MunucrepcTBo Hayku u Bbiciero obpasosanus Poccuiickoit ®enepariun
Apocnascknit rocynaperBennbiit yausepcuteT uM. I1. I Jemuiosa

Kadepa Teopernieckoil husmku

J1. A. Pymanne, M. B. HucrgakoB

N36pannbie 3a1a4un

BBICIIIET MaTEMATUKN

Vuebno-memoduueckoe nocobue

ApocnaBib
Apl'Y
2020



VIK 51(075.8)
BBK Bl:73
P 86

Pexomendosano
Pedaxuyuonro-uzdamesvekum co6emom yHueepcumema
6 kauecmeae yueonozo uzdanus. Ilrar 2020 200a

Penensenr
kadeipa TeopeTnueckoil pusnku

Pywmsannes, Ivurpuii AnekcanapoBud.

P 86 Ns6pannbie 3aaun Beiciieir maremaruku / JI. A. Pymsnres,
M. B. Hucrgakos; fApocn. roc. yu-t nm. I1. I'. Jlemunosa. — fdpociasib :
Apl'Y, 2020. — 40 c.

B nocobun uzsaraiorcs MeToJ bl auddepeHnnaabHoro U HHTErpabHOro
NCYNCEHNs B NPUJIOYKEHNN K PENIeHnIo 3a/1a9, BCTPEYAONINXC B TEOPETH-
YecKOl 1 MaTeMaTUIecKoil (pu3mKe, 9TO SBJIAETCA BaXKHBIM 3JIEMEHTOM Ma-
TeMaTUIeCcKoi 0as3bl JI/Isi 3HAYUTEILHOTO YNC/Ia CIeNUaIbHbIX JIUCIUILINH,
dopMupyronmx pu3nKa-TeopeTuKa.

Texkcr 1MOATOTOBJ/IEH HA OCHOBE CIEIUAJBLHOIO JIEKIIMOHHOrO Kypca «Cn-
CTEMbBI AHAJIUTUICCKUX BBIYUCIECHUIY, YNTAEMOI'0 CTYIEHTaM, 00y YaIOITIMCST
B OakajaBpuare KadeJpbl TeopeTnieckoil dpusukn fpociaBckoro rocyiap-
crBenHoro yuusepcutera nm. I1. I'. Temugosa. [locobne npegnasnadeno i
CTYJIEHTOB, oOyuaromuxcs Ha nepspoit crynernn BITO 1o nampasienmno mo/ro-
toBku OaxasiaBpoB 03.03.02 «Pusukas, npoduib «Pusnka 1 KOMILIOTEPHBIE
TEXHOJIOTUI» W JIDYTUM POJCTBEHHBIM ITPOTPAMMAM.

VIK 51(075.8)
BBK B1a73

© SIpI'y, 2020



OrjsaBJjieHue

1. Juddepennnanproe ucamncienne pyHKIIi
HECKOJIBKUX TIepeMeHHbBIX

1.1. JInddepennupoBanne HesiBHLIX (DYHKITIIT
1.2. VcioBHbIi 3KcTpeMyM (DYHKIINN HECKOJIbKIX [T€PEMEHHbIX

2. MeTO,Z[bI BbI1MCJICHUA MHTErpaJioB

3. Metoapl Teopun pyHKIMIIi
KOMILJIEKCHOTO ITepPEeMEHHOTO

4. Metroapl pelneHus JUHEHBbIX AnddepeHImaibHbIX
ypaBHEHUII ¢ mepeMeHHbIMU KO3dduIimeHTaMmu

w

21

28



1. /InddepennnagbHoe ncumncjaeHne pyHKIIit
HECKOJIBKIX IIepeMeHHbIX

B srom paszjiesie Mbl PACCMOTPUM MeTO/Ibl PEIIeHNs JBYX YaCTO BCTpeva-
IONIUXCS B MIPaKTUKe (DU3UKa-TEOPETHKA 3a/ad, CBABAHHBIX ¢ Juddepeniiu-
AJIbHBIM MCYMC/IeHneM (PYHKINN HECKOJIbKUX TepeMeHHbBIX: JuddepeHImpo-
BaHWEeM HeABHBIX (DYHKIINIT 1 YCJIOBHBIM SKCTPEMYMOM (DYHKITUN HECKOJTBKIX
[IepeMEHHbIX.

1.1. JduddepenmmpoBanmne HeIBHbIX (OYyHKITIIA

Ecmu dyuknns F(x,y, z) obpaiaercst B HYJIb B HEKOTOPOIT TOUKe
Al(zo, Yo, 20), F(z,y,2) n OF (x,y, z)/0z onpe/ieieHbl 1 HEITPEPBIBHBI B OKPECT-
nocrn toukn Aj u 0F/0z # 0 B Touke A{), TO B HEKOTODPOIl JOCTATOTHO
Masioit okpectHOCTH TOUYKH Ag(Xq,Yo) CYIIECTBYET €JINHCTBEHHAS OJIHO3HAY-
Has HernpepbiBHast GyHKIus z = f(x,y), yIOBIETBOPSIONIAs YPABHEHUIO
F(x,y,z) =0, npudem takas, ato 2o = f(xg, yo)-

Ecmu dyukuus F(x,y, z), ynosiaersopsitoiias ypasenunto F(z,y, z) = 0,
mddepentmpyema B okpectHoctn touku Ay (o, Yo, 20), TO DyHKIMS 2 =
f(x,y) muddepennupyema B okpectHOCTH TOUKH Ag(To, Yo) U €€ TPOU3BOJI-
#ble 0z/0x n 0z/0y MoryT ObIThH HaliJleHbl U3 ypaBHEHNUIT

oF OF 0z oF OF 0z

Ecmu dyukuus F(z,y, z) muddepenimpyema n pas Mo CBOUM apryMeHTaM,
TO, 10CJIeI0BaTeIbHO JinddepeHnnpyst (1), MOKHO BBITUCIUTE TTPOU3BOIHBIE
BBLICHIUX IIOPAJIKOB OT (PYHKIUN 2.

IIpumep 1. Haiitu ¢/ u ¢’ ais dyukiuy y, onpeaesisieMoil ypasHeHueMm

v? 4 2zy —y* = a’. (2)

Pemtenne
[TocietoBarebHO udhepeHIpyst NCXOIHOE PABEHCTBO (2) 10 X JBa pa-
34, [OJIYIHM

c+y=yly—=z), 1+y=y"y—2)+y{ —-1).

Orcro1a HAX0IMM



y—a ' y—r  (y—a)*
rje B IIOC/AEJHEM PAaBEHCTBE UCIIOJIb30BAHbI BhIpaykenue jjist i U ypasHe-
aue (2).

IIpumep 2. HaiiTu gacTHbIe IPOU3BOIHBIE IEPBOIO U BTOPOIO IIOPSIIKOB
mist pyHKIWN z = z(x, ), Olpeie/isieMoii ypaBHeHHeM:

;) Y+ " I+ 2y/ - y/2 2a”
y _— _— _—

r+y+z=¢e". (3)

Pemnienne
Huddepentmpyst (3) dacTHbIM 06pa30oM 110 & 1 ¥, OyJeM HMeTb:

" 0z 0z " 0z . 0z
— =e — — =" —.
Ox ox’ oy oy

CiretoBaTeIbHO,

dz 0z 1 1

or Oy e —1 z4+y+z—1
Huddepennupyst 570 paBeHCTBO €lle pa3 110 & U Y U II0JICTaBJIsAs B [IOJIy-
YeHHBIN pe3ysibTaT Ipon3BojHbie 0z/0r 1 0z /0y, OKOHYATEIbHO HailieM:
0%z 0%z 02z e’ rT+y+z

02 Oy Oxdy (e — 1  (z4+y+z—13"

1.2. VYcaoBHbIIT 3kcTpeMyM (DYHKITMN HECKOJIBKUX IepeMEHHBIX

3ajiada ompejiesieHnsl yCJI0BHOTO SKeTpeMyMa dyHkinn v = f(r), r =
(1, T9,...,T,) UPU HAJUYUH JOTOJHUTENBHBIX yeaosuit ¢;(R) = 0, i =
1,2,....m,m <n, R = (r1,29,...,2;) MOXKET OBITb peIlleHa C MOMOIIHIO
MeTOoJIa HeollpeleIeHHbIX MHOKUTe edi Jlarpam:ka. s aroro paccMoTpum
BCIIOMOTATEILHYIO (DYHKIIIO

w(r+R)=f(r)+ Z Aipi(R) (4)

rjie \; = const — HeorpeJieJieHHble MHOYKUTETN Jlarpan:ka, u OyaeMm mccie-
JIOBaTh ee Ha OObIUHBIN Oe3yCJIOBHBIN SKcTpeMyM. Mmeewm:

ou*
— =0 =1,2.... k. 5%
aﬂfj ) J ) Sy 7n+ ()



Perenie crucrembr ypaBrenuii (5) COBMECTHO ¢ YpaBHEHUSIMU CBsi3eil
¢i(R) = 0 npuBoANT K HAXOXKJIEHHIO TOUYEK dKCTpemyMa T, L = 1,2, ...
1 MHOXKHATEJIEH ;.

[Ipu sTom dbyHKIus ©* UMeeT B Touke ry MunuMyM, ecan d?u*(ry) > 0
1 MakeumyM, ecyin d?u*(ry) < 0 u BBIIOJIHEHO YCIOBHE

> ldai] #£0.
1=1

ITpumep 3. Haiitu TOUKE yC/I0BHOIO SKCTpeMyMa PYHKIIUN 2 = XY, €CJIN
r+y=1

Pemtenne

CocrapJisieM BCIIOMOTaTeIbHYIO (DYHKIINIO

F=zy+ANer+y—1)

1 UCCjeyeM ee Ha OObIYHBIN OE€3YCJIOBHBIN SKCTPEMYM:

0z*
—=y+A=0,
Ox 4
0z*
— =+ A=0.
Ay
Orcroma Haxogum © = — A\, y = —A\. [logcTaBigs 9Tu 3HAUEHUSI B YCIOBUE

r+y=1 nonyanm A = —1/2uz=y=1/2.
L1t IpOBEPKH JOCTATOYHOTO YCJIOBHUA SKCTPEMYMa 3aMETUM, YTO

0%z*  O%z* 022"

; =1
Ox? Oy? 0x0y
i, Kpome Toro, auddepennuar yeaosus d(x 4+ y) = dz + dy = 0.
CiiejoBaTesIbHO,

B 0%
~ 0z0y

Taxum ob6pazom, B Touke {1/2; 1/2} dbyHKIWM 2 1MEET MAKCUMYM: Zqp =
1/4.

d2z2*

dody = —(dz)? < 0.



3adavy 0 camMOCMOAMEALHO20 PEULEHUSA
1. Haiitu o u " niust yukimii y, onpejeisieMbIX ypaBHeHUsIMU:

1.1,  Iny/22+y? :arctgy; 1.2. 2=y (x#vy);
x

1,3, 2*4ay+y*=3; 1, 4. yzQazarctgg.
x

2. Hokazars, aro npu 1 + xy = k(x —y), k = const, umeer mecto
PaBEHCTBO

dz dy

1+22 14y

3. Haiitu 9acTHBIE ITPOU3BO/IHBIE IIEPBOIO U BTOPOIO HOPSIJIKOB 151 (DYHK-

it z = z(x,y), onpenessieMbIX ypaBHEHUSIMII

3.1. 23—xz+y—0 32 23— 3ayz =a®;

3.3. = Va2 -y tg—— = 3.4, z4y+z=e TV
VL —y?

4. TTokazark, ato dyukims z = z(x, y), onpenessemas ypasaeruem P (x—
az,y —bz) =0, a,b= const, rue ®(u,v) — npousBosbHas guddepeHtn-
pyemast QyHKINS OT EePEMEHHBIX 1% 1 U, YJIOBJICTBOPAET YPABHEHHIO

82 b% B
83: Jy

5. Haiitu TOYKM yCJIOBHOTO SKCTPEMYMa, CJIEJTYIONIX PYHKITHIL:

5.1. z:z—k%, ectn 4+ yt=1.
a

5.2. z=a’4+y*, ecan f—l—gzl.
a b

53. z=a*+12zy+2y*, ecim 4a® 4y =25.

54, u=x—2y+2z, ecmm P+yi+22=1.
22 2 22
5.9. uw=a>+9y*+2%, ewm —+b2+——1, a>b>c>0.



2. MeTo/ibl BbIUHNCJEHUS MHTErPAJIOB

B sToM passiesie Mbl paceMOTPIM METO/IbI BHIYUC/IEHIH HHTErPAIOB (HeoTpe-
JIEJIEHHBIX 1 OTIPEJIeIEHHBIX ), HHTEI'PAJIOB, 3aBUCSIIIIIX OT MapaMerpa, a Tak-
’K€ MHOT'OMEPHBIX MHTErPaJoB B IMPUJIOKEHUN K (PU3UKE dJIEMEHTAPHBIX da-
CTHII,

B GosbminHCTBE CilyvdaeB JiId BbIYUCJIEHII WHTErpaJia TOro Wk WHOTO TH-
& JIOCTATOYHO HANTU 1epBOOOpa3HYIO IOJbIHTErPa/IbHOM hyHKINN. B 3TOM
cilydae, KpOMe XOPOIIO M3BECTHBIX METOJIOB (3aMeHa [epeMeHHOil, HHTerpu-
pOBaHUe IO YACTsIM ), MOXKET [TOMOYb MEeTO/J T10{00Pa, KOIjla H3BECTeH 00l
BILJ] II€PBOOOPA3HOI ¢ TOYHOCTHIO JIO IIOCTOSIHHBIX Ko3ddr puimenton. Tora,
11poBOJIst JubdepeHInPOBaHUsl, HAXOSIT 3TU KOIMMOUIIMEHTHI I BHIUUCIISIOT
UCKOMBIIl MHTerpauJl.

ITpumep 1. Boruncants nnrerpad:

dx
| e Y

[Ipenronarast, 9To rnmepBoodOpas3Hast UMeeT BIU/I

Penienne

X

Va2 + a2’

nuddepeHnupoBaHueM 110 & HAXOIUM:

F(z) =«

dF a?
da (22 + a?)3/2
2

cJIeJOBATEeIbHO, (v = @~ © U OKOHYATEIbHO HAXOIUM

dz x C
/ @+ ayEr e
B Tom ciydae, Korja HaxoxKieHne mepBooOpa3HOil BHI3BIBACT 3HAUNTE b
HbIE TPYIHOCTH, & IObIHTerpaibHast (PYHKIINS 3aBUCAT OT OJIHOTO MJIN HECKOJIb-
KIX I1apaMeTpPoB, MOXKHO BOCIIOJIb30BaThCsI METOIOM b depeHInpoBaHIsI
W WHTEIPUPOBAHU [0 3TOMY HapameTpy (mapamerpam). [lycrs Tpebyercs
BBIUNC/IUTL HHTErPaJI

Y(y)

F(y) = / dz f(z,9). @)

¢(y)



riae yuknusa f(xz,y) onpeiesieHa U HeMpPepbIBHA B 00JacT 77 < T < To,
Y1 <Y < yo, mpuieM 11 < p(y) < xo u 11 < Y(y) < 9.

[Tockosbky uHTerpast (7) npejacraBisier coboil (DYHKINIO, HEMPEPBIBHYIO
Ha cerMenTe y; < Y < Y2, TO €ro MOYKHO JInpepeHImpoBaTh 110 IapaMeTpy
y (npasuio JleiiGuuna) !

¥(y)
T~ ) ) - Fetweo) + [ a2l
e(y)
UM MHTEIPUPOBATH 110 3TOMY apaMeTpy:
Y2 Y2 U(y)
Jawrw=[a [asey, )
Y1 y1 ()
ITpumep 2. Boruncantsb nnrerpad:
/2
I(a) = /d:z: arct%(gc;tgx) : (10)

0

Penienne
[ToCKOIbKY HMCXOJHBIN MHTErpajl CXOIUTCH, ero MOXKHO juddepeHIupo-
BaTh 110 napamerpy a. s ciydas a > 0 umeem:

/2
dr / dx
da 1+ a?tg’x
0
3aMmeHa nepeMeHHol ¢ = tgx TpPUBOJUT K MHTErpaJIy:

oo

ar / dt
da ) (1+2)(1+a2t2) "
0
PackjiajibiBasi TOJbIHTEIPAJILHOE BhIpayKeHUe Ha MpocTeiiime Jpodu

1 _At+B  Ct4D
A+ (1+a22) 1+  1+a#2’

! Tl;1e1 HeCOBCTBEHHBIX HHTETPAIOB HEOOXOIUMO JOOABUTH JOMOJHATEILHOE YCIOBHE PABHOMEPHOI CX0-
JUMOCTH B MHTepBase (Y1, y2).



1 a?
A=C=0, B=—_  D=—
’ 1—a?’ 1 —a?

U UHTErPUPYH, TOJIYIUM:

dl T 1
da 21+a’
uterpupys mnoydeHHoe BbIpazkeHne 10 mapaMeTpy a, HafijaeM:

I(a):gln(l—i—a)—l—C.

[Tocrostanyto C' = 0 mnaxoxnm u3 yeaosus I(0) = 0.
Host caygast a < 0 3aMeHON (v = —|a| aHATOTHYHO TTOJIY IHM:

I(@) = —5 In(1 - a).

CitetoBaTesIbHO,

I(a) = ﬁg In(1 + |al).

ITpumep 3. Buipasuthb npou3BOHBIE OT IOJHBIX SJIIUINTHYCCKUX WHTE-

IpaJjioB
/2
E(k) = /d<p \/1 — k2sin ¢ (11)
0
n
/2
d
F(k):/ Y O<k<l (12)
) V1 — k2sin’ o
gepe3 K (k) u F(k).
Pemenne
Nmeewm:
/2 /2
dE dep ksin® _l/dgpl—kzsiHQgp—l_ (13)
dk J V1—k2sin?gp K ) V1 — k2sin’ ¢

1
= (B - F(h)],



/2 /2

dF dop ksin? ¢ 1 1 de
@:/ 5 2 3/2:—%F(k)+_/ 5 . 9 3/2. (14)
, (1—/<3 sin go) (1—k sin go)

0

,ZLJIH BBIYUCJICHA OCTaBIIECIOCA MHTEI'paJla 3aMETUM, 9TO

/2
d’E B / dy sin? ¢ (15)
dk? , (1 — k2 sin? @)3/2
1 1I0CJIe NHTETPUPOBAHUS 110 TACTSIM ITOJIY TIM:
/2
d2_E _ F(R) N 1 de sin®o  F(k) Bk (16)
dk? 1—k%2  1—K? / V1= k2sin® k2 K2(1 — k2)
C npyroii cTopoHbl,
d’FE 1 1 [dE dF
dk? k2[ (%) (%)) k[dk dk] (17)
/2
Pk 1 / dp
k? k? / (1— k2 sin? @)3/2 .

Cpasrubast (16) u (17), mosyamm:

/2

de _ E(k)
/ (1 12 sin? g0)3/2 T2 (18)

0

[logcraisgs nosydenubiit nnrerpas B (14), OKOHUIATEIHHO HaiigeM:

dF 1 [ E(k)
=7 [1—k2 —F(k)] . (19)

Metoj1 udpdbepenimpoBatus 10 napaMeTpy Mo3BOJIAeT CBOJUTH UCKOMBIT
uHTerpaJs K auddepennuaabiomy ypasaenuto. [IpoumocTpupyeM 3To
Ha CJICJIYIOIIEM IIpUMepe.

ITpumep 4. Boruncints nunrerpail:

o0

B cos (zx)
g(z) = O/d:z: i (20)

10



Permenne
3aMeTuM, YTO MCXOJIHbIN HECOOCTBEHHBII MHTerpaJsl MOHUMAaeTC sl KakK IIpe-
J1eJ1

¢
g(z) = gli_glo /d:z: %. (21)

0
C yderom sToro 3amedanust mpouddepentupyem (21) aBarKip! 10 2:

xsin (zx)

"(2) = — lim [ do ——=~, 22

)=~ pim [ T2 2)
E 2

¢"(z) = = lim [ dx 2" cos (1) (23)

{—00 \/14—,@2

0
1 IIpOMHTErpupyeM pasuocts ¢”(z) — g(z) mo wactsam
0

J'(z) —g(z) = =lim [ doz 1+ 22 cos(zz) = _9E) : (24)

f—00 z

CitetoBaTeIbHO,

0"()+ 22 g2y =0 2

— ypasrenune Maknonaiania. Ero pemenne — jnuneiinas KoMOMHAINAS MOJ{H-
cdbutposannoit gyukinu Beccenst, Iy(z) u dyuxmun Makgonanbua, Ky(z):

g(z) = Cily(z) + C2Ky(2) . (26)

3 yenosust cxomumvocTr uHTerpasia (21) mpu z — 00 HeOOXOMMO M0JI0-
xuth C7 = 0. g naxox ienns koaddunnenta Cy BOCIOIB3YEMCS ACUMIITO-
tukoit dbyukimn Maxgoranbia pu 2z — 0: Kg(2) ~ —In (2/2) u BeIIeIM
JUAMpYTouid jorapudmM B ucxogHoM uHTerpade (21). 3amerum, 9ro mpu
z — 0 waTerpas (21) sorapudMuIecK PAcXoUTCs HA BEPXHEM Ipe/Ielie.

Jlyist BBIIEIEHIST OCOOEHHOCTEl TAKOrO TUITA MOXKHO UCIOJIb30BATh CIIeTy-
fornuii mpuem. PaceMoTpum uHTErpat:

, cos (sx)
1 =1 —
(a,) = Jim Jrdv =5

0

a—0 (27)

11



1 pa300beM 00/1aCTh UHTErPUPOBAHUS Ha JIBE YaCTH:

cos (sx) i [y S8 057) cos (sx)

Va? + z? €—>oo Va2 + 22’

ruae o — I[IPOU3BOJILHOE IIOJIOZKUTEJIbHOE 4YHNCJIO, KOTOPOE€ MblI BO3bMEM Ma-

I(a,s) = | do ——=

JbIM. Torga mepBbIil HHTErpaJl JIEFKO BBIYUC/IAECTCA PA3JI0yKEHIEM UNCIUTE IS
OJIBIHTErPAJIbHOM (DYHKIUN B Pl 110 MaJIbIM X

cos (5) ~1n2) —Ilna.

va?+ x?

Bo BTOpOM mHTErpase MoxKHO cpa3dy HOJOKATH a = 0:

dr ——%

¢ ¢
cos cos (
lim dx ( hm / dey ——= ) —Inso.
é—>OO A/ &2 + :L’2
1)
Cﬂe,ZLOBaTeJIbHO,

I(a,s) ~ —1In (S;)

U rapamerp 0 COKPaTHIICS.
Craenas B (27) 3aMeny @ = ay, HOJIOKUB 2 = as, Haiigem, aro Cy =
1 OKOHYATEILHO TIOJIYYUM

cos (zx)

V1+ 22

MeTo 1 nnTerpupoBaHus 10 mapaMeTpy MO3BOISIET BHIUYNCIUTH NHTErPAJIbI

g(z) = [ dz = Ky(2).

CJIEJTYIONIErO BUJIA.
ITpumep 5. Boruncants nnrerpad:

1

d b>0). )
/x T (>0, b>0) (28)
0

12



Permenne
3aMeTumM, 4To

z

d
—axY =2 Inx, /dyxylnx:xz—l.
dy

0

[TosTomy

1 b b
dy 1405
I(a,b)= | d dyzy = | —— =1 )
= far fayer [ ALt
0 a a

Erie o/iuH MeTo 1 MHTErPUPOBaHUs OCHOBAH Ha IIPUMEHEHUH TTpeodpa3oBa-
must Jlammaca st Hekoropoit dyukimn f(x), Takoii, 9TO CyIIecTBYeT HHTe-
rpaJt:

(0.¢]

g(s) = / de e f(x). (20)

0

Paccmorpum cieytoriue mpuMephl.
ITpumep 6.
HaiiTn 3navenne nnrerpaJia

o0

I:/ﬁxﬁlgf. (30)

x3
0

Pemntenne
PaccMmorpuM mogbiHTErpaibHOe BhIpazkeHne Kak nzobpazkenue 1o Jlaria-
cy "Hekoropoii pyukuun. Iomyunm mocaeaoBaTebHO

I = /dsS_SIDS:%/dS s —sin s) /dwae_”:
0 0 0
(31)
1 r 1 [ d
= §/dxx2/ds 3—81nseSI=§/1+xx2=£
0 0 0

13



ITpumep 7.
Hoxkazats popmyny Ppyianu

T a

[ 4z flaz) 0
0

rie f(x) — HempepbiBHAsT (QYHKIINSA U UHTEIPAJT

[y [@
jo

cytiecTByer mpu Jioobom £ > 0.
Pemmennue

Hetpynno Bujiers, 9T0

o0

flas) = [ dve = go), 50) = [drgla)
0 0
[TosToMy MOXKHO 3almcaThb

\»8

X

flaz)— fbx) [ . flas)— f(bs)
dz ds
/

d o0 o0 o0
/—8 /dxg e *T —e_bsﬂ = /dxg(:z:) /ds /dye_sy =
s
0 0

0 ax
b Vi b
— / dzg(z ) In—.
a a
0
ITpumep 8.
Berauc/imTb mHTErpaJ:
t sinxt
r)= | dt ——.
/(@) / a? + t2

14

:f(O)lné, (>0, b>0),

(32)

(33)



Permenne
Bocnosssyemes nipeobpasobanuem Jlaiuaca. M3o00pazkeHne MCKOMOTO MH-
TerpaJia uMeeT BUJI:

) = | @re
0

dtt [
/dx e ™ sinat = (34)

0\8

_ / dt .
(52 + 2)(a® + 12)
0

Packjia/ibiBasi M0JIbIHTErPAJILHOE BhIpaKeHre Ha IPOCTeNIne apodu, 1mo-
cJle HECJIOZKHBIX BbIYUCJICHUI TTOJTY YUM:

T 1
= _ , 35
9(s) =5 (35)
CiiejoBaTesIbHO,
T —axr
fla)=g5e™. (36)

Kpome ojiHOKpaTHBIX HHTEI'PAJIOB, B 3a/la4aX TeOPETUIeCKOil PU3MKN 0YeHb
JaCTO BO3HUKAET HEOOXOAMMOCTH BBIUMCJIEHHUS KPATHBIX HHTErPasioB. DTO
CTAHOBUTCS OCOOEHHO aKTYaJbHBIM IIPU M3YyYEeHUN KUHEMATHKH IIPOIECCOB
¢ ydacTHeM 3JeMeHTapHbIX JacTull. [Ipm 3ToM B KadecTBe KOJIMUECTBEHHOI
BEJIMIMHBI BBICTYIIACT pa30BbIil 00beM peaKIny, KOTOPHI s IIpoliecca pac-
11818 YaCTUIILI COpTa @ Ha N JacTui copra b;, 1 = 1, 2, ..., n MOKeT ObITbH
IIPEJICTABIIEH B CJIELYIONIEM BUJIE 2:

n

<I>:(27T)4/5 E —zn:E & p —zn:p Hﬂ (37)
2F, ¢ — ' ¢ — ' 2F;(2m)3

1=1

rJie nepBas O-pyHKINs BbIpaykKaeT 3aKOH COXPAHEHUS SHEPTHH, & BTOpast

0 (Pa— > Pi| =0 (Par— Y pia | 6 | pay— Y iy | 0 Pay — > _ Diy
1=1 i=1 i=1 i=1

. _ 5 D)
— BEKTOPHBIH 3aKOH COXpaHeHUsl UMIIyJbca B peakuun, F, = /P2 -+ m2,
E; = \/p? + m?, m, — Macca pacnajaioneiicst 9aCTUIbL @, M; — MACChl da-
crui b;.

2Jcnonb3yeTcs ecTecTBeHHAs CHCTeMa eJIMHUI, Tiae ¢ = h = 1.
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CriejtyeT OTMETHTDH, YTO OCHOBHAsI TPYJAHOCTH MPU padOTe ¢ KPATHBIME
UHTErpaJlaMi COCTOUT B IMOJXO/AINEM BbIOOPE HOBBIX MEPEMEHHBIX, B KOTO-
pbIX 00J1aCTbh MHTErpUpPOBaHus OyJIeT BBIIJIAAETh Hanbosiee mpocto. [Tpon-
JIIOCTPUPYEM BCE BBIIIECKA3aHHOE Ha CJIEIYIONINX IIPUMepax.

ITpumep 9. Boruncants nnrerpad:

S:/dxdy, D: (2 +y* =2*+y*, 20, y=0. (38)
(D)

Permmenne
[Tepexojist K MOJIIPHBIM KOOPJMHATAM T = 7 COS(©, Yy = 7T Sin (o, TIpeJIcTa-
BIM 00J1aCTh UHTEI'PUPOBAHUSI B BIJIE:

0<r< (cos’p+sin’ )2, 0<p< s

2
CuretoBaTeIbHO,
/2 (cos® p+sin® ) ~1/2 /2
1 d
S:/dgo / drr:—/ SO_?’ :
2 ) cosdp+sin’e
0 0 0

3aMeHoll TIepeMeHHOol £ = sin (o — €oS (v, ¢ YIeTOM TOXKJIECTBA
cos® ¢ + sin® ¢ = (cos p + sin ) (1 — cos Y sin ) UEHTErpaT IPHBOINTCA
K BHLY:

1 1

dt dt
SZ/(z_t2)(1+t2) :2/(2—t2)(1+t2)'

-1 0
PackitajibiBasi 1oJIbIHTErPAILHOE BbIpayKeHUe Ha IIPOoCTeiiIme Jpodu, 1mo-

JIYIUM:

S:§/1+t2 3[/ (2—t ﬁ1+t>:%+?ln(1+\/§)'

ITpumep 10. Haiitu dazoBblit 06beM peakiny JBYXUacTUIHOIO Paciia/ia,
a — by + ba:

1 d*p1d®py
o = S(E, — Ey — F5) 8*(ps — p1 — P2) . 39
o | RSB~ B B —p), (39

16



rie B, = \/p2+m2, By = \/p} +m?, Ey = \/pP3+m? m, — Macca pac-
naJlatomeiicst YacTUIbl @, M — Macchl YacTuil by u by.

Penienne
[Tostb3ysich cBOMICTBOM O-(DYHKITHN

o0

/ dx 5($ — $0)f(x) = f(xo) )

—0o0

npounrerpupyem ® o d*ps ¢ 8*(p, — p1 — P2):

/d3p2 5*(pa — P1 — P2) = / dpay 0 (Paz — Prz — D2z) X
X / dpay 6 (Pay — D1y — D2y) / dpas 6(paz — P12 — p2.) = 1.

[Homyunm:

1 d’py
b = 0FE, — FE1— Ey),
3272F, / E,E, (B — Br = B)
rae By = \/(pa — p1)? + m?.
st manbHeHIX BIYUCIEHN yI00HO BBIOPaTh CPepUIecKyio CUCTEMY
KOOD/IMHAT, HAIIPABUB OCh 2 110 HAIPABJIEHUIO MMIIYJIbCA P, & IOJISIPHBII
yroJi f onpeje/nTh Kak yroj MexKjy BeKTopaMmu p, 1 pi. Torma

Pz = pi1sinfcosy, piy, =pisinfsing, p, = picos,

d®p; = p?sin Odp;dfdy .

O6/1acTb MHTEIPUPOBAHUST OLPEJILISIETCA U3 PeIlleHns] YpaBHEHUsT 3aKOHa,
COXpaHEeHUs YHEPTUNL:

Ea = \/p%“”z_ \/p5+p?—2pap1cos0+m2 =0

I MOZKET OBLITH IIpeJcTraBjieHa B BHUJIE:




Bamenns nepeventyio f nocpeacTBoM By = /p2 + p? — 2pap; cos O + m?
1 IIPOMHTErpUpOBaB IocjeaoBaTebHo 1o dy, dFy u dpy, okoHuaTe/IbHO 110~
JiyanM (pa3oBblii 00beM B BUJIE:

(2)
1

p
1 dpip1 /
b = dE25(Ea_E1_E2) =
167 E,p, /D2 2
p e p;+m
)
1 dpip1

— 167TEapa ) w/p%+m2 -
1
P

rje

/0 mpnx<O
@(33)—{1 pu x = 0

— Thra-pynknua Xepucaiija.

Cienyer oTMeTUTDh, 4TO BejnunHa F,P gaBisiercss nHBAPHAHTOM OTHOCH-
TeJIbHO IIpeobpasoBanust JIopeHia /st SHEPIUN U UMIIYJIbCA PACIIa alonencst
gacturpl. [TosTomy nexomubiit narerpas (39) MOXKHO BBIUUC/IUTE Mepeiijist
B CHCTeMY IIOKO: paclajalornieiics MaccuBHO dacTuinl °. [Ipegocrasiisenm
CTYIEHTY CaMOCTOATE/IbHO IIPOJie/IaTh COOTBETCTBYIONNE BHIUNC/IEHUS.

3 ITmst 6e3MacCOBOl TACTHILI TAKOH CHCTEMBI OTCYETa He CYIIeCTBYET.
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3adanu Ors CaMOCNOAMENLHOZ0 PEULEHUSA
1. Ilpumensist pas/inaHble IPUEMbI, BLIYNCINTD CJIEIYIOIIINe HEOIIPeIeIeH-
HbIe UHTEerpaJibl:

2 _ —
1.1. /d v 1 1.2, /d\m+1 ve—1,

z 5 L 5
t+ad 42+ ar+1 Vr+1+vr—1

dax rzlnx
1.3. ; 1.4. de ————
/[(33+1)2(33—1)4]1/3 / Uty
1 + si ] V1F 22
1.5 /ﬁx;iﬁf-% 1.6. /ﬂxxn@+ +2%) |

1+cosz (1 —a2)2 ’

2\ dx
1.7. d 1—— “ 1.8. —_—.
! / x( x) © ; /1—|—x4+x8

2. [Ipumenss pa3amdHble TPUEMbI, BEITUCUTE CJIEYIONIIE Olpeie/IeHHbIe
MHTErPAJIbI, OIPEJIE/INB, e 3TO HEOOXONMO, 00/IACTH M3MEeHeH!s TTapaMeT-

pOB:
/2 i
2.1. /d:z: In [a2 sin? z + b? cos? x] ;2.2 /dx In [1 — 2a cosx +a2} ;
0 0
/2 1

53 / dz l 14+ acoszx 24/ dr  arctgzx
3. n - 24, :
COS T 1—acosx|’ Vi—22 x

1

0 0
1
1 b __ ,.a 1 b __ ,.a
2.5. /dxsin In — i ; 2.6./d:z:cos In — i :
x Inx x Inx
0 0

3. Jlokazarhb (popMyJIbL:

rie F(k) u E(k) — nosHble s/munTndecKne WHTErpajibl 1-ro u 2-ro poja
coorBercTBeHHO; J, (1) — dbyukims Becceis.
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4. Haiitn npubanzkennoe 3nadenne uHrerpaJjia npu € — 0
1

[+
T :
e+In(l+x)

0

5. Ucnonwaysa npeodbpazoBanue Jlamaca, BRIYUCIUTH CJIETYIONNE UHTE-

rpaJibl:
SInNx CoSsax e ¢ — e
5.1. de ———; 5.2. de | ——— X
T T
0 0
% : : x ax? bax?
sinaxr —a sinx e 4 — e~
5.3. dz 5 ;5.4 dz 5
x T
0 0

6. Berancnts creytonme MHOTOMEPHBIE NHTETPAJIbL:

6.1. /d:z:dy, D: (2* +y*)? =8a*ry, (r—a)’+(y—a)?<a*, a>0;

(D)

6.2. /d:z:dy, D: (2> +y*? =a(2’ —3zy*), a>0;
(D)

7. Haittn ba3oBbIil 00beM peakiinn JIByX9acTHIHOTO paciiajia ¢ yIacTueM
0€3MAaCCOBBIX YaCTHIL:

1 / A3k Ak,
3272w Wwo

rae 53(1{ — k1 — k2) = 5(]6;5 — klx — ]{32;5) 5(l€y — kly — k?gy) (S(kz — ]{312 — ]{322),
W = ‘k‘, w1 = |k1|, Wy — |k2|

) 5(w—w1—w2)53(k—k1—k2),

CpaBHUTB ¢ pe3y/IbTaTOM, MMOJYyIeHHBIM B IpumMepe 10.
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3. Mertoapl Teopun pyHKITII
KOMILJIEKCHOT'O ITepeMeHHOI'0O

B sToM pasjese Mbl 10J1pOOHO PACCMOTPUM METOJIbI TEOPUU BLIYETOB

B IPUJIOKEHNN K BBIYUCJICHUIO OLPEJIEIeHHLIX nHTerpasios. CyIliHoCTh MeTo-
JIOB BLIUUCJICHIA MHTEIPAJIOB, OCHOBAHHBIX HA IPUMEHEHUN TeOPEMbI O BbIUe-
Tax, COCTOUT B cjeaytonieM. IlyeTs Tpebyerces BLIYUCIUTL HHTErpasl OT Jleii-
crBuTesibHOM GyHknu f(x) mo Kakomy-au00 oTpesky (a,b) ocu x, KOTopbIit
MOZKET ObITh KaK KOHEUHBIM, TaK 1 OecKoHeIHbIM. [lomosiHuM orpesok (a, b)
kpusoit C' (puc. 1) n anaygurndeckn npogoknm f(x) B obmacts D, orpa-
Huvennyto kpusoit C' u orpeskom (a, b). [lpumensis Tenepb K MOCTPOEHHOMY
AHATITUIECKOMY MPOJOJKEeHUIO f(z) TeopeMy O BbIUeTax, HAXO/ UM

b

/ dz f(z) + / dz f(z) =271 Res f(z), (40)
a C k=1

rie

Res f(z) =~ lim — [z — z)" f(2)] (41)

(m — 1)! 2=z dzm1
— Beider pyHKuu f(z) B MOJIIOCE 2 = 2}, UMEIOIIEM TIOPSIJIOK M.

Im z

a 0 b Re z

Puc. 1. Konryp unrerpuposanus B (40)
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Ecin nnrerpas mo xkpupoit C' yaaercst BBIYUCIUTL UM BbIPA3UTh depes
HCKOMBIIl HHTerpaJI o 0Tpe3ky (a,b), To 3aja1a BbIUYUC/IEHHsI HCKOMOTO MH-
TerpaJia OyJieT pelieHa.

[Tpu BbIUMCICHIT THTEIPAJIOB BU/IA

2m
/dgp R(cos ¢, sin ¢) (42)
0

C MOMOIIBIO TEOPHU BBIYETOB B KAYeCTBE KOHTYDA MHTErPUPOBAHUSI B KOM-

IJIEKCHOM IIJIOCKOCTH IIEPEMEHHOr0 2 = e'¥ BLIOMPAeTCd OKPYZKHOCTDL €J1-
HUTHOTO pajmyca, |z| = 1. Ilpu sTom

21

|
/dgp R(cos p,sinp) = j{ %R <Z +2Z ,Z QiZ ) = (43
0

iz
|2|=1

i 1 zk+z,€_1 zk—zk_l
:QW;RGS L—kR< 5 , 2

B kadecTBe MJLIIOCTpAIMN BBIIIECKA3AHHOIO pa3bepeM HECKOJIbKO XapaK-

TEPHBIX PUMEPOB.
ITpumep 1. Boruncanrhb nunrerpar

o0

COS T

dr ——. 44

[ar i (44)
— 00

Penienne

Bribupaem BcriomoraTe/ibHYI0 (DYHKIIIIO

elZ

B kauecrBe KOHTypa HHTEIPUPOBAHUS PACCMOTPHUM IMOJYOKPYKHOCTD
B BepXHeil KOMIIJIEKCHOI IIOJIYIIJIOCKOCTU C 3aMbIKaHIEM BJI0JIb BeIleCTBEHHOI
ocu (cm. puc. 1). @yuxius f(z) nMeer BHYTpU KOHTYpa IIPOCTOI MOJTIOC 2 = 1.
[Ipu sTom unrerpas 1o xourypy C pasen Hy/o B cuity JieMMmbl 2Kopana.
CrestoBaresbro, 1o dopmysie (40) naxogmm:

/ dz e 5 e ! T

=2 — = —
14+ 22 2i e
—00
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Bepga oT 0benx dacTeil MOJIyYeHHOI'O PABEHCTBA PEAJbHYIO YacTh, OKOHYA~
TEeJIbHO HaileM:

o0
cosr T
dp BT _ T
/ 1+a22 e
—00

ITpumep 2. Boruncianrhb nunrerpal

2m
/dx cos’ x . (45)
0

Peimmenne
Cornacto (43) umeem:

27 9
/ 9 j{ dz ( 1)
dx cos“x = —lz+-] .
4iz z
0 |z|=1

BuyTpu okpyxHoctu |z| = 1 B Touke z = 0 mojpiHTerpabias dyHKIHsI
UMeEET TI0JIIOC TpeThero nopsjaka. CrejoBaTe/bHo,

1 dz 9o .. d? 2
S = s ey =

|2|=1

ITpumep 3. Borunciurhb nnrerpal

- .

/dx sin (46)
0

Pemntenue
BribepeM BcrioMoraTesibHy10 (DYHKIIUIO

KonuTyp mHTerpupoBanus BbIOEpeM, KakK yKa3aHO Ha PHUC. 2 ¢ 00XOJ0M
ocoboit Toukn z = 0 1o nosyokpyzkuoctu C., ipu € — 0. I[lo Teopeme Korru
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—00 Ce € C
Im z
C
Ce
4R
- -€ 0 € > Re z

Puc. 2. Kouryp unrerpupoBanus Jijid npuMepa 3
Unrerpas o koutypy C' paBen Hysi0 B cuiy JemMMbl 2Kopaana. [l BbI-
qucsIeHns HHTerpasia 1o KoHTypy C. paceMoTpuM pasiioxkernne dhyHkimni f(z2)

B paj Jlopana B okpectHOoCTH TOUKHN 2 = (:

f(Z)”Z%—f—i—%—....

Takum obpasom, ocHOBHOIT B/ B nHTerpast o C; jact ciaraemoe 1/z.

CuaenoBaresbho, pu € — 0
0

dz . gel? ,
dz f(z)~ | — =i [ dp—— = —ir.
z gely
C. C. s
Tenepn Teopemy Kot MoxkHO 3ammcaTh B BUJIE

_6 . m .
el.fC elI )
de — + [ doe — =ir.
T T
—0o0 g

3aMeHUB B IIepBOM HHTerpaje r — —x u nepeiias K mnpeupeny € — 0,
OKOHYATEeJIbHO Haii1eM
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(0.9]

/dxsinaz:i.
T 2

0

ITpumep 4. Boruncanthb nunrerpal

o+ioco
1 e’
S ds — 1 4

rjle UHTeIPUpOBaHme BeJIeTcs 110 IpsMoit Re s = o.

Pemtenne

ckomblit mHTErpaJ mpejacTaBiseT codboit obpaTHoe npeobpasopanue Jla-
maca Jist pyakimn s~ Y. OyHKIus s~ % MHOrO3HAYHAs, U HAYA/I0 KOOPIMHAT
SIBJISIETCA TOYKOIN BeTBJeHUsA. [[oaToMy yI10O6HO BRIOpaTh KOHTYP € Pa3pe3oM
BJIOJIb OTPHUIATEILHON YaCTU BEIIECTBEHHO OCU ¢ 00XOJ0M TOYKH BETBJIE-
Hust s = 0 110 TOJIyOKPY?KHOCTH pajmyca € (cm. puc. 3). BHyTpm KoHTypa

dyukImsa s~ anajuTudeckas u ogHosHadHas. CiieoBaTe/bHO, 110 TeOpeMe
Ko

Ims

Re s

N,

Puc. 3. Kouryp unrerpuposanus it npumepa 4
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o+ioco

/ dse—+/dse—+/dse—+
s« s« s«

o—ioco Cl C+
es:v eSTL‘ eSTL‘
—|—/d3——|—/ds——|— ds— =0.
s s s¢
C. C_ s

Cornacuo jemme 2Kopana

eS(E eS(E
/ds—zO, /ds—zO.
s¢ s¢
Cl C2
Wurerpast o nonayokpyzkaoctu C

—7/2 .
57 . cel?
/ds—a:1/d<paiw—>0, npu € — 0.
s g%
Ce /2

[To Bepxmemy Gepery paspesa s = &el™, ds = —d¢:

ds — = — lim )
/ R—00 é‘aema
on e—=0 R

ITo nukHemy Gepery paspesa s = e '™, ds = —d¢:

e &
ds — = — lim :
R—00 f —ira
C_ e—=0 ¢
CiiejoBaTesIbHO,
o+4ioco 00
1 e’  sinma g sinTa g
f(x):27Ti /dss—a: - /dfe gxﬁo‘:Txa ['(1l—a).
o—ioco 0

Vcnosib3yst cooTHOIIEHUE [ TaMMa-(DYHKITUN

T
I'z)I'l —z) =
(2)I( ) sinmz’
OKOHYATEeJIbHO Haii1eM
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3adanu OAs CAMOCNOAMENLHOZ0 PEULEHUSA

MCHOHBByH METO/Ibl TEOPUU BbIYCTOB, BBIYUCJIUTDL CJICIYIOIINE NHTECI' PDAJIbL:

rd
1 /—”“";
1+ 24
rd
3 /L;
1+ 26
27
5. /dx cos" x;
0
27 d
S T
1 +sin“x
0
2 d
S
a-+bsinx
0
/2 )
11, /dx R
14 22sin“x
—7/2
cosxt
13. dt ———;
/ a? + 2
0
15 /dt sin xt COSt;
t
0

o / dx .
' 14222 + 24’
/ dx .

1+ 20’

27

0
27 d
s. /—”C;
1+ cos?x
0

2 d
10. /—x;
a+ bcosx
0
/2
12. / g S8
1+ 22 cos? x
—7T/2
sin xt
dt ———+
a2 + 12)

sin xt sin yt
R e L

*
“



4. Metroapl permenus JUHEHHbIX AnddepeHImaabHbIX
ypaBHeHUi ¢ IlepeMeHHbIMEI Ko3dduiimeHTaMmm

B sroMm naparpade Mbl pacCMOTPUM 2 MeTOJa PelleHns JINHEeHHbIX JTid-
depeHIIAILHBIX yPaBHEHUIT ¢ TIepeMEHHBIMI KO DUIMEHTAMI BIIA;

an()y"™ + a1 ()" 4+ ay(2)y +a(z)y =0, (48)

rie a,(x), an_1(x), . ..ap(xr) — 3amanube DYHKIN.
[TepBblit METOJL SBJIACTCS JOCTATOYHO YHUBEPCAIBLHLIM 1 OCHOBAH HA IIPE/I-
CTABJIEHIN DeIeHUsl NCXOIHOTO ypaBHeHusi (48) B BHJIe CTEIEHHOIO PsIJIA:

o0
y(x) = Z cpx' . (49)
n=0
[Toncrasmsist (49) B (48), mosydaloT cHCTEMY YpaBHEHWH /IS HAXOZKICHHs
HEN3BECTHBIX KO3PDUINEHTOB ¢,. [Ipn HEoOX0MMOCTH 3a/1aHHbIe (DYHKITIHT
an,(x), ap_1(x), ...ap(r) TaKKe PACKIAIBIBAIOT B CTEIEHHBIE PSIJIBL.

Bropoit MeToj; ocHOBaH Ha YIOMHUHABIIEMCSI B IpejblaylneM maparpade
peodpazopannn Jlamraca. O mo3Bossier 3 MEKTUBHO peliaTh YpPaBHEHUSI
Bria (49) ¢ koapdurnmenramu a;(z) = k;x + b;.

[TponmocTpupyem 0ba BBIIIEN3/I0yKEHHBIX MeTOa Ha KOHKPETHBIX HPH-
Mepax.

ITpumep 1. HaiiTu obiree perenne ypaBHEHHS

vy’ —(1+2)y +y=0. (50)

a) Pertenne ¢ mcnojb30BaHMEM CTEIEHHOTO Psija:
[Togcrapisst (49) B ucxojiHOe ypaBHEHUE, TTOJIY TUM:

o0

con(n —2)z" ! — ch(n —1)z2" =0.

PacrucbiBast psiibl 1IOYUJIEHHO
co — €1 — o + 3csx® — 20313 + 8eqa® — 3eqaxt + - =0 ,

u cobupast K03 UIMEHTHI IPU OJNHAKOBBIX CTEIeHsIX T, HailjeMm

B G 3 0 ey 20
Co = C1, C3—§, C4_Z_E’ cee Cnﬂ_n—l—l_“._ﬁ’
n=23,...
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CiiejoBaTesIbHO,

0 xn
y(x) = co+cox+20225.
n=2

Beojist mocrosinnbie Ay = 2¢9, Ay = ¢y — 2¢9, OKOHUYATEILHO Haiigem
y(x) =A1e"+ A (1 + ).

6) Pertenue c ucnosab3oBanuem npeobpa3oBanus Jlammaca:
[Iycrs g(s) ectb 006pa3 no Jlammacy or dyukinn y(x). YIuTsBast, 910

oo d_
/dx ey’ = —5° ? — 2s57(s) +y(0),
s
0
[ dy(s)
d ST r_—_ _ .
[ ooy = s i),
0
oo d_
/dx oSy = — y(s).
ds

0
nostyunm cieyioniee auddepennuaibHoe ypapHeHe IepBoro MopsIKa
Ha DYHKIMIO §(S):
dy(s) 3s — 2 2y(0)

ds y(s) s(s—1) - s(s—1)° (51)

Perrasi Terepb 3T0 ypaBHeHHE OOBIYHBIM METOJIOM, HaiijeM

C__ ) _y0+C C C

g(S)ZSQ(S—l) s—1  s-—1 s s (52)

rje C' — HeKOTOpas MOCTOSTHHAS.
Vcnosp3yss obpaTHoe npeoOpasoBanue Jlamiaca, 3amuiieM perieHue Kc-
XOJIHOT'O YpaBHEHUsI B BUJIE:

y(r) = A1e" + Ay (1 +x). (53)
ITpumep 2. Haiitu ob1iiee perienne ypaBHeHust:
Y +2xy + (6 —13)y =0. (54)
a) Pertienue ¢ mcnojb30BaHMEM CTEIEHHOTO Psia:
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[Togcraisst (49) B ucxoiHOe ypaBHEHUE, TOJIY TUM

WE

cpn(n — 1)z~ 2+ch 2n—13)x”+620nx"+1 —0.
n=0

PacnmcbiBast psiJibl TOYJIEHHO
— 13¢cy + 6cpr — 11y + 601x2 + 2¢co — 962x2 + 602333 +6c3x+---=0,

1 cobupasi KodPUIMEHTH! IIPU OJNHAKOBBIX CTeleHsIX X, Hailjgem

_13 _11 _39 C1
62—260, 03—601 Co 04—860 90

rJle ¢p U €] — NPOU3BOJIbHBIE ITOCTOSIHHBIE.
[Toncrapsist mosrydentbie KoadbdurmerTsl B psijt (49), moryanm

13 39 11 1
y(x):co(l—k?aﬂ—x —|—§x4+ >+Cl (w—l—gx?’—ix‘l—l—---) :

BBos obosnavenns

A
= —3e_9A2 + 19 [A1 — 72 ﬁerf(?;)] )

A
cl = 116_9A2 — 69 [Al — 72 ﬁerf(i&)] ,

rie

erf(z / dte™’
G

— WHTEerpaJj BeposgTHOCTH ((DYHKITHS ONHOOK ), MOCJIe JOCTATOTHO TPYI0EMKIX
BBIYMCJICHUI TTOJIYYUM

ylx) = Aj(222 — 120 +19) e + (55)

+ A [(z=3)e 3 4 (227 — 122 + 19) / dce 8| e
0

6) Pemtenue c ucnosib3oBanueMm npeobpasoBanus Jlamaca:
[Ipu pemrennn ¢ momolIpio npeodbpazoBanus Jlamaaca ypaBHeHMT BIIA

Y ' +(ax+b)y +(cx+d)y=0 (56)
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BBIYHC/IEHNST MOYKHO YIPOCTUTH, €CJIM B HMCXOJHOM YPABHEHHUN BBINOJHUTH
CJIEJIYIONIIE 3aMEHDI:
B ciydae a # 0:

—erla 2c —ab
y(r) = z(x) e/, 2z =1tV 4 - (57)
B ciydae a = 0, ¢ # 0:
b2 — 4d
y(z) = z(x)e e, o=+ P (58)
c
B namewm ciaydgae a = 2, b =0, ¢ = 6, d = —13 1 Mbl MOXKEM ITPOU3BE-

ctu sameny y(z) = z(x) e 3. Vpasnenue (54) npeobpasyercs ciieyionm
obpa3oM:

2+ (20 —6)2 —42=0. (59)

BhIIOJIHAS Telepb B 9TOM yDaBHEHUN 3aMeHy IepeMeHHoil & = v/ + 3,
TIOJTY I1M:

UE+ (2A+1)5—22=0, (60)

rje Touka 0003HaYaeT HPOU3BOIHYIO 110 .

[Iycts Z(s) ectb obpas mo Jlammacy or dyuknun z(t). [lpuvensis k ypas-
wernio (60) nmpeodbpazosanue Jlamaca, moayanM guddepeHnnanbHoe ypas-
HEHUe TIePBOTO MOpsijika Ha (DYHKIWO Z(S):

, - 3s+4  z(0)
26 e D T ) (61)
Ero pemenne:
ds =Y 2t (62)

rie C' — HeKoTopasl IIOCTOSTHHAS.
[Tpu naxoxpernn opuruHaia z(t) BO3HUKAET OlpejieeHHas CJI0KHOCTD
¢ epBbIM caraeMbiM B (62). [ljist 9T0r0 paccMOTpUM HHTErpast BEPOSITHOCTH

Vi
erf(\V/t) = % / dée ¢ (63)
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1 Haiijgem ero nzobpaxenne @(s) mo Jlamtacy. meem

(0. ¢] oo

derf(vt) f
/dt —st O /dt e_St m e = s5p(s),

0 0

T. K. erf(0) = 0. C apyroit cTOpoHbI,
7 —(1+s)t 1
/ V1i+s
0

(s) = ——
A Tt s

AHaJI0rnvIHO MOXKHO HaiiTu obpas

CiiegoBaTesIbHO,

o0

2+ 3s
st

/dte tert(Vh) = 2(1+ )32
0

;€ Mbl BOCIIOJIb30BaJIMCh MHTET'PAJIOM

1 1

— [dtVie - &
N / vie 2(1 + 5)32
0

[Ipescrasisist nepsoe ciiaraemoe B (62) B Buje

Vsl C C(2 + 3s) C

C =
52 2(1 4 s)3/2 ° 252(1 + 5)3/2 i 2s(1 4 s)1/2’

[IOJTY UMM

t

z(t) = © e ' ViE+ (2t +1) /d£ e € | 4 2(0)(1 + 2¢) .

ﬁ

0

Bosepairasice kK Gyakimn y(x), OKOHIATETBHO HANIEM:

y(r) = A;(20° — 120 +19)e % +
r—3

+ A [(x—3)e @ 4 (227 — 122 + 19) / dce 8| e

0
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(69)
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3adanu Ors CaMOCNOAMENLHOZ0 PEULEHUSA

1. Vcnonb3ys npejcrapieHne pelleHns B BIJIe CTeIIeHHOrO Psija Wi IIpe-
obpaszoBanue Jlariaca, HafiTu ob1me perrenns audgepeHInaIbHbIX ypaBHe-
HUIT:

L1, 2y —(1+2)y +2(1 —2)y=0;
1.2, zy’ —y =2 Jo(2/x);

1.3. 2" —(5+x)y +3y=0;

14, ' +a2y +3y=0.

2. Haiiru vacrhblie pernenust juddepeHiuaibHbIX ypaBHEHUiT 1pu HaYa Ib-
rom yesosrn y(0) = 0:

2.1. xy" 4+ 2y +ay=0;
2.2. ay’ + 2y +ay =23
2.3. xy’ + 2y +ay = Jo(2y/ax);

24. xy' —y +ay=0.
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OTBeThbl

§ 1
R 2@+ ) J — y*(1 —Inz) |
r—y (z —y)? 22(1 —1Iny)
2
7 Yy 2
Yy = 1 —Tng) [y(1 —Inz)* —2(z —y)(1 —Inz)(1l —Iny)
2z +vy 18
—z(l—Iny)?¥. 1.3. ¢y =— A —
( y)’] V="t VT Ty
Yy y 0z z 0z 1
14. =2 =0. 31. —=—— -
Y= Y or 322—a2" Oy 322 —x’
0%z B 221 0%z B 6z 0%z B 322+
0x?  (322—2)37 Oyr  (322—x)3" 0Ox0y (322 —1x)3
39 dz  yz dz  wz 02z B 2z
T o 2—xy’ Oy 2—axy 022 (22 —ay)?’
0%z B 2213y 0%z B 2(2* — 2xy2? — 2%y?)
o2 (2—wy)3’ Oxdy (22 — xy)?
33 dz  xz 0z yz 02z B Y22
R e e e e CE O
0%z B %z 0%z _ wyz 34 dz 0z ]
dy* (22 —y?)?7 Oxdy (2P —y?)? T Or 9y
0?2z 0%z 0%z VaZ + b2
- = =0. 5.1 Zmin — —————, 1IpHA
oxr?2 Oy 0x0y |ab|
ab” a’b va? +b?
= — ) y - - 7 Zma;c - 9 HpI/I
|ab|v/a? + b2 |ab|va? + b2 |ab|
ab? a2b . 2212
xr = , = . 5.2, Zyu=——>, 1pu
lab|v/a? + b2 Y lab|v/ a? 4 b? a? + b? b
ab? a’b 425 3
€Tr = —a2 + b2 5 Yy = 7a2 + b2 . 53 Zmar = T , nupu xr = :ti ’
y==x4, Zpm=-50, upu =242, y==+3. 54. Unim = —3,
1 2 2 5 1 2
nmpnm r = —4 = —, = ——, Umaz = 9, apn T = —, = T35
p 3 » Y 3 ) 3 ) p 3 Yy 3
2
z=—-. 5.5. umin:C2a npu x:O,yzo,z::I:c; umax:a27

npu r==a,y=0,2=0.
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§ 2

1 212 1—+/5 2 1
11, Ly |2V 1.2. —<g;2—a; 22 — 1+
V5 222 + (1 4+ V5)x + 2 2
3 (z+1\"° Inz
1 2—1). 1.3. — = 14 — ———
+Injz+ vz | 5 (az—l) 2(1+x2)+
1 x? T In (z + V1 + 2?)
-1 >0. 1.5. e"tg—. 1.6.
7 n<1+x2>’ ’ D 2(1 — 22)
1 V1 2 2 4
Ly, |V a2 Dzl <1, 17 (1——>ex.
42 | VI1+22+av2 x
1 1+ 23+ 22 1 1 — 2?2
1.8. n — arctg .
44/3 1 —av/3+ a2 2v/3 V3
b
2.1. WIHM. 2.2. 0,la|<1; nlna*,|a| >1. 2.3. 7arcsin a.
7 b—a 1. V»+2b+2
2.4. —In(1 2). 2.5. t . 26, - In———.
2 n(1+v2) e a b+ ab 2 @1 212
4. —lne+1i(2)— Cp. 5.1. g,|a|<1; g,\a\zl; 0,lal > 1.
(2a)" (2b)"
52 2111 [W . 53 —CLIHCL. 54 (\/5_\/5)\/%
7 Vv 14 2 1
6.1. o> <§+arcsin 5 > 62 - T .
§ 3
1 7 9 7 3 2T 4 T (ﬂ')
. o—=. 2. =. 3. —. 4. —————csc|(—).
/2 > 3 1+1/Cn)y T \2p
m(2k)!
5. 52k Tx] upu n=2k; 0, upu n=2k+1, k=0,1,2,...
m(2k)!
6. 2%_1]){', nmpu n=2k; 0, npu n=2k+1, k=0,1,2,...
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7. ™2, 8 w2, 9. ——— a>b. 10 :
‘/a2_b2 a2_b2
axb. 11 5 (Vies2-1). 12 5 (Viee-1).
s 4
7T T T T
13. —e ™. 14, — (1—e ™). 15. = 1; =
2 ° A yr T g
r=1; 0, z<1. 16. %(x+y—\$—y|).

§ 4

1.1. C1e* + Cy (1 + 3z) e 1.2. C1 2% + Cy — 2 Jo(2\/7).
1.3. Cy (23 + 92 + 36z + 60) + Cye® (2 — 8z + 20).

1L.4. O (1 - x2) e /2 4 & [x + (1 - $2> f d¢ o—(E+a?)/2|
0

2.1. (z/a)*? J3(2v/ax). 2.2. C (x/a)? J3(2y/ax) + 2 /a.
2.3. C (z/a)*? J3(2v/az) — 3 (x/a)'/? Ji(2v/az). 2.4. Cx J5(2v/ax).

36



Crmicok amrepaTyphl

[1] Hemumosud, B. I1. CoopHEK 33184 1 yIPayKHEHNUIT 10 MATEMATHIECKOMY
anamnzy / B. [1. Jemumosua. — M. : ACT, 2010. — 558 c.

2] [enkosuukos, . A. CO0pHUK yIpayKHEHUIT [0 OIEPAITHOHHOMY UCUUC-
neruio /[ @. A. Hlenkosuukos, K. I'. Takaiimsuiu. — M. : Beicmas
mkoJta, 1976. — 184 c.

3] @uxrenrosbi, I M. Kype muddepeniuajisHoro n MHTErpajibHOTO UC-
questernst © B 3 1./ I M. @uxrenrosbi. — M. : @USMATJINT, 2003.

— T. 1. — 680 c.

4] Dubcrosbir, JI. 9. duddepenimaibibie ypaBHeHNsT I BADHATTHOHHOE HC-
aucsienne [ JI. 9. Dubcrosbia. — M. 1 YPCC, 1998. — 424 c.

[5] Cmupros, B.I1. Kypc Boicineit maremaruku : B 5 1. / B.M. CmupHoB. —
M. : Hayka, 1974. — T. 1. — 479 c.

6] JlaBperTbeB, M. A. Metosbl Teopun (byHKIHH KOMILIEKCHOTO TEePEeMeH-
woro / M. A. Jlaspentnes, b. B. Illabar. — M. : Hayka, 1965. — 716 c.

37



Y4aebHOe u3jiaHme

PymsannieB /Imurpuit AjtekcanipoButd
YHucrakoB Muxann Banepbesua

Nz06panabie 3agaun
BBICIIIEl MaTeMaTUKU

Y1eOHO-MeToInIecKoe I10coome

PenaxTop, koppekrop JI. H. CesnBanosa
Kowmmbioreprast Beperka . A. Pymsinnes

[Toamucano B megars 10.07.2020. @opmar 60 x 84/16.
Ve ned. g1, 2,3, Ya.-uzga. . 2,0.
Tupazxk 4 9K3. 3akas

OpurnnaJj-MakeT MoJI'0TOBJICH
B peJIaKINOHHO-I3IaTeIbcKOM oTaere Apl'y.

Apocnascknii Tocy1apCcTBEHHDBIN YHUBEPCUTET
uMm. I1. T, JIemugoBa.
150003 fApociasib, yia. Coserckast, 14.



