npu AN B = () u ymuoxkenust eposithocreit P(AN B) = P(B|A) x P(A), no-
JlydaeM cieiyiontyio renouky pasencrs P(A) = P(ANQ) = P(AN_, H;) =

P(A) = ZP(A‘HZ)P(HZ) (2.1)

1=1

HA3bIBAETCs (POPMYA0T NOAHOT BEPOATHOCTNU.

ITpumep 2)9. Ha dabpuke, usrorasiusarolieil 60/1ThI, epBast MAIHA TPO-
n3BoauT 25 %, Bropas — 35 %, Tpetbsa — 40 % Beex nznenmnii. Bpak B UX npoJIyK-
UK cocTaBisieT cooTBeTcTBeHHO b %, 4 %), 2 %. KakoBa BeposiTHOCTH TOTO, UTO
CJIy9aiiHO BBIOPAHHBIN OOJIT OKaxKeTcs JeeKTHBIM !

Pewenue. Oboznaunm yepes A coObITHE, COCTOSIIEE B TOM, ITO CIyUaiHO BbI-
OpaHHbIil 00T — JedeKkTHBI, a yepe3 By, By, B3 — cobbITHe, COCTOsIIIEe B TOM,
YTO 3TOT OOJIT IIPOU3BEJIEH COOTBETCTBEHHO IIEPBOIi, BTOPOIl U TpeTheil MAIHOI.
Torna P(A) = P(By) x P(A|B1) + P(Bs) x P(A|By) + P(B;3) x P(A|Bs) =
0,25 x 0,054+ 0,35 x 0,04 4 0,40 x 0,02 = 0,0345.

2.7. @Popmysa Baiieca

uorga Bo3HHKAET 3ajada, B OIPEACJCHHOM CMbBICIE 00paTHasd TOJIBLKO UYTO
PACCMOTPEHHOI, a UMEHHO: TpebyeTcd HailTu BepOsSTHOCTL BOSHUKHOBEHUSI COODLI-
tust H; mpu yesioBum, 9To mpon3oniio cobbitue A, T.e. Haiitu P(H;|A).
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OTBeTUTb Ha TOT BOIPOC MOYKHO, €CJIM BOCIIOJIb30BATHCS (POPMYJION TIOJIHOI

seposttHocTH (2.1]) 1 dopmyIioit yMHOXKEHHsT BEpOATHOCTEIA:

P(H; N A) = P(H|A) P(A) = P(A|H,) P(H,).

Orciona P(A) = P(A|H;) P(H;)/P(H;|A), o ectn

P(A|H;) P(H)
PULLA) = S~ 5 cal ) i) (22)

DTa COOTHOIICHNE U3BECTHO 110/ Ha3BaHueM gopmysv. Bateca.
ITpumep [2.]10. Bepuenmcs k yesoBuio npeabiayteii 3agaan. Ompegesnm Be-
POSITHOCTb TOT'O, YTO CJAYyJailHO BBLIOPAHHBIN OOJIT TPOU3BEJ/IEH IEPBOi, BTOPOI

1 TpeTheil MalInHO:

P(A|By) = 0,25 x 0,05/0, 0345 = 125,345,
P(A|B;) = 0,35 x 0,04/0,0345 = 140/345,
P(A|Bs) = 0,40 x 0,02/0, 0345 = 80/345.

KOHTpOJIbeIe BOIIPOCHI

1.

© » N>

JlaTb onpeeneHus caydailHbIX COOBITHI, HECOBMECTUMBIX coObITHil. IIpuBe-
CTU COOTBETCTBYIOIIUE CXEMBI.

. Z[&Tb olpeaeJ/IcH1 A O6”be,HI/IH€HI/IH " I1epecedeHns MHOXKECTBa COOBITHIA. HpI/I—

BECTHU COOTBETCTBYIOIIME CXEMBDI.

JlaTh onpejenennsa pa3sHOCTU COOBITUIA, ITPOTUBOIOJIOXKHOIO coObITHS. [Ipu-
BECTU COOTBETCTBYIOIINE CXEMBbI.

Kaxkoit Kyracc coOBITUIT paccCMaTPUBACTCS B TEOPUH BEPOATHOCTEH !
[lepeuncuTh cBOICTBa BEPOSITHOCTH.

B uem crnennduka moHSITHSA YCJIOBHOI BEPOATHOCTH !
[IepedncinThb CBOICTBA HE3aBUCUMBIX COOBITHIA.

BoiBectu (hopMysTy TOJIHOM BEPOSTHOCTH.

Breisectu dpopmyny Baiieca.
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3. IlocaemoBaTebHOCTh HE3ABUCUMbBIX HCIIBITAHIIA

3.1. Cxema Bepnyiiu

Paccmorpum JickperHoe BepositHocTHOe tipocTpanctso {2, F, P}, B KoTopom

IPOCTPAHCTBO JIeMEHTApHBIX coObITnit ) = {w1, wa, ...,wg} comepkuT R coObI-
tiit. Ayirebpa F COCTOUT M3 BCEX IMOJAMHOXKECTB (), a BEPOSTHOCTDH OIIPEJIE/IEHA
JTsT KazKJI0r0 9jieMeHTapHoro coobitust w; € €2 (i = 1,2,3, ..., R) paBencTBOM
R
Pw)=PF, Y P=1 (3.1)
j=1

IIycTh w; — ciaydaiinoe coObITHE, COIMOCTABIEHHOE MCXOILY HEKOTOPOT'O OIbITa S,
a wi, Wo, ..., Wp — BO3MOYKHBIE HCXO/IbI 3TOI0 OIbITa. Toraa omeITy S, IOBTOPEH-
HOMY JIBaXKJbl, JIOJI>KHO OBITH COIIOCTaBJIEHO BEPOSITHOCTHOE IIPOCTPAHCTBO

{(Qo, Fo, P} = {Q, F, P} x {Q, F, P}. (3.2)

DJIeMEHTAPHBIMU COOBLITHAME 3TOIO HPOCTPAHCTBA OYIYT YHOPALOYCHHLIE MAPbI
HCXOJIOB wij = (wj,w;) € Qg = Q X €, a BeposaTHOCTD P3 Ha ajnrebpe Fo MOXKHO
3a/1aTh MHOTMMHU CIOCODAMH, OIpe/IeIsieMbIMU YCIOBUAMHU OIIbITa. B ToM ciyuae,
KOI'JIa UCXOJBI IIEPBOrO OIbITa HUKAK He BJIUAIOT Ha MCXOJbI BTOPOrO, BBLIIOJIHA-
ercs Py(w;, w;) = P; Pj. OueBnjHo, N pa3 HE3aBUCHMO HOBTOPEHHOMY OIBITY S
OTBEYACT CJICLYIOIEe BEPOATHOCTHOE IPOCTPAHCTEO:

{Qn, Fu, P} = [{Q, F, P}]", P(wi, Wiy, - ywi ) =P, P, ... P . (3.3)

Onpedenenue. [locredosamervHocmvpro N HE3ABUCUMDBLT UCTHIMAHUT HA3BI-
BAETCsT BEPOSTHOCTHOE TPOCTPAHCTBO {2, Fy, P}, smemenTamu coObITHIT B KO-
TOPOM SBJISTIOTCS TIOCJEOBATEIBLHOCTH (Wj,, Wiy, - - - , Wi ) U BEPOSTHOCTH JICMCH-
TapHBIX COOLITHIT ONpeIe/IAI0TCS (POPMYJIOL:

n

b, (Wil,w¢2,-~-,win):HPik- (3.4)
k=1

Cxemoti Bepryasu Ha3bIBaeTCsA ITOCIEI0BATE/BLHOCTL HE3aBUCUMbBIX HCIBITA-
HI{l, B KQyKJIOM U3 KOTOPBIX MMEeTCsI JIUIh J1Ba ucxoa, T.e. ) = {wy,ws}. D10
PABHO3HAYHO NPUHSITUIO YCJIOBHA, UTO BCE MPOCTPAHCTBO SJIEMEHTAPHBIX COObI-
THIi, CBSI3aHHOE C OIIBITOM S, COCTOUT TOJILKO U3 JIBYX JIEMEHTOB w 1 W. Vexomn w
HA3BIBAIOT «YCIIEXOM», U BEPOSITHOCTE yerexa P(w) obosnauator depes p. Uexo w
Ha3BIBAIOT «Hey/aueii», BepogTHOCTh KoTopoit P(w) =1 —p = gq.
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B cepun u3 n HE3aBUCUMBIX UCHBITAHNN B CXeMe BepHYJ/IIN MPOCTPAHCTBO JJ1e-
MEHTapHbIX cOObITHIT {2, cocTouT U3 2" 9/1IeMEHTOB, IPUYEM BEPOSITHOCTH OOHAPY-
JKNTDH k YCIIeXOB B cepuu U3 n ucibItanmii pasna P(n, k) = p* ¢" ",

B kadecTBe mpumepa cxeMbl BepHYJIJIN MOYKHO HMPUBECTH OIBIT ¢ ODpocaHuem
MOHETBI UJIN UT'PAJILHOI KOcTU. B mocsegaem ciaydae MOXKHO MPUHATH 38 YCIIEX W
BBITIA/ICHIST OIIPE/IEJICHHOIO IHC/Ia OUYKOB (CKazKeM, OJIHOTO OYKa), & W — HEeBbIIa-
JIEHIE 9TOr0 Iuc/a (OJHOTO OUKa).

[To cxeme Beprymm MOXKHO HAWTH BEPOATHOCTH TOI'O, UTO B CEPUU U3 N UCIIHI-
TaHuil ycrex HacTynuT To4Ho k pa3 (k < n) npu ycJOBUE, 9TO He NMeeT 3HAUEHMS,
KOI'JIa UMEHHO B 3TUX UCHBITAHUAX OyayT HaOonaTheda k ycrnexos. KosmaecTBo
COOBLITHIT, COCTOSAIINX B HACTYILICHIN k YCIIEXOB B N UCHBITaHusx, pasio CF, a 1o-

CKOJIbKY OHH HECOBMECTHBI, TO
P,(k)=CFp*q¢"™* tne k=12, ..., n (3.5)

B uactHOCTH, BEeposSITHOCTH He MMeTh HE ojHOro ycrexa P,(0) = ¢". Crenosa-
TeJILHO, BEPOSITHOCTh UMeTh X0Tst Ob1 ojuH ycnex P,(k > 0) =1 — ¢".

CosokymHocTb BepositHocTeil (3.5) ¢ k = 1,2, ..., n Ha3bBaeTcst GUHOMU-
asvHoLm pacnpedesenuem. Takoe Ha3BaHME CBSBAHO C TE€M, UTO 9Ta BEPOSITHOCTD
sIBJIsIeTCs oOImuM 1jieHoM ounoma HpioTona:

n
(p+q)" =) Crp'q =1 (3.6)
m=0

Cxemy Bepnyimm M0oxKHO 0000ITUTH Ha cjIydaii, KOrja B OIbITE BO3MOXKHO HE JIBa
MCXO/IA, & HECKOJIBKO: ) = {wi,ws, ..., w, }, Ipudem

ZP(%) = sz' = 1. (3.7)

I[IycTh IIpOBOANTCS N HE3aBUCHMBIX HCHBbITaHUil. BepogTHocTh Toro, 4ro Oymer
HOJTyI€HO My, My, ..., My (D ;M = N) UCXOJO0B IIEPBOIO, BTOPOIO I T. JI. BIJIOB,
JlaeTcst PopMYJIONt:

n!

P,(my,mg,...,m,) =

= Mg ot 3.8
mq! mo! ...mrlpl P2 Pr (38)

Dra hopMmy/ia Ha3BIBAETCS NOAUHOMUGALHOLM PACTPEICACHUEM.

ITpumep [BJ1. B cembe 10 gereii. Cunrtast it yupouienusi, 4T0 BEPOSITHOCTD
pOXKJIeHIs MaJibdrKa pasHa 0, 5, HaiijeM BeposSTHOCTL TOIO, 9YTO B CEMbE NMEeTCsI
0,1,2,...,10 MaIbIUKOB.
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Pewenue. Ormernm, uto B cuty csoiicts CF = C" % u g = p = 0,5 nme-
er mecto pasencrBo P, (k) = P,(n — k). Takum obpasom: Pio(0) = Pjp(10) =
CY,/210 = 1/1024, Pyo(1) = Pip(9) = C},/21 = 10/1024, Pp(2) = Pyo(8) =
C%,/29 = 45/1024, Piy(3) = Pio(7) = C3,/2'1 = 120/1024, Pyo(4) = Pip(6) =
Ciy/21% = 210/1024, Pyo(5) = Cfy /2" = 252/1024.

3.2. HawuboJsiee BeposiTHOE UUCJIO YCIEXOB

Ecin n dukcnposano, to P,(k) B (3.2) mpesparaercst B HEKOTOPYIO (DyHK-
U0 OT aprymenTa k, npunumaroniyio suadenus 0,1,2,...,n. Ha puc. 4] Tou-
KaM COOTBETCTBYIOT GUHOMHUAJIbHBIE pactipesesnenns P, (k) mpu Tpex 3HadeHusix

n=11,30,100up=0,7.

0,3
n =11 p=0,7

0,2+ .

e n=230
01 . n = 100

. 0%,
0,1 sees ot . b . 0! .?0.- .

0 20 40 60 80 100

Puc. 4. Bunomuasnsnoe pactpesenenne P, (k) npu Tpex 3umadenusax n = 11, 30, 100 u p = 0,7

OcobeHHOCTBIO 9TUX PacIpeie/IeHuil siBjisieTcst To, 9To BeposiTHOCTh Py, (k) cHa-
JaJia Bo3pacTaeT IIpu yBeJIndeHnn k, JOCTUraeT HanboJIbIIero 3HadeHusl IIPH HEKO-
TOpOM HanboJiee BEpOSITHOCTHOM 3HavdeHnn k = kyp, a 3aTeM yObIBaer.

Kpusasi, BooOI1e TOBOpPsI, aCUMMeTpUIHA, HO IIPU yBeJIMYeHIn N popMa KPUBOIt
IIpU HEMAJIBIX P CTPEMHUTCSI K cuMMeTpudHoil. IIpakTindeckn rpaduk OnHOMMIAIb-
HOT'O pPaCIpeIeIeHNsI MOYKHO CIUTATh CUMMETPUYIHBIM IIpu N > 4.

EcrecTBeHHO MOCTABUTH BOIPOC: IIPU KAKOM 3HAUEHUN apPryMeHTa 3Ta (PyHK-
s JfocTuraeT MakcumyMma? VHBIME cjIoBaM#, KaKoe YHCJIO0 YCIIEXOB SIBJISEeTCH
HauboJIee BEPOSITHBIM IIPU 1 UCIIbITAHUIT?
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D10 3HAUEHIE MOYKHO OIleHUTh Tpu bosibmux n. Coryacuo popmysie Ctupannra
BeJTmarHa n! pu n — 00 MPUOIMKEHHO PaBHA:

n! ~2rnn"e e, (3.9)

rJIe OCTATOYHBIN MHOKUTESH 6(n) yiosiaerBopsieT Hepasenctsy: |#(n)| < 1/(12n).
OTcroa MOXKHO 3allCATD:
nn

~ k n—k
Rulh) = g 0 (3.10)

Hudbdepennupyst a1y dopmysy 1mo k 1 npupaBHUBas IPOU3BOJIHYIO HYJIIO, TIOJIY-
gaeM, 9TO MaKCUMyM HaxXOJIUTCs 1pu kpp = np.

[Tpu HEOOBITIX 3HAUECHUSX 11 PE3YJIbTAT MOYKHO ITPOAHAJIN3UPOBATH YNCICHHO.
AHay3 1o3BOJISIeT ¢/lesIaTh 3aK/II0YeHe, 9TO MAKCUMYM JIOCTUTAeTCsI TP TAKOM
1esIoM uncjie kpg, KOTOpoe 3aKII0YeHO B 00J1aCTh

np —q < ks < np + p. (3.11)

Takum 0o0pa3oM, OJHO M3 OJMMKANUIINX K np IEeJbIX YUceJ paBHO HauboJee Be-
POSITHOMY 9HC/Iy ycrexoB. Vi apyrasi TpaKTOBKa: mp MOXKHO pacCMaTPUBATh
B OIIPEJICJICHHOM CMBICJIE KaK CpejHee YUC/I0 YCIEeX0B B M OIlbITax.

3.3. Pacmnpenenenue Ilyaccona

DopMyIibl OHHOMHEAIBLHOIO PpaCIIpeie/IeHns] BEPOSITHOCTEH IPUBOIAT IPU OOJIb-
X 7 K OUY€Hb IPOMO3JIKIM BBIUHCIEHIAM. 1109TOMY BayKHO MMETh HIPUO/INKEH-
HbIE, HO 3aTO JOCTATOYHO IPOCTHIE POPMYJIbI JJISI BBIUNCIEHIS COOTBETCTBYOIINX
BeposiTHOCTEll. B wacTHOCTH, HEpeIKO BCTpeUYaloTCs 3a/1a4i, B KOTOPBIX PACCMaT-
puBaeTcss OOJILIIOE UHCJIO HE3AaBUCUMBIX HCIBLITAHUIN, IIPUYEM BEPOATHOCTHL Ha-
CTYILIeHNS cOObITHA A TIpH KarkKI0M OTIe/JIbHOM HCIBITAHIE MaJia. B aToMm ciyuae
BeposiTHOCTH P, (k) MOTYT ObITH NPUOJIMZKEHHO BBIUUCIECHBI [0 TaK HA3BIBAEMOT
popmyne Iyaccona. dra dopmysia MoIyIaeTCsl KaK Ipeie/ibHast /Il OMHOMUA b
HOI'O pacIpeeseHns, KOrJAa YHICJIO0 UCIBITAHUI 7 CTPEMUTCS K OeCKOHEYHOCTH,
a BEPOSITHOCTD yCIIEXa P CTPEMUTCS K HYJIIO.

Teopema ITyaccona. Ilycts nana nociemoBaresbHOCTD {.S,, } cepuit HezaBuCH-
MBIX HCIILITAHUI, COCTOSIINX COOTBETCTBEHHO U3 1, 2, ..., M UCHLITAHWII, U IyCTh
BEPOSITHOCTD P COOBITHsT A MU KAYKJIOM HCIIBITAHUU M-I Cepuul paBHa p = A/n,
riae A — napamerp, He 3aBucsiuii ot n. Torga BepositHocts P, (k) Toro, 9To wmcsio
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HACTYILIeHNi coObITust A B n-it cepun Oyaer paBHO k, Ipu n — 00 U (PUKCUPO-
BaHHOM 3HAYEHUU Kk MOXKHO BBIUKCJIMTDH 110 (DOPMYyJIe

L
P,(k) ~ 7€
Joxazamervcmeo:

. n! k n—k
dm Puk) = o e =) =

e (B (1-2) -
:)‘_k lim (1—é>n<1_i)_k"(n_1)"'(”—k+1) )

k! n—oo n n nk

k n 1 -1 k
:)\—l1m 1—i lim [1({1==])--- 1—k :A—e”.
k! n—>co n n—00 n n k!

Pacupejiesienne BepogTHOCTEl, onpeaessieMoe popMyJIoit

LN
P(kﬁ):ye A

Ha3bIBae€TC:A pacnpe@eﬂeHueM Hyaccona " ABJIdeTCd OJHUM M3 BayKHEHIINX B TEO-

C k=0,1,2,..., A>0, (3.12)

pun BepositHocTelt. OHO ONUCHIBAET BEPOATHOCTH BO MHOI'MX 3aJladax, TaKIUX Kak
YUCJIO OTKA30B PaJIN03JIEKTPOHHOI allllapaTypbl 3a BpeMs ¢, YUCJI0 PaCHaBIINXCS
K MOMEHTY BpeMeHHU t PaJIMOaKTUBHBIX aTOMOB, YHCJIO BBI30BOB Ha, TeseOHHOI
cranuun u T. 7. O4eBuIHO,

— A"
Z—' A= et =1, (3.13)

@opwmyna Ilyaccona mosmydena namMm Kak Ipejie/ibHas [/ MOC/IeI0BaATeTbHOCTN
cepuii HE3aBUCUMbBIX COOBITII, B KOTOPOIl UMCJIO UCIIBITAHUN CTPEMUTCS K OECKO-
HEIHOCTH, & BEPOSITHOCTb HACTYILIEHUsT cOObITHS A cTpeMuTcest K HyJo. [ToaTomy
SICHO, YTO €CJIN MbI XOTUM BOCIIOJIB30BATHCs IPUOJIMZKEHHON (DOPMYII0it
m
A A

Pn(m):—'e , m=0,1,2,....,n, A\=np,
m!

JUUIS OJIHOM Cepuu U3 N UCHBITAHUN, TO M JIOJZKHO OBITH BEJINKO, a BEPOATHOCTD P

cobpitust A B 9rToit cepun masa, T.e. dopmyia (3.12) mpuemiema st peKux
ABJICHUIA.
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ITpumep B.2. B norepee B cpemem ma 1000 HOMEPOB Pa3bIIPHIBACTCS OJIIMH
BBINTPBIII. KakoBa BeposdATHOCTD, nuMesi 100 611eToB, OJIYyUUTh HE MEHEee 2 BbIUI-
phbITeit?

D10 cxema Bepuysum ¢ n = 100, a BepositHocTh yernexa p = 1/1000, tak 49T0
A =np=0,1. lckomast BEpOSITHOCTb:

P, = Z Pigo(m) = 1 — Pigo(0) — Proo(1).

ITo dbopmyite Ilyaccona:

Pl()()(O) >~ P(O) = 670’1 ~ 0, 9,
Pioo(1) ~ P(1) =0,1e % ~ 0,009,

OTKYyla MCKOMasd BEPOATHOCTD

P,~1-0,9—0,09=0,0L.

3.4. Ilpeneabnnie Teopembl Myaspa—Jlamiaca

PaccmoTpuM Jipyryio 1pejie/ibHyio hopMy OMHOMUHAJILHOTO pPacipeie/ieHus,
peo/aras, 9To BEpOATHOCTL p HeMasas Beanmunba 0 < p < 1. Dra 3amada
ObLIa pertiera Jyist caydast p = 1/2 B 1730 1. dbpanmyscknm maremaTnkom Abpa-
xamoM Jie Myaspom (1667-1754), a 3aTem Oblta 0600IIEHA 5T TPOU3BOJIHLHOTO P
[Tbepom-Cunvonom gie Jlarmacom (1749-1827) B 1783 . JIBe ero Teopembl n3BeCTHbBI
KaK JIOKaJIbHAas 1 MHTerpaJibHasl peJebHble TeopeMbl. JJoKa3are/1bcTBO OCHOBBI-
BaeTCsl HA M3BECTHON M3 Kypca MareMarndeckoro aHaJjms3a dhopmyse CTUp/ImH-
ra (3.9). Mbr upuseseM 9Ti Teopembl 6€3 BBIBOJA: KEJIAIOIINE MOIYT HAfTH nx
NPaKTHIECKN B JIIOOOM YyUIeOHUKE 110 TEOPUH BEPOSTHOCTH.

3.4.1. JlokanpHaga npeaejibHasg TeopeMa MyaBpa—Jlamiaca

Ecin BeposTHOCTH HACTyIIeHNsT COOBITHS A B 1 HE3aBUCHMBIX HCIBITAHUSX
nocrosinna u paBHa p (0 < p < 1), To BeposgTHOCTh P,(M) Toro, 4ro B 9THX
HCIBITAHUSAX cOObITHE A HACTYIUT POBHO M pa3, YAOBJICTBOPSIET MPH N —» OO
COOTHOIIEHHUIO:

1
li P.(m) = ¢(z,) = /2 14
lim \/npg By (m) = ¢(am) Nz (3.14)

PABHOMEPHO JIJIst BCEX M, JIJIsk KOTOPBIX Ty, = (m—np)//NPg HAXOAUTCST B KAKOM-
JIN0O KOHEUYHOM HHTepBaJIe.
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ITpumep [3.3. Beposarhocts Toro, 4T0 CTaHOK-aBTOMAT MPOU3BOJUT TOJHYIO
nertasib, paBHa 8/9. 3a emeny msrorossieno 280 jetaseit. OnpenesnTh BeposTHOCTD
TOro, uTo cpejim Hux 20 OpakoBaHHBIX.

Pewenue. n = 280, k =20, p=1/9, ¢ = 8/9. Orcroa

VIpg = 1/280(1/9) (8/9) ~ 5, 2588,
nt = (k—np)/\/npq = [20—280(1/9)]/5,2588 ~ —2, 11. 13 tabsurpl, B KOTOPOIi

IPUBE/ICHBI 3HAYCHUST (DYHKIINN

42
et/

p(t) = NoTS

raxo M p(—2,11) = 0,0431, u uckomast BeposTHOCTb Pagy(20) = 0, 0082.

3.4.2. HWnarerpaJjibHasi nmpeaejbHass Teopema MyaBpa—J/lamiaca

Ecin m ecTb 4ucso HacTyiuieHnii coobituss A B cepum 1 HE3aBUCUMBIX HC-
IBITAHWIT, B KazKJIOM U3 KOTOPBIX BEPOATHOCTEL 3TOTO COOBITUSI PABHA P, NPUUEM
0 < p < 1, T0o paBHOMEPHO OTHOCHTENBHO @ U b (—o0 < a < b < 00) npu 1 — 00
MMEET MECTO COOTHOIICHHE:

b
m — np 1 /_22/2
Pla< —<bpy, >—— [ e dz. 3.15
{ /npg } V2T (3.15)

st perienns 3aj1a4, TPeOYIOMNUX MPUMEHEHNT NHTEIPaJILHO TpejieIbHOI Teope-
Mbl Myaspa—/lamiaca, mob3yIoTes crenuaabHbIMI TaOIUIaMi, TaK KaK Heolpe-

/ e 2

He BbIparkaeTcs uyepes sjieMeHTapHble pyHKIU. Tab/nia 3HaueHnii 111 mHTerpa-

TR
@(x)zﬁ/e_z/zdz
0

IIPUBOJUTCsA BO MHOT'UX KHHUI'aX 11O TECOPUU BepOHTHOCTeﬁ.

JEeJICHHDBI MHTerpaJl

Ja Jlarmmaca

ITpumep [B.4. Bepositrocts Toro, uro jerans ne nporia OTK, pasna 0,2.
Haiitn BepositHocTh Toro, uro cpeau 400 caydaitHo oToOpaHHBIX JeTaJjeil oKa-
JKeTcsd HerrpoepeHnbix oT 70 1o 100 merasieii.
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Pewenue. Tlo ycnosuio p = 0,2, ¢ = 0,8, n = 400, ky = 70, ks = 100.
Bocrionbzyemcsa naTerpasibnoit Teopemoii Myaspa—J/larmtaca

P400(70, 100) = q)(b) - @(a)

Berancgmm HIKHUNT 1 BepXHUI TIpe/1e/ bl THTETPUPOBAHIS:

70 — 400 x 0,2 100 — 400 x 0,2
a = —1,25, b= =
/400 x 0,2 x 0,8

— = 2.5.
V400 x 0,2 x 0,8 ’

N3 rabun naxonnm P(2,5) = 0,4938 u &(—1,25) = —0,3944. Orcroza

Pioo(70,100) = 0, 4938 + 0,3944 = 0, 8882.

KoHnTpoJsibHBIE BOTIPOCHI
1. M310)KUTH OCHOBHBIE TIOJIOYKEHUS CXeMbl BepHyJLIn.
2. IlpuBecTn orenky HanOoJiee BEPOSATHOTO YNCTIA YCIIEXOB.
3. BreiBectu hopmyity pacupejenenus Ilyaccona.

4. N3510KUTh CMBICT 1 (DOPMYJIUPOBKH JIOKAJIBHON 1 WHTEIPAJIbHON IIPeIe/ib-
HbIX TeopeMm Myaspa—/lamaca.

5. IlpuBecTtn nmpumMepsl MpuMeHeHNs NpeaeabHbIX TeopeM Myapa—/lamtaca.
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4. HOCJIG,HOB&TGJII)HOCTB B3alIMOCBA3aHHBIX HUCIbITAHUI

4.1. Ilenm MapkoBa

[TpoBesienne mocye0BATETHLHOCTH UCHBITAHWI B cXeMe DBepHysim oCHOBBIBa-
JIOCh Ha, TIOHSATHM HE3aBUCHUMOCTH HcHbITanuii. CyIliecTByeT, OgHaKO, OOJIbIION
KpPYT 3a/1a4, B KOTOPBIX ITOCJIEA0BATEIbHO IPOBOJNMBIC UCIBITAHUSA HE ABJIAIOTCA
HE3aBUCUMBIMH, &, HA000POT, CBA3AHBI MeXK Ty OO0l B OIpeJIeJIEHHOIO PO/Ia TIEeTb.
OJiuH 13 BapuaHTOB TaKOM Ieru MmoJy4dni HasBanue rernu Mapkosa.

1. B omymmame ot Toil cuTyaiuu, KoTopasd MMeJa MECTO B cjydae cxeMbl bep-
HYJLIN, TJIe paccMaTpuBaJiach I10CJIe/I0BATCJILHOCTD U3 3a/JaHHOI'0 YUCIa 1 UC-
IBITAHUI, MBI OyJIeM CUUTATh, YTO IIPOBOJNTCA OECKOHEUHasI 110CJIeI0BaATE b
HOCTb UCIBITAHUIA.

2. Jlasee MBI IpUMEM, 9TO UMEETC M MOIAPHO HECOBMECTHBLIX cOObITHil A1, Ao,
As, ..., Ay (M — urcHpoBaHHOE YHC/I0), TAKNX, UTO B PE3Y/IbTATE KarK-
JIOTO MCIbITaHUs 00sI3aTe/IbHO HACTyIaeT ojgHo u3 HuX. (B cxeme Bepryuim
PACCMATPUBAIOTCST TOJILKO JBa nexoja — Ay n As.)

3. Haxonern — 1 3T0 caMoe CyIIeCTBEHHOE — MbI OY1eM CUNTATH UCIILITAHNS CBSI-
3aHHBIMU MEXKJIYy COOON HEKOTOPBIM CIeNUMUICCKIM CIIOCOOOM. A UMEHHO,
BepOSTHOCTH coObiTst A (j = 1,2,...,m) B JII0OOM $-M HCIIBITAHUI 3aBHCHT
OT pe3yJIbTaTa MpeJIblayInero, (s — 1)-ro ucnbITanns, U TOJIbKO OT HEro (TeM

caMbIM OHa He 3aBUCUT OT PE3yJbTaToB Oojiee PAHHNUX UCHbITaHuii: (s —2)-1o,
(s — 3)-ro, ..., 1-ro).

O6o3HaunM TaKyIO YCJIOBHYIO BEPOSITHOCTH KaK
Pi=P(A]A), 0<P;<l. (4.1)

B srom obozHadeHnn oTpazkeH TOT (DaKT, ITO BEPOSTHOCTDH MEPEXO/A B COCTOSI-
nne A; u3 cocrosinns A; Ha mare s He 3aBUCHT OT HOMepa S. DTO CBOHICTBO HA3BI-
BaeTCsI 00HOPOJHOCMBIO TTOCTES0BATEILHOCTI UCIILITAHNI.

Kazxxnoe u3 unces Pj; Ha3bIBAIOT BEPOSITHOCTBIO [IEPEXO/Ia, UMest B BILY CJIE/Ty-
rorquit nepexos: A; (B (s—1)-M ncnbiranun) — A; (B s-M ucubitannn). Marpuy,
00pa30BaHHYI0 U3 4uces Pj;, HA3BIBAIOT MAMPuyet neperooq:

Pnw Pa - Py
Py Py - Py, (4.2)
Pml Pm2 Pmm
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[To onpenenennto Bce 3aeMeHTbl MaTpuilbl 11 HeoTpumaTe IbLHBI U cyMMa, 3J1e-
MEHTOB KazKJI0T'O CTOJIOIA paBHA €IMHUIIE:

d Pi=1, i=123,....m (4.3)

Jj=1

Matpuiipl, ob/aaronye STUMI CBOMCTBAMU, HAZBIBAIOTCA CMOLACMULECKUMU.
[IycTs 3agano pacupeieseane BepoOITHOCTEH st IEPBOTO UCIILITAHNS:

m

POUA) =a;,  i=1,23,....m, ;=0 Y a=1 (4.4)
=1

Torma BeposgTHOCTS HaOMIOAEHNS COOBITHA A; BO BTOPOM HCIBITaHIN OyIeT ompe-
JIeNAThCst (DOPMYJION:

PP(A;) =" Pja;. (4.5)

PO(A) = Y3 Py Pra (16)

uerseproro PW(A;) u T 1. ucubrranmuii.
Ecim marpurty II paccmarpuBarh Kak BeposSiITHOCTB Mepexojia 3a OJIMH IIAr,
TO BEPOATHOCTH IHepexoja 3a apsa mara 11(2);

j=1

I B MATpUIHOI popme:

n® =M x v = [H(l)r. (4.7)

B obmieM cirydyae BeposiTHOCTD Itepexojia 3a [N 1maros



4.2. IlpeneabHble BEPOATHOCTU

Curenyroreil BaxKHOI 3aj1adeil sIBJIsieTCsl NCCIeIOBAHIE ITOBEJICHIS BEPOSTHOC-
Teit PJ(zN ) [P HEOI'PAHUYIEHHOM yBeJIMYeHNH 4dncja ucnbitanuii N. Pemenune 3Toi
3aJ1a491 B Psje CllydaeB MOKeT ObITh II0JIyUeHO Ha OCHOBe TeopeMbl MapKoBsa.

Teopema Maprosa. IlycTs cylecTByeT Takoe YKUC/IO Y IAroB, YTO BCE BEPO-
ATHOCTU PJ(ZV ) CTPOTO MOJIOZKUTEJIbHBI, T. €.

. 14 .
min Pj(l-):é>0, 1=1,2,3,...,m.
1<j<m
Torma s Kaykaoro coctoanns A; cylecTByeT IpejiesbHas BEPOATHOCTD €ro Ha-
CTYIUIEHUS, T. €. TAKOe YHCJIO Pj, YTO HE3ABUCUMO OT ¢ UMeET MECTO PaBEHCTBO

lim P-(-N)

N—oo 7!

JlokazaTenbecTBO 3TOH TeopeMbl JTOBOJIBHO CJIOXKHO, U MBI €0 He ITPUBOJINM.
OTmeTuM, OJfHAKO, 9TO CMBICJI COJIEPIKAIIErOCd B TeOpeMe yTBep:K/IeHUsT NHTY-
TUBHO HOHATEH: BEPOATHOCTH TOI'O, YTO CUCTEMa OKAXKETCA B COCTOAHUN Aj, IIPaK-
TUYECKU HE 3aBUCUT OT TOI'0, B KAKOM COCTOAHNN HAXOUJIACh CUCTEMa B JIAJICKOM
IIPOIILIOM. DTO CcBoiicTBO emneit MapkoBa, HazbIBaeMoe 9p200uiuHOCMbI0, 1eCTBI-
TeJbHO UMEEeT MECTO, XOTd U He BO BCEX CJIyYasdX.

BosHukaer BOIPOC: ecju CyHIIeCcTBYeT IpejebHasi BEPOsiTHOCTb, TO KaKUM 00-
pasoM ee MOXKHO HaiiTu?

JIerko BUzIeTH, YTO UCKOMBIC YHCTIA Dj (j = 1,2,...,m) yIOBJIETBOPSIIOT CHC-
TeMe U3 M ypaBHEHUIL:

pj =Y Pupr, tie j=1,23,....m (4.9)
k=1

[IpU yCJIOBUN
> pi=1 (4.10)
j=1

Wrak, npegenbHble BEPOATHOCTU JTOJKHBI YJIOBJIETBOPATL CHCTEME, COCTOLAIIIEH

u3 ypasuennii (4.9) u (4.10). Bosee Toro, u3 (4.9) ciemyer, 9o npejeabHbIe Be-
POSITHOCTH CYIIECTBYIOT, €C/IH

det [Pﬂ - 523] = 0.
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KOHTpOJIbeIe BOIIPOCHI

1. Kak dopmupyrorcst 1ocjieioBaTe/IbHOCTH COObITHI, Ha3bIBA€MbIE «IIEITN
Mapkoas ?

2. PaCKprTb CMBICJI MaTPHUIIbI ITEPEXOIa.

3. Kak ompejessiercsi BEpOATHOCTD IIePexXo/ia U3 OJHOTO COCTOSIHUSI B JIPyToe
3a n maros B renu MapkoBa?

4. B gem cocTOUT CMBICT yTBEPXKIeHns Teopembl Mapkrosa?
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5. Cuayd4aiitible BeJIMINHBI

5.1. TlonsTHe ciay4aitHOI BeJIMYMHBI

[Iycte {Q, F, P} — BepositHOCTHOE TIpocTpancTBo. CiydaitHoil BeamanHoi &
HA3bIBACTCs OJHO3HATHAS JIeHCTBUTE/IbHAST (DYHKITHS OT CJIYUAHOrO COOBITUST W:

§(w) =¢. (5.1)

B orsmmdne or ciydaitHOro coOBbITHS, SIBJISIOIIEIOCs KaueCTBEHHONH XapaKTepUCTH-
KOl CJIy9aiiHOIro pe3y/ibraTa UCIbITaHU w, cIydaiinas BeJndnna { XxapaKTepu3yeT
pe3yabTaT UCHbITAaHUS KOJIn4decTBeHHO. [IpuMepaMu ciydaitHoit BeIMIMHBI MOTYT
CJIY2KUTh pasMep odOpadaThiBAEMOIl JleTalll, Co/lepyKaHe XUMIIECKIX 3JIEMEHTOB
B ayryHe u T. 1. CiiydaiiHble BeJIMIMHBI ObIBAIOT JMCKPETHBIMEI U HEIIPEPHIBHBIMI.

uckpemmoti Ha3bIBAIOT TAKYIO CIAYJANHYIO BEJIMINNY, KOTOPas MPUHIMAET KO-
HEYHOE MJIN OECKOHEYHOE CYETHOE MHOYKECTBO 3HAUEHMIT.

Henpepoieroti Ha3bIBAIOT TAKYIO C/IyUaiiHYI0 BEJIMUYNHY, KOTOpas MOYKET ITPUHU-
MaTh JTII0Oble 3HAYEHNS M3 HEKOTOPOTO KOHEYHOTO I OECKOHEYHOTO MHTEPBAJIA.
Yucesio BO3MOXKHBIX 3HAUEHUIT HEIIPEPbIBHOM C/IydaiiHOl BeJIMYnHbI OECKOHETHO.

ITpumep [5.]1. Tlpu 6Gpocannu urpabHON KOCTU BO3SMOXKHBI [IECTD 9JIEMEHTAP-
HBIX HCX010B w. Ouennno, 2 = {w, wy, ws, wy, Wy, wg}. C KaXKIBIM 3I€MEH-
TapHBIM UCXOJIOM W; MOYKHO CBSI3aTh YHUCJO OYKOB. Torja ciyvaiiHas BeJMInHa
¢ = &£(w;) = i paBHA YUC/IY OYKOB, BBINABIINUX HA KOCTU [IPU OPOCAHUM.

ITpumep [5.2. B cxeme Bepnysuinm 171 n He3aBUCUMBIX HCIIBITAHIT MHOYKECT-

BO () COCTOUT U3 JIEMEHTAPHBIX COOLITHI W = (X1, T, ..., Xy), TJe x; = 1, ecam
IpU ¢-M UCHBITAHUN MPOU30MIET «ycrnex», n xr; = 0 B ciaydae «Heygadms. Toraa
caydaiinas BeJnunHa § = S(w) = 1 + X2 + ... + T, pPaBHaA 4YUCJY YCIEXOB

PN N UCIIBITAHUAX B cXeMe bepHysin.

MozkeT okazaTbCst, ITO JjId KaKOro-HHOYIb COObITHsT A HECKOJbKUM 3JIeMeH-
TAPHBIM COOBITHSIM w; € A COOTBETCTBYeT OJlHA W Ta Ke CydaiiHasi BeJIMINHA.
Takne cirydaitHbie BeJIMUNHbBI Oy/1eM HA3bIBATD GblPOAHCOCHH LM

C KaxK/IbIM 9JIEMEHTAPHBIM COOBITHEM W € A MOYXKHO CBS3aTh CJIydallHyIO Be-
JIMINHY, HA3bIBAEMYIO UHIUKAMOPOM cOObITHSA A:

L,

ecin w € A,
Xa=xaw) =1,

5.2
ecin w ¢ A. (52)
HankaTopsl 0611a10T CIEIYIONIMEA CBOHCTBAMIE:

a) xp = 0;
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6) xo =1

B) XAnB = XA * XB;

r) xp=1-— x4

1) eciu cobbitust A u B necosmectnnl (AN B =0), 10 xauB = X4 + XB-

Ilyctb & < & < ... < £ — BCEBO3MOXKHbBIC 3HAYEHUS CJIyYAHON BeJIMIH-
uel £. Pacemorpum cobbitne A;, cocTosiiee n3 Beex TexX sJeMeHTapHbBIX COOBITHI W,
JJTsT KOTOPBIX ciiydaittas Bemmanna &(w) = &;.

Tak xax Bce & pasiuunbl, To cobbitust A; u A; (i # j) necoBmectHsl. Ilo-
CKOJIbKY &1, &9, &3, ..., Eg MCUEPIIBIBAIOT BCE BO3MOXKHbBIE 3HAUEHUS CJIydailtHOM
BEJIMIUHBI &, TO

Takum obpasoM, o ciydaitHON BeJMYNHON & MOXKHO €Bsi3aTh pasduenue {2, coc-
TOsIIIIee U3 MHOXKECTB

A ={w: &(w) =&} i=1,2,3,..., R, (5.3)

B KasKJIOM 13 KOTOPbIX &(w) moctosinia. Takme MHOKeCTBA 00pa3yioT pasduenue,
MOPOXKJACHHOE CJIyYaitHON BeIMInHOil .

C momoripio pazbuenus ((5.3)) caydaiinyto BesmdnHy & MOYKHO IPEJCTABHTDH
B BHUJIE JIMHEITHON KOMOMHAIINN MHINKATOPOB

R
¢ =¢w) = Z@- XA,- (5.4)

st 3ajanms corydaiinoil BeJIMUUHBI HEJIOCTATOYHO MEPEUNC/IUTh BCE ee BO3-
MOKHBIe 3HadeHusi. HeoOxoumMo TakzKe 3a/aTh BEPOSITHOCTH UX ITOSIBJIGHUS. 3a-
KOHOM pacHpe/ie/ieHusd CaydaiiHoil BeJIMYNHBbI HAa3bIBAETCsd BCAKOE COOTHOIICHUE
MEZKJTy BO3MOXKHBIMH 3HAQYCHUAMU CJAYYailHON BEeJINMYUHLI U COOTBETCTBYIOIUMUI
UM BepodgTHOCTsMU. [Ipo ciydaiiHyio BeJIMYWHY TOBOPAT, UTO OHA TOUNHAETCH
JIAHHOMY 3aKOHY paclipejiesIeHIsI. 3aKOH Paclpe/iesieHIs JIMCKPEeTHOI cirydaiiHoil
BEJINYMHBI MOYKHO 33/1aTh C TIOMOIIBIO TaOIUIIbI:

1| X2 | X3 | ... | TR
Pr P2 P3| ---|PR
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Bepxunii psij1 Tab/IHIbI COCTOUT U3 PA3INUHBIX YUCET T;, KOTOPbIE IIPUHUMAET CJIY-
JaiiHag BeJIM4nHa, & HUKHUAN Pl — U3 BEPOATHOCTEN, KOTOPLIE YI0BJIETBOPAIOT
YCJIOBUIO:

1=1
HpI/IBeILeM HECKOJIbKO 3aKOHOB pacClpedc/JICHUA OJId JUCKPETHDBIX BEJIMYNH.
1. BuromuHasbHuli 3aK0H dJId 9KrCJIa YCIIEXOB 71711 IIDU 71 HE3aBHCHUMbIX MCIIBI-
TaHUAX B CXEMeE BepHYJIJII/II

P(=m)=C"p"(1—-p)" ™", m=1,2,...,n.

2. Tunepeeomempuueckoe pacnpedesenue — pacipejiesieHne Jucyia Oesbx ma-
POB M IIpK BBIOOPKE N MIapoB U3 ypHbI, cojepxxkaiieit M oenbix 1 N — M depHbIX
1apoB, 0e3 BO3BPAIIEHHUSI UX 00PATHO:

m n—m
C1M N—-—M
n )
ON

3. Pasnomepnoe pacnpedenenue:

P =m) = m=20,1, ..., min(n, M).

P(ﬁzm):%, m=1,2,..., N.

o cux 1mop MbI paccMaTpUBaJId BEPOSITHOCTHOE MPOCTPAHCTBO HA KOHEYHOM
MHOKECTBe 3/1eMeHToB &;. [lo/ryuennbie BoIpasKeHnust JIerko 0000INThL 1 Ha OECKO-
HEIHOe, HO CUeTHOE MHOYKECTBO 3JIEMEHTOB, ycTpeMnB N K 6€CKOHETHOCTH.

[TpuBenem jiBa pacipejiesieHus Jijis BEPOsITHOCTHOI'O IIPOCTPAHCTBA CO CUETHBIM
MHOYKECTBOM COOBITHIA.

1. ITyacconosckoe pacnpedeserue:

m
Plg=m) = 2 e,
m!
rnem =0, 1, 2, ..., 3aBucsiee ot napamerpa A. OueBniHoO,

2. Teomempuueckoe pacnpedesenue:

P(E=m)=(1-p)p",

3aBucdIee oT napaMerpa 0 < p < 1, npuyemM 04eBUIHO, UTO

o

(1-p)p" =1

m=1
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5.2. Coiyd4aiinble BeJUYNHBI B 00MIEil cxeme

B obmiem ciiydae HenpepbIBHOI'O HADOPa CIyYaiHbIX COOBITUI M CJIydailHbIX
BEJINUNH TPEKHee Olpe/ie/IeHIe 3aKOHa PACIIPE/Ie/IeHUsT CIyIailHOM B TMIMHBI 38~
TPYJHUTETHHO, TOITOMY JIAeTCsl HEMHOT'O MHOE OIpe/ie/IeHue.

Onpedeaerue. B mponsBosibHOM BeposiTHOCTHOM Tipoctpanctse {€2, F, P}
cyvaiinoit BemuanHoll € HasbiBaercst Takas dyHkius & = £(w) oT semeHTap-
HOT'O COOBITUS W, JIJIsT KOTOPOTO MPH JIIOOOM YUCJICHHOM 3HAYCHUN X HEPaBEHCTBO
£(w) < x gBisteTcs cOOBITHEM. BeposTHOCTD 9TOr0 COOBITHS

P(& < x) = Fe(x) (5.5)

Ha3bIBACTCA (hynryuets pacnpedesenus cayuatinot sesudunos £.

Oyukuus pacupejesenus Fe(x) onpejesser BepOsSTHOCTb Ha MHOZKECTBE 3Ha-
qeHuit &, ABJSASICH B TO 2Ke BpeMsl KOHCTPYKIIHell 3HaUnTe/IbHO O0JIee IPOCTOl, YeM
BEPOSTHOCTb.

ITpumep [5.3. Tlycrb & — umciio ycrnexoB B cepuu U3 1 UCHBITAHUIT 10 CXe-
me bepnymu. Torga coorBeTcTByIOMas (BYHKINSA PACIPEIETEHUS OIPeIeINTCs
pPaBEHCTBOM:

0 mpu xz <0,
Fe(z) = q Ypen Crph(1 —p)n_k mpu 0 <z <n, (5.6)
1 upu z>n.

IIpumep BHA. Eciu € pacupenenena o 3akony [lyaccona, To ee dyHKIus
pacupejenenns Fe(x) numeer Bu:

Folw) = 0 HpI/I :U<O,
T
: S i k,e mpu x> 0.

ITpumep [5.5. ToBopsat, uto ciyuaiinas Besmdanna § UMeeT HOpMaIbHoe (rayc-
coBo) pacupejeiienne Fg(z), ecan ee yHKIMs PacipeiesleHns UMeeT BIJL:

(5.7)

Fe(z) = /@) gz (5.8)

]

[TepeuncinM OCHOBHBIE CBOMCTBa (DYHKIMK PACIPEIeTCHIA.
1. 0 < Fe(z) <1 jst Beex ;
2. limy o0 Fe(x) = 1, lim, o Fe(x) = 0.
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3. Fe(x1) < Fe(wg), ecim 21 < x9. VubiMu citoBaMu, QYHKILHS PaCIpe/eseHns
F¢(x) — neyObiBatonias yHKILHsL.

4. limeqo Fe(x +¢) = Fe(z +0), lim., o Fe(z — €) = Fe(x), T.e. dynkius
pactpejenenns: Fe(z) HelpepbiBHA CJIeBA.

Vcnonb3yst BBejIeHHY10 (DYHKITNIO PACIIPEJIEIEHIST, Mbl MOYKEM YTOUYHUTD OIpe-
JIeJICHUS JIMCKPETHON M HEIIPEPBIBHOI CIyYailHbIX BEJIMINH.

Cnyuaitnas Bennunna € Ha3bIBaeTcsa duckpemmot, eCiu OHa TPUHIMAET KOHeY-
HOE WJIN CYETHOEe MHOYKECTBO 3HAYEHUN 1 JIJIsd Hee PYHKINS pacipe/le/IeHus Fg(x)
MOXKeT OBITH ITPEJICTaBJIeHa B BUJIE:

Fe(z) =) Pi=> P(&(wr) < ). (5.9)

Tp<x k

OueBnjiHO, UTO Fg(a:) He 3aBHUCHUT OT CIOcOoDa HyMepalun 3HadYeHuil CIydaiiHoil
BeIMINHDI &, QYHKITUS pacipeie/ienns 0001 TNCKPeTHO BeTMINHBI pa3phIBHA,
BO3paCTaeT CKauyKaMH B TOUKAX T = Tj. BeJmyunHa cKadka paBHA

Fg(x) — Fg(x) = Pk (510)
T=X+E T=XL—E
Cﬂy‘{aﬁHaH BeJIMYUHa f Ha3bIBacTCA Henpepbcsnmi, €CJI1 OHa MO2KET IIPHUHHU-
MaTb JHO6I>I€ SHaUYECHUA U3 6eCKOHe‘{HOFO noTepBaJia U ee CbYHKLLI/IH pacipeaeJIeHmAd
MOZKET 6bITb InpeJcraBjieHa B BUJIE:

T

F@) = [ retv)dy (5.11)

—0o0

OyuKIms pe(y) HABBIBACTCS NAOMHOCTIBIO PACTPEJENEHUA BEPOAMHOCTNY (NAOM-
HOCTBI0 6EPOATIHOCTIUL) CITYyUaiiHOM BeJIMUUHDBI £ U TPEJIIoJaracTcst He OTPHUIla-
TeIbHOM pe(y) > 0 1 KyCOUHO-HEIPEPBIBHOIL.

[110THOCTE BEPOSTHOCTH pg(Y) MOTHOCTBIO ONpeiesisieT PYHKINIO PacIIpe/iesie-
Hus Fe(x), npudem

dFe(z)

pe(x) = e (5.12)

5.3. @PYHKIUU OT CJOyJaHBIX BEJIUINH

[Iycts & — HemnpepbiBHas ciydaiiHas BeJMYMHA ¢ (PYHKIUEH paclpereacHns
Fe(z) n mwiotHOCTBIO pg ().
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Ecmu g(x) — ancioBast pyHKIMs OT JIeiCTBUTEIBHOIO APTYMEHTA T, TO MOYKHO
obpaszoBaTh ciaydaiinyio Beudanny 7 = ¢(£), KoTopas siBjsiercs dbyHKImeir ot &.
CrparmmBaeTcsi, KaK 110 3aKOHY paclpejeseHns CaydaiiHoil Beandnnbl £ HaiiTn
3aKOH pacrpejesienus 717 IlpuBejgeM HECKOJIBKO IPUMEPOB, M3 KOTOPLIX CTAHET
sICHO, KaK HaJI0 MOCTYIaTh B OOIIEM CIydae.

ITpumep [5.J6. Pacemorpum smnefinyo dynxnuio g(z) = ax + b. [lonoxkum

n=aé+b. Ecmm a > 0, To o onpeeseHnio pyHKIMN pacIipe e/ IeHnsd
Fy(y) = P{n <y} = P{al + b <y} = P{ < (y = b)/a} = Fe((y — b)/a).

OTkyna

_ dFy(y) _ 1 dFe(z) 1 (y—b
pr(Y) dy a dr li=(y-b)ja a pe a '

Ecmm a < 0, To

Fyly) = P{n <y} = P{a€+b <y} = P(€ > (y— b)/a) = 1 — Fy((y — b) /a)

n
x=(y—b)/a a pe a ‘

rx=(y—b)/a \a| Pe a .
3

ITpumep . PaceMoTpuM MOHOTOHHO Bo3pacTaollyto GyHKiuwo g(xr) = °.
[Tooxkum n = &3, Torna umeem

F(y) = P{n <y} = P{& <y} = P{¢ <y'/*} = F(y').
[IpomuddepennupoBaB 9TO PaBEHCTBO, MOJTYIUM

:an(y): 1 dFe(x) :L (1/3)
dy 3y?/3  dx  la=yrs Jy?/3 ey

e

a dx
OObeMHSS 9TH JIBa CJIydast, TMEeM

pn(y) = —d@;y) - L k)

la| dx

oY)

—X

ITpumep [5.8. Paccmorpum MoHOTOHHO yObIBatomyto dbyHKImo g(z) = e

Fyy) = Pin<yl=Pl{e*<yl=P{¢>-Iny} =

= 1-P{{<—-Iny} =1- F(-Iny),
OTKY/Ia

py(y) = d]z??jy) _ 1k

1
= = —pe(—1 :
Yy dx r=—Iny Y ,05( " y)
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5.4. MHoromMmepHbie 3aKOHbI paclipejiejieHus

Ouenb 4acTo B BEPOATHOCTHBLIX MOJEIAX MPUXOIUTCS PacCMATPUBATL CpPa3y
HECKOJIbKO CJIydaiiHbIxX BennunH. Hanpumep, rnpu crpesbde 1Mo IJI0CKONH MUIIEeHN
caydaiiHasi TOYKa IOIMaJaHnusl UMeeT JIBe KOOPJAUHATHI & U 1), KOTOPbIE SIBJIAIOTCs
CAyJafiHBIMU BeJTMIMHAMU, TTPH AHTPOITOMETPUYIECKUX UCCIETOBAHUSIX OCHOBHBI-
MU ITapaMeTpaMi 9eJ0BeTYeCKOr0 Teja ABJIAIOTCS BEC, POCT U 00beM Ipy/in, KOTO-
phle IIPU CJIyUIaiiHOM BbIOOPE UejioBeKa U3 KaKOH-JIn00 I'PYIIIbI TaKKe CIydaiiHbl.

B MaTemMaTnveckoil MO/ B 9TUX CJIyUasX Ha BEPOSITHOCTHOM IPOCTPAHCTBE
{Q, F, P} ompejiesieHbl HECKOJIBKO cilydaiiibix Besnand &1, o, .. ., &, KOTOpBIE
MHOT/Ia YI0OHO paccMaTpUBaTh KaK KOOPAWHATLI CJIYYAHON TOUKN WM KOMITO-
HEHTBI CJIy4YailHOTO BEKTOpa 5 = (&1, &, ... &) U3 HEKOTOPOTO 7'-MEPHOTO TPO-
crpamcrsa R().

COBMECTHBIM 3aKOHOM pACIpPE/Ie/IeHUs 3TUX CAyYallHbIX BEJTUINH HA3LIBACTCS
BEPOSITHOCTD IONAJAHIS TOUKH & B F-MepHOe MHOkecTBo { B1}:

PE(B) = P(£ € B), (5.13)
paccMaTpuBaeMasi B 3aBUCHMOCTH OT MHOXKecTBa { B}. 3aKOH pactpe/ie/ieHust CJTy-
gaitaoro BekTopa (5.13|) Ha3BIBACTCST MHO2OMEPHDIM, ITH, HOJIEE TOTHO, T-MEPHBIM.

[To anajorum ¢ o JHOMEPHBIM CJIyYaeM MOXKHO BBECTH B PACCMOTPEHUE 7-Mep-
HYI0 (DYHKIMIO PACIIPEJIe/ICHUsT CJIYYaHBIX BEJTNINH 5

FAT) = P(& <21, <22,...,&§ < 2y). (5.14)

B CJIy4da€ HEeIIPpEPbIBHOI'O U3MEHCHM A cnyqaf/’leIX BeJIMYUNH

FAT) = /duljduQ---/durpg(ﬁ), (5.15)

e pg(ﬁ) — MHOTrOMepHasl IJIOTHOCTb BeposiTHOCTH. OYeBHIHO,

. 0" F«(7) 16
pg(aj)_(‘?azl&vg---(‘?azr' (5.16)

MHoromepHoe pacrpejiesieHie OlpeesiseT OTHOMEPHOE PaCIIpe/IeIeHIe
Fg (1) = Fie(21,00,00, ..., 00). (5.17)
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5.5. HezaBucumocTh CJIy4aiHbIX BeJMYUH

Cﬂyqaﬁﬂble HEIIPEPbIBHLIC BEJINYMHDBI 51, 52, ceey 67« Ha3bIBAOTCA HE3aBUCHUMbI-
MU, €CJIN
;
FAZ) = Fe,(11) Fey(wa) -+ Fe () = | [ Fe (). (5.18)
=1

Ecnan npoguddepennuposars r pas F, g(f), TO ITOJIY IIM

Pe(®) = pe, (1) pey(2) -+ pe, () = [ | pes (o). (5.19)
i=1
B cllyda€e OJUCKPETHOI'O paclipeles/ICcHnAd HE3aBUCUMOCTL O3Ha4acT
P& =26 =m,...,& =x,) = [[ P& = ). (5.20)
i=1

Mmuoromepnoe pacrpejiesienne onpeaeasaeT OJHOMEpPHOe, a M0 OJHOMEPHOMY
pacipejie/;IeHII0 MOYKHO BOCCTAHOBUTH MHOIOMEPHOE, €CJIN Cydaiiible BeJTNINHbI
HE3aBUCHUMBI.

Teopema. Ecin ciyyaiinbie BeTUINHBL X1, X2, - - -, Xy ABJIAIOTCS dyHKIMIAMN
Xi = ¢i(§) oT HezaBUCHMBIX ciaydaiiHbix Besqudand &1, &, ..., &, TO OHHU TaKXKe
HEe3aBUCHUMBI.

DTa TeopeMa JOKA3BbIBAETCS JTOCTATOUHO IIPOCTO (PEKOMEH/IYeTCsl TPOJIeIATh
CAMOCTOSITEJIBHO).
5.6. CBepTKa pacrpeaejaeHmii

[Iycth & u & — He3aBUCHMbIE CIyYaiiHble BeIMUNHbL 1 1) = ¢(X1, T2) = X1+ s.
Eciin umetorest miotHocTH pg, (1) 1 pg,(T2), TO B CUTy HE3aBUCUMOCTH

e (21, 22) = pe, (1) pe,(22).

Torna
Fn(z):// pe (01) pe,(22) darday = /P«sl(a?l)d«%“l / P, (¥2) dxs.
§1+8&<z —00 —00

[IponsBoisg BO BHYTpeHHEM HHTerpaJjie 3aMeHy To = U — X1 U MeHSd MOPAI0K
UHTEI'PUPOBaHU, T10JIydaeM

Fy(z) = /Zduiopfl(fﬁl)%(uxl)diﬁr
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Huddepenimpys 9T0 paBeHCTBO 10 2, TPUXONM K dopmyae ceepmru (Popmyae
KOMNO3UYUY) JIJIsT TIOTHOCTH:

peses®) = [ palon) pes = o) do (5:21)

C nomonibo 3Toit GopMyJIbl MOYKHO IO TJIOTHOCTHU JIBYX HE3ABUCUMBIX CJIYUATHBIX
Besmand &1 1 9 HAXOJUTH TJIOTHOCTD UX CYMMOBI.
KonTpoJsibHbIE BOTPOCHI
1. IlpuBecTn onpejeseHus JUCKPETHON W HETPEPBIBHON CIydailHbIX BEJIMIIH.
2. PackpbITh nongTne (yHKIUN OT CIyJaiiHbIX BeJIMYINH.
3. Uto Takoe «MHOTOMEPHBIE 3aKOHBI PACIpPe/IeTIeHUT » 7
4. Kakue ciiydaiiHble BeJIMINHBI HA3BIBAIOTCS HE3aBUCUMBIME !

5. /laTb onpenesneHne ¢cBePTKH PacCIpPeIeIeHI CIydaiiHbIX BEJIMINH.
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6. YwucsoBble XapaKTEePUCTUKU CJIyYaNHBbIX BeJIUYNH

CoryiacHO U3JI0}KEHHOMY PaHee HCUepIIbIBAOIIell XapaKTePUCTUKOM c1ydaiitHOi
BEJINYMHBI ABJIsieTCs ee (DyHKIMs paciupejaescHus. Ho gajieko He B Kaxk 101l 3a/1a4ue
HY?KHO 3HaTh BECh 3aKOH paclipejiesieHus. B psje cirydyaeB MOXKHO OOONWTHUCH OJ1-
HUM I HECKOJIbKUMH YHCIaMH, OTPazKalomuMi HarndoIee BaXKHble 0COOEHHOCTH
3aKOHA& PAaCIIpe/iesIeHns], HallpUMep YNCJIOM, UMEIOIINM CMBICII CPeJIHero 3Hade-
HU¢ CJIYYaHON BEJIMYNHDBI, UJIA K€ YUCJIOM, XapaKTepU3YIOIUM CpeHuil pasMep
OTKJIOHEHHSI CJIydailHOIl BEJIMYMHBI OT CBOEI'O CPEJHEro 3HaYeHud, U T.J. Takoro
poJla YUCJIa HA3BIBAIOT YUCAOGHIMU TAPAKMEPUCTNIUKAMY CAYYAGTUHOT GEAUYUNDL.
x posib B Teopum BepoOSTHOCTEH Upe3BLIYAHO BeJINKa, MHOTHE 3aJa4dl yIaeT-
Cd PelInTh JI0 KOHIlA, OCTaBJidd B CTOPOHE 3aKOHDLI paclpee/eHud U Ollepupys
TOJILKO YMCJIOBBIMU XapaKTePUCTUKAMUA.

6.1. MaremaTundyeckoe OxKHnJIaHUE

HauboJsiee BazkHOE MECTO Cpeiu YUCIOBBIX XapaKTEPUCTUK 3aHIMAET TaK Ha3bl-
BaEMOE MAMEMAMUYECKOE 0dcudarue, I, IPYTUMEI CJIOBAMU, cpedHee 3HaAYEHUE
CJAYYailHON BEeJINYNHDI.

6.1.1. MaremaTudeckoe O>KHuJaHUe AUCKPETHON CJIyJYaifHON BeJIMINHBI

Onpedeaenue. Maremarndeckum oxugarneMm M (€) caydaitHON BeJMINHBI
¢ = &(wy), 3aJlaHHOIl Ha JINCKPETHOM BEpOsITHOCTHOM 1ipocTpanctse {2, F, P},
HA3bIBAETCS UUCJIIO

M(€) =) &lwn) P(wr), (6.1)

riae P(wy) — BeposiTHOCTH coObITHA Wy, € ).

Eciin muozkecTBo cobpiTuii cuerno, T.e. B (6.1)) crout cymma GeckoneqHoro psi-
74, TO K OIPEIeJICHIIO MaTeMATHUCCKOTO OXKIIAHNS MBI JI0JIZKHBI JOOABUTH CJIe-
Jyiolee TpeboBaHue: psijl JIOJTZKEH CXOJUThCs abcosioTHo. Eciu psjt He
cxouTes abCOJIIOTHO, TO TOBOPSAT, UTO MaTeMaTHIeCKOe OKIIaHIe He CYIIeCTBYeT.

ITpumep [6]1. Haiitn MaTeMaTHIeCKOE OKUJAHUE YHCTA OUKOB, BHIMABIINX
1Ipu 6pOCaHNN UTPAILHON KOCTH.

Pewenue. O603HaYNM YKA3aHHYIO CJIyUaiiHylo BeJUMUHHY 4epe3 x. Be 3akoH
pacIpejie/IeHus UMeeT BUL:

w1 ]2 3[4]5]6
P 1/6/1/6|1/6|1/6]1/6|1/6
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Orcroma M (&) =1(1/6) +2(1/6) +3(1/6) +4(1/6)+5(1/6) +6(1/6) = 3,5.
ITpumep [6.2. Haiitu maremaTnaeckoe oKujaHue AUCKPETHON BEJIMIUHBI 110
(m =0,1,2,..., N) — gucyia ycrnexoB B onbire 13 N HE3aBUCUMbBIX UCIBITAHUIL
B cxeMe bepHysin.
Pewenue. B cxeme Beprysm ducyio ycrexos m (BepOSTHOCTD ycrexa p U Be-
POSITHOCTH Heyadn ¢ = 1 — p) MOJUUHAETC OUHOMUHAJIBHOMY PaCIPEIeIeHUIO:

Py(m) = Cgp™ g™
Orcrona
N N
N!pm qum N
M(m) = mPyx(m) =) (= DIV — )l Np(p+4q)" ' = Np.
m=0 m=1

ITpumep [6.3. Haiitn maremarndeckoe oKujaHmne JAUCKPETHON BeJMIHHBI K
(k=0,1,2,...), pactupenenernoii mo 3akony Ilyaccona.
Pewenue. 3axon Ilyaccona zamaercs dopmymoit (A > 0)

A

P(k) = ik

Orcrona
D LN = A
M(k):ZkHe = e ZH:)\.
k=0 k=0

ITpumep [6.4. Cornacno amMepuKaHCKUM CTATHCTHICCKUM JAHHBIM CMEPTHO-
CTH BEPOSITHOCTH TOT'O, YTO 25-JIETHUI YeJI0BEK IMPOKUBET elle 101, paBHa 0,992.
CrpaxoBast KOMIIaHUSA TIpeJi/IaracT TaKOMY YeJI0BEKY 3aCTPaxoBaThb CBOIO YKU3Hb
Ha roJ Ha cymmy B 1 000 nosutapos. CrpaxoBoit B3Hoc pasen 10 jgosutapam. Kakyio
IPUOBLIbL OXKUJIACT TOJTYINTH KOMIIAHUs !

Pewenue. CoctaBuM 3aKO0H pacipejieseHust CaydaiiHoit BeJnannbl & — npuobl-
JIN KOMHAHUM.

z; | 10 | =990
P; 10,992 | 0,008

Crenosarenbro, M (z) = 10 x 0,992 — 990 x 0,008 = 2. Oxunaemasi mpubdbLIb
IIOJIOZKUTE/IbHA, 9TO JI8eT BO3MOKHOCTD CTPAXOBOil KOMIIAHUH IIPOIOJIZKATD JeI0.
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6.1.2. MaremaTudecKoe OKHIAaHUE
HEIPEPBIBHON CJIy4YallHON BeJIMYUHBI

Onpedenenue. Maremarmiaecknm oxupanueMm M (£) ciaydaitHON BeTHIHHBI
& = &(uy,ug, ..., u,) = £(U), 3amanHoil Ha abCOIOTHO HEIPEPHLIBHOM BEPOsIT-
HocTHOM TipocTpancTse {€), F, P}, Ha3bIBaeTCS IUCIIO

M(E) = / / £() (@) duy dus . . duy, (6.2)

ecJin MHTerpaJl abCOIOTHO CXOAUTCA. Ec/m MHTerpaj He CXOAUTCs abCOJIOTHO,
TO TOBOPAT, 9TO MaTeMarudeckoe oxugarue M (€) we cymecrByer. 3ech p(U) —
MHOTOMEpHAsI TJIOTHOCTH BEPOSITHOCTH.

3aMeTnM, 9TO MATeMATUIeCKOe OKHJIAHNE MOXKHO BBIDA3NTH depe3 pusmie-
CKYIO BEPOSITHOCTD

M©) = [+ [ e ar) (6.3

ITpumep [6.5. st MarepuabuOil TOUKH, HaxOAsLIelics Ha oTpesKe [a, b], Hail-
TH CpeJiHee 3HadeHue KOOPAMHATHI £, yJIOBICTBOPAIONIC PABHOMEPHOMY 3aKOHY
pacupeie/IeHus.

Pewenue. PaBnomepHoe paciipejiesienne Ha orpeske [a, b] 3ajiaercs cieyioneit
IJIOTHOCTBIO PACIIPE/IeICHIA:

,Og(x):{ 1/(b—a), a<z<b,

0, r<a,xr>Db.

Cpe/iiee 3HaveHne KOOPANHATBI £ U MaTeMaTHIecKoe oyKujanme &

00 b
b
M(f):/xpg(x)dx:bia/xdx:a; :

a

Kaxk u cieioBasio oxxumiars, M () coBnajaer ¢ cepeiuHoit orpeska [a, bl.

ITpumep [6.J6. Haiitu Maremarudeckoe oxKujiatue CIydaiHoli BeJuantbl £, 00-
JaJIAIOTIell HeOTPHUIATE/IbHBIME 3HAYEHUSIMI U PACTIPEIe/IeHHOM 1pu & > () 10 9KC-
OHEHIINAJILHOMY 3aKOHY C ILJIOTHOCTbHIO

pe(x) = Ne .

Pewenue.

M(E) = /W(:c) dr = )x/a:e_mdx — 1/
—00 0
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OTcro/ia cemnyer CMbICJ MapaMeTpa A, BXOIAIIEro B IVIOTHOCTH PacIIpe/iesIeH s,
KaK BeJIMYNHBI, 0OPATHO MPOMOPIIMOHAIBHOI MaTeMaTHIecKOMY OKUJIAHUIO €.

ITpumep [6.J7. Haiit maremaTudeckoe O:KUJIaHUE CIyIalHON BeIUIUHBI &,
pacipe/ieJIeHHOI 110 HOpMaJIbHOMY 3aKOHY C IIJIOTHOCTBIO

1 2 2
o (@—0)*/(20%)

pe(x) = \/ﬁ :

Pewenue.

o0 o0

]. 2 2
M(€) = /:U T dx:—/xe(x“) /2% dy = q.

—0 (0. 9]

Otrcrojia cirejyeT CMbIC BEJIMYUHBI @, BXOJIAIIEH B IJIOTHOCTh HOPMaJIbHOTO 3aKO0-
Ha pacrupejiesieHns, — MaTeMaTuIecKoe OyKUJlaHne BeJTMInHbI .

IIpumep . Haititn maremarmdeckoe oxKujaHue CaydaillHON BeJIUYIUHBI &,
nMerornedi pactpesesenune Kormmn (a > 0):

1 a
) =
Pewerue. Borancmm uHTErpadt:
F; | [ zad
xraax
—0o0 —0o0

O/ tHaKO MaTeMaTHIecKoe OZKHIaHNe BEJIMINHBI £ CYIIECTBYET B TOM CJIydae, ecym
CYIIECTBYET 1 TaK HA3bIBAEMBbIii aOCOMOTHBI TepBoiit MoMenT M (|€|) Besmannbr €.
Boraucsmm 5170T MOMEHT:

I 2 Ooxad:c a T
Mg = [ falpele)dw =2 [ 55 — Logla? +a?||” o0,
—00 0

DTOT UHTErpaJi JIorapudMIuIecKn pacxoUTcsI Ha BepXHEM IIpeJiesie, a 3HAYNT Kak
a0COJIIOTHBIN TIEPBLIT MOMEHT &, TaK M MaTeMaTHYecKoe OXKWJIaHNe BeJTUINHBI &
JIJIsT TAKOTO pacipejiesieHns He CYIIECTBYIOT.

CBoiicTBa MAaTEMATHYIECKOIO OXKUIAHUS
1. M(C) = C, rae C — nocrosinHasi.

2. M(C¢&) = C M(€), ecim C' — mocTostHHAS.
3. | M(&)] < M(|¢]) nns moboit Besmanubr &.
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4. M(&) >0, eciim € > 0.

5. CpoiicrBo ajynrusnoctu: M (& + &) = M (&) + M (&) auist r06bIX City-
YalHBIX BeJNUNH &1 1 . MHaUe roBops, MaTeMaTnIecKoe OyK1IaHue CyMMBI CJTy-
JalHBIX BEJIMYUH PABHO CyMMe MaTeMaTHIecKUX OXKUJIAHUil c/laraeMbiX.

DT CBOWCTBA CJIEJYIOT U3 COOTBETCTBYIOIINX CBOMCTB HHTEIPAJIOB UK PsIJIOB.

6. CroiictBo mysrurinkarusaoct: M (& &) = M (&) M (&), ecau coydaii-
Hble BeJIMUUHBI £] U &y HE3ABUCUMBI.

D710 CBOHCTBO CJiejyeT U3 Olpe/Ie/IeHNsT HE3aBUCUMbIX CTyYaiiHbIX BEJIMIMH.

7. CroiictBo Monotonnoct: M (&) > M(n), ecmm £ > 1.

D10 cBoiicTBO cieyer w3 Toro dakra, uro P(w) > 0, HO mockobKy &(w) >
n(w) win, aro 1o ke camoe, &(w) — n(w) > 0, o M(§ —n) > 0 no ceoiicrey 4
HJIH, UCHOJB3ys cBoiictBo 5, M (&) — M(n) > 0.

8. Maremarndeckoe 0xKuaHNe HHITKATOPA X 4 COOBITHsT A pABHO BEPOSITHOCTH
sroro cobbituss M (x4) = P(A).

DTO CBONCTBO MOJIyYIACTCA B PE3YJIbTATE CJICIYIONNX TPeodpa3oBaHumil:

M(xa) = 3 valw) Pw) = 3 1- P@)+ 3.0 Pw) = 3 Pw) = P(A).

weA w¢A weA

9. Hepasencrso Komn—Byngakosckoro: |M (€ n)| < /M (€2) M (n?), ecu Be-
JIMYNHBI CIIPABA KOHEYHBL.

Joxazamenvemeo. ITockosbKy cobbitie (A € +n)? HeoTpuLaTeILHO IPH JII0O0M
serectseHHOM A, T0 M[(AE+n)?] > 0 1o croiicty 4. PacKpbIB CKOOKH, MOJTY UHM:

MIAE +n)%) = X2 M(E) + 2 M(E ) + M() > 0.

DTO HepaBEHCTBO OyJjieT UMeTh MeCTO IIPU JIIOOBIX A TOJBKO TOM CJydae, €c-
JI1 PaBEHCTBO He OyjleT MMeTh DellleHds HIPH BelecTBeHHLIX A, T.e. [M(En)]? —
M(E) M(?) < 0 man [M(En)P < M(E) M(P).

10. P(§ > 1) < M (&), ecim £ > 0.

Jloxasameavcmeo. 1lycts codbitne A = (€(w) > 1), Tora mpoTHBOIOIOKHOE
cobpitue A = (0 < €(w) < 1). CrpaBe Bl cile/Iyione IpeodpasoBaHus:

PE>1)=) Pw) <Y &w)Pw) <Y &w)Pw)+Y _ &w) Pw) = M(E).
weEA weA weA wEA

11. Hepasencrso Yeoniména: P(|E| > ¢) < M(£%)/e? nua moboro € > 0, ecin
M (&?) koneuno.

oxaszameavcmeo. PaccMoTpuM citeyroniue mpeodpasoBaHnd:
2
M(£)

6‘2

Y

Pllel =) =P (&2 1) = Pz 1 < M) -
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rjle BBelleHa cilydaiiHast BeJnuuna 7 = &2 /€%, npuHEMalomasd HeoTpHIATe bHbIe
3HaYEHUs, U UCIO0JIb30BaHO cBoiicTBO 10.

6.2. JImcnepcud ciydaifHOil BeJIMYUHBI

Onpedeaenue. lucnepcueit D(€) caydaiinoit BeUInHb { HA3BIBACTCS TUCIIO

D(€) = M[(§ — M(€))"], (6.4)

ecJin MaTeMaTuIeckoe oxKujanue B npasoii yacrtu (6.4]) cymecrsyer.

Hucnepens siBsieTcs Mepoil OTKJIOHEHN s 3HAUYCHU N cIydailHoil BeIMIuHbI OT ee
cpenHero 3uadenus. Beqmauny o(§) = /D(£) HA3BIBAIOT CPEJHUM KBapaTHI-
HBIM OTKJIOHEHUEM.

CsoiicTBa auciiepcuu
€) > 0 myst yi060it cryIaiHol BeTmIuHbI &.

) = M(£%) — [M(&)]* nist moboit cityuaiinoii senuunbl €.
C&) = C? D(§), ecin C — nocrosinHasd.
5. D(&+&) = D(&)+D(&), ecu ciyvaiinbie BeJImanuHbl £ U o HE3ABUCHMBI.
JloKazaTesbeTBO 9THX CBOMCTB JUCIICPCHE TTPOCTOE.

1. D(

2. D(C) =0, ecrm C' — nocTosiHHAS.
3. D(¢

4. D(

6. Hepasencrso YeOnIména:

D(¢)
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G EDE (6.5
st giioboro € > 0, ecsin D(€) Konedno.

Joxazamenvcmeo. octaTodHO BOCIIONIB30BaThCsA cBoiicTBOM 11 MaremaTnde-
CKOT'O OXKHJIaHUSI, TTOJICTABUTL BMECTO CJIyYailHON BeJIMYUHBI & HOBYIO BEJTUINHY
& — M(&) u yuects onpejenenne jucrepcnu . Hacro ObiBaer yjaobHee MOJIb30-
BAThCA HepaBeHCTBOM UeObINEBa B HECKOJIBKO N3MEHEHHOM BH/IE:

()

P(g=ME)| <) >1-=;

(6.6)

ITpumep [6.9. Haiitu qucnepcuto JUCKpPETHON BEJMINHBL 1M — THUCJIA YCIEXOB
B oIbITe 13 /N HE3aBUCUMBIX HCIBITaHuit B cxeme bepuymm, rme m = 0,1,..., N.
Pewenue. B cxeme Beprysm ducyio ycrexos m (BEpOsSITHOCTD ycrexa p 1 Be-
POSITHOCTD Heyiadn ¢ = 1 — p) HOMIMHSIETCsT OMHOMIHATBLHOMY DaCIPe/Ie/ICHUIO:

Py(m) = CRp™ g™,
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U MareMaTnieckoe opjanue dnciaa ycnexos M(m) = Np (em. npumep [6.2).
Orcroja guctepeust m:

D(m) = Z(m — Np)® Py(m) = Z (m]ilgm(?\] _mm)! +
+Z N|pmi\]fV mm) — (Np)* = N(N = 1)p" + Np — N*p" = Npq.

Cpenmee KBajpaTiieckoe oTkionenne o(m) = 1/ D(m) = /Npq.

ITpumep [6.J10. Haiitn sucnepcuto jguckpernoit sesmannst k (k= 0,1,2,...),
pacipeeIeHHoil o 3akony Ilyaccona.
Pewenue. 3axon Ilyaccona zamaercs dhopmymoit (A > 0)
)\k
Pk)==e,
C IAPAMETPOM A, IMEIOIIUM CMBICJI MATEMATHIECKOr0 OzKu1anus (eM. npumepl6.3).
Torpa aucnepcust BeJIMYIUHbL k:

o0 >\k - o0 )\k
D(k)=> (k=X - A:A(AH)MZE—A?:
k=0

k=0
Jlist Takoro pacupe/iesieHnst JIUCIEPCHsT COBIAJACT ¢ MATEMATHIECKIM OXKIJIAHN-
em. Cpennee kBajparuieckoe orkionenne o(k) = /D(k) = v/\.
ITpumep [6J11. Haiitu gucrepcuto ciydaiiHOl BeJUIUHBL £, pacpe/ie/IeHHOI
HOPMAJIBHO C IJIOTHOCTHIO

Pewenue.

D(E) = M{(g—M(g)ﬂ — [ (e =0 pelo) e -

= (x —a)e " W/ 27%) gy =

vV 27r02 N ﬁ

IJIe MCIOJIBb30BaHO0 MareMarnieckoe oxuaanne M(€) = a (em. npumep [6]7). Tem

> e*dey = o2,

CaMbIM BBISICHSIETCSI CMBIC/T ITApaMEeTPa 0, BXOJISIIIEr0 B BhIpayKeHHe JIJIs ILJI0THOC-
TH HOPMAaJIbHOTO paclpejie/ieHnsi KaK cpejHee KBaJpaTUIHOe OTKJIOHEHUE BEJIH-
YUHBI €.
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ITpumep [6J12. st MarepuasibHOfl TOUKY, Haxolsielics na orpeske [a, b),
HalTH JICIHEePCHIO KOOPMHATHI TOYKN &, yJIOBJIETBOPSIONIell PABHOMEPHOMY 3a-
KOHY PaCIpee/IeHusl.

Pewenue. PaBromepHoe paciipejiesienne Ha oTpeske [a, b] 3ajiaercs cieyionei
IJIOTHOCTBIO PACIIPE/IeICHIA:

[ 1/(b—a), a<z<h,
pﬁ(w)_{o, r<a,x>Db,

a cpejHee 3HaveHne KoopauHatsl & pasHo M(€) = (a + b)/2 (em. npumep [6.5).
Haiinem nucnepcuio &:
00 b
1 b—a)
D) = [ (=20 pela) e = 1 [ - e = LT

—0o0 a

Cpeanee ksajparuacckoe orkionenne o(€) = /D(€) = (b —a)/(2V/3).

ITpumep [6.]13. Haiitu qucrepcuto cirydaitnoit Benanssl £, 06/1a1a1011eit HeoT-
pUIATETBHBIMI 3HAYCHNSME 1 PACIIPE/IeIeHHON pn & > () [0 9KCIOHEHIHAIbHO-
My 3aKOHY C ILJIOTHOCTBIO

pe(x) = Ne M.

Pewenue.

D(z) = / (= M(E))? pel) d = )\/x2 ey — 1/)2 = 1/)2,

rJle MCIOoJIb30BaHo MareMarTniyeckoe oxuiganune M(§) = 1/X (em. npumep [6.6).
Cpepnee kBagparndeckoe otkionerne o(§) = 1/ D(€) = 1/ coBnajaer ¢ mMare-

MaTHU4YCCKUM OXKMJJIaHUEM.

6.3. HopmupoBaHHBbIe ciiy4daiiHble BeJIMYNHBI

Onpedenernue. Cinydaiinas BeJTMINHA 1) HA3BIBAETCH HOPMUPOBAHHOU, €CTTN ee
maremarnaeckoe oxuganue M(n) = 0, a gucnepcust D(n) = 1.

Ot 110001t ciryuaifHoi BeJInInHbI £, IMeroIell KOHeUHbIE MaTeMaTHIeCKOe 07K -
JaHue 1 JUCIEePCUIO, MOXKHO IIepeiT K HOPMUPOBAHHOI C/Iy4YailHONl BeJIMYNHE 7)
C TTOMOIIBIO JINHEHHOTO MPpeodpa30BAHMA:

- M©
DO
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menno 910 mpeobpasoBamme 1 ObLIO CIEIAH0 B OKA3ATETbCTBE JOKATbLHO Teo-
pembl Myaspa—Jlammaca, Korja or CayvaiiHON BEJHYHHBI M — HHCIA YCIEXOB
B N HUCHBITAaHUAX — Hepeluin K HOBOH Beamunue T, = (m — Np)/\/Npq, uc-
MOJIb30BAB 3HAYEHHs MaTeMaTudeckoro oxugannsg M(m) = Np u aucrepcnn
D(m) = Npq nst GuHOMEHAJIBHOTO pacupeesennst (eM. npumepst [6.2 n[69).

6.4. MomMeHTBI pacrpeejaeHni

B nipeibl iy ux pas/iesiax ObLIN BBE/IEHbI JIBE YNC/IOBbIE XapaKTEPUCTUKHI OTHO-
MEPHOI'O paclipejie/IeHIs — MaTeMaTuueckoe oxkKujganue u auciepcusi. OHE siBJIsI-
I0TCsl YACTHBIM CJIy4aeM IeJIoro Habopa UMC/I0BBIX XapaKTePUCTHUK, ITOJIy INBIIIX
HA3BaHIE MOMEHMOG PACNPEJeNEHUS BEPOAMHOCTIU.

PaccMmorpenne HaUYHEM € HAYAALHO20 MOMEHMA NOPAJKA M U aOCONOMHO20
(HauaavH020) momerma nopadka m, rae m > 0, KOTOpble UMEIOT CJIe/IYIOIIIe
OIPEJICJICHUS:

am =M(E"),  Bm=M([E]"). (6.7)
JLtst MICKpeTHO cJTyIaiiHON BeJMIHHBI 9TO CBOJANTCS K CYMMAM CTeleHell ee 3Ha-
dennii (wy) ¢ BecaMn, paBHBIMU X BeposgTHOCTAM P(wy):

am =Y [E@)]" Plwr),  Bu= D [&wn)™ Plw). (6.8)

JL1st HelpephIBHOI cirydaiiHOil BeJIMUNHBI, pacipejie/ieHne KOTopoil ya00Ho 3aia-
BaTh IUIOTHOCTBIO pacipejieenust pg(x), MoMeHTh! (6.7) BbIparKaroTcs CJieLyio-
[IUMU THTerpaJaMu:

+oo +00
on= [ & pca)dr. B [ lal" pela) do. (6.9)

Buano, 9To maTeMaTmieckoe OXKUJIaHUE CIYIaiHON BEIUINHBI — 3TO Hada bHBII
MOMEHT IepBoro nopsijika, T.e. M (&) = a;.

[ToMuMO HagaJBLHBIX MOMEHTOB, PACCMATPUBAIOTCS TaKXKe UEHMPasvHoulll Mo-
MEHM NOPAJKA M U aOCOMOMMHBIT UEHMPAALHDOIT MOMERM NopAdka My, Tie m > 0:

=M (€= ME]™),  p) =M (€= ME"), (6.10)

BBIUHCJISIEMBIX OTHOCHTETBHO TeHTpa pactpeseaenns M (€). Llenrpaabblii Mo-
MEHT IEePBOIO IMOPsJIKa BCerjia paBeH HYJ0. V3 9TOro onpejie/iennss Tak»Ke CJie-
JIyeT, YTO JHUCIEPCUs CIYYaillHONW BEJUYMHBI — 9TO HEHTPAJIbHbI MOMEHT BTOPO-
ro nopsiyika, T.e. D(§) = po. Eciu pacnpejenenie cuMMETPUYIHO OTHOCHTETHHO
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IIEHTPA, TO BCe (CYIIECTBYIONIIE) TeHTPATbHbIE MOMEHTHI HEYeTHOTO MOPSIIKa 00-
palaTes B HOJIb.

Jl1s1 HeKOTOPBIX pacipejie/ieHuil yI00HO OIb30BaATbLC (ParmopuaibHvLmM MO-
MEHMOM NOPAIKA M:

Q= M () = MIE(E = 1)+ (€ = m+1)], (6.11)
1 ero IeHTpaJIbHbIM 0000IIEeHIEM:
poy = M { € = M)} (6.12)

HadvaibHbIil 1 1IeHTpaJIbHBIIT MOMEHTHI MOYKHO ODOOIIUTH, OIIPEIeTUB MOMEHT
nopsijika m > 0 caydaifHoil BeJTMInHbl £ OTHOCUTEIHLHO Yucaa X, a UMEHHO CJie-
nyroree MareMaTudeckoe oxumuanue M [(€ — X)™].

PaccmoTpum mipuMepbl BRIYUCIEHTS BLICIINX MOMEHTOB.

ITpumep [6.J14. Haiitu TpeTuit n deTBepThIii MEHTPATbHBIE MOMEHTBI CJTydaii-
HOJt BeJIMUYMHbL, UMerolefi HopMasbHoe pacupesenenne & € N(a, o?).

Pewenue. B cumy cuMmMeTprun TJIOTHOCTH pacipeie/ieHnus] BeTHIHHbI £ OTHOCH-
TEJILbHO TEeHTPa a TPEeTuil MeHTpaabHblil MOMeHT p3 = (. Berameanm deTBepThIit
[EHTPAJILHBII MOMEHT:

+00 o0
[y = # / (.T . CI,)4 6—(177a)2/(202) dy — 4;‘4/?/3/2 e Y dy _ 30_4
V2mo? VT
0o 0
Yrobbl XapaKTepu30BaTh OTJIMYNE PaCIpeJe/IeHIs IPO3BOJIbHOMN CJIydaiiHOM

BEJIMINHBI OT HOPMAJHLHOTO pPaclpeie/IeHus, BBOJATC JIBe APyTrue YNC/JI0BbIE Xa-
PAKTEPUCTUKI: KOIPPUUUEHM, GCUMMEMPUL Y1 T KOIPHUUUEHT, IKCUECCA Ya:

H3 Ha
fyl = 3/27 72 — _2 - 3, (613)
o Ha

KOTOpBbI€ JIJIsi HOPMAaJIbHOI'O paclipe/ie/ieHnsl 00pallalTcs B HOJIb.

ITpumep [6.15. Haiitu TpeTuii 1 4eTBepThIii EHTPATBHBIE MOMEHTHI JIHCKPET-
HOIT CJTyvaifHOl BeJIMYNHBI, pacipeieeHHoii mo 3akony llyaccona.

Pewenue. Cnyvaiinas BenanHa & UMeET MHOXKECTBO CIIEKTPaJIbHBIX 3HAUCHUIT
k=0,1,2, ... Bomajgaomunx ¢ BepogtHocTsMu P(§ = k) = ()\k/k!) e, rie
A > 0. B a70it 3aj1a4e TpeTnii (13 1 9€TBEPTHIN fi4 IEHTPAJIbHBIE MOMEHTHI YI00HO
BBIUUCIATD, UCIO/IBb3Ys HAYAIbHbIE (DAKTOPUATBHBIE MOMEHTBI ([y]:

ps =M [(§ =N’ = +3 (1= A ap + (1 =31+ 3X) ap — A?,
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pe = M=V =au+ (64N ag +
+ (T— 1220+ 60 ap + (1 — 44X+ 607 — 4X°) ap + A,

riae yaam, aro M (€) = A. @akropuabHbIii MOMEHT MOPSIKA 1 JJIsT PacIpeesie-
nng [lyaccona J1lerko BbIYUCISAETCS:

n _— - )\k n
O =Y k(k—1)---(k—n+1)P(=k) =A"e AZF:)\ .
k=0 k=0

[Tocyte o/ICTAHOBKN COOTBETCTBYIONTUX MOMEHTOB B fi3 W [i4 TIOJTYINM:
ps = A, pa = A (14 3X).

KosddummenTs acuMMerpun -y, 1 sKciecca ¥ (6.13) B pacupeaenennun [lyaccona
UMEIOT OYeHb MTPOCTOMN BU/I:

_1 1
7= \/Xa Y2 = )\7

riae yarena gucnepens D(€) = ps = . B npegesie A — 0o 9tu Ko3bPuUmmneHTs:
obpaIaloTcs B HOJIb U pacipejesnenune Ilyaccona mepexoguT B HOPpMaJIbHOE.

6.5. Kosapuanusa. KoaddpumnmuenT koppessaiun

Onpedeaenue. Marpurieit koBapuanuu ciaydailibix esnand & = &(w) u
§; = &;(w) Ha3bIBaeTCS MaTpUIa, MATPUYHbIE JIEMEHTBI KOTOPOI 3a/1al0TCsl Ma-
TEeMATUIECKUMU OXKHIAHUSIMU BHJIA:

aij = cov (&,&;) = MA[& — M(&)][§; — M(&))]} - (6.14)

U3 onpenenenns ciemayeT, 4TO MaTpPHUIa KOBAPHAIMHU SBJISICTCSA CUMMETPUIHOIN:
a;j = a;;. Vlcrionb3ys cBoiicTBa MaTeMaTHIeCKOTO OXKIJlaHus, KoBapuamuio ((6.14)
MOYKHO CBECTH K BBIParKEHUIO:

cov (&,&) = M (&&5) — M (&) M(&;). (6.15)
Ha FﬂaBHOf/’I JnarodaJin B ManHHe KOBapI/IaLLI/H/I CTO4AdT ,ZLI/ICHepCI/H/I
ai; = D(&) = M & — M(&)),

II09TOMY OHH HeOTpHIaTeJbHbI. Heanaronanbuble 3jeMeHTHI, T. €. a;; IPH ¢ # j,
Ha3bIBAIOTCA KOPPEAAUUOHHOIMU MOMEHMAMY CIydaiinblx Beanuun & u ;.
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B ciaydae 3aBUCHMBIX CIyYaiiHBIX BEJIUYNH H-€ CBOWCTBO JMCIIEPCHE 0000IIa-
eTCsl CJIeIYIOIIIM 00Pa3oM:

D(& + &) = D(&) + D(&;) + 2cov (&, §5),

KOTOPOE MOXKHO 00OOIINUTH Ha JUCIIEPCUIO OT CYNEPHO3UIINN CIYyIalHbIX BEJTUINH:

n n

D> Ci&| =3 CiCay, (6.16)
i=1 ij=1

riie C; — BeniecTBeHHbIe KOIMDMUINEHTHI.

3 nByx J1efiCTBUTEIBHBIX CAyYailHbIX BeJUUnH & U 2, KOTOpbIE, BOOOIIE I'0-
BOPsI, MOI'YT ObITh U 3aBUCHUMBIMHI, MOKHO IIOCTPOUTH KOMILIEKCHYIO CJIyUIaiiHYIO
BeIMINHY 1) = &1+ 1€9 M KOMILIEKCHO CONPSYKEHHYIO K Hell Bemanny n* = & —1&s.
wucriepcust n onpejieisieTcs 1Mo MPaBUIy:

D(n) = M{[n— M) — M)} = D(&)+ D(&),

T. €. KOPPEJTATUOHHBINT MOMEHT &1 U {9 OTCYTCTBYET.

U3 cBoiicTBa HEOTPHUIATEILHOCTH JUCIIEPCHE CJIE/IyeT, UTO IpaBast 1acTh (6. 16)),
SIBJISTIOIIASICST KBa IpaTHaIHOi hopmoit Koaddurnnmenton C;, TakyKe HEOTPUIIATE b
Ha, a 3HAYUT, HEOTPHUIATEJbHBI BCE IVIaBHbIE MUHOPLI MaTPUILI KOBAPUAIUN ;.
Ecnn orpannantbest KakuMu-in6o aByms Besndunamn & n & (i # j) u3 nmMero-
merocst Habopa, TO COOTBETCTBYIOIIHIT UM OIPeJIe/INTe b

D(&)  cov(&,)
cov (&.&)  D(§))

OTCIO,ZL& CJIEAYET HEPABEHCTBO, Ha3bIBAEMOE€ HEPABEHCTNBO KOWU*ByHﬂKOGC%OZOI

[cov (&, &) </ D(&) D(&;), (6.17)

nmMeroliee HpOCTOfI CMBICJI: €CJIN Y KAKIX-J1100 ABYX Cﬂy‘{aﬁHbIX BeJIMY1H KOHEY-

= D(&) D(&) — [cov (&, &))" > 0.

HbIE JUCIEPCHH, TO KOHEYEH U KOPPEJISIIIUOHHBIN MOMEHT 9TUX BEJIMYNH.
Buecro koppesstipontoro Momenta & u & upu i # j, 1.e. cov (§,&;), ynobuo
BBECTHU JIPYTI'YIO KOJNUECTBEHHYIO XapaKTePUCTUKY CTEIIeHN X 3aBUCUMOCTH:

rij = cov (&, ;) |

v D (&) D(&;)

KOTOpasi HasbIBaeTCss Koapduyuenmom xoppessyuu. Hepapencrso Komu—bByHsi-
KOBCKOT'O HAKJIaJIbIBaCT Ha KOA(MPUINEHT KOPPEJIAIny OrPaHIICHIe:

(6.18)

|Tij| S 1.
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B 3aBucumocTi 0T 3HaUeHnst Ko puimenTa KOppeIaini UMeeTCst HECKOJIbKO BO3-
MozkHocTell: ecan 1 = 0, To & u & HeKoppeupoBanbl; ecan 7i; > 0, To Koppe-
JaAnud MexKay & n & noJjiozxKuTesbHa; ecan r;; < 0, To Koppesdnua Mexkiy & u §;
OTpUlaTe/IbHa. 3aMeTHM, YTO HEKOPPeJNpoBaHHOCTh & 1 §; BOBCe He O3HavaeT
X HEe3aBUCUMOCTh. IIpu 5TOM cripaBeji/inBo 00OpaTHOE yTBEPXKICHNE: JBe He3aBH-
CUMble BeJIMYMHbI HeKOppeJupoBanbl 7 = 0.

ITpumep [6.16. Haiitu koadpdunuent koppessimu & u & MpU YCJIOBUU, YTO
& = A&+ B, rne A u B — nocrosiHHBIE.

Pewenue. Iyers M(&;) = p u D(&) = o2, Torma it BTOpofi BeJMYUHBI
M(&) = Ap+ B u D(&) = A0, HaitjleM KOppeJIsIMOHHBI MOMEHT:

cov (£1,&) = M [(& — p) (& — Ap— B)] = AD(&) = Ao”.

[TosicTaBuM 1Oy IeHHBIE TUCTIOBBIE XAPAKTEPUCTHKN B Ompe/iesierne Kodhdurm-
erta koppesisitiun ((6.18)):

1, mpu A >0,

Ao? A 0 A0
= oy s HpI/I oy ,
Vol x A% |4 —1, opu A <O.

T,’j =

Orcroga BujHO, uTOo ecian A # 0, T.e. ciydaitHasi BeJndnHa s He IOCTOsSHHA,
10 K03bduruent Koppessanun |r;;| = 1.

ITpumep [6J17. BoraucgnTsb 91 MEHTHI MATPUIBI KOBAPUAIMH HEIPEPLIBHOI
JBYMEPHOII cJIyvaiiHO# BeJININHBI, paclipe/esieHie KOTOPOil 3a/1aeTCsl IIJIOTHOCTLIO:

( ) 1 1 2 T1T2
T1,T2) = exp =+ =
Pt 2mo109V 1 — 12

Pewenue. HerocpeicTBeHHBIC PACTIETHI JTAIOT [JIsT MATEMATHICCKIX OZKIIAHII
M(&) = M (&) = 0 u MmaTpuIpl KoBapuarmn

J% rc102
Aij = 2
0109 0y

OTCIO,ZL& O49€BUJCH CMBLICJI ITapaM€Tpa 7, BXOJAIIECI'O B IIJIOTHOCTL pPacCIIpeaejie-

2(1—12) |07 o3 01072

Husi, — 9T0 Ko dumumenT Koppendanun & u . BugHo takxke, aro npu r = 0
COBMECTHAsI IJIOTHOCTH PacCIpejieIeHIs IPEeBPAIaeTCsI B IIPOU3BEIeHNE JIBYX O
HOMEPHBIX (DYHKIINI pacipeie/eHust CIyIaifHbIxX BemanH &1 1 {9 ¢ HOPMAJIbHBIMI
3aKoHaMU pacupejesenns, a umenno: & € N(0,01) u & € N(0,03), . e. ciyyaii-
Hble BEJNYNHBI HE3AaBUCHMBI B 9TOM CJIydae U MATPHUIA KOBAPHUAINN ITPUHIMAET
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JMaroHaJ IbHBIA BUJI. 3aMeTUM, UTO KBaJIpaTUIHasl 110 X1 1 Lo popMa B II0OKa3aTese
9KCIIOHEHTBI IJIOTHOCTU pg¢, (%1, T2) COAEPAKUT MATPUILY BUJIA

1 1/0? —r/(0109)

bij = —— :
T 1 =12\ —r/(0109) 1/03

KOTOpas ABJjdeTcs 00paTHON K MaTpuIle KoBapualul a;;.

KOHTpO.TIbeIe BOIIPOCHI

1. ITpuBecTn omnpejiesienne MaTeMaTUIeCKOTO OYKUJIaHUS JIMCKPETHON W Helpe-
PBIBHOI CIyYaiiHONl BeJIMYNHDI.

2. YKazaTb CBOICTBa MAaTEMaTUICCKOT'O OXKIIAHUSI.
[IpuBecTn omnpejiesicHe M CBOWCTBA JIUCIIEPCHH CJIYYailHON BEJINUNHBI.

Y10 Takoe HOpMHUPOBKA CJIyJaiiHON BeJIMIHHBI?

AN

lath onpeseenne KOBaApUAINH CJIyIaiiHON BEJTNINHBDI.
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7. 3aKOH OOJIbIIINX YNCeJl
1 IIeHTpaJbHBIE IIPeJieJIbHbIE TeOPEMbI

3HaHue BepOATHOCTH WU (DYHKIIMKM PACIPEJICJICHIST BEPOITHOCTU CJIydaitHOMN
BEJIMYUHBI [103BOJIACT BBIYUCIUTL MaTeMaTUYeCKoe OXKIJaHue 1 JIUCIEePCUIo CIIy-
yaiiHoil BesmunHBL. EcTecTBeHHO, HalpallluBaeTcs BOIPOC 00 oOpaTHOI 3ajade:
[0 YUCJIOBBIM XapaKTEPUCTUKAM CJIYYalHbIX BEJIMYUH MOXKHO JIU HOJYYUTH WH-
dopmaruio 06 UxX pacupejiesieHnn n 0 Xapakrepe (pYHKIINH pacipe/ie/IeHns.

OtBeT Ha MEPBBIil BOIIPOC O CXOIUMOCTH HaOOpa caydaiiHbix Besmand {, }, re
n =1, 2, ..., K HeKOTOpOil BemanHe & JaeT 3aKoH OOADULUT YUCEA, TIPEJICTABIIS-
IOINIT cODO0I COBOKYITHOCTH HECKOJILKUX TEOPEM.

Ha Bropoii BOIpoc 0 CXOAUMOCTH DACIpe/IeJieHIs CIydailHbix Bendut {&, }
K HEKOTOPOMY 3aKOHY paclpejeseHns BePOSITHOCTe P, 0TBedaloT UeHmpasbHvle
npedesvHvle Meopemv, TEOPUN BEPOSITHOCTE.

7.1. 3akKoH OOJIBIIINX YuCeJI

HepaencrBo HebbinméBa 1M03BOJISIET JI0KA3ATh Psijl BAXKHBIX TEOPEM, 00be IH-
HEHHBIX OOIIMM Ha3BAHUEM <«3aKOH OOJIbIIMX vuce/». OCHOBHAs 4YACTbh U3 ITUX
TeopeM npuHaaeKuT camomy [1. JI. HeObImeny.

Teopema Yebwviwésa. 1lyctb nmeerca OeCKOHEYHAs IOCIEI0BATEILHOCTD
HE3aBUCUMBIX CJIyYalHbIX BEJIUYUH T1, Lo, . . . C OJHUM U TEM K€ MaTeMaTHIeCKIM
oxugannem M (xq) = M(x2) = ... = m u AUCHEPCUAME, OTPAHNICHHBIMI OJIHOT
1 Toit ke nocrostrnoit C: D(z1) < C, D(x2) < C, ... Torga, kakoBo 6bI ot ObLIO
TOJIOZKUTEIHHOE THCJIO €, BEPOATHOCTH COOBITUS |(T1 + o+ ...+ x,)/n—m| < €
VJIOBJIETBOPSET YCJIOBUIO:

lim P AN e i —m|<el|=1

n—00 n

Jloxasameavcmeso. Beenem ciyuaiinyio Besimanny S, = (r1 + T2 + ... + x,) /n.
13 cBoOiiCTB MATEMATHYECKOIO OXKHIAHIA CICIyeT

M(S,) = % > M) =m

Jlajee, TaKk KaK BeJIMYUHBI T1, X9, . .., L, HE3ABUCUMBI, TO
n

1 nC C

D(Sn):_g § :D(IZ)< 5 — —

n* 4 n n



CornocTapisist 110JIyIeHHOE HEPABEHCTBO C HepaBeHCTBOM eObliéBa, OyaeM nMeThb

P(IS, —m| <e)>1— =
ne
OTKYJla W CJIEJIyET YTBEPXKIEHNEe TEOPEMBI B IIpejese 1 — 00.

Cwmbicst TeopeMbl HeObITEBa MOXKHO MOACHUTE CJIEAYIONIUM mpuMepoMm. Ilycrh
TpedyeTcsa N3MEPUTH HEKOTOPYIO (PU3NUIECKYIO BeJIUINHY m. B cuty Hens0eKHbIX
P U3MEPEHUSX OIIMOOK pe3yJIbTaT W3MepeHUuil OyJ/ieT c/ydaifHol BeJIMYIHOI.
O603HAYNM 3Ty BeJIUINHY Yepe3 &, ee MareMarndeckoe oxuuanune M (x) = m Oy-
JeT COBIIQ/IATh C U3MePAEMOil BeJIMINHO, a AUCIepPCrs paBHa HEKOTOPOl KOHCTAH-
te C', XapakTepu3yomieil TOYHOCTh u3MepuTeIbHOrOo Iprdopa. [Iposeiem n Hesa-
BUCUMBIX U3MEpEeHnil 1 0003HaYMM BEJINUNHON X1 pe3y/IbTaT MePBOro N3MepeHus,
XTo — Pe3yJbTaT BTOpPOro maMmepenus u T. 7. Cpegnee apudmerudeckoe S, ABJIs-
eTcs caydaiitnoil Beamannoit. OHaKo ¢ yBeJndeHneM dncia N3MEpPeHuil 3Ta BeI-
YUHA MOYTH IepecTaeT ObITh CIyJaiiHON, OHa Bce DoJiee TPUOINKAETCHA K TOUHO-
My 3HaYeHHWIO m. TeM caMbIM OlpaB/IbIBAETCA PEKOMEHIYEMbIl B TTPAKTUIECKO
JIeATeTbHOCTH CIOCO0 TOTydYeHUsT 00Jiee TOUHBIX PEe3Yy/IbTATOB M3MEpPEHUil: OJHa
1 Ta YKe BeJINYNHa U3MepseTcs MHOTOKPATHO, U B KadecTBe ee 3HAUCHUS OepeTcs
cpeaHee apudMeTnIecKoe 3HadeHue MOy IeHHBIX Pe3yIbTaTOB N3MepPEeHMil.

3 Teopembr HeObIMEBa MOYKHO MOJYUYUTH JPYTYIO TeOpeMy, KOTOPYIo 10 He-
OBINIEBA MHBIM CIIOCOOOM JloKazaJ f1. Bepryiuin.

Teopema Bepryaau. I1ycTs (4, — 4NCIIO YCIIEXOB B CEPUM U3 1 HE3ABUCHMbIX
UCTIBLITAHUI 110 cXeMe BepHy/n 1 p — BEpOATHOCTDL yCIlexXa B KaXKJI0OM OTJIeTbHOM
ucrbiTanun. Torjga mpu JIIoOOM MOJIOKUTETHHOM &€

lim P(|pn/n —p| <e) = 1.

n—oo

oxazameavcmeo. s nokazaTenbcTBa BOCHOJIB3YEMCS TPEJICTABIEHUEM [iy,
B BUJI€ CYMMBbI UHANKATOPOB Xk: Un = X1+ X2 + ...+ Xn, L€

1, eciiu B k-OM HCIBITAHUK OBLIT YCIIEX,

Xk =
0, ecau B k-OM UCHBITAHUN ObLIA HEYIAUA.

Tak Kak Bce MHIAMKATOPHI HE3ABUCHMBI U OJMHAKOBO PACIIPEJIEJIEHBI, TO MX Ma-
remarnaecke oxuganuss M (xg) = p u aucnepcun D(xi) = p(1—p) = pq
OJIMHAKOBBL. Tora JIJIst Yuc/Ia YCIIEXOB [i, TOJIYIUM:

n n
M(pn) => M(xi)=np,  D(m) =Y D(xi) =npq,
i=1 i=1
1 TeopeMa bepHy/m — YacTHBIN cirydail TeopeMbl HeObIIIERa.
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[Ipom/LIIOCTPUPYEM MO/ Ty HeHHbBIE PE3YILTATHI TPUMEPAMI.

ITpumep [T]1. Onennts ¢ moMombIo HepaBeHCTBa Ue0bIéBa BepOATHOCTH TO-
ro, 9TO OTKJIOHEHHE CTyHalHONH BeJTMUUHb & OT CBOEIO MATEMATHICCKOTO OZKH/Ta~
uust M (£) Gyier MeHbIe Tpex CpejHnX KBaJpaTHIHbIX OTKJIOHEHHII.

Pewenue. Tlonarast € = 30(§) B Hepasercrse Yebbimésa (6.6]), nomyaaem

_ - _OF 18
P (|6 = M()| < 30(€)) > 1 B0l -5 =5 m~0888.

DTa OlleHKa, KaK M3BECTHO, HA3BIBACTCS <«IIPABIJIO TPEX CUTM» U JA€T HUXKHIOK
IPaHUIY BEPOATHOCTHU MOMAIAHUSI CYIaiiHON BeJNINHBI B YKA3aHHbI HHTEPBAL.
Jlina cpasuenust: y ciayuaiinoii pesmunnbl € € N(a, 0?), pacinpe/eseHtoil 110 Hop-
MaJILHOMY 3aKOHY, 9Ta BepoATHOCTH pasha P (|€ — a| < 30) = 0,9973.

ITpumep [T 2. Tinybuna mMopst a usMepsieTcst mpubopoM, He IMEIOIIIM CHCTeMar-
tudeckoit ommubku. CpejiHee KBaIpaTuieckoe OTKJIOHEHNEe U3MEPEHU He TTPEeBOC-
xoauT 15 M. CKOJIBKO HYZKHO CJIeIaTh HE3aBUCHMBIX U3MEPEHNI, 9TOObI ¢ BEPOSIT-
HOCTBIO, He MeHbIneil 0,9, MOXKHO OBLIO yTBEPK/IaTh, 9TO CpejiHee apudMeTntie-
CKO€ 9TUX U3MEpEeHUil OTJINIaeTCsi OT ¢ 110 MOJLYJII0 MEHbIIe, 9eM Ha 5 MeTpoB?

Pewenue. Oboznaunm depe3 X; pe3yabTaTbl N HE3ABUCUMBIX U3MEPEHUN IUIy-
ounbr Mopst, Toryia M (X;) = a, 9T0 03HATAET OTCYTCTBUE [IPU N3MEPEHUSIX CUCTEe-
Marudeckoit ommoku. [TockobKy n3MepeHus MpOnu3BOJISTCA ¢ OJJMHAKOBOI TOY-
noctwio, 10 0(X;) = /D(X;) = 15 m. Ilpu 3ajannom € = 5 M Hy)KHO HaliTh
TaKoe YUCJIO N, KOTOpoe yJoBjierBopsger HepaseHcTBy P > 0,9. Bocnonbsyemcs
HepaBeHCTBOM eObIIéBa, :

n
1 225
Pl |- E X,i—al<dM|>1——2>0,9,
n 4 25m
1=1
otkyza cieayer, ato 0,1 > 9/n win n > 90, 1. e. u3MepeHne Hy»KHO TPOBOJATH
ooJiee 90 pas.

ITpumep [7J3. BeposTHOCTD, 4TO MAIIMHUCTKA CJEJIAET OlleYaTKy Ha OJIHOI
cTpanutie pykomnucu, coctapisger p = 0, 2. ONeHnTH BePOATHOCTH TOTO, YTO B PY-
kKormcn, cojiepxKarieit 400 cTpaHni], 9acToTa IOSABJIEHUsT OIeYaTKd OTJIMIAeTCs
OT COOTBETCTBYIOIIEH BEPOATHOCTH 110 MOJLYJII0 Menblie, yeM Ha 0,05.

Pewenue. B nannoii 3amaue n = 400, p=0,2,g=1—-—p=0,8, ue = 0,05.
[IycThb f1,, — KOJIMYIECTBO OMEYATOK B TEKCTE, & Vy = [l /N — YACTOTA MOSIBJICHUST
OLIeYATKHU, TOI/a, BOCIO/IB30BABIIICH HepaBencTBoM Uebbuuésa (6.6), mommyamm:
0,2x0,8

Py, — 0,2 <0, |- 2 XS
(I < 0,05 >1 - 100%0.05

— 0,84,
rie yareno, ato D(u,) = pg.
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Pm

0.4 |
0.3
0.2 |
0.1 |
| | | | | |
_3 —2 ~1 0 1 2 3 m

Puc. 5. llpejicraBienue pacupejiesienns: CIy9aiiHON BEJIMYUHBI TIOCPEJICTBOM ITPAMOYTOJIbHIKOB
€IUHIHOTO OCHOBAHUSA

7.2. llenTpaabHble IpeleibHbIE TeOPeMbI

[TpenBapuTenbHOE TOHMMAHNTE COAEPKAHNS IEHTPATLHBIX TPeIeTbHBIX TEOPEM
MOKET OBITH ITOJIyUEHO CJIEIYIOIIUM CIIOCODOM.

PaccmoTpuM cyMMy HE3aBUCUMBIX CIYYalHBIX BeJUYUNH 1), = &1+ &+ ...+ &,
rien =1, 2, 3, ..., KOTOpble IPUHUMAIOT IeJIOUNCIEHHbIE 3HAUEHUS U BCE UMEIOT
ofimHAKOBbIe pacupesenenus P(§; =m) = p,, m = 0,+1,£2, ... nis Beex i.

DTO pacrpeiesieHrne MOXKHO TPEICTABUTE CJIELYIONTIM 00Pa30M: MOCTPOUM I'pa-
UK U3 TPAMOYTOJLHIKOB, OCHOBaHNE KaxKJI0r0 MPAMOYTOJbHIKA PaBHO 1, a BbI-
COT& — Py, TAK UTO IVIOMAb PABHA Py 1 Y Py, = 1. B obiriem ciryuae mostyanm
IPAKTUIECKU [TPOU3BOJIbHBIIT HAOOD MPSIMOYTOJBHUKOB (CM. puc. 5.

PaccMmoTpum Tenepb BMECTO 1), HOPMUPOBaHHbIE CJIyJaliHble BEJIMIMHBI

= nn_M(nn) _ T — [
" D(nn) U\/ﬁ’

riie p = M(n;) u 0% = D(1;) nia Beex i u3 Habopa BCeX N CJyHaiiHbIX BeJMHHH,

BHAMEHNSIMI CITyJaHHON BeIMYMHBL 1) ABJIAIOTCS 9HCia &, (m) = (m—npu)/Vno?,
npuiem P(n) = x,(m)) = P(n, = m).

[TocTpoum Tenepb anajoruunblil «rpaduks pacupejesenus 7. 1o ocu abe-
UCC OTJIOXKUM 3HadeHust r,(m), m = 0,4+1,4+2 ... u, Kak paHblie, TOCTPOUM
IPSAIMOYTOJIbHUKH, TLIONIAIN KOTOPLIX paBHbI P (1, = m).
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o\/npm

Zn(=3) Zn(=2) zn(=1) 22(0)  2n(1)  2p(2)  xa(3)  Tnlm)

Puc. 6. IIpeacrasiienne pacupesesieHus HOPMAPOBAHHON CJIy4YaltHON BEJIMIUHBL 7)),

[ToCKOJIbKY JJIMHBI OCHOBAHUSI 3TUX IIPAMOYTOJLHUKOB Teriepb pasibl 1/(04/n),
TO UX BBICOTBI JIOJIZKHBI ObITH PABHBI 01/N Py, T. €. IJIOMA/H OCTAIOTCST HEU3MEeHHbI-
M (CM. puc. @ Kak mokasbIBaeT Teopusl, IIPH JIOCTATOYHO OOJIBIIIOM 7. BEPXHUE
OCHOBaHUSI MIPSIMOYTOJIBHUKOB IIOYTH TOYHO JIO2KaTCs Ha (PUKCUPOBAHHYIO KPUBYIO

TO €CTb

1
ovn P(n: = x,(m)) = e~ M2 pn n — 0.

[Ipu aTOM ecTecTBEHHO, YTO

b
1 >
P(a <, <b) :ZP(a < z,(m) <b) = \/—2_7T/6_x Pdz.

DT1oT daKT, BHITEKAIOIINI 13 NHTEerpabHOI IIpeaebHOil TeopeMbl MyaBpa—.Jlai-
Jlaca, U COCTaBJISIET, 110 CYIIECTBY, COJIepyKaHKe IEeHTPAJbHBIX IPEJICIbHBIX TEO-
peM, KOTOpbIe OTJINYAIOTCS JIPYT OT APYyTa (POPMYJIMPOBKON Pa3IMIHbIX MaTeMar~
TUYECKUX YCJIOBUIA, 00ECIeunBaIONINX Pa3/JIMIHbIe 0000IIeHNsT TeopeMbl. Teopemy
Myaspa—/lamiaca MOXKHO ¢pOPMYJIUPOBATDH CJIEIYIONINM 0Opa30M.

Teopema Myaspa—Jlanaaca. Eciu ciaydaiinble Bemunaunabl &1, o, ..., &,
uesapucuMbl 1 P(§ = 1) =1 — P(&, = 0) = p ans qoboro k =1, 2, ..., n, 10
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pu 0 < p < 1 u n — oo paBHOMepHO 110 = € (a,b):

a<€1+£2+...+§n—nM(€1)

b
1 )
P <b %—/e_w/Qda:.
nD(fl) vV 21 /

DTa Teopema 03BOJIAET CJeIaTh 0000IEHST Ha JIpyrue ciyJaiiHble He3aBUCH-
Mble BenanHbl. [IpuBegem 6e3 1oKa3aTe/bCTBa JBe TEOPEMBL.

Teopema 1. Ecin ciyuqaitabie Besimaunbl &1, &9, ..., &, HE3aBUCUMbI, OJINHA~
KOBO pacIpe/ie/ieHbl 1 UMEIOT KOHETHYIO JAUCIIEPCUIO, TO IIPU N — OO PABHOMEPHO
o x € (—00,00):

Si+&+.. .+ & —na 1
7 o <)

rie a = M(&), 02 = D(&) s moboro k=1, ..., n.

Teopema 2. Ilyctb &1, &, .. ., &, — HE3aBUCUMBIE CIydaiiHble BETNINHDI, NMe-
IOl KOHEUHbI TpeTnit abcomoTubiit Moment: M (1€, — M (&)]3) < oo. Onpejie-
M unceIoBble Xapakrepucruku ap = M (&), b = D(&), ¢ = M (& — ax)?) u

UX CYMMBI:
n n n
2 2 3 3
An:Zak, Bn:Zb, Cn:ch.
k=1 k=1 k=1

Eciu ipu n — oo ornomenne C, /B, — 0, 10

o4& — A, TR
P<§1+§2Jr +& <x)—>—/ex/2dx.
Bn \/27‘(’

B zax/iouenne oTMETHM, 9TO HEJIL3sI HOJIL30BATLCA PEIe/ILHLIMI TeOPEeMaMU
B TeX ciydasx, Korja sepoaTHocts P((§1 + & + ...+ &, — A,) /B, < ) bnuska
K CJIMHMIC WM K HYJIIO, ITOCKOJBKY «XBOCTBI» paclpeje/eHns TpeOyloT O4eHb
OCTOPOZKHOI OIICHKU.

7.3. llpumeHeHUe IEHTPAJIBHBIX IIPEAEJIbHBIX TEOPEM

7.3.1. BepodaTHOCTb U YacTOTa

OneHnM, HaACKOJIBKO CHJIBHO MOYKET OTJIMIAThHCA JacTOTa OT BEPOSTHOCTU B Ce-
pun M3 N HE3aBUCUMBIX UCIbITaHUN 10 cxeMe beprymnu. Vcnonbsys Teopemy
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Myaspa—/lamnnaca, Haxoanm:
Tl — NP

P<%—p <s> = P( N <a>

L ae_$2/2 r = Py(a) — Py(—a) = a
m/ dx = Bo(a) — By(—a) = 2By(a),

Q

rie a = ev/n/pq, M, — UYUCIO YCIEXOB B CEpUH U3 N UCHBITAHWNA U BBEJEHA
dyHKIMSA, Ha3bIBaEMAT UHME2PANOM GEPOATIHOCTNET:

1 1 .
nie) = = [ = gt (5]
0

rie erf (z) = (2/y/7) [ e dt — dbyukius omubok. OTcroga Tak»Ke Cieyer
0

N — NP n Tn Tn
P —<s,/—>:P(——s<p<—+s):a.
( Vv 1pq rq n n

Nurepsan 3navenuii (1,/n — ,1,/n + €) Ha3bIBAETCST J0BEPUMEALHYIM UHMED-

64A0M OJId BEPOATHOCTH P C YPOBHEM HOBEPUA (x.

7.3.2. Cpeanee apudmerndeckoe

[Iycts &, &9, ..., & — He3aBUCHMBIE CJIyYailHble BEJIMIUHBI C OJIMHAKOBBIMU
MaremaTudeckumu oxxuganusvmu M (Ey) = p u gucnepcusivu D(&y) = o?. Toraa
P 1. — 00 BEPOSITHOCTD

P(|(&+ &+ ...+ &)/nl <) =2P(ev/n/0).

3 rabur, HOpMaJIBLHOTO pacpejiesieHusl CJejiyeT, 9To npu £y/n/o = 3 Bepo-
araocte P(|(§& + & + ...+ &) /n < 30/y/n) = 0,9973. D10 Tak Ha3BIBAEMOE
«IIPaBUJIO TPEX CUT'M».

ITpumep [T4. HezaBucunble cirydaiiible BeinanHbl X; PACIIPe/IEJIeHbl DABHO-
MEepHO Ha OTPEe3Ke [O, 1]. Haiitu 3akon pacupejienenns cIydaifHol BeJTnIImHbI

100

Y =) X,
=1

a TaKKe BepPOSTHOCTL TOTO, UTo 55 < Y < 70.
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Pewenue. Yenosus HIIT cobronatorest, mosTomy ciydaiinast BeJinanHa Y nme-
eT MPUOJIMKEHHO TIJIOTHOCTh PaCIpe/IeIeHNsT

1 2
~ ~ly-MY)P/2D(Y)]
~o o 6 .
frw) 27 D(Y)

[To m3BecTHBIM (bOpMyIAM JIJist MATEMATHIECKOTO OXKIJIAHIS U JUCTIEPCHN B CJTy-
qae PaBHOMEPHOIO pacipejiesienns Ha orpeske Haxoaum: M(X;) = (0+1)/2 =

1/2, D(X;) = (1-0)%2/12=1/12, 6(X;) = v/D(X;) = 1/(2V/3). Torza
100 100
=M (ZX) = M(X;) =100 x % = 50,

100 100 1 95
D(Y)=D (ZX) ZD ) =100 x — ==,

3 —3(y—50)%/50
~ e .
fY (y) 5 /_67T

Wcnosbayst naTerpaibuyo Teopemy Myappa—/lariaca

P(a<Y<ﬁ)zq><5—M(Y)>_¢<@M(Y)> |

D(Y) D(Y)

HaXO/ UM
P (55 <Y < 70) = ®(4V3) — ®(V3) = ©(6,9282) — (1,73) ~ 0, 04.

ITpumep [T 5. Mamunucrke Tpedyercs: Haredararsh TekcT u3 8 000 ¢j10B, Kaxk-
Jloe U3 KOTOPBIX COJIEPYKUT He MeHee JeThipex OykB. BeposiTHOCTH cjieniaTh ommo-
Ky B JTI0OOM 13 3Tnx cjioB paBHa (0,01. KakoBa BepoITHOCTH, 9TO B HalleUaTAHHOM
TekcTe Oy1eT caeaano He dosiee 90 ommobOK?

Pewenue. Ipumenum dpopmyity

(k< m) =" Pu(h) (m‘”p>.
Vv 1pq
Tax xkak n = 8000, p =0,01,g=1—p=0,99, m =90, To npg = 79,2 n
m—mnp 10

/npq ~ 8,9
Ucnonpsys snadenne Py(1,12) = 0,8686, moaywaem P, (k < 90) ~ 0, 869.

~ 1,12.
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KonTpoJsbHBIE BOITPOCHI
1. B uem cocrout cmbicst Teopembl UebObimépa?
2. IIpuBecTn jokazaTebCTBO TeopeMbl eOblIéBa.

Yro Takoe «MHITKATOP ycrexas !

- W

[IpuBecTn J10Ka3aTEIHLCTBO TEOPEMbl bepHyILIm.
5. Uro yrepxkaaer Teopema Myappa—/lamraca?
6. CchopmyupoBarh IeHTPaAJIbHBIE PEJICIbHBIE TEOPEMBI.

7. Pacckazarh 0 mpuMeHeHNN MeHTPaJbHbIX TPEJIE/IHLHBIX TEOPEM.
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8. Cuay4aiitible MPoOIlecChI

8.1. IlousTue o ciayvaiiHoM mpolecce

Coygaiinble nporecchl (ciydaiiibie (QYHKIMN) — 9TO CJIydailHble BEJUTHHBL,
3aBUCAIINE OT ITapaMeTpPoB, IPUHUMAIOMINX JUCKPETHOE MM HEIPEPbIBHOE MHO-
»KecTBO 3HadeHuit. B jro0oit aBroMaruueckoil cucreme, B Ji00Oi cucreMe, CBs-
3aHHON C yIpaBJeHneM, IPUXOJIUTCH YIUTHIBATh BO3/IEHCTBHE CIyYailHBIX TTOMEX,
ABJIATONTIXCA (DYHKIUSMI BPEMEHU, TeMITepaTyphl, JaBjeHns u T. 1. Teopus ciy-
YalHBIX [IPOIECCOB HAXOUT MINPOKOE IPpUMEHeHHe BO MHOI'UX pas3jiesax (PU3NKK
1 TEXHUKHU.

Onpedeaenue. llycrs {2, F, P} — BeposgTHOCTHOE TTPOCTPAHCTBO, T — HEKO-
TOpOE YMCJIOBOE MHOXKeCTBO. [leiicTBuTeIbHASA PYHKITHS

f(t) - f(t,w), (81>

onpesesertas pu t € T w € ), HA3BIBACTCS CAYHATHBIM NPOUECCOM ( CAYHATHOU
Pynruued), ecin f(t,w), kKak OyHKIWS W € (2, ABIACTCA CIIyIalHON BETMIMHOL
npu Kaxjom t € T'.

Ecu snadenne w dbukcnposano, To f(t, w), paccMarpuBaeMast Kak GyHKIHS ¢,
t € T, HasbiBaercst peasudayuets cayyaiinozo npouecca &(t), wim 6u60pouHOU
byrryuer.

Ecsu snauenne ¢ dbukcnposano, To ciaydaiitas seanannaa f(t, w) HasbBaeTCs
ceuenuem cayuatinozo npovecca (t) B Touke t € T. Bemumanna t MOXKET MEHSITHCSI
HeIIPEePbIBHO MJIM K€ NMPUHUMATD PsiJi JIUCKPETHBIX 3HadeHuit. Ecnm T saBiser-
Csl TIOJIMHOYKECTBOM MHOYKECTBA, IEJIbIX YHCes, TO CAydaiiHbIi Ipolecc Ha3bIBaeT-
Csl TIPOIIECCOM C JIMCKPETHBIM BPEMEHEM WJIM CJIyYaiiHOM I110C/1e/10BaTe/IbHOCTBIO,
IPUMEPOM KOTOPOIT sIBJISETCST MAPKOBCKAsT 1EIIb.

PaccMoTpum HEKOTOpPbIE YaCTHBIE CJIyYaH.

8.2. IlyaccoHoBCKMii IIOTOK COOBITHIIA

Paccmorpum HekoTopoe cobbiTie A, KOTOpoe MOXKeT IIPOUCXOIUTD B CJIyJaiiHbIe
MOMEHTBI BPEMEHH, 1 TyCTh (1) — IUCII0 HACTYILIeHnIT COOBITHS A B TPOMEZKYTKE
BpeMment t. [IycTb BBIIOIHAIOTCS YCTOBUS:

1. Cnyuaitabie Besmuansbt €(t;), tne @ = 1, 2, 3, ..., JJisl He [EePECEKAIOIIIXC S
IIPOMEZKYTKOB BPEMEHI HE3aBUCUMBI B COBOKYITHOCTH.
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2. Jlast 11060ro mpoMerKyTKa BPEMEHU BepOsTHOCTL HACTYILIEHUs! coObITHsA A
B 9TOM IPOMEXKYTKE 3aBUCUT JIUIIb OT JITHHBI 3TOIO MTPOMEKYTKa (CBOHCTBO
OJTHOPOJIHOCTH TIPOIECCa TI0 BPEMEHN ).

3. PEt)=1)=At+O(t), tme A >0, u P(&(t) > 1) = O(t) npu t — 0.

ChopMyImpoBaHHBIM YCJIOBHUAM IOUNHSIOTCS MHOTUE peaJibHbIe SBJICHUS: pac-

1a/ paJItOaKTUBHOI'O BelleCcTBa, OTKa3bl PAJUO3JIEKTPOHHOI allllapaTyphbl, BbI30-

Bbl Ha TeJIeOHHOI CTAHIINN, 3aIPOChl Ha 00CIy>KUBaHUE CTAHKOB U T. II.
Teopema. Ilycts BoinoHens! yeaous 1—3. Torma paciipejiesienne ciydaiitno-

ro Bektopa {&(t1),&(t2),...,&(t)} M He mepeceKalonixcest MPOMEZKYTKOB Bpe-
MeHu ty, t9, ..., by ABIACTCA IIyaCCOHOBCKUM:
Aty)k Aty)hr
PE(t) = b (1) = k) = B I o,
1! -

[Tocko/IbKy I0Ka3aTEILCTBO 9TOI TEOPEMbI JI0BOJILHO IIPOCTOE, 3/1eCh MbI IIPHUBO-
JIINTH ero He Oy1aeM.

CirydaiiHblii IIpoIiece, MOMUYMHSIIONUNCS yeJaoBUsIM 1—3 1 3Toil TeopeMe, Ha3bl-
BaeTcst npoueccom Ilyaccona Wi nyaccono8cruM nNomoKom codvimudl.

3amevwarue. [TockoIbKY TpoIece OHOPOIEH 110 BpEMEHU, TO UWHTEPBAJIBI 11,
9, ... MOYXKHO OTCUHMTBHIBATH HE OT HYJIsI, a OT IPOU3BOJBLHOTO (DUKCHPOBAHHOIO
MOMEHTa BPEMEHH Sy, T.€. B POJIN CIydaiiHbiX Beaudut £(t;) MOIyT BBICTYNATEH
pazuocti: £(t1) — &(So), E(t2) — &(t1), ..., u cayqaitnas Besmanna &(t1) — £(so)
UMeeT pacipejiesieHre

(A (t1 = so))*

P (&(t1) —&(s0) = k) = X e Mti=s0)

Eciin ponosHuTeIbHO I0TPEb0BaTh, YTO0BI Sg = (), TO TOBOPSIT, YTO IIPOIECC Ha-

YUHACTCS B HYJIE.

ITpumep B]1. Obo3HaUNM Yepe3 T BpeMst 0KUJIAHUS TIEPBOIO COOBITUST B IIyac-
COHOBCKOM IIOTOKE COOLITHII 1 HaiigeM ero pyHKIMIO pacupeaesienns. slcno, 4ro
P(r >1t) = P(&(t) —£(0) =0) = exp(—At) u, Takum 06pazom, DyHKIHs pac-
Ipe/IesIeHIsT BpeMEeHN OZKIJIAHUsT [IePBOro COOBITUS paBHA:

F.(t)y=P(r<t)=1—e""

CJIG,.ZLOBaTeJH)HO7 IIJIOTHOCTDL pacIipeZieJiecHnsd BpeMEHU OXKUJaHugA T MMEET BUI:

e ™Mo t>0,
pT(t):{O t<0.
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Cpe,zLHee BpeMAd OXKHNJaHWA NN MaTeMaTUIECKOE O2KUAaHNE T

o o 1
M(T) = /tpT /tAe—”dt:X,
—00 0

T.€. A — cpeJiHee YNCI0 COOBITUI, TTPOUCXO/IAIINX B €JIMHUILY BPEMEHH.

8.3. BunepoBckuii mpomecc

Buneposcrum npoueccom & (t), rie 0 < t < 00, Ha3bIBaeTCsd CaydalibIil 1mpo-
1ecc, obJIa oIl CIeIYIOIMIMU CBOICTBAMIM:

1. s mobbix 0 < g < 8 < t9 < 13 < ... < t, caydaiiHble BeJUYNHBI

§1=E(t1) —&(t ) = &(ta) —&(t1), ..., & = &(tn) — &(tn—1) HE3ABUCHMBL

2. CoyyaiiHble BeJIMYNHBI £ UMEIOT HOPMaJbHOE Paclipejie/ieHie

1
\/27T02 (tk — tk—l)

—x2/[202 (tk—tkfl)]

Y

Pés, (l‘) -

rJie TIOCTOSHHYIO TIPoIecca 02 00BIMHO TOJIArA0T PABHOM 1.
3. Ilponecc naunmnaercs B myse, T.e. £(0) = 0.

13 Bcero MHOr0OOpa3Msi MPOIECCOB PACCMOTPUM TOJILKO OJTUH.

ITpumep B.2. deustcenue bpoyrosckotit wacmuuwt. [1peacrasm cebe dac-
THILY, B3BEIIEHHYIO B OJIHOPOIHON »KuiKoCTH. V3-3a CTOJIKHOBEHNIT ¢ MOJICKY/IAMI
YKUJIKOCTH OHa, COBEpINaeT XaoTu4ecKue Jprkenne. Obo3naunM yepes £ cMeleHme
qacTUIbl 10 oct O OT PABHOBECHOTO TOJIOXKEHUS, MPUYEM W3-38 XaOTHUIHOCTH
JIBIZKEHNST BETMINHY & MOXKHO PacCMaTpuBaTh Kak caydaiinyto. O4ueBniHo,

M© = [aplaydn=0. D)= [ @ pelaydo =7t

Orcrojia BUJHO, 9TO JIUCIIEPCHsT ABJIsieTcs JIMHeHoi dyHKIueit Bpemenu t. ITocTo-
SIHHAS 02 HA3BIBACTCA Koapduyuernmom duddysuu 1 3aBUCUT KaK OT I1apaMETPOB
YACTUIIBI, TAK U OT BA3KOCTHU KUJIKOCTU. AHAJOIMYHBIMI CBOCTBaAMU 00JIaIai0T

cMerenns u 1o aByM apyruM ocam Oy u Oz.
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8.4. MapkoBcKue mporiecchl

YacTHbIil cirydail MapKOBCKHX ITPOIECCOB — KOHEUHbIE OHOPOIHbIE Tier Map-
KOBa, — y2Ke ObLI paccMOTpeH B pasjeie [4.| B aToit nogpasiesie Mbl IpejicTaBUM
OCHOBHBIE CBOICTBa MapKOBCKHUX IIPOIECCOB C HEIIPEPBIBHBIM BPEMEHEM.

Onpedenenue. Cryqaitaplii mporecc £(t) HA3BIBACTCST MAPKOSCKUM, €CITH IS
J1060r0 MOMEHTa BpeMeHu t ciydaiinas Beaudnta &(t) mpu M3BECTHOM 3HAYEHUN
£(t1) B mpeabLIyuil MOMEHT BpeMeHn ¢y < t He 3aBUCUT OT CJIyYailHbIX BeJMINH
£(s), orpeIeIeHHbIX B MOMEHTHI § < t1.

Nubivu cjioBaMi, B MapKOBCKHIX TIporieccax (mporeccax 6e3 moC/Ie/ICTBIs) Be-
POSITHOCTHBIE CBOMCTBA MPOIIECCa B MOMEHT BPpEMEHU ¢ OIpPeJIEISTIOTCS COCTOSTHUEM
CUCTEMBI B MOMEHT t1, rJie ¢ > {1, HO He 3aBUCAT OT COCTOSHUI CHUCTEMBI BO BCE
IIPEJIBLYIINE MOMEHThBI BPEMEHH.

PaccmoTpenne MapKOBCKUX ITPOIECCOB HATHEM CO CJIydasi, KOrjia CUCTeMa Me-
eT JIMCKPeTHBIT Habop cocrostHuit {x;}. BBemem BeposiTHOCTD mepexo/ia

Pji(t73) =P (&) = xj,é”(s) =z;) > 0,

KOTOpas yJIOBJIETBOPSET YCJIOBUSIM:

Pji(t,t) = 5ji7 ijl(t,8> =1.

V3 dopmysibl sl 110JIHOI BEPOSITHOCTH CJIEJIYeT:

Pji(t,to) =Y Pii(t, s) Pr(s, to), (8.2)
k

npu tp < s < t. Eciin BBecTH B paccMOTpeHNe IpeJIebHYI0 BeposTHOCTD Pj(t),
KoTopasl 1ojtydaercst u3 Pj;(t,ty) B upenene t — oo, To upu t > S OHA JIOJIZKHA

VJIOBJIETBOPSITH YPABHEHUIO:
Z i(t, ) Pi(s).

Teopema Koamozoposa. Ilycrs nepexonnbie BepostHocTu Pji(t, s) nmeror
JacTHbIEe IPOU3BOJHEIE IO ¢t 1 s. Torna npu s < ¢

ap%—(tt’s) — Zk: Aji(t) Pri(t, s), (83)

(933—(5"9') — zk: Pii(t, s) Ari(s), (8.4)
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e
(9Hk (t, 8)
J

Js s=t

npuaeM Ay > 0 ipu i # k, A;; < 0, u Beimostasiercs yesosue » |, A (t) = 0.
i

Ypasuenusi (8.3) HasbiBaercs npamol cucmemol ypashenut Koamozoposa,
a ypasrenus (8.4) — obpamnot cucmemoti.

Joxazameavcmeo. Ucnionwsyst (8.2) u (8.3)), mpu t > s nosyaem:

Aip(t) =

anZ‘(t,S) o . 1 —
P i [P+ A - P )] -

= 1 L P.(t+ At,t) Pt Pt =

= A}SI—I}OEZ[ ]k< + 3 ) k:z( ?8)_ jl( 78)]_

o Pi(t + At t) — Pi(t, )

= |2 A7 it

k#j
Pii(t+ At t) — 1
+sz(t78) 2 At
= ZA]k ) Pri(t,s) + Aj;(t) Pi(t, s) ZAJ’“ Pri(t, s).

k#j

3/1ech Mbl YU CJIeJIYIOINE OYeBUIHbIE CBOCTBA:

ZPm(t—FAt,tl) =1, lim Py(t+ At,t) = g

AHAJIOTHYHO MOKHO IHOJIyYHTh yPaBHEHUs 1/1st 00paTHoil cucremsl (8.4)).

Orupasisisich 0T npsiMoit cucreMsl ypasaennit Kosmoroposa (8.3), yeramo-
BuM uddepennnaibable ypaBHeHus [1is IpeebHbx BepostHocTei Pj(t). Ecim
P;(ty) — pacmpe/iejieHIst B MOMEHT BpeMeHn ty, TO

= Z Pji(t, t()) [)Z(tO)

YuuoxkuM 06e gactu cucremsl (8.3) Ha P(ty), ciesas mojcraHoBKy s = tg, U Ipo-
CYMMUPYEM TIO 7, TOTJIa TOJIYUUM cucTeMy guddepeHnnaabHbIX ypaBHEHUI:

ap;(t)
= %:Ajk(t) Pp.(t)

¢ HadaIbHbIME yestouamu Py(ty) = a;.
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151 0IHOPOHOTO MapKOBCKOT'O IPOIECCa MepPexoaHble BEPOSITHOCTU 3aBUCST
JINIIH OT PA3HOCTHU (t—to). B sTom cayuae Aij — KOHCTAHTBHI U CUCTEMa IIPUHUMACT
JIMHEHBIA BUJT:

ap;(t)
T ;A]’k Pp(t). (8.5)

ITpumep BB. Jeycmopornsas peaxyus. Byjgem caurars, 4To cucreMa Mo-
JKeT HaXO/IUThCs B JIBYX COCTOSIHUSX: HE paclaBlllasics wi U paclaBIlasics Wy dac-
Tkl [IycTh BO3MOXKEH KakK MPOIECC Pacajia wq — Wy C BEPOSITHOCTHIO MIEPEX0/Ia
B eMHUIYY BpeMenn As; = «, TaK 1 0OpATHBI IIePexo wWe — Wi C BEPOATHOCTHIO

2
Ajp = B. U3 yenoust Y Ay = 0 caenyer, uto Ajp = —a u Ay = —f. Torna

k=1
u3 ([8.5) momyaaem:
dP(t dPy(t
PO _ armrsne.  LU_app-spe.

Jlerko 3ameruth, uto Pi(t) + P»(t) He 3aBHCHT $BHO OT BpeMeHH. 3aJ1ajinM Ha-
qasibHOe pactipejesienne Bepositaocteit: Py(0) = 1 u Py(0) = 0, 7. e. pacnasiimecst
gacTUIlLl OTCYTCTBYIOT. Tora

b X olats a -
Pi(t) = atf)t  pt)=— |1 — e (@tBt|
1(t) a+ﬁ+a+ﬁe  B() oz+6{ © }

[Ipu t — 0o BEpOATHOCTU MPUHUMAIOT KOHEUHBIE 3HAUCHUST:

15 Q

Pi(t) = ot g Py(t) = ot g

TO €CTb IIPOLECC IPIrOJUYIEH.
Ecmm BoccTanopienne HEBOZMOXKHO, KaK B Caydae paJIlOaKTUBHOIO paclajia,
To S =0mu
Pl(t) = e—at’ Pg(t) =1- e—at’

IJe @ — BEPOATHOCTH paclaja B eJUHUIY BPEMEHH.

ITpumep B H. ITyacconosckut nomox mpebosaruti. Ilyctsb Ha HEKOTOPYIO
cucreMy OOC/IYKUBAHUSI [IOCTYAIOT TpeboBaHust Tak, 910 &(t) — qucsio TpeboBa-
HUIT 3a BpeMsi t, KOTOpbIe 00Pa3yIOT OJHOPOJIHBIN MApKOBCKUII IIPOIECC CO CUeT-
HBIM YUCJIOM cocTodnuit w;, rie ¢ = 0,1,2,3,.... I3 cocTosgnud ¢ cucreMa MOKeT

HEIIOCPEICTBEHHO [EPEHTH TOILKO B coctosiune ¢+ 1. Takum obpasom, A1, = «,
2
a ocrasbhple A;; = 0 npu ¢ # j. U3 yenosus Yy | Ay, = 0 cienyer, uro A;; = —a.
k=1
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Torpa st npenenbroit Beposaraoctn Pj(t) n3 (8.5)) ¢ HavalbHBIME yCIOBHSIME
Py(0) =1 u Pj(0) =0 npu j > 0 noydaeM cucreMy ypaBHEHHI:

dPy(t dP;(t
b _ Py(t), i _ Pi(t) + a P;_y(1). (8.6)
dt dt
DTa cucrTeMa JIErKO DelIaeTcs!, ec/li BBeCTH HOBYIO GyHKIUIO ¢;(t):
Pi(t) = " g5(0). 87)
Torya cucrema peobpasyercs K BHUJLY:
dgo(?) dg; (1)
B A ke VANV - (t
T a - vl

¢ nadanpubME yestoBuamu ¢o(0) = 1 u ¢;(0) = 0. Merogom nreparuii nostydaem

perienne 3TOil CUCTEMDI:

(at)?
2

e =1

QO<t) = 17 QI(t) = Oét, qQ(t) =

i, nojcrasuB B (8.7)), HCKOMYIO BEPOSITHOCTb:
(at)’
!

TO €CTh PACCMOTPEHHBII ITOTOK TPeOOBaHMUIT SIBJISIETCS 11yaCCOHOBCKUM.

Py(t) = e !

?

8.5. Teopus HenpepbIBHBIX CIIyYaliHbIX HPOIECCOB

Jo cux 110p paceMaTpUBAINCE HPOIECCH, B KOTOPBIX CJIydaiiHast BeJIMInHa IPU-
HUMAaJIa Psijl JIUCKPETHBIX 3HadeHuil. s Takux mpoueccos ObLia cOpMyIHpO-
Bara TeopeMa A.H. Komnmoroposa. Ilpeacrapisier naTepec paccMOTpPETH TaKKe
CHUTYaIINIO, KOIJIa CJlydaiinast BeJIMInHa U3MeHsieTcst HernpepbiBHO. C TaKMMH 33,1~
JaMK OYeHb YaCTO CTAJIKUBAIOTCS B TEOPUH Ia30BOil JIMHAMUKU, B TECOPUU KOHICH-
CUPOBAHHBIX CPEJl, B CTATUCTUUYECKOI pajnodusuke. BobIoii BKial B pa3BuTue
sroro Hanpasiaerus saecsn A. H. Koamoropos, B. ®emrep n A. 1. Xuaaus.

[To amajorun ¢ MaTpuneil IepexooB JJId JIUCKPETHBIX CAyYaiHbIX BeJIMYNH
BBeieM (byHKIU F(7,y;1, ), paBHYIO BEPOSITHOCTH TOrO, YTO B MOMEHT T CJIy-
Jaiitas BeudrHa &(7T) IPUMET 3HaUeHIe, MEeHbIIee ¥, eCJIH U3BeCTHO, ITO B MO-
MeHT t (t < 7) nmesto mMecto pasenctso £(t) = x. Homommuresnbioe 3Hanne cocTo-
SIHUIL cucTeMbl B 6oJiee paHHue, 4eM ¢, MOMEHTBI BpDEMEHU JJIs JAHHBIX IPOIECCOB
He uaMensier pyukiuo F(7,y;t, ).

Oyukius F(7,y;t, ) yI0oBIeTBOPSIET YCIOBHUSIM:
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1. lim F(r,y;t,z) =0wu lim F(r,y;t,x) = 1.

Yy——00 Y—r+00
2. (DyHKL[I/IH F(T, Y; t, I’) HeEIIpEPbIBHa OTHOCUTEJIbHO apr'yMEHTa Y.

PaccMoTpuM MOMEHTHI BpeMeHU t, S, T, YIOPsIIOUYeHHbIE CJIeAYIOIIIM 00pa3oM:
t < s < 7. W3 dhopmysibl I TOJTHOI BEPOSITHOCTU MOXKHO BBIBECTH 00OOIIEHHOE
ypaBuenune Mapkoa:

F(ﬂy;t,l’)Z/F(T,y;s,Z)dF(S,Z;t,x)-

Ecmm BBecTn B paccMoTpenne MmIoTHOCTh BEPOSATHOCTH:
y
—0o0

TO 00001IeHHOE YpaBHeHNe MapKkoBa MOXKeT ObITh 3alllicaHO B BUJIE:

+00
o(r, it 7) = ] o(ryyi 5, 2) pls, %1, 2) dz.

—00

Shve) BbIpazK€Hne 9aCTO Ha3bIBalOT YPAGHEHUEM OMOJLyLU06C7€020.

A. By,ILeM CHYUTaTb, 9YTO CYHIECTBYIOT YaCTHbLIE IPOU3BOAHLIE!

0 0 2
ap(/r?yﬂt?x)? %p(77y7t7x)7 @p(ﬂy,t,x),

IIpU JIIOOBIX 3HAYeHUAX ¢, x* U T > t;

B. Ilpu 10661x § > 0 cyIIecTBYIOT IIPeIeibl

. 1
fim s [ =) ele+ Ataitig)dy = alt,a),
ly—z|<d
1 2
ly—z|<d

[lepBasi byHKIIMST 9acTO Ha3bIBaeTCs «KOI(M@MUITMEHT CHOCA», a BTOpast —
«k03PpurmenT auddy3uny, KOTopble NpU Iepexoje OT CIydaiiHol BeJn-
YUHBI K CJIyYailHOMY BEKTOPY CTAHOBATCS «BEKTOPOM CHOCa» W «MaTpHIleil
kodpdunmerToB 1uddy3uns cOOTBETCTBEHHO.
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B. CymecTByioT HenpepbIBHbIE YaCTHBIE TTPON3BOJIHbIE:

2 (1,95, x); 2 (1,95, x); 8—2 (1,95, )
aT p 7y7 ) 9 ay p 7y’ ) 9 ay2 p 7y7 ) *

A.H. KosMoroposbIM OBLJIO MOKA3aHO, YTO NP BBITOJHEHUM TUX YCJIOBHIl
11 JIOTIOJTHUTE/IbHBIX YCJIOBUH, HAKJIABIBAEMbIX Ha YCPeIHsIeMYI0 (hyHKINO (00HY-
JIeHue caMoil (DYHKITUU U e MePBbIX TPOU3BOJIHBIX Ha GECKOHEYHOCTH ), IJIOTHOCTD
BeposiTHOCTH p(T, Y; T, T) YIOBIETBOPSIET YPABHEHUIO:

2 (7 'tx)——g[a(T ) p(T 't:IJ)]—I—la—Z[b(T ) p(T,y;t, )]
87’p 7y7 ) — 8y 7y 10 7y7 I QayQ Jy p 7y7 ) 9

KOTOPOEe Ha3bIBAETCS 8mopvim ypasHeruem Koamozoposa. HeobxoammMo TOBKO
OTMETHUTB, 4TO 110/I00HOe ypaBHEHNEe ObLI0 BbIBeJAeHO 10 KoMoroposa pu3mKaMm
A. ®okkepom n M. I[Tarkom ripu 0606meHnN Teopun anddy3un 1 N3BECTHO KaK
ypasnenue Poxxepa—Ilranka.

8.6. CranuoHapHbie cJIydaifHble MTPOIECCHI

Eme omHa Kareropus CaydailHbIX IIPOIECCOB, KOTOpasl aKTUBHO HCIIOJIb3YeT-
cd BO MHOTHX paszjenax (PU3NKK U TEXHUYECKUX IPUIOKEHUAX, — 9TO CTalllo-
HapHbIe caydaiiible mpolecchl. B KagecTBe MPUMEPOB CTAITMOHAPHBIX CJTYIaHbIX
IIPOIIECCOB MOYKHO ITPUBECTH TaKue, KaK KOJIeOaHWsT HAllPSIyKEHUsT UJIN CUJIbl TOKa B
3JIEKTPUYECKOI OCBETUTEJIBHOI ceTn, cJIyvdaiiHble IIIyMbl B paJ MO PUEMHUKE, KOJIe-
OaHmsg caMoJieTa Ha YCTAHOBUBIIEMCH PEXKUME TOPU30HTAJILHOIO I10JIeTa, IPOIEce
KauKy KopabJis 1 T. 11

Yacto mapamerpom t ciydaiinoro mnporecca &(t) sBIIS€TCS BpeMsi, B 9TOM CJTy-
Jae TaKHe IPOIECChl MOKHO pa3/iMiaTh 110 CTEIEHN OJTHOPOJHOCTH UX IIPOTEKAHUST
BO BpeMeHH. Ecin y mporecca nMeeTcd HeKOTOpasd TEHACHINA PA3BUTHUs, TO €ro
YUCJIOBBIE XapPaKTEPUCTUKK, BOOOIIE TOBOPSI, 9BOJIIOIUOHUPYIOT, T. €. U3MEHSIIOTCS
Ipu IIepexojie OT OJIHOIO MOMEHTa BpeMeHHU K JIpyroMmy. Takue ciydaiinbie mpo-
IIECCHI IPUHSITO HA3bIBATDH HECMAUUOHaApHbLMU. MaremMaTindeckoe onnucanmne TakKmx
IPOIECCOB — JIOCTATOYHO CJOXKHAs 3ajada. B HEKOTOPBIX ciydasx JJis yIpoIe-
HUA MATEMAaTUYeCKON MOJIeIN POIECCa U PACYETOB €ro XapaKTEePUCTUK HECTAIlU-
OHaPHBII POIECC MOXKHO 3aMEHUTH CMAUUOHAPHBIM.

Coyuaiinbiii poriece &(t) sIBJSIETCST CTAIMOHAPHBIM, €CJIH €0 MHOIOMEpHAsi
IIJIOTHOCTDL BEPOATHOCTHA pg(:zsl, To, ..., Tpn;l1,ta, ... t,) 3aBUCUT TOJIBKO OT BEJIU-
YUHbI UHTEPBAJIOB o — t1, T3 — 1, ..., T, — {1 U HE 3aBUCUT OT IOJIOZKEHUS ITUX
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MHTEPBAJIOB B 00J1aCTU U3MeHeHus: aprymenTa t1. OTcioga ciejlyeT, B 4aCTHOCTH,
4TO, BO-IIEPBBIX, JIJIs CTAIlMOHAPHOI'O IIPOIlecca OJHOMEPHas IIJIOTHOCTb BEPOST-
HOCTU pg(a:; t) = pg(x) HE 3aBUCHAT OT BPEMEHM M, BO-BTOPBIX, JIBYMEpHas ILJIOT-
HOCTDb pg(l’l,l'g;tl,tg) = pg(:cl,xg;u) 3aBUCHUT OT pas3HocTH u = t9 — t1. Kax
CJIeJICTBIE, BCe MOMEHTHI OJHOMEPHOIO pacIpeaesieHns TOCTOSTHHBI. JacTo ObIBa-
eT JOCTATOYHO JIJI OIpeeJIeHUs CJIy4daifHOTO IMpollecca KaK CTAIMOHAPHOTO I10-
CTOSIHCTBA MEPBBIX JIBYX MOMEHTOB:

MIE(t)] = M[§(0)] =a,  DIE(t)] = DI[E(0)] = o?,

a TAaKKe 3aBUCUMOCTU KOPPEJIAIMOHHOI'O MOMEHTa peajn3alluil 1porecca B MO-
MEHTBI BpemMeHu ¢t u t + u

Re(u) = M [E(t +u)&(t)] — MIE(t + w)] ME(8)] = M [§(w)§(0)] — o’

TOJILKO OT u. KoppendiunonHas QyHKIU J000H caydaitHoil pyHKIUN 00J1a/1a-
er cBoiicrBoM cummerpun Re(—u) = R¢(u). Ecin nepefitn K HOpMHPOBAHHOMY
caydaitnomy mporeccy n(t) = [£(t) — a] /o, To sTOT HpOIIEce OymeT XapakTepu-
soBarbed M [n(t)] = 0, Dn(t)] = 1 u R,y(u) = M [n(u)n(0)]. Kak n B ciyuae
MHOTOMEPHOIT CJTyIaiiHOf BEJIMIIHBI, B3aNMO3aBUCHMOCTD OIMIOOK YI00HO Xapak-
TEpU30BATH KOIDPUITMEHTOM KOPPEIINN:

re(u) = Re(u) _ Re(u)
VT RA(0) T DEO)

KOTODBIiT 00/1a/1aeT 04eBHIHBIM CBOiicTBOM 7¢(0) = 1.

ITpumep [8.5. Paccmorpum cirydaiineiit mporece Bua

x(t) = En: C [€k cos (Agt) + mg sin (Agt)] ,

k=1

rie \x (k= 1,2,...,n) — Habop CHEKTpaJbHBIX 3HAYEHU, £ U 1) — CJIydaii-
Hble BEJUYMHBLI U JeiicTBuTebHbIe KOdDduiueHTsl C) YAOBIETBOPSIOT YCJIOBUIO
HopMupoBku » ., Cp = 1. Ecuin &, u 1y, UMEIOT 41C/I0BbIe XaPAKTEPUCTUKI:

M (&) = M(nx) =0, M (&k&m) = M (Mknm) = Okm, M (&mm) = 0,

rie O, — cuMBoJI KpoHekepa, T. €. OHU TIONAaPHO HE3aBUCHMBI, TO KOPPEJIAINOH-
HbIfI MOMEHT MOYKHO ITPUBECTU K BULY:

Ry(u) = C}cos M) .
k=1
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Ecim yuects, aro M [x(t)] = 0, To cayvaitabiii mporecc x(t) siBisieTcst crarm-
onapubM. Koppessannonnomy Momenty R, (%) MOXKHO COIOCTABUTH HEKOTOPYIO

dbyHkImo pactpenesnerust F(x), Koropast OyIeT pacTh CKadKaMi B TOYKaxX + Ay
Ha C’]f /2, u npotece, obagaonuii Takoit pyHKIMe, Ha3BATI NPOueccom ¢ Juc-
KPEMmHbM CREKMPOM.

Ecin & (t) npeJicTaBiisieT co0oii cIydaiiHblil TOK UJINM HalPSyKEHUE B 3JICKTPU-

geckoit nenu, o M[€(u)] — 910 nocrosinnas cocrasisomas, a Re(u) — cpe/sis

MOIITHOCTD (DJIYKTYaAIIMN TON BEJIMINHBI.

KonTposbHbIE BOMPOCHI

1.
2.

© 2 N o o

10.
11.

Yro HazbIBaeTCA CAyJaiiHbIM TPOIECCOM !

CdhopmysinpoBarh CBOMCTBA, KOTOPHIM IOJIUMHIETCSA ITYACCOHOBCKUI IOTOK
COOBITHIA.

Hanucarp pacipejeserne ciydaiiHOro BeKTopa JJjisi IyaCCOHOBCKOI'O IIOTOKa,
COOBITUIA.

CdopmysinpoBaTh CBOICTBa, KOTOPHIM ITOAYNHSIETCS] BAHEPOBCKUI TIOTOK CO-
ObITHUIA.

Kaxkoil mporiecc Ha3bIBACTCS MapKOBCKUM !

Sanucarb MpsiMylo 1 0dpaTHyIo cucTemMy ypaHenuit Koymoroposa.
Onucarhb POIece, Ha3bIBAEMBbIi JIBYCTOPOHHEH peaKIiieii.

Onncarh IPOIEcC, Ha3bIBAEMBbIi ITYaCCOHOBCKUM ITOTOKOM COOBITHIA.
Sanucarh ypasuenne CMOTYyXOBCKOTO.

Banucars ypaBuenne @okkepa—Ilnanka.

Kaxoit mporiecc Ha3bIBaETCsI CTAIMOHAPHBIM !
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9. DJieMeHTBHI MaTeMaTU4YeCKOI CTATUCTUKN

9.1. x2-pacmpejeJsieHne

PaccmoTpuM ciielytonyo 3aiady. 3HaUYeHnus CJIydaiiHON BeJImInHbl X cocpe-
JOTOYEHBI B CUMMETPUIHOM nHTepBaJsie (—a, «). HafiTi mioTHOCTb BEpOSITHOCTH
BeJM4uHbl ) = X2, ecylll IIOTHOCTD PaCIpe/ie/IeHNs BEPOSITHOCTEl BeJIMINHbI X
B HHTEpBaJie 0bo3HAUeHa Yepe3 py ().

Oynxius y(x) = r? B untepsaie (—a, @) He sBJISIETCS MOHOTOHHOH, MO3TOMY
HETIOCPEJICTBEHHO TPUMEHATH BBhIBEJICHHBIE panee (hOpMYJIbl HeIb3sd. Kak BUIHO
u3 puc. , coobite (y; < Y < y2) upu 0 < 91 < ys < a2 PABHOCHILHO CyMMe
JIBYX HECOBMECTHBIX CJIydaifHbIx coObiTuii (11 < X < xo) u (—x2 < X < —xy),
rjie 1 = /Y1 1 Tz = /Y. llosTomy s BeposTHOCTH cOOBITUA (11 < Y < )
MOZKHO 3aITCATD:

T2 —I
Ply1 <Y <o) = /p,y(x) dx + /p/y(az) dx.
X1 —Xx2
B nepsom murerpane cienaem 3aMeny T = /Yy, a BO BTOPOM — T = —./y, IIOJIy-

HHUM:
Y2

Plyr <Y < ) = / pr(V7) + pr(— i) 2%

BuHo, 4TO IJIOTHOCTH paclipe/ie/ieHnsl BEPOSTHOCTENH BEJIMIUHBI )/ paBHA:

Y1

mpu 0 < y < o’ (9.1)

py(y) = [px(V3) + p(—/7) %

Bue unrepsana (0, @) senuuna Y suauennit ne nveer u py(y) = 0. B uacrnocru,
KOT/Ta IVTOTHOCTD Py () mpejicTasigeT coboit dernyio GyHknmio py(—z) = pxy(z),

dbopmyita (9.1) ynpomraercs:
_px(\Y)
VY

Tak, ecin ciaydaiinas Bequdnaa X UMeeT CTaAHJIAPTHOE HOPMAJIBHOE pacIpe/eie-
HIE C IVIOTHOCTBIO BeposgTHOCTEH (—00 < T < 00):

, npu 0 <y <o’

py(y)




|
T
—2—a —xo —1 —I 0 T 1 2 x

Puc. 7. CoorBercrBue mexky Beqnunnamu X u Y

TO Jyisl BeJmuauHbl Y = X' Mbl noayanm upn y > 0:

1 _
py(y):ﬁe u/2

u py(y) = 0 npu y < 0, 10 ectb BequunHa ) Gyjer umers [-pactpejeienne
(«ramMma-pacrpe/enennes ) ¢ mapamerpamu A = 1/2 nw a = 1/2.

PacipeiesienneM «xu-KpaJpar» (HCIOJIbL3yeTcss 0b03HAYeHIe Y -pacipejiee-
HUE) HA3bIBACTCS DACIPEJICICHNE CyMMbI KBaJIPATOB HE3aBUCHMBIX CJIyJaillHbIX
BEJINYINH, CJIEJIYIONNX CTAHIAPTHOMY HOPMAaJIBLHOMY PACIpE/IEeICHUIO.

Haiijilem 1mioTHOCTD 9TOr0 pactpejieienus. OO03HAYNM UCXOJHBIE CIydaiiHble
BeJINYMHBI Yepe3 Xp, Xa, ..., X, a cyMMy UX KBaJIpaTOB depe3

X =XE+ X0+ + XL

Tuc10 c1araeMbix k Ha3bIBAETCS TUCJIOM CTereHei CBOOOJIbI BE/IMUMHBL X2; CAM 3a-
KOH PacIIpeesIeHns 0003HadaeTcs Y2, MHICKC k 37eCh COBIIAIAET ¢ KOJTUIECTBOM
paspsiioB. Tak Kak kKaxkjast Beqmauna X; (i = 1,2,...,k) umeer crangapTHoe
HOPMAJILHOE PACHPE/ICJICHIE, TO €€ KBaJIpaT UMeeT I'-pacupejiesienue ¢ mapamMer-
pamu A = 1/2 uw a = 1/2. Ho npu xommnosuiuu k [-pacripenesennii ¢ napamer-
pamu A = 1/2 u o = 1/2 mbr nostyanm caoBa [-pacmpesiesienne ¢ mapaMerpamiu

76



A=1/2u o= k/2. [lnorHOCTb 9TOrO pacipejieieHnst PaBHA;

por(u) = Crub? e /2 npuu >0,
e 0, npu u < 0,

rae Oy, = 27%/2/T(k/2). pu k = 4 umeem st u > 0:

1 1 u _u/4'

= — pXi:_e

Cu= 22T(2) 4’ 1

13 camoro ompejesicHHsT Y -paclpeiesicHisT HEIOCPEICTBEHHO CJIELYeT, 4TO
CYMMa HE3aBHCHMbIX BEJIMYIH, IMCIONINX X >-pacIpeIe/IeHIs, TaKKe OYIeT IMeTh
Y2-pacipeesienye, IpuueM MIPU CIOKEHUN TAKUX BEJMYHH X UHCJIA CTElleHelt
CBODOJIBI CKJIA/IbIBAIOTCSI.

[Toxkaxkem, 9TO ecjin He3aBUCUMBIE cydaiinble Benaunbl X u ) numeror ['-pac-
npenenenns p(z) = Cpx® e ™™ npun 2 > 0, rae koacpdpunuenr C, = A/ (),
1 p(x) =0 npu x < 0 ¢ OJJMHAKOBBIMU 3HAYEHUSIMU MapaMeTpa A, TO MJIOTHOCTh
pacupejie/ieHns nX cyMMbl Z = X + ) Takke uMeeT ['-paciipejesienne ¢ TeM e
mapaMeTpoM A U BTOPBIM ITapaMeTpOM, PaBHBIM « + [3.

[InoTHOCTH pacupesenenns cyMMbl Z = X 4+ )) 3alulieM B BUJIE CBEPTKU:

o0
pz(2) = pa * py(z) = / px(z) py(z — ) dz.
—o0
Tak kak dyskus py(x) obpamaercs B Hysb ipu x < 0, a dyakuns py(z —x) —
npu z —x < 0, To ecTh Ipu & > 2, TO NOCACAHNI nHTerpaa oranden or 0 TOJILKO

npu 0 < x < z U IPU 3TOM MOYKET OBITH 3aITICaH TaK:

z z

pZ(Z) - /pX(ZU) py(Z - ZE’) dr = Ca Cﬁ / 6_)‘3j xa_l e—A(z—x) (Z _ l’)ﬂ_l dr.
0 0

DTOT HHTErpas IpeodpasyeM ¢ MOMOIIbIO 3aMeHbl T = 2t:
1
pz(z) =C,Cp e_AZ/tO‘_1 2 A=) P de = C, 20T e
0

rie Cy, = C, Cp fol 11 (1 =)t dt = X\*8/D(a + B). Hocaemnee BbpasKenne
MOJTyYaeTcst TIPU UCIIOIb30BAHIN TIpeJicTaBieHns B-bynkimn depes [-byuximu:

[(e) I'(B)

B(a, ) :/O (1 —) dt = ot 5
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Taxkum obpazom, ciaydaiinas BeJUInHa Z TOyKe MMeeT ['-pacmpejiesienne ¢ napa-
MeTpaMu A U «a + (3, T.e. KoMIo3uius AByX ['-pacrpejienenuil ¢ oJnHAKOBBLIMI
3HAUEHUSAMU TTapaMeTpa A JlaeT cHoBa ['-pacripejiesieHre ¢ TeM Ke 3HaUeHueM .

3aKoH pacipejie/ieHs BeEPOATHOCTEN HAZBIBAIOT YCmMoUyu6blM, €CJI KOMIIO3H-
15T TAKUX 3aKOHOB €CTh TOT Ke 3aKOH (OTIMdaroIiuiics, BoobIe roBopsi, napa-
merpamit). VI3 mpoBejieHHOrO aHam3a ciejyer, 9to [-paciipe/iesienne yeTonaunBo.

9.2. Pacnpenenenune CrbiosienTa. /loBepurebHbIii MHTEPBAJ

Hopwmasnbaoe pacmpejesienne ciydaifHoit BeTnInHbl X ¢ MJIOTHOCTBHIO

1
px(w;0,0%) = —— e~ /77 (9-2)

V2mo?

olIpeiesisIeTcs ABYMsl apaMeTpaMi @ U 02, KOTOpbIe IPeICTABIIAIOT CODOI IIEHTD

pacipegenenus a = M(X) u pucnepcuto 02 = D(X) (0 = \/D(X) — cpennee
KBaJpaTiieckoe orkjonenne). OneHkaMu a u o2 cayxKar cpejHee 3HadeHue X

1 BBIGOpOUHas jucrepens S2:

R 1 o
X:E;Xi, S? = > o (x-x) (9.3)

n—14%
=1

ODTH BEJIMUNHBI YIOBJIETBOPSIIOT TPEOOBAHUSM, IIPEAbABIsIEMbIM K TOYCIHBIM OIIE€H-
KaM I1apaMeTpOB.

Onpenennm 3t TpeboOBaHUsI Ha IIPUMEPE OJHONO HEU3BECTHOI'O IIapaMeTpa.
[IpenmoioxkuMm, 910 (DYHKINS PACIIPEIeJICHIS CIy YaiiHOi BEJIMIIHBI, 101y YaeMOii
B pe3ysbTare BbIOOpKHN 3HadYeHuit X, Xo, ..., X,, 3aBucUT OT HapameTrpa 6:

P(X; < x;) = Fx,(v;0),

1 BCe cJydaiiHble BeJIMYNHBI X; HE3aBUCHUMbBI U OJIMHAKOBO pacipejesenbl. Torma
orenkoit 0% naspiBaercsa gyukuus 05 = 0% (r1, o, ..., x,), KOTOpas, TAKKUM 00pa-
30M, SIBJISIETCS CayJaiinoit Besimunnoil. KcrecTBenno morpeboBaTh, 9T0OBI IPU TPO-
BeJIEHNHN OOJIBITIOTO YHCJIa ONBITOB 3HadeHne ) ObLI0 OIM3KO K 3HAYEHHUIO Olle-
ruBaeMoro napamverpa 6. g storo mamoxknm na bysknuio 0 (xq1, T, ..., T,)
cJIeyIONTe YCIOBUS:

1. Hecmewennocms oyenku, T.e. Ipu JIOOOM 1 — 00

M (67) =6. (9.4)
2. Cocmosamenvrocmo ouerku, T.e. pu Jirobom € > 0 u n — 00
P(l0; —0| <e)— 1. (9.5)
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D10 ycjioBUE MOXKHO IMepedOpMyIMpPOBaThL B TePMUHAX JIUCIEPCUN OleHKH 0,
a nmenno, D (6%) — 0 mpu n — oo.
3. Dppexmusnocms ouyenru

e(6,) =[n1(6) D (6;)] ", (9.6)

TJIe B IIPE/IIIOJIOKEHNN TI0JI0KUTEIbHON IJIOTHOCTH pacipejiesenus py (x; ) kax-
JIOTO M3MEPEHUsI BBOJIUTCS MATEMATHICCKOE OXKIIaHIe

Olnpy(z;0)

1) = M - ,

(9.7)

KOTOPOE Ha3BIBACTCS (PUUEPOSCKUM KOAUYECNEOM UHPOPMAUUL, COIEPIKAIIITMCS
B OJIHOM HaOJIIoJIeHuN. ByjieM CUnTaTh, UYTO BBIMOJIHAIOTCA YCAOBUA PE2YAAPHO-
cmu: 00J1aCTh MHTErPUPOBAHUSI HE 3aBUCUT OT @, MHTerpaJbl 110 9TOH 00/1aCTh
MOKHO JubdepeHnnpoBaTh 10/ 3HAKOM HHTErpasia 1 CYIIECTBYET BbIparKeHHe
1(0), mpudem oHO noJI0KUTENBHO. JIjist 9(OHEKTUBHOCTH OMEHKHU MOy dUM

0<e(d)<1. (9.8)

Orenka 0 camraercst afpexmuesnots, ecin e (07) = 1.

['panuiisl 3hPEeKTUBHOCTH onpeJie/IAroTes Hepasercmeom Pao—Kpamepa,
KOTOPOE IIpM YCJIOBUAX DPErYJIZAPHOCTU ITO3BOJIACT IMOJIYIUTH HUZKHIOIO I'DAHUILY
JIUIST JTICTIEPCUN OTeHKH 0

D(6;) > [nI(0)]". (9.9)

DTO0 HEPaBEHCTBO CIIPABEJIJIMBO He TOJIBKO JIJIsI HEIIPEPBIBHBIX, HO JJIsI JUCKPETHBIX
CJIyJaiiHbIX BEJIMUNH.

Nuorna BmecTo 3hGeKTUBHOCTH OIEHKN yJ100Hee MCII0JIb30BaTh aACUMIL-
momuueckyro apdexmusrocmo:

eo(07) = [1(0) 7] ", (9.10)

e S — onenka gucnepeun (9.3), npuuenm onenka 6 cunraercs acumnmomue-
cku afpexmuenots, ecn eq (0F) = 1.
ITpumep [9.]1. Berancnts MaTeMaTHIecKoe OKIJIAHNE, ANCHEPCHIO 1 3] deK-
THBHOCTH CPEJIHEro 3HadeHus X, olpejieleHHoro epsbiM ypastaernem B (9.3)).
Pewenue. B cooTBETCTBIH ¢ MATEMATHIECKON MOJIEIBIO BCE CJIydaiiHble Besn-
INHDBI HE3aBUCHMBI B COBOKYITHOCTH 1 OJJTHAKOBO PACIIPEIEJICHBI 10 HOPMATHHOMY
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3aKOHy ¢ MarTemaruuecKum oxuianuneMm M (Xy) = a u pucnepcueit D(X),) = o2

Haunem ¢ Bblunc/IeHnS MaTeMaTIIeCKOIO OXKMAaHugA U JUCIICPCUN:

—2Y M) =0, D(E) = > D) =%

[Tonmy4yennble 3Ha9eHNsT XapaKTEPUCTHUK TOKA3bIBAIOT, UTO cpejiHee 3HadeHne X —
9TO HeCMEITICHHAs U COCTOsITe/IbHAs OlleHKa napameTpa a. Haitgem Tenepnb 3dpdek-
TUBHOCTH X, BBIUUC/INB IiepBoHadabHo nadopmaruio Purepa (9.7)):

I(a) = M lﬁlnpx(x;a,OQ)r:M [M} _1, (x—a> 1

oa ot o

rie px(r;a,o0?) — mnornoers pacupenenenus (9.2). Hoacrasus D(X) u I(a)
B (9.6)), monyunm sdpdexrusnocrs e(X) = 1, T.e. cpenee snauenne X spisercs
3 dekTUBHOII OlleHKOIT MapamMeTpa a.

ITpumep [9.2. Beraucuts MmaTemMaTnaeckoe oxKujganme, Auctepcnio n 3ddek-
TUBHOCTb BHIGOPOUHOIT uctiepenn S2, onpejiesienHoit BTopbiM ypasHennem B ([9.3)).

Pewenue. bojee yiobHo nepefiTt K HOpMUPOBAHHBIM CJIyYAITHBIM BeJTMTIUHAM
Vi = (X — a) /o, kKoTOpbIe Tak xKe, Kak u X}, OyIyT HE3aBUCUMBI B COBOKYITHOCTH
1 pactpeesnersl HopmasabHo Vi, € N(0,1). Coryacuo pesysibratam HPE/BLLY LIETO
IIPUMEPa UX CPeJIHee 3HATCHIE y S Vi/n uveer M(Y) =0u D(Y) = 1/n.
Bribopounas jucnepens S? B TepMuHax ) MPUMET BUJI:

2 n

2 n
s?:ng_lz(yk—a‘»)%n"_l PRI
k=1 k=1

Matemaruueckoe oxKujianne BbI60pO‘{HOI71 JIUCIIEPCUN BBIYUCJISETCS MPOCTO:

M(S?) = ZD (Vi) —nD(Y)| = o2

n—1
Buyno, uto S? — HecMerennas oneHKa JUCIHEPCHH, YTO OBLIO JOCTHIHYTO Ipa-
BIJIBHBIM BBIOOpOM Koadduruenta 1/(n — 1) nepes cymmoit kBajparos. [lepeii-
JIeM K BBIYHC/ICHNIO jiicriepenn S2:

4

D(S?) = M(5* —0%)* = m

Z MViYa) =20y  M(ViYV?)-
km=1 k=1

n

~2(n— 1) " MR) + 0> M(P*) + 2n(n — 1) M(P?) + (n — 1)?
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Ecnn Y4€CTb, 4TO MaTeMaTHU4dI€CKOE 0K JaHue OT IIPOU3BECACHNA HEIETHOI'O YUCJIa
Cﬂy‘{aﬁHle BeJIN4YNH 06pamaeTCH B HOJIb, TO JHUCIIEPCUIO MOZKHO 3alliCaTb B BUJE:

n

D(S% = ¢* 1——ZMyk QZMyk ot ZMyk Vi)

(n — 1
k#m=1
Y HOpMaJIbHO paclpeieeHHON C/IydaiiHONl BeJIMYUHbI ) MaTeMaTHIeCKue OXKU-

nanus M(Y?) =1 u M(Y}) = 3, nosromy

D(§?) = o [1_2+§+n2—2n+3} _ 204

n n(n—1)

n—1

D(S?) obpamaerca B HOJIb IIPU 1 — 0O, T. €. OlEHKa JUCIEPCHI COCTOATEIbHA.
g maxoxienns 3pOEeKTUBHOCTI ONEHKN Ha 10 HailTu nHdopMaruio Puiepa:

1(02):Mlﬁlnp;((:z:;a,JQ)r:M[_ 1 _|_(a:—a)2r:i'

do? 202 204 204
[Tocsie nojicranosku D(S?) u I(0?) B acbdexTuBHOCTD TIOJTY TUM
n—1
S%) = < 0.
(%) = 2

Paccmorpennast BeIbopouHast jguctiepens S2 acuMnrorndecku 3hdeKTHBHA.
Besmmunna X uMeeT HOpMa/bHOe paclpejielieHie ¢ napaMeTpaMu a U o2/n.
Bennunna

n—1)52 - Xi—/?Q
(n—1) Z( )

2 2 2
= e U o
) — 2 3}1 yZ yn 1
rie Vi (k=1,2,...,n—1) He3aBUCUMBI U PACIIPEJIEJICHbI HOPMAJIHHO € TTAPAMET-
pamu M (Y;) = 0 u D()) = 1. Takum obpasom, sennuuna (n — 1) S%/0? umeer
y2-pacupesenenne ¢ k = n — 1 cTenensMu cBoOOIHI.
[Tocennee yrBep:KaeHne JIErKO IPOJEMOHCTPUPOBATL IPU 1 = 2
2 S\ 2
ST (R
i=1 o’ o2
rie X = (X + &,) /2. Pasnocts Yy = (X — &b) /(\/50) uMeeT HOPMaJIbHOe
pacipejieieHe ¢ IapaMeTpaMu

M) =

—a - % + o2 _
\/_a =0, D)= Va0 L,

a ee KBaJpaT — X -pacipe/ieIeHie ¢ OHOIl CTeNeHbIO CBOOOIBI.
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[TosyauM JOBEpUTEIBbHYIO OIEHKY IHapaMeTpa o2. 3alajnM HaJesKHOCTBH 7y
(11 ypoBeHb 3HAYNMOCTH ¢ = 1—7y) 1 110 Tab/mnaM X 2-pacipejiesieHns ¢ 4ucI0M
crereHeil ¢cBoOOIbI k HaiijleM Takyue 3HAUYEHUS Uy U U, ITO

(751 o

/pxg(U) du = /pxi(u) du = %

0 U2

TOrJ1a BepOATHOCTL cobbiTust (u1 < (n — 1) S?/0? < uy) Gyjer pasHa

U2

—1)52
P(u1<u<uz) :/pxi(u)duzl—oz:fy.

o
Uy

Pazpelns /1BoiiHOE HEPABEHCTBO B BEPOSTHOCTH OTHOCHTEJILHO 072, OJIYUHM:

215?% < 0% < 2,5°,

rie zo = (n—1)/uy u 21 = (n—1)/uy — BepXHsst U HIZKHsIS TPAHUIIBI OTHOIICHHST
0?/S%. D10 Kaer 10BepUTEIbHbI MHTEPBA JIs apaMeTpa 02 ¢ HaJle?KHOCThIO 7.

JloBepuTe/IbHYIO OLIEHKY IapaMeTpa @ 3alliChbIBalOT 00BIYHO B (hopme

|X — al <t\/§. (9.11)

J11s1 pacuera BepOsiITHOCTH COOBITHS 9.11 Ha/I0 HAWTU pacupeeeHne BepoATHO-
CTeN OTHOIIEHUSI

L (9.12)

n :
V/S?/n
[IpeobpaszyeM 310 oTHOImEHNE. Besmunna S? MoxKeT ObITH IIPECTABIICHA B BUJIE

L

V2+ Y3+ +D2),

o
n—1
rJ1e BCe BeJINIUHBI V1, Vo, ..., Vp_1 HE3aBUCUMBI I UMEIOT CTaHIapTHOE HOPMAaJIb-
Hoe pactpeiesenne. [Tosromy otHorrenne (9.12)) M0oKHO 3amucarh B BUJIE:

_ vn—1MW
\/y%+y§+...+yﬁ_1

Tn

Y

riae Yo = (X —a)/+/0?/n. Orciona BuHO, 910 pactpe/ieenue oraornerust ((9.12)
HE 3aBHCHT HU OT @, HU OT 02. IJIOTHOCTH STOrO pAaCIpe/eeHns] HA3bIBACTCH
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pacnpedesenuem Cmorodenma 1 uMeeT BUL:
T 9 2 —n/2
S(t,n) = Sp_y(t) = (n/2) <1 41! ) .
m(n—1C((n—1)/2) n—1

Tak kak S(t,n) — derHast GYHKIHUsI OT £, TO BEPOATHOCTH OCYIIECTBJICHNST HEPa-

BeHCTBa |T,| < t OlpeJessieTcs NHTerPaIoM

t’Y
P(T| <t,) = Q/S(t,n) dt = .
0

BocrnosnbzoBasimich onpenenenneM T, (9.12) n 3aMeHnB HepaBeHCTBO B KPYIVIBIX
CKOOKaxX PaBHOCUJIbHBIM €MY JIBOMHBIM HEPABEHCTBOM, MOJIY UM

P()_(—t7 SQ/n<a<X'+t7\/S2/n> = .

Nrak, nosb3ysich pacupegeaenneM CThIOAEHTa, Mbl HALLIM JOBEPUTEJILHBIN HH-
TepBaJl, HOKPLIBAIOIINI HeN3BECTHLII IIapaMeTp a ¢ HaJIe?KHOCTBIO 7.

ITpumep [9.3. Ilpousse/ieno 5 HE3aBUCHMBIX U3MEPEHUIT CJIYyIANHO BEJINIUHBI
X € N(a,20). Pesyabrarsl HabOm0MeHIIT TaKOBBL: X1 = —25, X9 = 34, x5 = —20,
x4 = 10 u x5 = 21. Haiitu onenky s a = M (X)), a TakzKe MOCTPOUTD JIJIsT HETO
95 Y%-it JoBepUTEILHBII HHTEPBAL.

Pewenue. Haxoum cnavana 7. & = (—25+ 34 — 20+ 104 21) /5 = 4. Yun-
ThiBas, uro v = 0,95 u @y(ty) = v/2 = 0,475, nonygaem t, = 1,96. Torxa,
MCIOJIB3Y ST

e= %‘Z =1,96 x 20/v/5 ~ 17,5,

TOJTydaeM JOBepUTE/IbHBIN naTepBast 1t a = M(X):

_ g _ o
(-t n

ITpumep [9.4. Ilo ycroBHIO MpebLIyIEro NpuMepa, CInTasi, ITo CJIydaiinas
semmanna X € N(a,0?), nocrpours s nenssectnoro M(X) = a joBeputesib-

) = (4—17,5:4+17,5) = (—13,5;21,5).

Hblit mHTepBaJi. Cuntars v = 0, 95.
Pewenue. Onenxy T masa M (X) snaem: T = 4. Jlasee HaxoauM 3HAYCHUS:

1
52 = 1 (=25 —4)* + (34 — 4)* + (=20 — 4)* 4 (10 — 4)* + (21 — 4)*] = 660,5
u S =~ 25,7. U3 rabunet g v = 0,95 u n — 1 = 4 creneneit cBoOO/IbI cJiejryeT
ty = 2,78. YunrbiBast € = 2,78 x 25,7/2,24 ~ 31,9, nosnydaeM JJ0BepUTE/IbHbLI

nnTepBas: (—27,9;35,9).
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KOHTpO.TIbeIe BOIIPOCHI

1.

Kak naxoauTcs MJIOTHOCTH pacipejeeHus BePodTHOCTEH KBapaTa crydaii-
HOM BEJIMYUHBI, €CJIU U3BECTHA, €€ IJIOTHOCTDb PaclpeieIeHIs BEPOITHOCTE T ?

Kak HaxouTcst IJI0THOCTD PacIpe/ie/IeHusT BEPOsITHOCTEN KBaJipaTa CJIydaii-
HOW BEJIMIMHBI, €CJIN U3BECTHA €€ IJIOTHOCTH PaCIpe/Ie/ICHIsT BEPOSITHOCTE
1 OHa sIBJISIeTCs 9eTHOi pyHKIIne?!

. [lars onpenenenne «xXu-KBaJpaTs pacupeeeHus.

Yro Takoe «4IUCI0 cTereHeir ¢cBoOOIbIy PaCIpeeeHIs «XU-KBajIpaTs

BrisecTun opmyity, onpenessionyo GyHKINI ILJIOTHOCTA PACIPEIe/IeHHSsI
CYMMBI JIBYX CJIy4YaiflHbIX BEJIMYUH, UMEIOIINX raMMa-pacipejie/ieHIe ¢ Oau-
HAKOBBIM IIAPAMETPOM .

Pacckazarh o oBepuTeIbHoil OTleHKe TapaMeTpa JUCTIEPCHH [ CIydaiinoil
BEJIMYUHBI, PACIPE/IC/ICHHON COIVIACHO «XU-KBaIpaT» pPacIpeIeseHUIO.

PacckazaTb 0 10BepUTEIbHON OIIEHKE MaTeMaTHIECKOrO OXKIIAHUS CJIydaii-
HOIl BeJIMUMHBI, PAcIIPe/IeJIeHHOI COITTaCHO «XU-KBaIpaT» Pacipeie/IeHuIo.

Yro Takoe «pacupejenenne CrbiojgenTas?

Kak cTpourcst 1oBepuTe/IbHBII HHTEpBAJI IIapaMeTpa Ha OCHOBAHIHI PacIpe-
nenennst CroiorenTa’
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10. CraaxkuBaHne 3KCHEPUMEHTAJIbHbIX KPUBBIX.
Kpurepunu corsiacus

10.1. CraakmuBaHMe 3KCII€PUMEHTAJIbHbBIX 3aBHUCUMOCTEI
0 METOJ/JIy HauMEeHbIIINX KBaJIPaTOB

Pemenne 3aaun BhIpaBHUBAHNA WM CTJIaYKUBAHUS 3aBUCUAT OT TOTO, YTO MbI
YCJIOBUMCSI CUMTATH «HAMJIYUITUM» cryiaKuBanmeM. OOMenpuHsaThIM CUNTAeTCs
TaK Ha3bIBAEMBIN METOJ] HAMMEHBIIINX KBa/IPATOB, TP KOTOPOM TpeboBaHUE Hau-
JIydIIero COrJIacOBaHUsl KpUBOil Yy = () U IKCIHEPUMEHTAJBHBIX TOYEK CBO-
JINTCS K TOMY, 9TOOBI CyMMa, KBQJIPATOB OTKJIOHEHUT SKCIEPUMEHTAIHHBIX TOYEK
OT CrJIayKuBaloleil KpuBoii Obljla MUHUMAJILHOIA.

[IpenmoioxKmM, 9T0 UCTUHHASA 3aBUCUMOCTDL Y OT T B TOYHOCTU BbIparKaeTcs
dbopmyoit y = p(x), a 9KcIepuMeHTaATbHbIE TOUYKN YKIOHSIOTCS OT 9TOf 3aBUCH-
MOCTHU BCJIEJICTBHE OIMNOOK M3MEPEHUl, KOTOPhIE, KaK IMPUHSATO CUYNTATH, MO/[TH-
HSAIOTCSI HOPpMaJILHOMY 3aKOHY paclpejieseHn .

PaccmoTpnM Kakoe-HHOY/Ib 3HAUYEHWEe apryMeHTa x;. Pe3yJabTaT ombITa ecThb
ciaydaliHasl BeJIMYUHA Y;, paclpejiejieHHas 10 HOPMAJIbHOMY 3aKOHY C MaTeMa-
THYECKUM OXKUJaHueM @(x;) U cO CPeJIHUM KBaJPATUIECKUM OTKJIOHEHHEM Oj,
XapaKTEPU3YIONNUM OIMMNOKY u3MepeHus. [IpeamonoKumM, 4To TOIHOCTL U3Mepe-
HUSI BO BCEX TOYKAX OJINHAKOBA: 0] = 09 = - -+ = 0, = 0. HopMaJbHbIIl 3aKOH,
110 KOTOPOMY PACIIPeIe/IIeTcs BeJIUINHa, Y;, 3alUIINeTcsd B BUJIE:

1 20 2
(a1.) — —[yi—p(z:)]"/(20%)
Z ’L — e .
i) = 7=

B pesysbrare ombita mponsoIio cobbITre: ciydaiiibie Begnauibl (Y, Ya, ..., Y,)
IPUHSIN KOHKPETHBIH HAbOp 3HadeHuil (Y1, Yo, - - -, Yn)-

[TocraBum 3a1ady: Tak MOJ00pATh MareMaTHdeckue oxKujganust (1), (),
.., (), 9TOOBI BEPOSITHOCTD 9TON0 COOBITUST OblIa MAKCUMAJIBHOIL.

CTpOFO roBops«, H€O6XO£LHMO II0JIb30BATLCA COOTBETCTBYIOIIMMHU 3dJIEMEHTAMMN

BEPOATHOCTEI:
1 2
V2mo?
Haiiyiem BeposiTHOCTB TOTO, 9TO CHCTeMa ciaydaiubix Beqnaud (Y, Ya, ..., Y))
IpUMeT 3HadeHus, Jiexkale B uarepsaie (y;,y; + dy;), tne i = 1,2,...,n. Tax

KaK OIIbITbl HE3aBUCHUMBI, TO 9Ta BEPOATHOCTL PpaBHa ITPOU3BEACHHNIO IJICMEHTOB
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BEPOSITHOCTEI /1151 BceX 3HAUYEHUIT 1

M=

i 1 = 3 [yi—p(@:)]*/(20%)
5w dyi=K —e ) (10.1)
i=1

Il
—

2mo?

rie K — xosdduiuent.
DKcroHeHTa B BeposgTHOCTH ((10.1]) Beceraa MeHbIe e UHUIIbI 1 IMeeT HanbO0Ih-
Iee 3HaUeHNe, KOrja ee IoKa3are/ b MUHUMAJIEH 110 abCOJIIOTHON BeJImInHe:

%‘2 Z [y; — gp(xz-)]2 = min.

1=1

Orcrona moaydnM TpeboBaHne MeTo/a HAaMMEHbIIIX KBAIPATOB: /IS TOTO YTOOBI
JaHHAS COBOKYITHOCTH 3HAYCHUT (Y1, Yo, - .., Yp) ObLIA HAMBEPOSITHEIIE!, HYKHO
BBIOpATh (QYHKINIO ©(x) Tak, 9ToObI CyMMa KBaJIPATOB OTKJIOHEHUN HabJI1o/1ae-
MBIX 3HAUCHUH ¥; 0T ¢(x;) OblIa MUHIMAJIBHOI:

n

> i — ()] = min. (10.2)

i1=1

[Tepeiisiem Temeph K 3ajade ompejie/eHns 3HadeHnii mapamerpos (a, b, c, . . .),
HCXO/Ist U3 IpHHIKIA HauMeHblinx kajgparos (10.2). IIycrs u3 kakux-m6o coos-
pakeruil BoiOpan Bujl (byHKIUN Yy = (), 3aBUCAIIEH OT HECKOJIBKIX YHCIOBBIX
napaMeTpoB: a, b, ¢, ..., KOTOpbIE CINTAIOTCA CBOOOIHBIMU 1 TIOJJIEYKAT OIpe/Iesie-
HUIO METOJ0M HaUMEHBbINNX KBaJIpaToB. V3 coobparkenunii yao0cTBa JajibHeInero
U3JI02KEHUsI 3alliiieM y Kak (DYHKIIO He TOJILKO T, HO U IapamMeTpoB a, b, c, . . .,
T.e.y = p(x;a,b,c,...). 1asa BbIOIHEHNS YCIOBIS MIHIMATHHOCTH HEeo0-
XOJIUMO T10JI00paTh @, b, ¢, . . . Tak, 4TO0bLI (DYHKIINS B JICBOIl YacTh OBLIa YKC-
TpemaJsibHa 110 9TuM napamerpam. [Ipoauddepennupyem cymmy B yesaosun ((10.2))

1o a, b, ¢, ... u IpupaBHsIieM 3TH YaCTHBIC IIPOU3BOJIHLIC HYJIIO:
n
0

Z[yi—go(x;a,b,c,...)]a—gp =0,
1=1 a T=;

- 0
Z[yi—go(x;a,b,c,...)]a—f =0
1=1 T=;

U T.JI. 10 BCEM OCTaIbHBIM (PUKCUPYEMBbIM IapameTpaM. Perienne 3Toil cucTeMbl
ypaBHEHN! MMO3BOJISIET HAWTHU 3HAUYEHUs MMapaMeTpPOB, 00ECTIeUMBAIONINX IKCTPe-

MyM cymmbt (10.2)).

86



]
5

[J

1

!

!

!

!

!
4

|
| | |
| | |
| | |
| | |
1 2 3 T

Puc. 8. IIpumep moaroHKu JaHHBIX MOJ JIMHEHHYIO 3aBUCHMOCTD

Paccmorpum gacTHbIil ciiydaitl, Kormna (yHKIUs go(:c) — JInHelHast PYyHKIINA,
T.e. y = p(x;a,b) = axr + b. Ilpumep MOArOHKN KOHKPETHBIX JAHHBIX IO JITHEi-
HYIO 3aBUCUMOCTbL PACCMOTPEH B KOHIIC pa3jie/ia, a IMIMPUYeCKUe JIaHHbIe U 110-
JOTHAHHAST O] HUX TIpsiMast JIMHUsT n300pazkeHbl Ha puc. [§ Pacemorpennast Bbiiie
[pole/Iypa MUHUMU3AIUN [IPUBOJIUT K CUCTEMe JIBYX YpPaBHEHUIA:

n n

D li—(azi+b)]x; =0, > [y — (ax;i+b)] =0,

i=1 =1

IJle yWIN 3HAYeHNsT 9aCTHBIX HPOU3BOAHBIX: Op/da|,._. = x; u Op/ob|,_. = 1.
-4 a2

PacKkpbIB CKOOKH, ITPOCYMMUPOBAB 1 HOJEINB 008 yPABHEHNST Ha 1, MOy THM:

1 < N _0 1 < 0 h— 0
5;%%_5;%_5;%_’ 5;%_5;%_ =

CyMMbI npeacTaBJIdroT c000i1 cTaTucTIYecKne MOMEHTHL:

1 < 1<~
SN w=ml, =S a? = ajx), 10.3
ni:lx m;, P z; = a5 X] ( )

1 < . 1 < §
;;yi:mya ﬁ;%yz’Z%J[XaY],

B TepMHUHaX KOTOPBLIX CUCTEMa ypaBHeHI/Iﬁ IIPpUBOANTCA K BUAY:

oy [ X, Y] —aay[X] —bm, =0, m, —am, —b=0.
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*_

Y

af 1 [X,Y] —aas[X] —m} (m; —am]) = 0.

BeipaszuMm b 13 BTOporo ypaBHeHus b = m. — am;. 1 MOJICTABUM B IIEPBOE:

Paspemag nocennee ypaBHeHe OTHOCUTEIHHO TapaMeTpa @, IMeeM:

afy[X,Y] - mimg

a;[X] = (m})?
DTO BhIPazKeHUe YIIPOIIAETCsI IIOC/Ie OJCTAHOBKHU IIeHTPAIbHBIX MOMEHTOB:
Ojlk,l[Xa Y] T m; m; - K;y7 Q;[X] T (m;)z - D; (104>
OTKY/JIa CJIeYIOT OKOHYATEeIbHbIE BhIpayKeHus st a u b:
K K
Y * LY *
a= : b=m, — m., (10.5)
D: v D
rue
1 1 — )
Kiy= = (wi—m) (5—m),  Di=— (mi—mi)*.

i=1 i=1
Takum obpaszoMm, 3a1a9a pelreHa

* *
y= Kmyil?—#m* — nym*
- * Y * z?
Dm DQC
WM B UHOM BUJIE
*
—m, = By (x —m)

X
ITpumep [10.Jl. AnpokcHMUpPOBATDH JaHHBIE, IPUBEEHHbIE B TAO/IHIIE, JTUHET-

HOI 3aBHCHMOCTBIO y(x) = ax + b.

i -5 -4 -3 —2 -1 0 1 2 3 4 5
yi 0,4 1,1 1,6 1,8 2,4 3,1 3,5 3,8 4,7 5,1 5.4

Pewenue. Henocpeicrennoe Bbruncienue craructudeckux momenTos ((10.3))
JlaeT caeyionue 3Ha4eHust:

m.. =0, m,, = 2,991, as[X] = 10, aj[X, Y] = 5,036,
win B Tepmunax Bejanann ((10.4)):

K:, =5,036,  D:=10.

T

[Tocie nojpcranosku B ((10.5)) oIy anM ONEHKE apaMeTPOB JJMHEHHOTO YPaBHEHUSI:
a = 0,5036, b=2,991.

DMIUpUIecKe TOYKN U allllPOKCHMUPYIOIasi MpsiMast IPUBe/eHbl Ha puc. [§]
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10.2. Kpurepuu corsiacus

B sToMm pasjenie paccMOTPUM BOIIPOC, CBA3AHHBIN € IPOBEPKOIT MTPABI0T01001 s
TUIIOTE3, & UMEHHO — BOIPOC O COTIACOBAHHOCTU TE€OPETUIECKOTO W CTATUCTUIEC-
KOT'O pacIpeIe/IeHII.

HomycTnm, 9T0 pacupejeseHne BbIPABHEHO C MOMOIIBIO TEOPETUIeCKON KpH-
Boit f(x). Kak Ob1 xoporo Hu ObLTa oJ00paHa TeopeTudecKasi KpuBast, MeXK Iy
HEIO 1 CTATUCTUIECKUM PaCIIpe/ie/IeHneM Hen30eKHbI pacXoxKienus. Bompoc — na-
CKOJILKO OHU CYTIECTBEHHBI, TO €CTh SIBJISIOTCS OHU CJIyUaiiHBIMU WU CJIe/ICTBUEM
10xoit mogaronku? JIys oTBeTa Ha STOT BOIPOC CIyKAT KPUTEPUU COTJIACHUS.

Wnest cocrout B caenyromeMm. Ha ocHoBanum JaHHOTO CTATUCTHYCCKOIO MaTe-
praja HaJI0 MPOBEPUTh Iunore3y H, COCTOSAIYI0O B TOM, UTO CAydailHasi BeJIu-
quHa, X MOUUHSIETCS] HEKOTOPOMY OIPeIe/IEHHOMY 3aKOHY PacIpejie/eHus. ITOT
3aKOH MOKET ObITh 3a/laH B TO mjin nHOit hopMme, HaIpuMep B Bujie (DyHKIUN pac-
npejesienns F(x), wiu miorHoctu pacipejesennst f(z), Wil »Ke B BUJIE COBOKYII-
HOCTHU BEPOSITHOCTEH P;, TJIe P; — BEPOSITHOCTH TOT'O, UTO CaydaiiHas BeandnHa X
OIIAaeT B IPeJIesbl 1-T0 pa3psjia.

Tak kak dyHKIms pacipesenenus F'(x) sBisiercst Haubosiee obIeit u ompejie-
JIsieT coboii JIo0YIo JIpyryto, OyjieM popMyInpoBaTh runore3y H Kak COCTOSIIYIO
B TOM, 9TO caydaiitas Bemanaa X mMeer (DyHKIUIO pacipesenenns F(x).

JJ1st TOrO 9TOOBI PUHSTH TUIIOTE3Y WU €€ OTBEPIHYTh, PACCMOTPUM HEKOTO-

pyio Beqmunny U, Ha3bIBaeMyIo Mepoil 1 XapaKTePU3YIONIYIO CTEleHb PacXoxKie-
HUS TEOPETUYECKOI'O U CTATUCTUYECKOT'O paclipe/lesIeHnil.

Besmmauna U MoxkeT ObITH BbIOpaHa pa3IndHbIME CIIOCOOAMU: HAIIPUMED, B Ka-
gectBe U MOXKHO B35Tb CYMMY KBaJIpPATOB OTKJIOHEHHIT TEOPETUIECKUX BEpPOST-
HOCTel p; OT COOTBETCTBYIONINX YacTOT p;, WJIN K& CyMMy TeX YK€ KBaJpaToB
C HEKOTOPBhIMU KO3 (DUIIMEHTaMI, Ha3bIBAEMbIMI «BeCaMU», MJIM YK€ MaKCHMaJ/Ib-
HOE OTKJIOHEHUE CTATUCTHIeCKOil hyHKInu pacupeseetus F* () ot Teoperutec-
koit F'(z) u 1. ;1. OueBUHO, 9TO 9TO €CTh HEKOTOPasi CIyvaiiHas BeJIndnHa. 3aKOH
pacrpejiesieHls 9TON caydaiiHol BeJIMYMHBI 3aBUCUT OT 3aKOHA paclpejesieHnsi
BeJINUMHBI X, HaJ] KOTOPOM IIPOU3BOJISITCS OIBITHI, U OT YUC/Ia OIBLITOB Nn. Ecim
runore3a H BepHa, TO 3aKOH pacupejiesienns U onpejiensieTcss 3aKOHOM paciipe-
neenusi Besimansbl X, T.e. dyukipeit F(x), u auciom n.

[IycTb 3aKOH pacrpejeseHuss HaM U3BecTeH. B pesysibrare cepun OnbITOB 00-
HApYy?KeHO, 9TO BbIOpaHHAsl HAMU Mepa PaCXOKJIeHUsI IIPUHSLIa HEKOTOPOe 3HAUYe-
Hue w. CrpammnBaeTcst, MOYKHO JTH OObSICHUTH 3TO CJYUYANHBIMEI TPUIHHAMU TN
7K€ 9TO PacXOoyKJICHUE CIUITKOM BEINKO?
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JJ1st oTBeTa Ha STOT BOIPOC IIPEIOJOKNAM, ITO rurore3a H BepHa, U BBIUNC-
JINM B 9TOM IIPEIOI0KEHI BEPOSITHOCTD TOT'0, 9TO 38 CUET CJIyUAHBIX IPUIHNH,
CBSI3AHHBIX C HEJOCTATOYHBIM 00BEMOM OIIBLITHOIO MaTepHaJia, Mepa PACXOXKIe-
s U oKaxKeTcsl He MeHbIle, deM HaOJrolaeMoe HaMU Ha OIbITe 3HadeHue u,
TO €CTh BBITHCJINM BepPOATHOCTL cobbITHst (U > u).

Ecan sra BeposiTHOCTH BechbMa, MaJjia, TO rurore3y H ciegyer OTBEPrayTh Kak
MAaJIOIIPAB/IONOI00HYI0, €CJIN Ke 3Ta BEPOATHOCTb 3HAYUTEbHA, CJIEIyeT IpH-
3HATDH, UTO YKCIIEPUMEHTAIbHbIE TaHHbIE He IIPOTHBOpedaT rumorese H.

BosankaeT Bompoc 0 TOM, KaKIM CIIOCOOOM CJIeAYeT BBIONPATH MEpPY PaCXOrK-
nennst U? OkasplBaeTCsl, 9TO IIPU HEKOTOPBIX CIIOCODAaxX ee BhIOOpa 3aKOH pacipe-
Jenenns Beanaunabl U 00/1a/1aeT BecbMa, IIPOCTBIME CBOHCTBAMIE 1 IIPH JTOCTATOTHO
OOJIBIIIOM T TIPAKTUYIECKH He 3aBucuT oT dhyHuknun F(x). IMenHO TakuMi Mepamu
PACXOKIEHNsT 1 [TOJIB3YIOTCS B MATEMATHIECKON CTATUCTHKE B KAUECTBE KPUTEPH-
€B COTJIACHSI.

Pacemorpum onmH n3 HamboJiee 9acTo IMPUMEHsIEMBIX KPUTEPUEB COTJIACHST —
TaK Ha3bIBACMbIN «KPUTEPUil X2>> ( «KpUTEpUili Xnu-KBaparTs» HHpCOHa).

[TycTs mponsBeieHO N HE3ABUCHUMBIX OIIBITOB, B KaXKJOM U3 KOTOPBIX CJIydaii-
Hast BeJmarHa X MPUHSLIA OllpejiesieHHoe 3HadYeHne. Pe3yIbraThbl OIBITOB CBEJIEHbI
B TAOJIUILY B k PaspsijioB.

L | (z1,29) | (w2,73) | -+ | (Tgy Tpt1)

>k * k
p; Y41 Po ‘e P
TpebyeTcst TPOBEPUTH, CONTIACYIOTCS JIM SKCIIEPUMEHTAJIbHbIE JaHHBIE C TUIIOTE30i

0 TOM, 9TO CJIyJaiitas Bejnanaa X HMeeT JAHHBINH 3aKOH pacipejieseHus (3a1aH-
nyio F(x) mim f(x)); Ha30BeM 9TOT 3aKOH PACIIPEIETCHUS «TEOPETHICCKIM».
3Hast TEOPETHIECKHIT 3aKOH PACIPE/IeJIeHHsT, MOXKHO HAfITH TEOPETHIECKIE Be-
POSITHOCTH TIOMAJIAHUST CITyaifHO BeJIMINHBL B KAXK/IbIiT U3 pa3psijioB: p1, P2, - - -,
pi. IIpoBepsist cOracoBaMHOCTb TEOPETHYECKOTO I CTATHCTHYECKOTO Paclpeierie-
HUI, MBI Oy/IeM HCXOJINTH U3 PACXOKICHUTT MEXK/Ty TEOPETHIECKIMI BEPOSTHOCTSI-
MHI p; U HAOJIIOAEMBIME dacToTaMit pf. EcTecTBeHHO BBIOpATh B KAYECTBE MEph
PACXOKICHUST MEK Iy TEOPETUICCKIM 1 CTATHCTHICCKUM PACIPEIETCHIEM CyMMY

KBA/IPATOB OTKJIOHEHNUIT (P} — p;), B3ATHIX C HEKOTOPBIMI «BECAMI» C;

k
U=> ci(pj—p). (10.6)
=1

Beca BBOJIITCS 13-38 HEPABHOZHAYHOCTH Pa3/IMUHBIX pa3psiyios. JleiicTBure bHO,
OJIHO U TO K€ M0 abCOTIOTHON BeJMInHe OTKIOHEHHE (Pf — p;) MOXKET OBITH MAJIO-
SHAYNTEJHLHBIM, €CJIH CaMa BEPOSTHOCTD P; BEJIUKA, U OU€Hb 3HAYUTETHHDBIM, eCJIH
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ona maJjia. [ToaToMy ecTecTBEHHO «Becay ¢; OpaTh 0OPATHO MPOIOPIUOHATLHBIMI
BEPOSITHOCTSAM Pa3PSAJIOB P;.
K. Tlupcon nokazaJi, 9To ecJiu MOJOKUTh:
C; = —, (107)
Di
TO TIpu OOJIBLIINX 1 3aKOH pacipe/iesienns Beanannbl U o01a/1aeT BecbMa MPOCThI-
MU CBOJICTBAMI: OH TPAKTHYECKHN HE 3aBHCUT OT (BYHKIUU pacipeenenns F(x)
1 OT YNCJIa PA3psioB k, a UMEHHO: 1P YBEJIUYCHUHN 1 9TOT 3aKOH IPUOJINZAKACTCs
K TaK Ha3bIBAEMOMY <« -pacIpe/e/eHnIO.
[Tpu BBIOOpE KO3 uImenToB ¢; cornacHo ((10.7) Mepa pacxoxkieHnst 0OBITHO
obosnauaeTcs x>

U=y’= nz M (10.8)

Il ynobeTBa BuIMMCAeHnil, 9TOOLI He HMMETh JieJa ¢ JPOOHBIMU BeJUYMHAMHE
¢ GOJILIIIIM YHCJIOM HYJIe, MOXKHO BHECTH M 110JI 3HAK CYMMBI U, YIUTBIBasg, UTO
pi = m;/n, rie m; — 9UCI0 3HAYeHuil B i-M paspsgje, npusejieM (HhopMyILy
K BUJLY:

U= =3 ) ”pz) (10.9)

1=1
x2—pacnpeﬂeﬂeHMe 3aBUCUT OT IlapaMeTpa 7 (I/UII/I ]{?), Ha3bIBaEMOI'O YUCJIOM <«CTe-
1eHell cBoOOJIBI» PaCIIPeIe/IeHISI.
Yucsio «crereneii ¢BOOObI» T PaBHO YHUCIY Pa3psijioB kK MUHYC YUCTIO HE3a-
BUCHUMDBIX YC.HOBI/Iﬁ - <<CB5{3€I‘7I>>7 HaJIO?KCHHDLIX Ha 9aCTOTDbI p;k HpI/IMepaMI/I TaKNX

k
> =1, (10.10)
=1

ecit Mbl TpebyeM TOJIBKO TOTO, YTOOBI CyMMa 4acTOT OblIa paBHA eJIuHUIE (ITO
TpeboBaHNe HAK/IAIBIBACTCS BO BCEX CIYUASIX);

YCJIOBUIT MOT'YT OBITh:

k
> Eipp=ma, (10.11)
=1

€CJIN Mbl II0JI0MPAeM TEOPEeTUIECKOe PaclipejiesieHIie ¢ TeM yCJIOBHEeM, YTOObI COB-
a1/ TEOPETUYECKOe U CTATUCTUYECKOEe CpeJHUEe 3HAYCHU,;

> (@ —mi)p; = Dy, (10.12)



ecjan Mbl TpedyeMm, KpoMe TOIO, COBIQJIEHHSI TEOPETUYECKON M CTaTHCTUYECKO

JUCIICPCUIl 1 T. [I.

Jlns y2-pacrpeiesieHus COCTABICHB Tab NI 110Ib3ydach STUMI TabIHIAMH,

MOXKHO JIfd KazKJO0I'0 3Ha4YCHIA X2 U 4ucJia crerneHeii CBO60,HBI r HailTu BEPOAT-

HOCTH P TOro, 4TO BeJMYMHA, pACIpeeeHHas 0 3aKOHY X2, IPEB3OHIET 3TO

3Ha4dYeHune.

BXO,ZL&MI/I SABJIAIOTCA: 3HaYCHNE BEPOATHOCTU P u 4gucio cremnenei CBO6O,ZLIDI r.

Yuciia, cTosmne B TabJINIE, IPEICTABIAIOT COO0H COOTBETCTBYIONTIE 3HAUCHI X 2.

KonTposbHbIE BOTPOCHI

1.
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10.

PaCKprTb OCHOBHOI CMBICJI TIPOIEAYPHI CIUIaKUBAHUS IKCIICPUMEHTABHBIX
3aBUCUMOCTEN.

Kaxkue BeIMInHBI B IIPOLEAyPe CIVIaXKIUBAHIS SKCIIEPUMEHTAIBHBIX 3aBHICH-
MoOCTell TOIONPAIOTCs U3 YCJIOBHUSI MAKCUMAJILHOCTH, & KaKie — U3 YCJIOBUSI
MUHUMAJIbHOCTI !

Kaxk peajimsyercs mporie/ypa MUHUMI3aIUn?

[IposieMoncTpupoOBaAThL TPOTEYPY CIVIAKUBAHNS SKCIEPUMEHTAJILHBIX 3aBH-
CUMOCTEI JIJId ciy4as JUHENHON 3aBUCUMOCTU.

PacKpbITh OCHOBHOIT CMBIC/T HCCJIE0BAHUSI IIPAB/IOII0I00MSI TUIIOTE3 Ha OCHO-
BaHUU «KPUTEPUEB COIJIACUS».

Kakum criocoboM BeIOnpaercst mepa,?

Pacckazatb o kpurepun «xu-kpajpar» [lupcona.

KakoBa IJIOTHOCTB paclpejieIeHIs «XU-KBaJIpaTs !

KakoB BbIOOP KO3(DPUIIMEHTOB B KPUTEPUH «XU-KBaJIpaTs !

Kakum obpas3oM ycTaHaB/INBAETCSI IIPABJIONOI001e HA OCHOBAHUI KPUTEPUSI
«XU-KBaJIpaT» !
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Saga4un

10.

11.

. KakoBa BepogTHOCTb yrajibiBaHus mmdpa n3 4 mudp aBTOMaTHIECKON Ka-

MepbI XpaHeHus1 !

. Bomnmarorest HayTra/ 2 KOCTH JOMMHO. Kakosa BEPOATHOCTL TOTI'O, 9TO HX

MOYKHO IPUCTABUTH JIPYT K JpyTy?

YerBepo rocro ¢IaloT MUIANBI B rapaepod, 3areM OepyT nx Hayrajl. Kakosa
BEPOSITHOCTH TOTO, uTo k desoBek nojydar cou muistibl (0 < k < 4)7

B cembe Tpoe neteit. Bynem cautarh, 9TO BEPOATHOCTH POXKICHIS MAJIBINKA,
1 JIEBOUKHU OJMHAKOBBI. KaKoBa BEPOSITHOCTH TOIO, 9YTO B CEMbE BCE TPOE —
MaJIbYUKN !

Bpocarorcest 2 urpasbhbie kocTu. KakoBa BEpOSITHOCTDL TOTO, UTO CYMMa BbI-
HABIINX OYKOB paBHsieTCsl 7, OOJibIle 7, MeHbIIe 7, 4TO Ha IIepBOil KOCTH
BBIIIAJI0 OOJIBIIE OYKOB, YeM Ha BTOPOIi?!

[IaTb gesoBeK BXOAAT B JIIPT JAEBATUITAZKHOIO JoMa. KakoBa BepOsiTHOCTD
TOrO, YTO BCE OHU BBIMIAYT Ha 6-M 3Tarke, 4TO BCe OHU BBLIIYT Ha OJHOM
KaKOM-TO dTaykKe, 9YTO BCE OHU BBIIJIyT Ha Pa3HbIX dTayKax !

B ypue naxoaures 10 mapoB 6ejioro 1sera u 4 mapa KpacHoro Isera. Bbi-
HUMAIOTCS OJINH 3a JPYyTUM 2 mapa 0e3 Bo3Bpallenns. KakoBa BEpOSTHOCTH
TOTO, YTO 00a OHU KpacHble? PaccMOTpeThb 9Ty 3aj1ady 110 ¢XeMe CJIyYaiiHOTO
BBIOOpA «C BO3BPAIIEHUEM>.

3 kosojipl B 36 KapT ojiHA 3a JPYToil BRIHUMAIOTCA (IO cxeme 0Oe3 BO3Bpa-
mennst) 6 kapt. KakoBa BepOSITHOCTH TOTO, UTO CPEJI BHIHYTHIX KapT OyjieT
4 Ty3a, MeHee JIByX TY30B, 110 KpaiiHeil Mepe 2 Ty3a?

B ayauropun naxondarcs k dejoek. KakoBa BepOATHOCTD TOTO, YTO 11O Kpaii-
Heil Mepe y JIBYX U3 HUX JTHU POXKJICHUsT COBIIA/TyT?

JIBazk1p1 OpocaeTcs mapa UrpaJjbHbIX KocTeil. KakoBa BepoOSITHOCTb TOIO, UTO
YNCJIO OYKOB, BHINABIINX Ha KarKI0I KOCTH IIPpH IIEpBOM OpocaHnm, HE COBIIa-
JIET C YUCJIOM OYKOB, BBIIABIINX Ha 9THX K€ KOCTSIX IIPU BTOPOM OPOCAHWN?

3ajiyMaHo MmaTU3HaAYHOE Yucso 6e3 nopropsionuxcsd mudp. Kakosa BeposiT-
HOCTB €ro yraJlaTh, €CJIM U3BECTHO, YTO OHO YeTHOE WJIN JIeUTCS Ha 57
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12.

13.

14.

15.

16.

17.

18.

19.

20.

Ky6, Bce rpanun KOTOPOro OKpAIleHbl, PACHUIEH Ha ThICAUY KyOMKOB Of-
HAKOBOI'O pasMepa, KOTOPbIe 3aTeM TIATeJbLHO HepeMernannl. Haiitu sepo-
SITHOCTL TOTO, YTO HayJady U3BJICUCHHLIH KyOUK OyJeT UMEeTh OKPAIICHHBIX
rpaneit: a) oxny; 6) jBe; B) TpH.

N genoBek (N > 2) ciydaiiHbiM 06pa30M paccaskKUBarOTCs 3a KPYTJIBIM CTO-
naoM. Haiitn BepogTHOCTb TOrO, 4TO ABa (buKCcupoBannbix Juna A n B oka-
JKYTCSI PSIJIOM.

Unmerorcs e ypubl. B mepBoit ypae a 0ebix U b 9epHbIX MIApOB, BO BTO-
poit — ¢ 6esibix 1 d YepHbIX. V3 KaxK 10t ypHBI BBIHUMaeTcsd 110 mapy. Haiitu
BEPOATHOCTDH TOTO, UTO 00a Imapa OyayT Oe/lTbIMI.

3 mosHoit KoJIosibl KapT (52 Jmcra, 4 MacTH) BBIHUMAETCS CPa3y HECKOJIb-
KO KapT. CKOJIbKO KapT HY?KHO BBIHYTb JJISI TOI'O, 9TOOBI ¢ BEPOSITHOCTHIO,
bosbiteit, yem 0,5, yTBEp:K/1aTh, UTO CPe/IN HUX T10 KpaitHeil Mepe JiBe KapThl
OyIyT OJHOI 1 TOIl »Ke MacTu?

[To cxeme ciydaitHOro BbIOOpa «C BO3BpAIlCHUEM» U3 MHOYKECTBa IE/IbIX Y-
cen Q ={1, 2, ..., N} Beibupatorcs jBa dncia & u . HaiiTu BeposiTHOCTS
P (& + & < N?) B npezene, korna N — 00.

Ciryuaitaast Touka A paBHOMEPHO pacipejiesieHa B IIPaBUILHOM TPEyroIbHI-
ke ¢ pepumnamu (—a, 0), (a,0) un (0,av/3). Haiitu BepogTHOCTL TOro, 4TO
KBA/IPAT C IEHTPOM B TOUKE A M CTOPOHAMH JUIMHBI T, TAPAJJIICIbHBIMNA
OCSM KOODJIMHAT, [EJINKOM COJICPIKUTCS B 9TOM TPEYTOJIbHUKE.

Coyuaiinag touka A = (&1,&) paBHOMEpPHO pacipejiesieHa B €UHUTHOM
kBajpare ¢ eprmaamn (0,0), (1,0), (0,1) u (1,1). Ilycrs n — [uncio aeii-
CTBHTEJLHBIX KOPHEfi Tpexwuiena f¢ ¢, (x) = 22/3 — & x + &. Haiitu BeposiT-
noctu coburruit P(n = 1) u P(n = 3).

OIHOPO/IHBII TPSIMOIT KPYTOBOI MUJIMHAP ¢ BbICOTON H 1 pajinycoMm OCHOBa-
Hust R OpocaroT Ha rOpU30HTAJIBHYIO IJIOCKOCTh. HaiiTn BeposiTHOCTH TOTO,
YTO IMJIMHJID yIIaJeT Ha OOKOBYIO IIOBEPXHOCTb. IIpn KakoMm cooTHOIIEHHH
MeK Ty 3nadeHusgMu H m R BeposSTHOCTH yHacThb Ha OOKOBYIO TTOBEPXHOCTD
1 Ha OCHOBaHUsI OYIyT OJMHAKOBBI.

Barapes uz M opyauit BejeT oroub 10 I'pyliile, cocTodineil n3 L 1eseit, rie
M < L. HaBomumku opyanit BIOUpaioT cede Ien TOC/IeI0BaTebHO, CITy-
YaitHBIM 00Pa30M, IIPU YCJIOBUU, UTO HUKAKIE JIBa OPYIUsI CTPEJISTh 110 OJIHOI
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21.

22.

23.

24.

25.

1 TOil »Ke 1ey He MOryT. HaliTu BeposiTHOCTb TOrO, 9TO OYIyT OOCTPEJISTHbI
e ¢ Homepamu 1, 2, ..., M.

Barapest, cocrosimast uz M opyjauii, BeJileT oroHb 1o rpyiie u3 L camoJie-
toB (M < L). Kaxplit HABOIIUK OpY/Iisi BEIOUpaeT cebe 1esib CIydaiHo
1 He3aBUCUMO OT Jpyrux. HailTn BeposTHOCTL Toro, uTo Bce M opyamit Oy-
JVT CTPEJIATDH 110 OJTHON U TO 2Ke IeJIN.

meercst m pajinoIOKAIIMOHHBIX CTAHIUI, CIASSIINX 38 KOCMUICCKIMEI 00b-
eKTaMW, KayKJasd 13 KOTOPBIX 3a OJUH IUKJI 0030pa 00HAPYKUBAET O0O0BHEKT
C BEPOSITHOCTHIO P (HE3ABUCUMO OT JPYTUX MUKJIOB U OT JPYTUX CTAHIIL).
3a Bpems T’ KaxKjasi CTAHINA yCIeBaeT clie/aTh n NUKJIoB. Halitu BeposiT-
HOCTDb CJIAYIONUX COOBITHIT: A — 00beKT OymerT oOHapy KeH XOTsi ObI OJIHO
craHmueil; B — o0beKT OyjeT oOHApY KeH KayKJIOi U3 CTaHIIMIA.

JI1s1 TIOBBINIEHNS HaJIe’KHOCTH padOThl Ipudbopa OH JybJimpyeTcs Jpyrum
TOYHO TAKUM Ke TPUOOPOM, HAJIEKHOCTH (BEPOSITHOCTH GE30TKA3HON pabo-
ThI) KayKJI0ro mnpubopa pasHa p. [Ipu BeIxOjle U3 cTposi mepBoro mputopa
MIPOUCXOIUT MIHOBEHHOE TIEPEKJTI0UYeHIe Ha BTOPOI, TpUieM HaeKHOCTD T1e-
PEKJIIOYAIOIIEro yeTpoiicTBa paBHa ejunuiie. Ope/ie/uTh HAJIe?KHOCTb BCeit
CUCTEMBI.

Texnnaeckoe ycTpoiicTBO, cocrosiee n3 K y3/10B, paboTaso B TeUeHIe HEKO-
TOPOro BpeMeH# t. 3a 9TO BpeMsi IEPBbIii y3eJI MOT' BBIATH U3 CTPOsT ¢ BEPOSIT-
HOCTBIO 1, BTOPOIT — € BEPOATHOCTDIO o 1 TaK jlajiee. Hamaunk, BhI3BAHHBIIH
JIJIsT OCMOTPa YCTPOICTBa, OOHAPYKUBAECT M YCTPAHSIET HEUCIPABHOCTD KarK-
JIOrO y3Jia, ecJii OHa UMeeTcsl, ¢ BEPOSTHOCTBIO P, a C BEPOATHOCTbIO 1 — p
00bsIBJIIET y3€J1 UClpaBHbIM. HafiT BEpOsITHOCTH TOr0, UTO IOCJIE OCMOTPA
HAJIATIMKOM XOTs Obl OJINH y3eJ YCTPOHCTBa OY/IeT HENCITPABHBIM.

['pynmia ctymenToB coctonT nu3 Ny OTIANIHUKOB, N9 XOPOIIO YCIEBAIOIIIX
u N3 3annmMaronuxcs cjiabo. OTINYHUKNA Ha IPEJICTOSIIEM dK3aMeHe MOI'YT
MOJIYIUTh TOJILKO OTJIMYHBIE OIEHKH. XOPOIIO YCIIEBAIOIINE CTYIEHTHI MO-
I'yT HOJIYYUTh C PABHOI BEPOSITHOCTBIO XOpOIine n oT/in4dHble oreHku. Cradbo
3aHIMAIOIIIECs] MOT'YT MOJYYUTH ¢ PABHON BEPOSITHOCTHIO XOPOIIIHE, YJI0BJIe-
TBOPUTEJIbHBIC W HEYJIOBJIETBOPUTE/IbHBIC OLeHKH. [JIs1 cliaun 9K3aMeHa, Bbl-
3bIBACTCA HAyTraJl OJUH CTyAeHT. HailTu BeposTHOCTH TOro, YTO OH HMOJIYyIUT
XOPOIIYIO MM OTJIUIHYIO OIEHKY.
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26.

27.

28.

29.

30.

O1eHUTH ¢ IOMOITBIO HepaBeHCTBa YeObIéBa BEPOSTHOCTD TOTO, YTO: &) TIPH
opocanuu moreThbl H00 pa3 ducj0 BblaJJaHuil repda OyJIeT 3aKJIH0YECHO MeK-
ay 200 u 300; 6) npu 6pocarnn 10 UrpabHBIX KOCTEH CyMMa OYKOB OTKJIO-
HUTCSI OT MaTeMaTHIeCKOro OXKIJjIaHus MeHbIne dyeM Ha 0,8,

Jucnepcnst KaxkKa0il U3 JaHHBIX HE3aBUCUMBIX CJIyYailHbIX BEJIMYUH HE IIpe-
BbIIIaeT 5. HaiiTu 4mce/io 9TuxX BeJIMYMH, IPU KOTOPOM BEPOSITHOCTH OTKJIO-
HEHIs UX CpejiHell apudMeTHIecKoit 0T cpejiHeil apudMeTnIecKoil nx Mare-
MaTudeckoro oxkujanus menee yeM Ha 0,1 npeswicut 0,9.

OueHuTb BEPOSITHOCTH TOT'O, 4TO 1pu Opocanun moHerwbl 500 pa3 dacToTa
OsIBJIEHISI repOa OTKJIOHUTCS OT BEPOSITHOCTHU IOSIBJIEHHSI Tepba, IIPpU OTHOM
Opocanuu 1o MojysIt0 Menee dem Ha 0, 1.

CTpeJioK 1ona/iaeT Mpu BBICTPEIe B MUIIEHb B JIECATKY ¢ BEpOsiTHOCTDHIO 0,5,
B 1eBaTKy — 0,3, B BocbMepky — 0.1, B cemepky — 0,1. Crpestok cuesan 100
BbICTPesIoB. KakoBa BepoOSITHOCTH TOTO, 9TO OH HabpaJ He MeHee 940 0uKoB?

[Ipuxusatorest B cpejanem 70 % gucia nocaxkeHHbix cazkennes. CKOIbKO HYy K-
HO TIOCA/IUTh CAXKEHIIEB, YTOOLI ¢ BEPOATHOCTBIO He MeHbIie (0,9 0yKnj1aTh, 4To
OTKJIOHEHNE YHCJIa MPUZKIBIIIXCA CAZKEHIIEB OT UX MaTeMaTUIeCKOTrO 0K Ta-
HUST He MIPeBbIIaJIo 110 Moystio 407 Pemuthb 3a/1at1y ¢ 1oMOIIbIO HEpaBEHCTBA
Yeboiména.
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