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Npeauncnosue

[pemnaraemMplii COOPHUK TPEACTABISAET COO0W METOAMYECKUE YKa3aHUs
0 PeIIeHHIO 331a4 1o muctuiuinHe «Teopus koneOaHMil», BKIIIOYEHHOW B
y4eOHbIC TUTaHBI TIOATOTOBKH CTYIECHTOB, OOYUYAFOIIMXCS TI0 CIIEIUATBHOCTH
010801.65 Pagmodusuka u smekrpoHuka u HanpasieHuto 010801.62
Pamnodusuka. Ykazanus OymyT Takke MOJIC3HBI TIPH U3YUECHUH JTACIATLUTHHBI
«YcrpoiicTBa (OPMHUPOBAHHS U TEHEPUPOBAHUS CUTHAIOBY, BKIIFOUCHHOW B
y4eOHbIE MJIaHBI TTOJTOTOBKH CTYACHTOB, OOYYAIOIINXCS 10 CIIEIHATbHOCTH
210302.65 Pagnorexnuka u Hanpasiieanto 210302.62 PaguoTexHuka.

B yka3zaHMSIX 3HAYUTEIIPHOE BHUMAaHUE YJAEIEHO METOJMKE peule-
HUS TUIOBBIX 3aAad. |-i pa3aen MOCBSIIEH BONMPOCaM MOCTPOECHUS
MaTteMaTU4ecKux mojeneil B popme nuddepeHmanbHbIX YpaBHEHUI.
B 2, 3-m pa3zgenax paccMaTpUBAIOTCS BOIPOCHl YCTOWYHMBOCTH C
npuMeHeHueM Meto10B JIsimyHoBa. B pa3aenax 4—7 — OCHOBHBIE THUIIbI
3a7a4, HANpPaBICHHBICE HAa NPUMEHECHHE KAadye€CTBEHHBIX METOIOB,
METOJla TapMOHUYECKOM JuHeapu3auuv, wmerona Ban-gep-Ilons,
MeToAa pa3pbIBHBIX KojeOanuil. B 8, 9-m paszmenax mnpuBeaeHBI
3aa4M MO0 HEABTOHOMHBIM CHUCTEMAaM COOTBETCTBEHHO C BHEIIHUM
BO3JICCTBUEM M MAPAMETPUUECKOIO THUIIA.

JI. H. KazakoBbiM moAroToBJIeHBI pazaensl 1-2, 8; A. B. Xony-
HUHBIM — pazaen 4, 1. 2. Ilaneem — 3, 5-7, 9.

1. CnocoObl MaTeMaTU4YeCKoro onmcaHus
KonebatenbHbLIX CUCTEM

1.1. OcHOBHbIEe meopemu4yecKkue ceedeHus

BOIBIIMHCTBO paIMOTEXHUYECKUX CUCTEM MOKHO MPEICTABUTH B
BUJI€ COCJIMHCHUN KOHEUHOrO (WM OECKOHEYHOIo) Habopa TUIOBBIX
AJIEMEHTOB (€EMKOCTH, UHIYKTUBHOCTH, COMIPOTUBJIEHUS U T. 1.). Cur-
HaJ Ha BBIXOJAE ATUX AJIEMEHTOB 3aBUCHUT OT CUTHaja Ha BXOJE IO
U3BECTHOMY 3aKOHY, KOTOpPBIH MOKHO omnucarh B Buje auddepes-
UAJIbHOTO YpaBHEHUS UJIU OllepaTopa.

Hanpumep, HampsikeHHMe Ha WHAYKTHBHOCTH 3aBHUCHUT OT TOKa
yepe3 Hee KaK

ML:LdiL/df. (11)



Toxk qepe3 CMKOCTD 3aBUCHUT OT HAIIPAXKCHUA KaK

ic = Cduc/dt (12)
Beenem omeparop auddepeHnnpoBaHus ij. B stom cimyuae

cootHomenuss (1.1) (1.2) mexay TOKOM M HampsHKEHUEM MOXKHO
IPEACTaBUTh B CUMBOJIMYECKON (popMe:

up = Lpiy; ic= Cpuc. (1.3)

Eciu npuHATH BEIUYUHY Lp 32 CUMBOJIMYECKOE COMPOTUBIICHUE
UHIYKTUBHOCTH, a Cp — 32 CUMBOJINYECKYIO IIPOBOJIUMOCTh €MKOCTH,
To (1.3) ecth 3anuch 3akoHa OmMa B CHMBOJIMYECKOU (popMme.

dopmanbHO TOoJarasi oneparop p alireOpanvyeckod BEIMYHMHOM,
MOYHO MPUMEHATHh K HEMY OIEpaIliy YMHOXKECHUS U JACICHUS U TaKUM
oOpa3oM TMOJy4YaTb YpaBHEHHS PA3IUYHBIX PAAUOTEXHUYECKUX
cucteM. IlycTh Ha BXOJ CHCTEMBI MOCTYINAET CUTHAI X(f), HA BBIXOJE
HaOmogaeTca curHan y(¢). Ucnons3yst onepaTopHbId METOJ AJiA JU-
HEWHOM CUCTEMBbI, MOXKHO 3al1CaTh

y(1) = Wip)x(t) (1.4)

Omnepatop W(p) Ha3bIBaIOT NepenaToyHON (QyHKIMEH CUCTEMBI, a
BoIpakeHne (1.4) — cumBOJMYECKON 3amuchio Aud@epeHInaIbHOro
yYpaBHEHUSI CUCTEMBI.

bonee crporo mnepenaTouHyro (GYHKIMIO MOXHO ONPEACNIUTH
yepe3 npeoOpazoBanue Jlammaca. M3o0paxenue no Jlamnacy QyHk-
MU BPEMEHH () onpenesieTcs ClIeIyoIuM 00pa3oMm:

F(s) =]3f(t)e_”dt, (1.5)

r71€ S=0~+jw KOMIUIEKCHAs BEJIMYHHA.

Ecau HaiiTh n300pakeHusi BXOJHOT'O U BBIXOJIHOTO CUTHAJA

X(s) = L{x(9)]

Y(s) = LIy(9)],
TO nepeAaaroyHasi GyHKIUSL ONPEENISIETC KaK OTHOIIEHUS] N300paKeHUI
BBIXOHOT'O ¥ BBIXOJIHOTO CUTHAJIa MPH HYJIEBBIX HAYAIbHBIX YCIOBUSX.

W(s)=Y(s)/X(s) (1.6)

B wuzoOpaxenusix Jlammaca KOMIUIEKCHAsi BEJIWYMHA 4YacTO
o003HayvaeTcsi Takke OYKBOM p, Tak ke, Kak U oneparop auddepen-
nupoBanus. CienyeTr pa3audaTh MOJEIU U YpaBHEHUS, 3alIMCAHHBIC B
onepatopHoit opme U 4depe3 mpeodOpazoBanue Jlamnaca. B nepBom
ciydae B ypaBHeHus Buja (1.4) Bxoast ¢yHkuum BpemeHu. Ecnu
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UCIIOJIb3yeTCs Mpeodpa3zoBanue Jlamnaca, To B BeipakeHuu (1.6) pac-
CMaTPHUBAIOTCS N300pakeHus 1o Jlamiacy BceX CHTHAJIOB.

1.2. [lpumMmepsbI peweHUs1 MunoebIx 3ada4y

Ilpumep 1. HeoOxoqumo nonyunth auddepeHnuaibrHoe ypaBHe-
HUE TMOCJIEIOBATEILHOTO KOJIEOATEIIbHOTO KOHTYpa OTHOCUTEIBHO
HaNpsOKEHUsST Ha €MKOCTH, HaWTH MepelaTOuHyr0 (YHKIUIO s
BBIXOJIHOTO CUTHAJIa — HalpshKEeHWE Ha eMKocTH (puc. 1.1).

[To 3akony OMa, cymMMa TaJicHUN HANpsKEHUM HA BCEX JIEMEH-
Tax KOHTYpa paBHA BXOJTHOMY HaNPsIKEHUIO.

E() = u,+ u,+ u.

3anuiieM B onepaTopHoit hopme

E(t) = Ri(¢) + Lpi(¢) +i(t)/pC = (R+Lp+1/Cp)- i(t)

unu

i(t) = E(t)/ (R+Lp+1/Cp).

Hanpsxkenue Ha eMKOCTH

L EO . E()

c ’ c — 0 c = 2 . (1.7)
pC pC(R+Lp+1C) LCp”+RCp+1
p

N3 mocneaHero BeIpaKEHUS OYEBUIAHBIM 00pa3oM MOKHO 3allu-

caTh MepeaaTouHyro PyHKIUI0. YunuTsiBas, uto u.= W(p)E(t), u3 (1.7)
MOy YUM:
1

WD) = e R o1

JomHOxk1M B (1.7) mpaByIo U JEBYIO 4acCTH Ha LCp2+RCp+J
(LCp*> +RCp+1)-u,. = E(t) .

B urtore nonyuyum ciuenyrouee VY

redte  peic 1y, _ E(?)
dt’ 0
1
BBenem o0003HaueHMS: @, = —— — PE30HAHCHAs YacTOTa KOH-
el p

: p_1 L : 1

Typa;, Q=""=—_|— — NOOpPOTHOCTh KOHTYypa; 26 = — — JICKPEMEHT
R R\C 0

3aTyXaHUs.

YacTto ynoOHO ObIBaeT MEPEUTH K HOBOMY O€3pa3MepHOMY
BPEMEHU T =@),1 .



duc \/Educ+

B 3TOM ciiydyae utoroBoe Y Oyaer BBITISACTH CICAYIOIIUM
oOpazom:

d’u,. oy duc u —E.
dr? dr
A A
L R
— YN v N R
& i(t) v JLC
e u =
u,(t) _r £ L L T
=
\ 4
-
Puc. 1.1 Puc. 1.2

Ilpumep 2. HeoOxoqumo nonyunTh auddepeHnuaibrHoe ypaBHe-
HUE FeHepaTopa Ha TYHHEIbHOM auoje (puc. 1.2).

[lanenve HampspKEHUST HAa BCEX JJIEMEHTax LeNu JIOJHKHO
paBHsaTbCca BHemHen DJC, T. €. u; + u,= E.

HanpspkeHre Ha KOHTYPE U, MOXKHO TIPEJACTaBUTh B BUJE
udt) = R(p)- i(t), rne R(p) conmpoTUBIICHUE KOHTYpa, 3allUCAHHOE B

Lp+R
LCp® +RCp+1

Tok uepe3 KOHTYp i(f) paBE€H TOKY uepe3 TYHHEIbHBIA U0
i(¥) = ifu;), KOTOpBIM B CBOIO OYEpPEAb HEJIMHEUHO 3aBUCUT OT
HaMpPSKEHUS HA TUOJIE U;.

Takum oOpa3zoM:

uﬂ—E=—(Lp—i2_R) l(”ﬂ)' (1.8)
LCp"+RCp+1

[lepeiinem k HOBOM mepeMeHHOU u = u;— E. J{na pyHxmun i(u;,)
nepexos K i,(#) paBHOCWIEH CABUIY Hadajla KOOpJMHAT BIPaBO Ha
Benuuuny E. [TogcraBum Beipaskenue uist u B (1.8) U momyunm:

(LCp2+RCp+1)-u(t) + (Lp+R) -i(u) =0.

Ilpumep 3. JIluddepeHnyaipbHoe ypaBHEHHUE CHCTEeMbl (pa3oBoi
aBTOMNOJCTPOMKU YacToThl (puc. 1.3). Da30BbIl JUCKPUMUHATOP
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(dazoBeIit geTekTOp) cpaBHUBAET (ha3bl BXOJAHOTO CUTHAJIA U CUTHAJIA
nojactpauBaeMoro reueparopa (I1I'). Curnan ommobKu paBeH pa3HOCTH
($ha3 3TUX CUTHAJIOB

A1) = 1) - Pu(?). (1.9)

Hanpspkenne Ha BbIxoAe (a30BOTO JETEKTOpa HEJIMHEHHO
3aBUCUT OT CUTHAJIA OIIUOKHU:

uo(1) = EF(9), (1.10)
rae E — MakcumalibHOe HanpsikeHus ¢ Bbixoga OJI, F(¢) — HenuHen-
Has XapakTepucTuka (a3oBOro JETeKTopa (MakCUMalbHOE 3HAUEHUE
€€ PaBHO €JMHMUIIL).

Jlanee curnai ¢ Bbixoja azoBOro AETEKTOpa MOCTYyNAeT Ha BXOJ
bunbTpa U yrnpapisieT YaCTOTOM MepecTpauBaeMoro reueparopa

un(t) = K(p) - tor(?)

M, (t) =Sy - un(?), (1.11)
raie Awy(t) — mOpupalieHue YacToThl TeHepaTopa, OOYCIOBIECHHOE
curHajioMm Uq(t), K(p)— xosdpdunment nepenauun ouibtpa, S, —
KPYTH3HA XapaKTEPUCTUKHU T€HEpPaTopa.

T. K. yacToTa — 3TO MPOU3BOJHASI OT MOJHOU (ha3bl, TO 3HAUCHUE
dazbl [1I" 0T BpeMeHU MOXKHO MPEJCTaBUTh B BU/IC

Wult) = p@u(2). (1.12)

B cBoro ouepenib wir(t) MOXKHO MPEICTABUTh B BUJIE:

Wilt) = Wiyt A (2),

TI€ Wy, — dacToTa [II' B oTCyTCTBHE BXOAHOTO BO3/ICMCTBUS.

O6benunsis (1.9)—(1.12), nonyuum:

Wi + Sy K(D)EF(@) = p (9:dD)-9 (1)) (1.13)

Yurtem, 4T0 p @,(t)= Ws(f) — YacTOTa BXOJIHOTO CUTHAJIA.

B urtore nonyyum

po(t) + S, K(p)EF(@) = Wslt) — Wi (1.14)
WJIn

po(t) +Q Flp) = €2, (1.15)
rae (2 — nonoca yoepoicanusi, TOCTOSIHHAS, UMEIOIAsl Pa3MEPHOCTH
YacTOThl M PaBHAs MAaKCUMAJIbBHOMY OTKJIOHEHWIO 4actoTel [II' ot
3HAYEHUS Wy, 3@ CUET CUTHAJIA C BBIXOJ1a (pa30BOr0 JETEKTOPA;

(0, — HauanbHas paccmpouxa — BEIWYMHA, PaBHASI OTKJIOHCHUIO
YaCTOThI BXOAHOTO CUTHAJIA OT 3HAYEHHUS Wy .



1.3. 3adayu

1. [Tonyuutrs muddepeHnnanbHOe YpaBHEHHE IOCIEI0BATENb-
HOTO KOJE0ATEeTbHOr0 KOHTYpa OTHOCHUTEIBHO: a) HANPSIKEHHUS Ha
WHIYKTUBHOCTH; 0) TOKa B KOHTYpE.

2. Tlonyuuts nuddepeHManibHOe YpaBHEHUE MapajuieIbHOTO
K0JIeOATEILHOTO KOHTYpa (C MOCIE0BATEILHON CXEMOM 3aMeIleHus )
OTHOCUTEJIBHO: a) TOKa 4Yepe3 €MKOCTh; 0) ToKa uepe3 HHIYyKTUB-
HOCTb; B) HaIlIPSKEHUSI HA KOHTYPE.

3. [Tonyuuts auddepeHimaibHOe ypaBHEHHE IapaljieIbHOTO
KoJie0aTeIbHOTO KOHTypa (C MapauieIbHOM CXEeMOM 3aMeIeHuUs)
OTHOCUTEJBHO: a) TOKa 4Yepe3 €MKOCTh; 0) TOKa 4Yepe3 HHIYKTUB-
HOCTb; B) TOKa Y€pe3 COMPOTUBJICHUE; T') HANPSIKEHUS HA KOHTYpE.

4. Ilonyunts nepenatounyo GyHKIHMIO Ui MapajuiebHOro Kojeoa-
TEJBHOIO KOHTYpa (C MOCIEA0BATEILHOM CXEMOM 3aMEeIeHUs) JIJIs1 BXO/I-
HOTO BO3JCMCTBUS — BHEITHUI TOK M BBIXOJHOI'O CHUTHAJIA: a) TOK 4Yepe3
€MKOCTb; 0) TOK Yepe3 HHAYKTUBHOCTD; B) HAMPSIKEHUS HA KOHTYpE.

5. Ilonyuuts guddepeHnnanbHOe YpaBHEHUE CBS3aHHBIX KOHTY-
pPOB OTHOCHUTEIBHO: a) TOKAa i; B MEPBOM KOHTYpeE; 0) TOKa i, BO BTO-
POM KOHTYPE; C) HAPS’)KEHUA #; HA TIEPBOM KOHTYPE; T') HAIIPSKCHUS
1, Ha BTOPOM KOHTYpe (puc. 1.4).

(’01[[ 0

©5(?) ®asoBbIil AETEKTOP Pr(?) 1 Aoy, (1) MepecTpansaemblit reHepaTop
—_—> <
EF((p) p Sv um"(l)
A
uw(l) Uy, (1)
»  Kip)
A
R, A
c._1_ C,
I @) L,
u, u,
A 4




6. [lonyunts nuddepeHnaIbHOES YypaBHEHHE KOJIEOATEIBHOTO
KOHTYypa C TOJIOKUTEIbHONU OOpaTHOM CBsA3bI0. CUMTaTh TOK CTOKa
TPAH3UCTOPA JUHEMHO 3aBUCAIIIMM OT HANpPsHKEHUS HAa 3aTBOPE

i(u)=Su (puc. 1.5).

L=

vT T,‘(u)
=)

N

1

Puc. 1.5

7. llonyuuts nuddepeHnnaibHOe ypaBHEHHE TeHepaTtopa Ha
TYHHEJIBHOM JHOJE. 3aBUCUMOCTh TOKa JMOJa OT HANpSOKCHHS Ha
JMOJIe TIoKa3aHa Ha puc. 1.6.

iA

-

|||—
Ry

Puc. 1.6

8. [lonyuuts nuddepeHnuaribHOE ypaBHEHUE TIe€HEpaTtopa Ha
JIBYX TYHHEJIBHBIX Jquoaax (puc. 1.7).

-E
c

i

N N
|2 1

!

Puc. 1.7




9. [Tonyyuts nuddepeHnaibHOE ypaBHEHUE TPAH3UCTOPHOTO
reHeparopa. 3amnucaTh ypaBHeHHUE: a) B oOmieM Buae i = i(u); 0) s
HENMHEHHOW  XapaKTepUCTHKH BHia i(u) = au— Bu’; B) s
HEJTMHEHHON XapaKTepUCTHKY Buaa i(u) = au + fu’ yu’ (puc. 1.5).

10. ITonyunts nuddepeHmanrbHOe ypaBHEHHE CUCTEMBI (Pa30BOi

aBTOIOJICTPOMKHU 4acToThl (puc. 1.3) mus ciegyromux (GUIbTPOB B
uenu ynpasienus: a) K(p)=1/Tp; 6) K(p)=1/(1+1p).

2. AccnepoBaHne yCTOMYNBOCTU COCTOSAAHUN
paBHOBecuUs BTOpbIM MeToaom JlanyHoBa

2.1. OcHOoB8HbIe meopemu4yecKue ceedeHus!

Bropou Meron JIssmyHOBa — 3TO YHMBEPCAIbHBIA METO/, TIO3BOJISIO-
IIMHA UCCIEN0BATh YCTOWYMUBOCTh pelieHnit /1Y, a Takke NpUMEHUMBbINA
JUISL pEIICHUS] IIIMPOKOTO Kpyra 3a7a4d JUHAMUKU (MCCIIeIOBaHUE OrpaHu-
YEHHOCTH PEUIEHUH, HCCIEIOBAHUE MEPUOINYECKUX PEXKUMOB U T. 11.).

PaccMoTpyM nmpuMEHEHHE 3TOr0 METOAa Ha MPUMEPE ABTOHOM-
HOW JWHAMHWYECKOW CHUCTEMBI, ONMMUCBHIBAEMOM cucteMon Y mepBoro

HopsIJIKa:
d.
%sz(xl,xz...xn) (k=1,.., n) 2.1)
WM B BEKTOPHOM hopMe:
ax - .
— = F(x).
7 () (2.2)

[IycTh cucTemMa UMEET COCTOSHUE PABHOBECUS X = X,. be3 morepu
OOIIIHOCTH Oy/€M CUUTaTh, YTO OHO HAXOJUTCS B Hayaje KOOPJUHAT
X,=0. IlycTb B HekoTOpOW 00JIACTH COCTOSIHUS paBHOBecus |X < H ,

pemenue (2.1) momumnsiercs Teopeme KoM O CylIeCTBOBAaHUM H
€IMHCTBEHHOCTH PEIICHUS.

Cdopmynupyem ocHOBHbIE onpeaeseHus [1, 2]:

Onpeodenenue 2.1. Cocmosinue pasunogecus X, cucmemsl (2.1)
Haszvleaemcs. ycmouuuevim no Jlanynogy, eciu ons n06020 wucia
£> 0 (kxak 661 MANO OHO HU OBLIO) MOICHO YKA3AMb OpYy20e HUCILO
0= 0(¢)>0, maxoe umo 0ns 6cex peuteHuti x(t) cucmemvl (2.1), 0ns
KOMOPUBIX 8 HAYAIbHbIL MOMEHM 8PEMEHU t = t) 8bINOJIHAEMCS YCI0BUE

10



x(t,) <6,
npu ecex t=>t, 6yoem cnpaseoiu8o HepaseHCcmeo
x(t)|<e. (2.3)

Ecnu makoe 6 ykasamov He803MOMCHO, MO peuieHue HeyCmou4uso.

YeronuuBocTh MO JIAMyHOBY O3HAYAET, UTO CUCTEMA HE yAAsACT-
Csl OT COCTOSIHUSI PAaBHOBECHSI C TEUEHUEM BPEMEHHU.

Onpeoenenue 2.2. CocTosHue paBHOBecUs X, cuctembl (2.1)
HAa3bIBACTCSl ACUMNIMOMUYECKU YCIMOUYUBHIM, €CIIA OHO YCTOMYMBO B
CMBICIIEe ompeneneHus 2.1 u MOoXHO ykaszatrh 4ucio 0>0, Takoe 4To
JUISl BCEX PEIIEHUM X(¢), 1711 KOTOPHIX B HAYAJIbHBIIT MOMEHT BPEMEHHU
t=t( BBIIIOJIHAETCA YCIOBUE x(Z,) < &, OyleT ClIpaBeIuBO

lim(x(?))) = 0. (2.4)

OOparuTe BHUMaHWE, YTO BBIMOJHEHUSI OJHOTO TOJIBKO YCIOBUS
(2.4) nns acCUMITOTHYECKON YCTOMYMBOCTH HEIOCTATOYHO. ACHUMIITO-
TUYECKasl YCTOMYUBOCTH MO JIANIyHOBY O3HA4aeT, YTO CUCTEMA C TeUe-
HUEM BPEMEHH MPHUONMKACTCS K COCTOSHHUIO PAaBHOBECHUS U HUKOTAA
HE TTOKUJIAET €r0 CKOJIb YTOJAHO MaJIOM OKPECTHOCTH.

Onpedenenue 2.3. CocTosiHUE paBHOBecUs X, cUcTeMbl (2.1) Ha-
3bIBAETCA ACUMITOTUYECKU YCTOWYUBBIM 8 Ooabuiom (B obmactu H),
€CIIM OHO YCTOMYHMBO W YycloBHUE (2.4) BBIMOJHSETCS MNP JIFOOBIX
HaYaIbHBIX COCTOSHUSX Xx(¢) u3 obmactu H. Obmacte H Ha3bIiBaeTcs

IIPU 3TOM 00JIACTHIO MPUTSKEHUS TOUKH X, .

Onpeoenenue 2.4. CoctossHue paBHOBecUsa X, cuctembl (2.1)
HA3BIBACTCS ACUMNMOMUYECKU YCMOUYUBLIM 68 UYeloM, €CIH OHO
yCTOWYUBO U ycaoBue (2.4) BeIOMHSACTCS 715 Bcex x(¢) (oOmacts H —
Bce (ha30BOE IMPOCTPAHCTBO).

Bsenem B paccmorpenue ¢yHkumu V(x; X, ..., X;), KOTOpPbIE B
OKpecTHOCTH h<H coctossHus paBHOBecus cuctembl (2.1) x,=0
obOnamarT creayrnmMu cBoctBamu: 1) V(x;, x,, ..., x,) — OAHO3HAY-
Hass (QyHKIUs; 2)yacTHble mnpousBoanbie dV(x;, y)dx, (k=1..n)
HenpepsIBHBL, 3) V(0) = 0.

Onpedenenue 2.5. ®yukuus V(X), oOnamamomas CBOHCTBaMHU
1, 2, 3, Ha3BIBaeTCA 3HaxKoonpeoeieHHou (MOJ0KUTEIBHO ONpeaeIeH-
HOW WJIM OTPHUIATENIbHO OMpPEACICHHON) B 00JacTu /s, €ciau B ITOU
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00JiacTu V' nmpuHHUMaeT 3Ha4eHUs TOJIBKO OJHOTO 3HaKa U oOparaeTcs
B HOJIb TOJILKO B Hauaje KOOpIWHAT.
Onpeoenenue 2.6. Dynkmnus V(X), odmagaromias cBOMCTBaMH 1, 2,

3, Ha3BIBAETCS 3HAKONOCMOAHHOU (TIOJIOKUTEITBHOW WU OTPULIATEIb-
HOI) B oOjactu s, ecid B ATOM oOjactu V(X) NMpUHUMAET 3HAYCHUS

TOJILKO OJHOTO 3HAaKa, HO o0paiaercs B HyJb HE TOJIHKO B Hadaye
KOOp/MHAT.

IHpumepor: 1. V(x,y)zszry2 (bYHKITMS, TOJ0KUTEIBHO OIpese-
JICHHAsI BO BceM (pa30BOM IPOCTPAHCTBE; 2. V(X,¥)=9-x"-y (yHKIHSL,
MOJIOKUTEIIBHO OIpE/eICHHAas B Kpyre paauyca 3; 3. V(X,y)=(x—y)2 —
3HAKOMOCTOSIHHASL TIOJIOKUTENbHAsT PYHKIMS BO BceM (ha30BOM MpoO-
CTPAHCTBE.

Onpeodenenue 2.7. IlpousBogHoit ¢yHkuu V(X,y) MO BpEMEHH,
B3ATOM B Cuiy cucTeMbl (2.1), OyaeM Ha3bIBaTh IPOU3BOIHYIO

dV(x,y) dv dxk dx,
ra€c IMpoOUu3BOAHBIC — o T 3adMCHCHBI
dt ;dxk dt’ 8 P 8 dt i
COOTBETCTBYIOIIUMU UM MPABBIMU YaCTSIMU CUCTEMHI (2.1), T. €.
dv dV dVv dVv
—=—"F(x,y)+— F,(x,y)+...+—F,(x, ).
i dv 1(x, ) i, 2 (x, ) o F(x,y) (2.5)

s uccnenoBaHusl yCTOMUMBOCTH CHUCTEM OylieM MPUMEHSTh
ciaenyromme Teopemsl [ 1, 2]:

Teopema 2.1 (nepsas meopema Jlanynoea). Ecnm s cUCTEMBI
(2.1) MOXHO HaWTH 3HAKOOMNpPEJEICHHYIO (PYHKIHIO V' (X), TPOU3BOA-
Hasg KOTOPOW MO BPEMEHHU, COCTABJIEHHAS] B CUJTy 3TOW CHUCTEMBI, €CTh
(GyHKIMS 3HAKOMOCTOSHHAs, 3HaKa, MPOTUBOIIOJIOXKHOIO ¢ V, WiH
TOXJECTBEHHO paBHA HYJIO, TO HYJEBOE pelnieHue cucteMbl (2.1)
YCTOMYUBO.

Teopema 2.2 (emopas meopema Jlanynosa). Ecin 711 CUCTEMBI
(2.1) MOXXHO HaWTH 3HAKOOIpPEICICHHYIO (PYHKIHIO V(X), TPOU3BOI-
Has KOTOPOW MO BPEMEHHU, COCTABJICHHASI B CUJIy 3TOW CUCTEMBI, €CTh
(GyHKIMA TaK)Ke 3HAKOOIPEIEICHHAsl, 3HaKa, MPOTUBOMOJIOKHOTO C V,
TO HYJIEBOE PEIICHUE CUCTEMBI (2.1) yCTOWYMBO aCUMITOTUYECKHU.

Teopema 2.3 (06 acumnmomuueckou ycmouyusocmu). IlycThb
V(X) — MOJIOXKUTENIBHO olpeeNieHHass GYyHKIUS U MYyCTh B OrpaHU-

YEeHHOU 00J1aCTH
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V(X)<A,A = const> 0, (2.6)
npou3BoJiHasA dV(X)/dt — OTpUIIATENIbHO oOmpeAciaeHHas (YHKIIUS.

Torna Havyasio KOOpJIUHAT — ACUMITOTHYECKH YCTOMUMBOE MOJI0KEHUE
paBHOBecUsI cuUCTEMBbI (2.1), M Kakaoe pEUICHUE 3TOW CHUCTEMBI,
HauuHarolleecss B obnactu (2.6), HEOTPAHUYEHHO MPUOIUKAETCS K
HavyaJly KOOpAUHAT IpH {—>0.

DTa TeopeMa MO3BOJISIET OMPEASIUTh AJTOPUTM HCCIICIOBAHUS
ACHUMIITOTUYECKON YCTOWYMBOCTH CUCTEMBbI B OOJIBIIIOM (B HEKOTOPOM
obmactu H) [1]: 1) BeiOOp ¢yHkiuu JlsmyHoBa V(X), HaxOXKACHHE

MPOU3BOAHOMN dV (X)/dt, onmpenenenue odmactei azoBOro mpocTpaH-
cTBa, rae V(X), dV(X)/dt — 3HakoomnpeneneHHble (YHKIIMU Pa3HbIX

3HAKOB; 2) IIOCTPOCHHUE IlepecedyeHust ITUX obsacter H, 3) HaXox-
JICHUE 3aMKHYTOM mOBepXxHOCTH V(X)=C, C=const MakKCUMaJIbHbIX

pa3MepoB, IEIUKOM Jiexalled B oOnactu mnepecedeHuun H,.
HalinenHnast moBepXHOCTh OYyJIeT OrpaHUYUBATh O0JACTh MPUTIKEHUS
CTallUOHAPHOTO COCTOSHHUS.

Teopema 2.2 (06 acumnmomu4eckou YCMOUYUBOCU 8 UeNoM,).
Ecou nnsa cucremsl (2.1) MokHO HalTu QYHKUUIO V(X), HOAYUHSIO-
IIyI0cs BO BceM (Pa30BOM MPOCTPAHCTBE TPEOOBAHHSM BTOPOM TEO-
pembl JIanyHOBa, U €CIn

lim ( (%)) = o0 (2.7)

[l
TO HYJIEBOE€ pEIICHUE CUCTEeMBI (2.1) aCHMNTOTUYECKH YCTOMYHUBO B
EJIOM.

Teopema 2.5 (meopema bapbawuna u Kpacosckoeo). Teopembl
2.2-2.4 ocraloTca B CWJIe, €CIIM TNPOU3BOAHAsA dV(X)/dt HE 3HAKO-
ompeaeieHHas, a TOJbKO 3HAKOMOCTOSTHHAS (PyHKIUS (3HAKA, MPOTH-
BOIIOJIO)KHOTO € V(X)), HO COBOKYIMHOCTb TO4YE€K (ha30BOTO IIpoO-
CTpaHCTBa, rae dV(X)/dt=0, HE COAEPKHUT IeJbIX ()a30BBIX TpPaCK-
Topul cuctemsl (2.1), OTIIMYHBIX OT TPUBHAIBHOTO PEILICHHUS.

JlpyrumMu ciloBaMu, HE CYIIECTBYET HETPHUBUAIBHOTO PEIICHHS
X(¢t) cucteMsl (2.1), njst KOTOpOro paBeHCTBO dV (X)/dt= 0 BO3MOXXHO
IIpH BCEX 1.

Teopema 2.6 (meopema  Yemaesa). Ilyctb B HEKOTOpOM
OKpecTHOCTH () Hadajla KOOpAWHAT 3adaHbl o0jacTh (2 U QyHKIUA
V(X) Takue, uto: 1) ¢yHkumss V(X) U €€ TMepBble YaCTHBIC
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MIPOM3BOJIHBIE HENPEPBIBHBI B (2; 2) V(X)=0 Ha TON YacCTW T'paHUILIbI
obnactu (2;, KoTopas JexuT BHYTpH 2; 3) byHkuu V(x) u dV(x)/dt

NOJIOKUTENBHEI B ()1; 4) HAaYajao KOOPJAWHAT SIBJISIETCS TPAHUYHOU
toukoil €Q;. Torma monokeHWe paBHOBecHs X =0 cucremsl (2.1)
HEyCTOWM4MBO (CcM. puc. 2.1).

Puc. 2.1

YeTkoro m OJHO3HAYHOTO ajuroputMma mnojaodoopa ¢yHkiuu Jldmy-
HOBa He cyulecTtByeT. DyHKUMS V(X) JOJDKHA YIAOBJIETBOPSTH

YCIOBHUSIM Te€OpeM 00 YCTOMYMBOCTH, JIOJKHA OBITH 3HAKOOIpEJe-
neHHou. bosiee Toro, BEIOOP pa3aMYHBIX V(X) JUIs OJHOM M TOM JKe

CUCTEMbl MOXET JaTh pa3JIMYHbIC€ OIEHKU OO0JIACTH MPUTKEHUS
COCTOSIHUSI PABHOBECHSI.

OOparute BHUMaHUE, 4TO PyHKIMIO JIsSTyHOBAa MOKHO BBIOMpATH
C TOYHOCTHIO JIO MPOU3BOJIBHOTO OTJIMYHOTO OT HYJsl KO3 dUIlueHTa.
BenuunHa Takoro kodpguirenta He BIUSET Ha BOMPOC OMPEACICHUS
YCTOMYMBOCTH.

CyniecTByeT HECKOJIBKO CTaHAapTHBIX IPUEMOB MOJI00pa
dbynkuun JissmyHoBa.

Dopma yemnou cmeneHu

Ecou P(x,y), Q(x,y) TpeAacTaBisitOT COOOM MOJTMHOMBI OTHOCH-
TEJIBHO X, ), TO 4acTO yJ0OHO ObIBaeT UckaTh (PpyHkuuio JlsmyHoBa B
BHUjie (DOPMBI YETHOM CTENEHHW OTHOCHUTEIBHO JTHX TNEpEeMEHHBIX. B
oO11eM BHIE:

Vix,y) = ax"+by", (2.8)
I7e 1, m — 4Ye€THBIC YMCa, HEe paBHbIC HYMIO (n, m = £2k, k=1,2,3,...).
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Takass QyHKIMS YJIOBJIECTBOPSIET BCEM YCIIOBUSIM, HaKJIaJibIBac-
MbIM Ha ¢yHKuMio JlsmyHoBa (V(x,)): MOJOKUTEIBLHO ONpe/eIcHa BO
BceM (Da30BOM IPOCTpAHCTBE, KpoMe Hayaja koopauHat (0,0), rae
OoHa oOpalllaeTcsi B HOJIb).

BriOop koadduiiueHToB a, b W mokazaTeiaed CTEmeHeul m, n
OMpeesIeTCA U3 YCIOBHUM Ha MPOU3BOJIHYIO U BbipaxkeHus (2.5). s
JI0KA3aTeNIbCTBA YCTOMUMBOCTH HEOOXOJMMO HAWTU Takue a, b, m, n,
qT00BI d(X,))/dt oOpaiianach B HOJIb B Hayaje KOOpPAWMHAT U ObLIA
3HAKOIMOCTOSIHHASA, oTpularesbHas. COOTBETCTBEHHO [JIsi aCHMITO-
TUYECKON YCTOMUYMBOCTH F(X,)) HOJKHA OBITH 3HAKOONpPEACICHHAs
oTpularesbHas (cM. mpumepsl 1,3).

Jlocapugm om o0Ho20 u3 cnazaemolx

Yacto 14 HCKIIOYEHHUS U3 MPOU3BOJHOM IIEPEMEHHBIX B
HEUETHOW CTEMEeHW yAO0OHO BKIHOYUTh B (QyHKIHMIO JlssmyHOBa
HaTypajbHbIA JIOTapu(PM OT OJHOIO M3 CJaraéMbIX, BXOJSIIUX B
npaBbie yactu (2.1) (cMm. mpumep 2).

PaccmoTpuM pellieHHEe TUMOBBIX 33jia4 Ha MPUMEPE aBTOHOMHOM
TUHAMHYECKON CHCTEMBI C OJHOHN CTEIEHBIO CBOOOBI, OITMCHIBAEMOM
JY BTOpOro nopsaka.

x=P(x,y)
{y' - 0(x,y) 29)

2.2. lMpumepb! peweHuUs1 munoeabix 3aday

Ilpumep 1. ViccnenoBatb yCTOMYUBOCTh COCTOSIHUSI PABHOBECUS

x=-5y-x°
PEPTEEE (2.10)

bynem wuckats ¢ynkuuto Jlsnynosa V(x,y) B Buae (2.8):
Vix,y)=ax"+by"

Beipaxkenue i1 mpousBogHou V(x,y), coriaacHo (2.5), Oyner
UMETh BUI:

dV(x,y) _dV(x,y) dv(x,y)

— P el AL P
& o (x, )+ Ay O(x, )

TED) (@ a5y =x')+ (b y™)- @x-y)
dVE;;’y) :_5‘a‘m‘y_xm—l_a'm.xm+2+2‘b‘n‘yn—1x_b.n‘yn+2.
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s ngokazaTtenbCTBa YCTOMYMBOCTH (HEYCTOMYMBOCTH) HEOO0-
XOJIUMO, YTOOBI: MPOU3BOAHAS COJIepkKaia TOJIbKO YETHBIE CTENEHH X,
V; KO3(P(UIIMEHTHl TPU YETHBIX CTEMEHSX ObUIM OJIHOrO 3HAaKa —
oTpuIlaTeIbHbIE (ITOJ0XKUTEIbHBIC).

Takum 00pa3om, ciaraemble C HEYETHBIMU CTEIEHSIMU HEOOXOIU-
MO COKpATUTh. Ot10 3HAYUT, 4TO B BBIPAXKCHUU
~5-a-m-y-x""+2-b-n-y"'x=0 HEOOXOAUMO BHAYAJIC MPHUPABHATH
MoKa3aTeln CTENeHeH Mpu X, ), a 3aTeM U KOd3(P(UIMEHTHl MpU

cllaraeMbIX. ITO MPUBOIUT HAC K CIEAYIONMEMY Ha0Opy yCIOBHIA:

a>0; b>0;

x" " =x, umm m=2

y=y"", umm n=2

-Sam+2bn=0 wm (npu n, m=2), 1.€. Sa=2b wim a=2, b=3.

B wutore ¢ynkuuio JlamyHoBa MOXHO BBIOpaTh CIEAYIOIINM
oOpazom:

Vix,y)=2x"+59"

[Ipu TakoM BBIOOpE MPOHM3BOAHAS dVE;y) =—4x*-10y* <0

3HAKOONpPEACICHHAsT OTpUIaTeIbHAsl M, COTJIACHO Teopeme 2.2,
HYJIEBOE pPEIIeHNe aCUMITOTHYECKH YCTOMYIHBO.

Ilpumep 2. VccnenoBaTb yCTOWMYMBOCTH HYJIEBOIO COCTOSHUS
paBHOBECHS

d*x (dxY dx )
—+|— | +||—| t1|x=0.
dt dt dt

[leperineM k cucreme
X=y
. 3 2 )
y==y - +Dx

BriOepem ¢yHnkiuto JIssmyHoBa B BUJE
2

V(x,y)=’;+1n<1+y2>,

2.11)

B OTOM CJIy4ae
dv(x,y) _ 2y
dt 1+
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OueBuaHO, YTO V(X,)) — MONOKUTEIBHO ONpeicieHHas PyHKIUS,
a ee MPOM3BOAHAS — 3HAKOMOCTOSIHHAS OTpHUIATeNbHass (QYHKIUS Ha
BCEH IUIOCKOCTH X, y. YcinoBue (2.7) BwimosHeHO: V(x,y)—oo0 mipu
X*+y°—o0. IpomsBoxHast dV/dt obpamaercss B HOIb Ha ocu y=0
mIockocT (x,y). BMecTe ¢ TeM Ha 3TOM MHOKECTBE HET LEJIbIX
dazoBbix Tpaektopuid cuctembl (2.11) (cocrosHuii paBHOBECHSA),
OTMIMYHBIX OT TOYkM x=y=(. Ha ocHoBanum Tteopem 2.4 u 2.5
3aKJII0YaeM, YTO pelIeHue x=y=( aCUMNTOTHYECKH YCTONIHUBO.

Ilpumep 3. Uccnenyite aCHMINTOTHYECKYK) YCTOMYUBOCTh HYJIE-
BOT'0O PELICHUS.
x=2y —x
: 2.12
J.} = —X— y3 + yS ( )

bynem wuckare ¢QyHkumiro JlamyHoBa B o0meM  BuUje
m /]
Vix,y)=ax"+b-<y" (m, n — 4eTHBIE, MOJOKUTEIIbHBIC YUCIIA).

Torga
dVE;;’y) — amxm-l(2y3 _ XS) + bnyn-l(y5 _ y3 _ X)
dVE;,y) _ 2amxm-1y3 - amx™* + bnyn+4 —bnyn+2 _bnyn—lx'

Haitnem Takue a, b, m, n, 4ToObl COKpPATUJINChH CjlaraeMmble C
HEYETHBIMU CTENEHAMH X, V, T. €.:

2amx™"y’- by 'x = 0.

Brauane npupaBHsieM MOKa3aTenu CTENeHen x, y: m-1=1; n-1=3,
oTcrofia moiayuum m = 2, n = 2. Jlanee npupaBHsieM KOd(PGUITUEHTHI:
2am=bn WY ¢ y4eTOM MOJTYUYCHHBIX 3HaUCHUU m, n —4a =4b.

T. e. pynkiuto JIssmyHOBa MOKHO BBIOpATh B BUJIE:

Vwy) = (F+y7)y2.

IIpu TakoM BeIGOpe dV/dt = -x°°+)°

[IpousBogHass oOTpHULIATEIBLHO OIpenaeneHa B obnactu |y|<I,
cienoBaTeabHo, (2.12) sBiIseTCss ACUMITOTHYECKH YCTOWYHMBOM.
O06nacTh NPUTSHKEHUSI COCTOSIHUS PABHOBECUS OMPEACISETCS MOBEPX-

HOCTBIO X +y4=1.
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Ilpumep 4. ViccienoBaTb Ha YCTOMYHMBOCTHb HYJIEBOE PEIICHUE
CUCTEMBI

{x:xy a>0, b>0. (2.13)

y=ay’ +by’ +2yx’°
g uccnemoBaHus — BOCIIONIbB3yeMcsi  Teopemon  YUeraeBa
(teopema 2.6). Beibepem dynkuuto JiamyHosa Buga: V(x,y) = -x"+y.
Ee npouwsBogHas B cuiny  cuctembl  (2.13)  paBHa

“'VS;’J’) =ax’ +by’, T.e. dV/dt>0 npu y>0. CoraacHo Teopeme 2.6,

2

onpeaenuM obiacte Q kak y>0, a obmacte 2 kKak y>x", Torja:

byHKOMSA V(X) U ee IepBble YaCTHBIC IPOM3BOJIHBIC HEIPEPHIBHBI B
- 2

Q; V(X)=0 Ha rpanmne Q; (y=x"); dbyHkuum V(x) u dV(x)/dt

TIOJIOKHUTENBHBI B (21; COCTOSIHHE PaBHOBECHS HAXOIUTCS Ha TPaHUIIC

3TOM 00JIaCTH; HaYaJl0 KOOPAWHAT SBJISETCSI TPAHUIHON TOUKOM (2.

Cocrosaue paBHOBecus X =0 cuctemsl (2.13) HEyCTOMYHUBO CM.
puc. 2.2).

\ 4

Puc. 2.2

Ilpumep 5. ViccnenoBaTh Ha YCTOWYMBOCTH HYJIEBOE PEUICHUE
CUCTEMBI

{’f:_“l"(l”)+bl(y_x) a>0,b>0,a> 0, b> 0. (2.14)

y=-a,y(1+ y)+b,(x—y)

I1-ii cnoco6 pewenus: Buibepem V(x,y) =b.x’/2 + by*/2. Torma
dV/dt=-ab, x’*(1+x)— bb.(x—y)*  aby*(1+y). ®ymkums V(x,y)—
MOJIOKUTENBHO OIpeJiesieHHass BO Bcel ()a30BOM IIIOCKOCTH (X,)) U
dV(x,y)/dt — oTpurniaTenbHO ornpeeraeHHas B 001acTu

1+x>0; 1+y>0. (2.15)
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CucrteMa acUMNTOTHYECKH ycToWumBa. OO0JACTh NPUTSIHKEHUS
COCTOSIHUSI ~ paBHOBecusi  onpenensercs KpuBod  V(x,y) = Cans
OTpaHUYMBAIONIEH MAaKCUMAaJIbHYIO TUIOMIA]b U LEJIUKOM JIexKallehd B
obnactu (2.15). Ypasuenue V(x,y) = C,,., UMEET BUJ

x*+by’/b.=1 (cMm. puc. 2.3).

Puc. 2.3

2-11 cnocoo pewenus. BoioepeM
V(x, y)=b.[x—In(1+x)]+b,[y—In(1+y)]. V(x, y)— norosxcumenvro
onpedenenna 6 oonacmu I +x > 0; 1 +y> 0.

2
dv(x,y) _ _albzxz -azblyz n bb,(y—x) ’
dt 1+x)1+y)
dV/dt < 0 tax xe B oomactu [ +x > 0; 1 +y > 0.
O0nacTh TPUTSHKEHUSI COCTOSIHUS PAaBHOBECHS B ATOM Ciydae
onpeaenseTca HepaBeHcTBaMu [ +x > (0; [ +y > (0 U CylIEeCTBEHHO
Oosbilie, 4eM B TMEepBOM BapuaHte (cM. puc. 2.4). CremoBaTenbHO,

dbyukuua JisnmyHoBa BeIOpaHa yJauHee.

vA
C,<C,<C,




2.3. 3adayu

3adanue: SIBNAIOTCS W TpUBEACHHbIE (YHKIUM 3HAKOOIpE-
JICIICHHBIMU, 3HAKOIIOCTOSIHHBIMH, B KAKOW 001acTH?

1. V(x,y)=x"+y"; 6. V(x,y)=1 — Cos(x),
2. V(x,y)=x"+y" = 7. V(x,y)=1 — Cos(xy),
3. V() =xy"; 8. Vx.y)=x-|x[+y-[yl;

4. V(xy)=(x - y)’; 9. V(x,y)=x""pxy" |y,

5. V(x,p) =x2+y4— Xy,

3adanue: ccueayuTe YCTOMYMBOCTh HYJEBOTO pEIICHHS B
OOJIBIIIOM U LIEJIOM.

10. x =—-axy*; y=bx*; a>0,b>0; 11. x=ax’ +by; y=-cx+dy’;
ad > 0,bc>0; 12. x=y-3x-x’; y=6x-2y; 13. x=—ay—-bx*"";
y=cx—dy™"; a,b,c,d>0, m, n— HaTypalbHble YHCIIA,
14. bi=2y—ax—x"; y=-3x-y»"; ab >0; 15 i+x’x+x>=0;
16. x+ x> + (x> +)x=0; 17. ¥+ hx + p(x) =0; h=const, p(0)=0, xp(x)>0
npu x#0; 18. x=x+2xy°; y=yx"; 19. x=—y-xp*; yp=x+x"y’;
20. x=—ay+ax x>+’ ; y=ax+ayx +y>; 21. x=—(ax+by)(1+x);
y=x-y; a,b>0; 22. x=-ax(1+x)+b(y—x); y=-a,y(1+y)+b,(x—y);
ay, by, ar, by > 0.

3adanue: NTOKAXKNUTE HEYCTOMYUBOCTh  HYJEBOTO  PEIICHHS,
UCTI0JIB3Ys TeopeMy HeTaena.

23, x=—x—xy; y=y"-x; 24. x=x-xp*; y=y—-x"y;
25. x=ay’ +bx’; y=ax’ +by’; b>0;26. x=x" +2xp°.

3. UccnepoBaHue ycTON4YNBOCTU
AWHAMUYECKUX CUCTEM
No NnepBoMy NMPUONMXKEeHUIO

3.1. OcHoB8HbIE meopemuyecKue ceedeHus!

PaccMoTpuM IMHAMUYECKYIO CUCTEMY, ONPEACISAEMYI CUCTEMOM
nuddepeHInaIbHbIX YPABHEHUN:

d
%:Fk(xl,xz,..., x) (k=1,..,n). (3.1
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[lycth X, = {x,9, %y, ..., X,o} — COCTOSIHHE€ PABHOBECHUS CHCTEMBI.
Torna, cornacuo (3.1), Fi(x., Xux, ..., X,,)=0. Ilycts byHkuuu F, BOIU3U
X, MOTYT OBbITh pa3nioxeHsl B psia Teitnopa:

oF, oF, ~
F (X195 X50.-:X,0) =d—xk(xl —x10)+...+d—k(xn —x,0)+F; (k=1,..,n), (3.2)

1 xn

rae F, (k=1,..,n) — claraeMsle, cojepkamye crenenu (x-x,) (k=1..n)

HE HIKE BTOPOTO Mopsiika. Yurem 3To u 3anuiueM (3.1), 3amenuB F, B
MPABBIX YACTAX HA PA3JIOKEHUE B psif Teunopa:

dx, OF, oF, ~

E = d—xl(.xl —Xlo) +...+d—n(xn —Xno) + Fk’ (k = 1,...,7’1). (33)

BBejieM HOBBIE IIEPEMEHHEIE

E=XX,, k=1,..., n. (3.4)
oF,

O603Ha9KM IIPOM3BOIHBIE F), 10 X;: Py = P (J,k=1,...,n).

J

B (3.3) or6bpocum Hemunelnsle unensl F,. T. k. d&/dt = dx/dt,

3aMEHUM B JIEBOM YacCTH MPOU3BOAHYIO dx,/dt Ha Tpou3BoAHYIO d&/d!t.
Torna, ¢ yuetom (3.3) (3.4), BONMM3U COCTOSIHUSI paBHOBECHUS CHCTEMA
(3.1) npexacraBiisieTcs B BUJIE:

[

dt

Cucrtema (3.5) Ha3bIBaeTCSI CUCTEMOMN nep6020 npubaudceHus Ui
nuHeapuzosanrou cucteMoi. Ilepexon ot ucxoanoro ypaBuenus (3.1)
Kk cucteme (3.5) Ha3bIBaeTCs JuHeapusayuel B OKPECTHOCTH COCTOSI-
HUSl PAaBHOBECHSI.

= DS+ DiaSr +ot Pps,s (k=1...n). (3.5)

YpaBHEHUE
Py —A P2 P
-4 ..
D(A) = P> P Py ~0 (36)
pnl pn2 pnn _/1

HA3bIBACTCSl XapaKkmepucmuieckum YpaBHEHUEM JMHEAPU30BaHHOM
CUCTEMBI.

CylecTByIOT clieAyrolue TeopeMsl JIsmyHoBa 00 yCTOHYHUBOCTH
10 MEPBOMY NMPUOTUKEHUIO.

Teopema 3.1. Ecn Bce KOpPHH XapaKTEPUCTUUSCKOTO YpPaBHCHHSI
(3.6) nuHEeapu30BaHHOU CUCTEMBI (3.5) UMEIOT OTpULIATEIbHBIE ICUCT-
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BUTEJIbHBIE YAaCTH, TO COCTOSIHUE paBHOBecHs X, cucrtembl (3.1)

ACUMITOTUYECKU YCTOMUMBO, KAKOBBI Obl HU OB HEJMHEUHBIEC UJie-
uel F, (k=1, ..., n).

Teopema 3.2. Ecnu  cpenn  KOpHEW  XapaKTEPUCTUUYECKOIO
ypaBHeHHUs (3.6) IrHEapu30BaHHOW cUCTEMBI (3.5) uMeeTcss XOTs Obl
OJIMH KOPEHBb C IMOJIOKUTEIbHOU JIEMCTBUTEIBHOMU YaCThIO, TO COCTOS-
HUE paBHOBecHs X, cucTeMbl (3.1) HeyCTOWUYMBO MpH JIFOOOM BBIOOpE

HEJTMHEWHBIX ulieHoB F (k=1, ..., n).

Teopema 3.3. Ecnu xapakTtepucTuueckoe ypaBHeHue (3.6) nuHe-
apu30BaHHOM cucTteMbl (3.5) HE uMMeeT KOpHEH C MOJOKUTEIbHBIMU
JENCTBUTEILHBIMHU YaCTSIMHU, HO UMEET KOPHU C JISHCTBUTEILHBIMU Yac-
TSMH, PABHBIMHU HYJIFO, TO BOIIPOC 00 YCTOMYMBOCTU COCTOSIHHSI PABHO-
BECHS PEIIIaeTCsl UMEHHO HEeJIMHEWMHBbIMU WiieHamu F, (k=1, ..., n).

Taxkum oOpa3om, eciu xapakTepucTHUecKoe ypaBHeHHE (3.6) HE
UMEET HYJIeBBIX KOpHEH, TO JMHEHMHOE NPHUONMKEHHUE IO3BOJISET
OJIHO3HAYHO OTBETUTh Ha BOMNPOC OO0 YCTOMYMBOCTU COCTOSIHUS
pPaBHOBECHSI.

Kpurepuii I'ypBuna

[IpencraBum (3.6) B BUjE:

D(A)=a "+ a "'+ @, + a, A+ a, =0, (3.7)
A€ d,...,d, — KOdPOUIIMEHTHI, 3aBUCSIIUE OT MapaMeTPOB CHUCTEMBI.
He tepsist 00mHOCTH, TOJIOXKUM, 4TO a,> ().

Teopema 3.4. HeoOxoauMbIiM M JOCTaTOYHBIM  YCIIOBUEM
OTPHULIATEIIBHOCTU JEUCTBUTEIBHBIX YaCTEH BCEX KOPHEM YPaBHEHUS
(3.7) aBnsieTCst MOJIOKUTEIBLHOCTh BCEX TJIABHBIX MHUHOPOB MAaTpPHIIbI
['ypBuna

)
=]
N
[}
<
~
{
=N
oS O o O

(3.8)

0 0 0 O .. a

n

B rnaBHo# nuaronanu matpuilsl ['ypBuna ctodat Ko3(phuiimeHTs
noiauHoMma (3.7) B mopsjake Bo3pacTaHus OT a, A0 a4, B cTpokax
MOOYEPEHO pacrojararoTcs KOd(POUIIMEHTH ¢ HEYETHBIMH H
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yeTHhIMU HHJeKcaMu. Hegocraromue xkod3pduimeHTsl (¢ MHAeKCaMu
OOJIBIIIMMU 71 UM MEHBIITUMHU HYJIS) B MAaTPHUIIE 3aMEHSIOTCS HYJISIMHU.

N3 Teopembl 3.4 creayer, 4TO COCTOSIHHME paBHOBecHs OyJer
YCTOMYMBO, €CJIU OYIyT BBINIOIHATHCS HEPABEHCTBA:

a 4a; ds
a a
A=a,>0; A= >0, A,=lg, a, a,>0,...,A,>0. (3.9)
D % 0 a a
1 3

B yactHbIX cityyasx kputepul ['ypBulia mpumMeT BUA:
1) nns ypaBHeHUs BTOpPOro nopsijaka (n = 2):

a,>0,a,>0,a,>0 (3.10)
2) 1Jisl ypaBHEHUS TpEThero nopsiaka (n = 3):
a,> 0,a,>0,a,> 0, a,> 0, a,a,—a,a,> 0. (3.11)
3) 11 ypaBHEHUS TPEThETo nopsiaka (n = 3):
a,> 0, a,>0, a,> 0, a,> 0, a,a,—a,a,> 0. (3.12)

3.2. lMpumepbi peweHUs1 munoeabix 3aday

Ilpumep 1. Haiigute COCTOSIHHSI PAaBHOBECHUS M MCCIECIYWUTE UX
YCTOMYUBOCTH JJISI TUHAMUAYECKOU CUCTEMBI:

x=x-Dy-1
y=xy-2
1) Cocmosanus pasnosecus. llpupaBHUBaEM TPOU3BOJIHBIC B
(3.13) k HyJIIO U TOCJI€ HECJOXHBIX BBIYUCICHUN MOJyYaeM, 4TO B
CHUCTEME BO3MOKHBI JBa cocTosiHus paBHoBecus: P.(1,2); P2, 1).
2) Xapaxmepucmuueckoe ypasuernue. Cormacao (3.5) u (3.6),
BO3bMEM MOOYEPETHO IIPOM3BOJIHBIE 10 X U Y OT 000UX YpaBHEHUM:
{X =(x-D(y=1D=P(x,y)
y=xy-2=0(x,y)

(3.13)

D(/I)_Z_f’l (2_5 _y—l—/l x—=1|
BEY) a—Q—Z_y = (3.14)
ox oy

3) Kopnu xapaxmepucmuuecko2o ypaeHenusi 8 0CoOblX MOYKaXx.
[ToncraBum B (3.14) 3HaUYeHUS KOOPAUHAT COCTOSIHUSI PABHOBECHSA.
Hns P, (1,2) nonyunm:

D(4) = (1 — 1)*=0. (3.15)
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VYpaBHeHue uMeeT KopeHb A =1 (JelcTBUTENbHAS YacTh KOPHS
oonpmie wHysst). CormacHo Teopeme 3.2. Touka P, HeycToiuuBa.
AHnasiornyHo mnojctaBuM B (3.14) 3HaueHHUS KOOPJMHAT COCTOSIHUS
paBHOBecus P,(2,1) u nosryuum:

D(A)=2-21-1=0. (3.16)

YpaBHEHHE HMEET KOPHH A, =1+-/2 (HZeHCTBUTENbHAS YaCTh
KOpHS A, =1+-/2 Oonbie Hyns). CornacHo Teopeme 3.2, Touka P,

HEYCTOMYNBA.

Ipumep 2. Ilpn xakux 3HAYECHUAX O, A HYJIEBOE COCTOSHUE
paBHOBecus 1Y

ai+ocz+Az=0 a=0. (3.17)

OyJleT yCTOWYHUBO?

N3 kputepust I'ypsuna (3.9) (3.10) cienyer, uro cucrema (3.17)
yCTOMYMBA, Korjaa o, a, A uMeroT oauH 3Hak. T. e. o, A>0 npu a> 0
i o, A< 0 mpu a<0.

3.3. 3adayu

3adanue: B TUIOCKOCTH TapaMeTpPOB «, b BBIAEIUTH 00JAaCTh,
COOTBETCTBYIOIIYIO YCTOMUMBOMY COCTOSIHHIO PABHOBECHSL.

1. aA+b=0; 5. a>+b A2 +20+1 = 04;

2. A +al+b=0; 6. +(b+3)27+3al+a+b = 0;

3. ¥ +al’+bA+1=0; 7. X a b+ A+1 = 0;

4. aX’ — 20+b=0; 8. A +al’+(a+b) A +bA+1 = 0.
3adanue: NOIyYUTE YCIOBUS YCTOMYMBOCTH HYJIEBOTO PELIECHUS
x=[f(x)=blx+y x=ax—y-y°

9. y=bx—y 10. { y=asin(y)-z
zZ=az—cx z=az—Xx

x =—sin(ax)+b(y —x)
11. 3y=a(1-e")+b(x—y)+c(z—y); b>0,c>0
z=—az+c(y—2z)
3adanue: IOy4yUTE MOJEIb JIAMIIOBOTO TE€HEpatopa B BHE

nuddepeHraIbHOr0  ypaBHEeHHs. B mIockocTH IapamMeTrpoB R,
h=./L,/L MOCTpOWTE 001acCTh BO3OYX IECHHUS U3 HYJIEBBIX HAaYaJbHbIX
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yCIOBHH (CETOYHBIM TOKOM M pPEaKklMell aHOJHOIO0 HaIpsHKEHUS
npeHeOpeys).

12. BeinosiHUTE 3ajaHue JJid T€HepaTtopa ¢ KOHTYPOM B IIEIH
anoga (puc.3.1); 13.Bwimonnure 3amaHue AJisi TeHeEpaTopa C
KOHTYpOoM B 1enu cetku (puc. 3.2); 14. BoinmoysiHUTE 3a1aHue s
reHeparopa ¢ KOHTypoM B 1enu karona (puc.3.3); 15.Ilomyuure
MOJIeJIb IeHepaTopa Ha TYHHEJIbHOM Auoje B Bujae audbddepeH-
IUAIBbHOTO ypaBHEHMs. Halaure yclnoBHS yCTOMYMBOCTH COCTOSIHUS
paBHOBECHsI Ha IIaJIalolIeM YyYacTKe BOJIbT-aMIEPHOM XapaKTepHC-
TUKHU JINOJIa B IUNIOCKOCTH napaMmeTpoB G . R (puc. 3.4).

Puc. 3.1 Puc. 3.2 Prc. 3.3

16. [lonyunte Moaenp reHeparopa Ha JBYX TYHHEJIbHBIX AUOAAX

B Bujae auddepeHunanbHOrO0 ypaBHeHusa. Haiigute ycioBus

YCTOMYMBOCTH COCTOSIHMSA PABHOBECHS HA MAJAOIIEM YYaCTKE BOJIBT-

aAMIIEpHOM XapaKTEPUCTUKH AMOAA B INIOCKOCTHU napameTpoB Gye, R.
Cuuraiite, 4TO AMOABI UASHTUYHEI (puc. 3.5).

le

Ti(u)

|||—oQ

Puc. 34 Puc. 3.5 PI/IC.=3.6

3adanue: HaiiguTe 00JIACTH CaMOBO30YXIEHUS TEeHEpaTtopa Ha
MIOJIEBOM TpaH3UCTOpE (puc. 3.6), ONMUCHIBAEMOT0 YPAaBHEHUEM
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2 .
d 1; +Rcﬂ+u =M dl(u).
dt dt dt
17. IlocTpoiiTe o00nacTb CaMOBO30YXJCHHUS B MPOCTPAHCTBE

napameTpoB R, M; 18.IloctpoiiTe 001acTh CcamMOBO30OYXXICHHUS B
di(u) ; 19. ITocTpoiiTe

u=0
o0JlacThb caMOBO30YXJEHUSI B MpOCTpaHCTBe mapamerpoB C, Sy, rie
di(u
g _ i)

’ dt u=0 .

LC

npoctpancTse napamerpoB RC, MSy, rae S =

4. KayecTBeHHOe uccnegosaHue
KonebatenbHbLIX CUCTEM
Ha pa30BOU NJTIOCKOCTHU

4.1. OcHosHbIe meopemu4yecKkue ceedeHus

Meton ¢a3oBoil MIOCKOCTH MPUMEHSETCS JIS HCCIeI0BaHUS
JMHEUHBIX M HEJIUHEHMHBIX aBTOHOMHBLIX CHCTEM, OIIMChIBAEMBIX
oObryHbIMU AudPepeHnmanbabiMu ypaBHeHUsIMHE (O/1Y), B OCHOBHOM
nepBoro v Broporo nopsakoB. Eciu nano O/1Y n-ro nopsiaka B BUae

x" = (", % X, x,) =0, 4.1)

rae xl(”) — n-s TPOUW3BOJHAS OT TEPEMEHHON x;, TO HEO0OXOIUMO

MeperuT K cucteMme, cocrosimer u3 n OJlY mnepBoro mnopsijaka, ¢
MTOMOIIBIO 3aMEHBI

)'Cl=x2; X2:.X3; e, Xn_1=xn; Xan(xn,xn_l,...,xl). (42)

PaccMoTpuM cucTeMy IBYX aBTOHOMHBIX OOBIKHOBEHHBIX JH(]-
dbepeHIManbHBIX YPaBHEHHM ¢ OJHOM CTEIEHbIO0 CBOOO I OOIIIETO BUA:

& P(y)
y , (4.3)
= =0(x.y)
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rae P(x,y) u Q(x,y) — HENpepbiBHbIC (DYHKIHMH, OIpECICHHBIC B
HEeKoTOpou obsact G €BKJIMAOBOM IUIOCKOCTU (X, ¥ — JEKAPTOBBI
KOOPJIMHATHI) U UMEIOIIUE B 3TOM 00JIACTH HENPEPHIBHBIE MTPOU3BOJI-
HbIE TIOpsiKa HE HIKe nepBoro. O6nacte G MOXKET ObITh KaKk Heorpa-
HUYEHHOM, TaK U OrPAHUYEHHOU. EcCiM mepeMeHHbIE X, ) UMEIOT
KOHKPETHBIN ((Pu3ndecKkuii, OMOIOTUYECKUI UM UHOUM) cMbIc, TO G
MO>KET OBITh MOJYIUIOCKOCTBIO TN KBaJPAHTOM.

MeTtoauka ucciieJOBaHUsI HETMHEMHON cucTeMbl (4.3) CBOAUTCS K

1) HaXOXKJIEHUIO BCEX COCTOSIHUM paBHOBECUS U3

{P(x, y»)=0

O(x,y)=0" 44

2) nuHeapu3auu cucteMbl (4.3) B OKPECTHOCTH KaXJOTO U3
COCTOSIHUM PAaBHOBECHS U OIPEJICICHHUIO TUIIa COCTOSIHUSI PABHOBECHS
Y3 JUHEMHOTO YPABHEHUS

dt  ox|, oy " @5)
dﬂ:@ Ax_f_aiQ Ay
dt  ox|, oy "

IJIe YaCTHbIE MPOU3BOJHBIE OEPYTCA B TOUKE i-I'O COCTOSIHUSI PABHO-
Becust Ay, (xy;,Vo; ), @ HOBbIE IEPEMEHHBIE ONIPEACIICHBI KaK

Ax =x—x;
{ ; (4.6)
Ay=y =y
3) IpUMEHEHUI0  METOJla  M30KJIMH U/ WIM  PEIICHUIO
WHTETPAJIbHOrO0 YPABHEHHUS

dy _ 0(x,y)

dx  P(x,y)’ (4.7)

Onpeodenenue 4.1. H30knmunot TPUHATO Ha3bIBaTh TI'€OMETPHU-
YeCKOE MECTO TOYEK, B KOTOPBIX KacaTellbHbIE KO BCEM HHTErpajb-
HBIM KPHBBIM UMEIOT OJITMHAKOBBIM HAKJIOH.

4) npMMEHEHHI0 BTOpOro Meto aa JISmyHoBa;
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5) npumeHenuto kputepues Jronaka, bennuHkcona u mp.

Kputepuii [1oj1aka 15 0{HOCBS3HOM 00J1aCTH

Teopema 4.1. Ilyctb  QyHKIIUA F(x,y) HENpPEepbIBHA BMECTE C
MEPBBIMA YAaCTHBIMH NPOU3BOJHBIMM B HEKOTOPOW OJHOCBA3HOU
obmactu G Ha (dazoBoil mockoctH cucteMbl (4.3). U mycTh
BBIPAKECHUE

p o OFCy)P(x,y) | OF(x, y)O(x, ) (4.8)

ox oy

B TOW ke obnacth G HE MEHSET 3HaKa U HE PAaBHO TOXKJIECTBEHHO
Hynto. Torga B 3Toil 00JIacTH HE CYIIECTBYET 3aMKHYTHIX (Pa30BBIX
TPACKTOPHUU.

YactubeiM ciyyaem kputepus [ronaka, korma F(x,y)=1,
ABJIAETCSI KpUTEpUH beHanHKCOHA.

Kpurepuii beHaAMHKCOHA ISl OAHOCBA3HOM 00J1aCTH
Teopema 4.2. [lycTh B HEKOTOpOM OJHOCBsA3HON oOnactu G Ha
($ha30BOM MIIOCKOCTH CUCTEMBI (4.3) BhIpakKeHUE
po9P(x.y)  00(x,y)
ox oy
HE MCHAET 3HAKa U HE PABHO TOXJICCTBECHHO HYJIIO. Torma B 3TOWU
00JIaCTH HE CYIIECTBYET 3aMKHYTBIX (pa30BBIX TPACKTOPHM.

Kaxnaplii U3 TyHKTOB METOIWKH HMEET CBOM OCOOCHHOCTH,
KOTOpbI€ OyAYT PacKphIBaThCS B MPEJIOKECHHBIX HIKE NMpumepax. B
Cay4yae IPOCTOM CHCTEMbl MOKHO MPOBOJUTH YKOPOYECHHOE
MCCJIEIOBAHUE, BKITIOYAIOIIEE JIUIIb YaCTh U3 MyHKTOB.

4.2. [lpumepsbl pewieHUs1 MunoebIx 3ada4y

Ilpumep 1. IlpoBectn paszOueHue (Pa3oBOM TUIOCKOCTH Ha
(ha30BbIC TPACKTOPUU U UCCIICIOBATH TUITHI COCTOSTHUN PAaBHOBECHS

x=x(1-y)=P(x,y)

. 4.
y=2x-y=0(x,y) (49)

1. [laHHast cucTeMa UMEET IBa COCTOSHUS paBHOBECHS A (0,0) u
Ay (0.5,1).
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2. Ilpu nuneapuszanuu cucteMbl (4.9) B OKpPECTHOCTH MEPBOIO
COCTOSIHUSI pPaBHOBECHUSI CJIETYET BBIMOJHUTH 3aMEHY x > Ax=x—-0=2x
U aHAJIOTUYHO y — Ay. B pesynbTaTe moinyyum:

Ax = Ax(1 - Ay) ~ Ax AXY (1 0 Ax
uiu =
Ay =2Ax — Ay Ay) 2 —1)\Ay)

XapakTepuCTUUYECKOE ypaBHEHNE UMEET BUJ

1 0y (1 0)) -2 o]
det -2 - - 221,
2 -1) "o 1 2 -1-2

CoOcTBeHHBIM 3HayeHusiM 4, =1 U A, =—1 COOTBETCTBYET

HEYCTOMYMBAS TOUKA TUIIA CEIJIO.
J1711 BTOpOU TOUKM PAaBHOBECHUS MOYKHO 3aIIUCATh

o o
[Ax]_ ox Oy (ij_(l— y —xj (ij_(o —o.sj(mj
Ay 99 00 Ay 2 ~1 (0.5,1) Ay 2 -1 \ay)
x oy ),

B sTOM ciyyae XapakTEepHUCTUUECKOE YpPABHEHHE P +A+1=0
UMEeT JBa KOpHS 4, =—0.5+1 V3 / 2, COOTBETCTBYIOIIME YCTOMUYUBOMY
dokycy.

3. IlpuMeHUM METOJ HW30KJIMH K HHTETPAILHOMY YPaBHEHUIO
dy 2x-y
de x(1—-y) a) OMpEeeIUM U30KJIMHBI TOPU30HTAIBHBIX KacaTelb-

dy
HBIX, OJIA KOTOpI)IX di = O = y = 2x — HU30KJIMHA FOpI/IBOHTaHBHBIX
X

KacaTelIbHbIX — JIMHUS, KOTOPYIO (pa30BbI€ TPACKTOPUU MEPECEKAIOT
CTPOr0 TOPU30HTAILHO;

dx
0) U3 ycCiIoBusA ?=0 MoJydyaeM JiBa ypaBHECHHUS H3O0KJIWH
'y

BEPTUKAJIbHBIX KacaTelbHbIX x=0 U y=1. ['paduuecku nosryuyeHHbIC
pe3yabTaThl MOKAa3aHbl HA puc. 4.1.
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3ameuanue. Dazosvle MpaeKmopuu He MO2Ym nepeceKkamv
(nonadamv U3 OOHOU OMKPLIMOU NOJYNIOCKOCMU 8 OpPY2YIO
OMKPBIMYI0 NOJYNAOCKOCMYb) U30KAUHY x=0.

JIeCTBUTENBHO, €CU MPENOI0KUTh TPOTUBHOE, UYTO CYIIIECT-
BYyEeT TOUYKa MEpEecedyeHusi, TO B 3TOM TOuke x=0 U, CJIeI0BATEIbHO,
HUKAKOT0 U3MEHEHUS 10 KOOpAMHATE x HE OyJEeT MPOUCXOAUTH, YTO U
CBUJIETEJILCTBYET 00 OTCYTCTBUU MEPECCUCHUS B YKA3aHHOM CMBICIIE.

Jlnst 6onee TOYHOTO MOCTPOEHUSI MOKHO HAaXOJUTh WMHBIE H30-
KJIMHBI, 1711 KOTOPBIX, HANPUMeEp, dy/dx=+1 u mp.

Ay Ay
y=2 iy <2x

~
~
R

=Y

Puc. 4.1 Puc. 4.2 Puc. 4.3

[Tone3no Haith 006sacTU (a30BOrO0 MPOCTPAHCTBA, B KOTOPBIX
¢da30BbIe TPACKTOPUHU HAIPaBJICHBI B CTOPOHY BO3pacTaHUS Iepe-
MEHHON y («BBepxX»). {1 3TOro HEOOXOJAMMO PEIIUTh HEPABEHCTBO

y>0. PelieHueM HEpaBEHCTBA SBJSETCS MOJYIUIOCKOCTh 2x > ).

Crnenyer BBINOJHUTH aHAJIOTUYHBIE PACCMOTPEHHUS ISl MEPEMEHHOU
x . Pe3ynpTarsl nccienoBaHus IpeACTaBICHBI HAa puc. 4.2.

[IpoBeneHHOTO HCCIIeIOBaHUSA JOCTAaTOYHO JJisl TOCTPOCHUS
($ha3zoBoOro nmoprpera cCucTeMsl (cM. puc. 4.3).

Ilpumep 2. 1lpoectu pazdoueHue pa3oBoil mIockocTH Ha (azo-
BbIC TPAEKTOPUU M MCCIICIOBATH THUITBI COCTOSTHIN PaBHOBECHSI

2

x=x"—-y+l1
. : (4.10)
y=xy
. x% - y+1=0 ..
1. Cucrema ypaBHEHHI 0 ABJISICTCS. HEJIIMHEWHOM,
Xy =

HO pEIIUTh €€ HE COCTaBIseT TPyJa, €CIM HayaThb CO BTOPOrO
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ypaBHeHus. Ecin x =0 cucrema (4.10) uMeeT cCoCTOsIHUE pPaBHOBECHS
Ay;(0,1), a mpu y =0 cucCTEMa YPABHEHUN HE UMEET JIEMCTBUTEIbHBIX
pEeLIeHUH, TO €CThb 4;(0,]) — ETMHCTBEHHOE COCTOSIHUE PAaBHOBECHSL.

2.1lpu nuneapuzauuu cucrembl (4.10) B OKpecTHOCTHU
COCTOSIHUSI PABHOBECHS CIEAYET BBIIIOJHUTD 3aMEHY x > Ax=x—0=x
uy—->Ay=y-1

oP OP
A | ox ay | (Ax) (2x -1 Ax) (0 —1) Ax
Ay aQ o9 Ay Yo X o Ay I O0NAy
ox Oy
Ay

B aTOM cilydyae XapaKTepHCTHUYECKOE YpPABHEHUE 22 +1=0 umeer
JBa MHUMBIX KOpHS A, =+i. Ecau Obl m3HauanpHO cuctema (4.10)

OblJ1a TUHEHHOM, TO MOXXHO OBIJIO OBl OJHO3HAYHO 3aKIIOYUTH, YTO
ocobasi TOYKa SBJISIETCS IEHTPOM. B Oanmnom ciayuae mpebyemcs
nposecmu OONOJHUMeNbHoe ucciedosarue!

Teopema 4.3 (meopema JIanynoea). 1lyctb x =y =0 cocTosHUE

paBHOBecHsi cuUCTeMBbI (4.3) U TyCTh KOPHHU XapPaKTEPUCTHUUYECKOTO
ypaBHEHHUS, COCTABJICHHOTO [JIi HEro, 4ucTo MHUMBbIe. Toraa
HEOOXOJUMOE M JOCTATOYHOE YCIIOBHE TOr0, YTO TOYKa x=y=0
SBJISICTCSl LIGHTPOM, 3aKJIIOYAeTCsl B CYIIECTBOBAaHUU aHAIUTHUYECKOTO
UHTEerpaja cuctemsl (4.3) B OKpECTHOCTH ATON TOUKH.
[IpumenuTenbHo K 3agade (4.2) BONpoC O HAXOXKACHUU
aHAJTMTUYECKOT0 UHTETpajia IJil UHTETPaIbHOTO YPaBHEHUS

Do 2 (4.11)
dx x"—y+1
sBisieTcss HeTpuBHaabHbIM! Teopema JlsimyHoBa 3pheKTUBHO MpHMe-
HUMa K CIIy4al0 HMHTETPAJbHOIO YPaBHCHHS C Pa3CISIOMIUMHUCS
nepeMeHHbIMA. [103TOMy BOCTIONB3yeMCs JOCTATOYHBIM YCIIOBHEM.
Jlna nanuuua y cucmemst (4.3) ocoboti mouxu muna yeump
00CMamo4YHo (HO He HeoOX00UMO), umobbl UHMe2PAlbHble KPUBble
ypasuenusi (4.7) umenu o0cb cumMmempuu, HnPOXOOAUYIO Hepes
uccnedyemyro 0codyro mouxy.

31



CnenaeM 3ameHy repeMeHHoro B (4.11) x — —x:

dy — Xy N dy _ xy

d(—x)_(—x)z—y+l dx x> —y+l

Otkyna ock Oy SBIsE€TCS OChIO (ITPOXOJAIIECH Yepe3 COCTOSIHUE
paBHOBECHS) CUMMETPUM UHTErPAIbHBIX KpUBBIX ypaBHeHus (4.11), a
CJIEIOBATENBHO, A,,(0,]) — TOUKOMN THUMA LEHTP.

3. IIpyMeHNM METO/1 M30KJIMH K UHTErpaJiIbHOMY ypaBHEeHHUIO (4.11).

a) onpcACIIMM H3O0KJIIMHBI TOPHU3OHTAJIbHBIX KaCATCJIbHbIX, IJIA

dy \
KOTOPEIX ~ ~= 0 = x=0 e y=0 - HM30KIMHBI TOPU3OHTAIBHBIX
X

KacatenbHbIX. JIMHUIO y =0 a3oBble TPACKTOPUHM TNEPECEKaTh HE
MOTYT (MOSICHEHUSI CM. B ipumepe 4.1);

dx
0) U3  ycroBus df=0 MOJIy4aeM ypaBHEHUE U3OKJIUHBI
3

BEPTHKAJIBHBIX KaCaTEIbHBIX y = x~ +1.

Onpenenum  HampaBiieHUsT  (a30BBIX  TPAGKTOpUM ISt
TOPU30HTANBHBIX HANPABICHUH, pPEIIMB HEPABEHCTBO X>0 W
aHAJIOTUYHO — JUIsl BEPTUKAJIbHBIX HampaBieHui. ['paduuecku

MOJYYEHHBIE PE3yJbTaThl MMOKa3aHbl Ha puc. 4.4. @a30BbIl TOPTPET
C Y4ETOM IIPOBEJECHHOI'0 UCCIIEIOBAaHUS NIPEACTABIECH Ha puc. 4.5.

N N 3 A
N Ny =X+ MR A NV
N Y \ i
N\ i) T
‘\ Am? = \\ N \ D % A
RN \\ AN\ "j/,/
Y NN 2%
""" M""}\_\\ ————1 ’/—y—
0 y:=0 k > 1 > }
A el Lt — A
y ~a
> > A AT I~
Y N A
x=0 v T A \
Puc. 4.4 Puc. 4.5
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4.3. 3adayu

3aoanue: npoBecTH pazoueHue HazoBoi MIOCKOCTH Ha (pa30BbIC
TPAeKTOPHMH H HCCIECAOBaTh THUIIBI COCTOSHHM PaBHOBECHS IS
CJICIYIOIINX CHCTEM:

Y= x+y+y

1 x=-x(3+y) |

"1y =4y(1+x) 5. {x Xy
f=-x(3-7) roY

2.5 X=y
y=4y(l-x) 6. { A

3 x:_:)).x.y y —x(1+x )_y

. j/=x4+2y2 . {x x(l—xz)—y
. _ .3 2 y=x-2y

4. {)_C_x 5 3xy3 {x (y—1Dx
y=3x"y -y 8.

3aoanue: nposectu pazdoueHre GpazoBoi MIOCKOCTU Ha (a30BbIC
TpaeKTOpUU. BBIACHUTH, CYIIECTBYIOT U TMPEACIbHBIE ITUKIBI B
cucTemax.

9.{, 4 10.{’? A+
y=x y=x+y

5. AccnepoBaHne AUHaAMUYECKUX CUCTEM
metoaom BaH-gep-llons

5.1. OcHosHbIEe mMeopemuyYyecKue ceedeHuUs!

PaccMoTpuM IMHAMUYECKYIO CUCTEMY, ONPEACISEMYI CUCTEMOM
nuddepeHnuaIbHbIX ypaBHCHUH:

X=y+up(xy)
{ : : (5.1)
y=—x+uq(x,y)
[lycth p— Manblil mOJ0XKUTENbHBIM Mapamerp. (0<u<<1). Ilpu
1=0 cucrema (5.1) nepexoauT B TMHEUHYIO CUCTEMY:
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b
: (5.2)

y=—x
Pemienue (5.2) umeeT BU:
x = RCos(t+6); y= — RSin(t+6) (5.3)
WU B IpyTrou opme:
x = aCos(t)+bSin(t);, y = — aSin(t)+bCos(?). (5.4)

Pemenust B popme 3amucu (5.3) u (5.4) sKBUBaAJICHTHBI, TIepBas
NEePEXOJIUT BO BTOPYIO npu nojactaHoBke a = RCos(6), b = —RSin(6).
CootBercTBeHHO (R, €) unm (a, b) NOCTOSIHHBIE, OMNpeACIsIeMbIe
HaYaJIbHBIMU YCIIOBUSIMHU.

[Iycts Teneps u # (), HO noctaTouHo Mano (u<<lI). bygeM uckatb
peuienue ypaBHeHus (5.1) B Tom xe Buje (5.3), HO IMOJOKHUM, YTO
R, 60— HexoTOpble Heu3BecTHbIE Moka (yHKIMU BpeMenu. [lepemen-
Hble R, 6 Ha3bIBAIOT nepemennviMu Ban-oep-Ilons, a ypaBuenue (5.3)
CBSI3bIBAECT UCXOJHBIC IEPEMEHHBIE X, ¥ C HOBBIMU NIEPEMEHHBIMU R, 6.
AHaJIOTUYHO, €CIIM MCKaTh pelleHue uyepe3 a, b , To cucrema (5.4)
CBSA3BIBACT nepemeHHvle Bamu-oep-llona a, b ¢ HCXOAHBIMU
IIepEeMEHHBIMU X, ) (CM. puc. 5.1).

N3 ypaBuennii (5.3) u (5.4) BUIHO, 4TO TJIOCKOCTH (a,b) Bpamaercs
C TOCTOSTHHOM (ha30BOM CKOPOCTBIO, PaBHOW €IMHHIIE, OTHOCHUTEIHHO
IJIOCKOCTH (X,)) BOKPYr OOILEro Hauyajga KOOpJAWHAT. A HEKOTOpas
HEMOJBM)XHAS B IUIOCKOCTH (a,b) Touka ¢ koopauHaTtamu a = RCos(6),
b = — RSin(6) npodyepunBaeT B IMIOCKOCTH (X,)) OKPYKHOCTb.

y A

Puc. 5.1
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YKopouyeHHbIe YPAaBHECHUS

MoxHO TI0OKa3aTh, UTO NP MaJIOM 3HAYEHHH L/ IPOU3BOIHBIE TIO
BpeMeHu nepemMeHHbiXx Ban-nep-Ilons dR/dt v d@/dt (wmm da/dt m
db/df) uMeroT MOPSJAOK MAaJIOCTH (i, T. €. U3MEHEHHUE HMX 3a IEepHO/I
UCXOQHOTO Kosiebanus majo [1, 2]. DTo mo3BosseT nepeitu ot (5.1) k
CUCTEME VKOPOUEHHbIX YpasHeHull, B KOTOPOW HCIOJb3YIOTCS
YCPEIHEHHBIE TI0 TIEPUONY 3HAYCHHUS MPOU3BOAHBIX. I[lporiecc
YCPEIHCHUS] MW BBIBOJAA YKOPOYCHHBIX ypaBHCHHH IOJIPOOHO
paccMoTpeH B auteparype [1, 2, 7, 8].

B pesynpTare ycpemHEHHS MOMYyYarOTCA CIACAYIOIINE CHUCTEMBI
muddepeHmanbHbIX ypaBHeHu. [ nepeMeHHbix R, 6

CZZ—IE = % Ji[[p*Cosg — q*Sinf]a’gZ
- (5.5)
%‘9 2R Hp Siné +q Cosf] d&

Oynkuuu  p(x,y), ¢(x,y) u3 ypaBHeHus (5.1) mnepexonmst B
p =p(RCos&-RSiné), q*= q(RCosé&, — RSiné&) cucremsl (5.5) mocie
3aMeHbI aprymMeHToB (5.3) U nepexona K HOBOUM nepemMeHHou & = +6
(Ha OJTHOM TIEpHO/Ie IEPEMEHHBIE &, R MOKHO CUMTATh TOCTOSTHHBIMH,
B clity 3T0or0 d¢ = dt). Takum oO6pazom:

px,y) = p(RCos(t+6), —RSin(t+6)) = p(RCos&, —RSiné) =p*

q(x,y) = q(RCos(t+6), —RSin(t+6)) = gq(RCosé& —RSiné) = q*(5.6.)

AHAJIOTUYHO, i1 TEPEMEHHBIX d, b YKOPOUYEHHBIC YpaBHEHMS
OyIyT UMETh BH]I:

da 2”[ ; .
—=—||p Cos&—gq Smf]d(f

J dt 2rx '([ 5
db 2 .
7 2‘12 [p Sin& +q Cosf]df

rae

p = p(aCos&+bSiné , —aSiné+bCosé),

q = q(aCos&+bSiné, —aSin&+bCosé).

B wurtore or ucxomHoil cucteMsbl (5.1) BBIOJIHEH IEpexoa K
cymiecTBeHHO Oosee mpocTtort cucteme (5.5) wmmm (5.7). UtoOwl
II0Ka3aTh 3TO, MpeacTaBuM (5.5) B BUE:
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R =y ®(R)

6=u¥YR)
rae ®(R), W(R) — uaTerpassl B MpaBbIX dacTsax ypaBHeHui (5.5). Obe
npaBbie yacTu (5.8) 3aBUCAT TOAbKO OT R. IlepBoe ypaBHEHUE MOXKET
OBITh TPOMHTETPUPOBAHO HE3aBHUCHUMO OT BTOporo. Ilocie Toro kak
R(t) Oyner HaiieHO W TIOACTaBJICHO BO BTOPOE, MOXKET OBITh
BBIUHCIICHO U ?).

(5.8)

CocTosiHNSI pABHOBECUS YKOPOYEHHbIX YPABHEHU M
PaccMoTpuM coCTOSIHUSI paBHOBECHS CUCTEMBI (5.8)

R=u®d(R) (5.9)

T. k. ypaBHEHME COIEPKHUT TOJBKO R, TO KOPHU YpPABHEHHUS
®(R)=0 u ecTb COCTOSIHUS pPaBHOBECHS. Y CTOMUYUBOCTh COCTOSIHUM
paBHOBecusi R = R, OyJeT onpenensiThcs 3HakoM pou3BoaHON d D/dR
B 3TOM Touke. OHO Oyner ycroWumBo, ecau @ (R,)<0,
HeycToMuuBO, eciu @' (R,)>0. CranumoHapHoe coctosinue (5.9) B
HMCXOJIHOM CHCTEME COOTBETCTBYET, coriacHo (5.3), kojeOaHusIM ¢
MTOCTOSTHHOM aMILTUTYIOM.

N3meHenne R B 3aBUCUMOCTH OT BPEMEHU MOXHO HaWTH, €CIU
HETMOCPE/ICTBEHHO MPOUHTETPUPOBATH (5.9)

put—1t,) = j%

PaccMmotpum BTOpOe ypaBHeHue (5.8). Bo3MOXXHBI 1Ba BapUaHTA.
Bapuaum 1: Y(6)=0. B »5TOM ciaydae pelieHue CHCTEMBbI
YKOPOUYEHHBIX ypaBHEHUM (5.8):

R =R(), 8= B=const. (5.11)

Kaxnaomy xopHio R=R, ypaBHeHust ®(R)=0 B ucxoaHoii cucreme
OyZIeT COOTBETCTBOBATh KOJIEOAHHE C TMOCTOSHHOW aMIUIUTYJIO0N U
4aCTOTOM.

x= R, Cos(t+8),; y = - R, Sin(t+6,). (5.12)

B ¢a3oBoM mpocTpaHCTBE MCXOJHOW CHCTEMBI OTO OyAeT
MPEACIbHBIN 1UKJ, YCTOMYMBBIM JUISI YCTOMYHMBBIX CTAMOHAPHBIX
cocTosiHUM (5.9) U HEYCTONYUBBIN — /ISl HEYCTOMYMBBIX.

(5.10)
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Bapuaum 2: Y(6) #0. Paccmorpum db/dt B crammoHapHOM
COCTOSIHUU cucTeMbl (5.9), T.e. ipu R = R ,=const . B 3TOM ciy4dae
do/dt = u¥Y'( R,) = const unu

0= (R )1+, (5.13)

[Ipu mepexosie K MCXOJHOM CHUCTEME B CTALMOHAPHOM PEKHUME
MOJTYYHM:

x =R, Cos([I+uH(R)]t+6), y=- R, Sin([1+uHR)]t+6). (5.14)

DTO Takke KoJieOaHus ¢ MOCTOSIHHON aMILUIUTYAO0M, HO, B OTJIMYHE
oT (5.12), ¢ nonoaHuTEILHOM 100aBKOM 10 yactote A=Y (R)).

PaccMOTpyM HECKOJBKO NPUMEPOB aHaju3a JUHAMHYECKHX
CHUCTEM C IoMouIpto Metona Bau-nep-lloms.

5.2. lMpumepbI peweHUs1 munoeabix 3aday

Ilpumep 1. llonyunth YKOpPOUYCHHBIE YPAaBHEHUS, BBIACHUTH
YCTOMYMBOCTH IIPEAEIbHBIX UKIIOB 115 ypaBHeHUs: Ban-nep-Ilois

d*x

dx
e +x=u(l—x2)5. (5.15)

1) Bv1600 ykopouennwix ypasreruu. BBe1eM HOBYIO TEPEMEHHYIO
y=dx/dt n ot (5.15) nepeiijieM K CuCTEME YpaBHCHUM:

xX=y
y=—x+py(l-x°) (5.16)

bynem uckats peuienne B Buae (5.3). COOTBETCTBEHHO (YyHKIIMH
p* u q* B (5.5), ¢ yueroMm (5.6), 3amumiyTcsi CIEAYIOITUM 0Opa3oMm:
p* =0, g* = y(1-x") = — RSin€ (1- R°Cos’€).

[ToxcraBuM 3TH 3Ha4YE€HUS B cucTeMy (5.5)

‘;_1: zzi ﬂRSz‘nf(l—RzCosch)Sinf]df
T 0
. : (5.17)
do , 2002
— :ﬁ ![RSmé‘(l—R Cos §)C0S§]d§

BeluucnuMm  UHTErpaibl, IOCIAE HECIOXKHBIX MpeoOpa3oBaHUs
MTOJTYYUM:
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dR _ pR  uR’

dt 2 8

Z-0
dt
T. €. @(R):§(4—R2), P(R)=0.

2) llouck cmayuonapHuvix cocmosinui cucmemul. CTallmOHAPHBIE
COCTOSIHUSI ~ CHUCTEMBI (5.18) ONPENENATCS  ypaBHEHUEM

D(R) = ’USR(4—R2) =0; R=0, R,=2. CnemoBareibHO, B HUCXOJHOU

cucteme (5.15) OyneT nBa npeaceabHBIX IIMKJIA: OJMH — HyJIeBasl TOUKa
B Ha4YaJIe KOOPJAUHAT, BTOPOMN — MPEAECIbHBIN IUKI R,= 2.

3) Uccnedosanue ycmouuusocmu CmayuOHAPHLIX COCHIOSHULL.
Haiinem npoussogayio @', =1/2—3R?/8. Cocrosnue paBHoBecus R,= 0

OylleT HeyCcToW4YuBO, T.K. @' (0)=1/2>0. CocrosHue R,=2 Oyuer
ycTON4YnMBO, T.K. @' (2)=-1<0. COOTBETCTBEHHO B HCXOJHOMU

cucteMe OyJeT CyleCTBOBaTh HEYCTOMYMBOE HYJIEBOE COCTOSHHE
PABHOBECHUA M YCTOMYMBBIN NMPEACIbHBIN UK paanyca 2.

Ilpumep 2. llonyunte YKOPOYCHHBIC YPAaBHEHUSA, WCCIEIYNUTE
YCTOMYMBOCTh CTAIlMOHAPHBIX COCTOSHUM, MOCTPOMTE IUarpaMmbl Ou-
dbypkaumii s reHeparopa (B MPEANOI0KEHUH, YTO XapaKTEPUCTUKY
TPAH3UCTOPA MOXHO  alIIPOKCUMHUPOBATh  IMOJIMHOMOM  TPEThEU
CTCTICHHN).

iw=cau—pu,a>0,L5>0. (5.19)

1) Boisoo  mamemamuueckoti mooenu. JuddepenuuanbHoe
ypaBHEHUE, ONUChIBatOIIee paboTy reHeparopa, OyJeT UMETh BUI:

2 .

du ReM 4y =y 91 (5.20)
t dt dt

[lepeiinem B (5.20) K HOBOMY BpEMEHU 7=w,! WU BBEIEM

0003HaYEHUS

LC

g_r_i L M

1
= —,20= == ,R.=— k=", R=kR« 5.21
“= e LT 0 T C L (5.21)
C y4eToM 3TOro noJry4yuM:
d’u du di(u)
+20—+u=90R :
dr? dr ! ' dr (5.22)
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2) Bvi600 yxopouenuwix ypasreruil. BBeeM HOBYIO IIEPEMEHHYIO
y=du/dt. Vurewm, YTO i(u)=ou — ,8143, CJIEAOBATEIILHO,
di(u)
dt
(Toukoi 00o3HaunM auddepeHIMpPOBaHUE 110 7):

:(a—3ﬁu2)ju. [Tepeitnem ot (5.23) Kk cucremMe YypaBHECHUU
T

u=y
{y'z—u+5y(Rla—1—3Rlﬂu2)' (5.23)
Pemenue Oynem uckath B Bujae (5.3). MemaieHHO MEHSIONTYIOCS
amrutyny ooo3nauum uepe3 U: x = UCos(z + 6); y = -USin(¢+6).
CooTBeTCcTBEHHO (DYHKIIUHU p* 151 q* B (5.5), ¢ yuerom (5.23),
IPUMYT BUJI:

p =0

¢ = y(Ra—-1-38Ru*) =-USinE(Ra —1)-3 RU*Cos*E. (5.24)

[ToncTtaBuM 3TU 3HaUCHUS B cUCTEMY (5.5), BO3bMEM MHTETPAIIBI U

MOJIYYUM CUCTEMY YKOPOUYCHHBIX YPABHECHUM:
zd—U = Rl{aU—zﬂUﬂ—U
o dr 4

do
dr

3) llouck cmayuonapuwvix cocmosinuti cucmemol. CTallMOHAPHBIC
COCTOSIHUSI cHUCTeMbl (5.25) omnpenensitorcsi MNEPBBIM ypaBHEHUEM

(5.25)
0

cucreMsl (5.25): ®U)= R{aU—iﬂUﬂ—U =0. Hecnoxuo Buuers,

4TO PCHICHUCM 6YﬂeT: (]1:0, U, = i 0[—i . Hy.HeBoe COCTOAHHC
2() 3,3 R
1

paBHOBecus U, cymiecTByer Bcerga, cocrosHue U, — TOJIBKO MpH

BBITIOJIHEHUH YCJIOBUS R, >1 U COOTBETCTBYET MPEACTBHOMY LIAKITY.
4) Uccneodosanue ycmouuugocmu cmayuoOHAPHbIX COCMOSAHUIL.

Haiinem npoussBoanyro ®! =Ra—1-98U° /4. CocTosHrE paBHOBECHS

U=0 Oyzner ycroiunBo npu R,a<l, T.K. NpU BBIIOIHEHUH 3STOTO
yciaoBus @, (U,)<0. Cocrossnue U,=2 OyJeT CyuecTBOBaTh MNpH

. 2(1-R .
R,c>1 u Bcerpa Oyner ycrtoiuuso, T. K. O (U,) = 2 -Ra) <0 B oTOM
1

o0JlacTH mapaMeTpoB.
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CooTBeTCTBEHHO Npu R,a>1 B HUCXOAHOH cHCTeMe Oyaer
CYIIECTBOBaTh HEYCTOMYMBOE HYJIEBOE COCTOSIHUE PABHOBECUS U
YCTOUYUBBIN NPEAEIIbHBIA UK.

5) Illocmpoenue ouacpammur ougyprayuu. Jnarpamma oudypxa-
UM MOKA3bIBAET 3aBUCUMOCTh aMIUIUTYAbI MPEACILHOTO IIUKJIA U €r0
YCTOMYMBOCTH OT mapamMeTrpa(oB) cHCTEeMbl. B manHOM ciydae
IIOCTPOMM TaKyKw JuMarpamMmy, Kak 3aBucuMoctb U, 0T R.
YcroitunBoe coctrosiHue OyJeM OTMEYaTh KPYKKOM, HEYCTOMYHUBOE —
KpecTukoM (puc. 5.2).

U
4_(XA_ ___________________ AR
3p
1 _______ |
éUéz ¢
1 R
o
Puc. 5.2 Puc. 5.3

[Ipu R,, OM3KUX K HYJIO, B CUCTEME CYIIECTBYET TOJBKO OJIHO
YCTOMYMBOE COCTOSIHUE PABHOBECHS, C YBEJIMYECHUEM R, B TOYKE
R=1/a mnpoucxomut Oudypkanus poXJICHUS  YCTOMUYHUBOTO
npeaeabHoro nukia. HymeBoe cocTositHue paBHOBECHS MPU 3TOM
CTAHOBUTCS HEYCTOMYHUBBIM.

Ilpumep 3. llonyuuTe YKOPOYEHHBIC YPAaBHEHUS, HCCICIYUTE
3aBUCUMOCTb YaCTOTHI KOJICOAHUM OT aMILIUTYIbI JJIsI CUCTEMBbI:

Y+x=uf(x),0<u<<l (5.26)
0,npux <1

Jf(x) = :
I, npux>1

1) Bv1600 ykopouennwlx ypasHeruu. BBeaeM HOBYIO TEPEMEHHYIO
y=dx/dt n ot (5.15) nepeiigem Kk cucremMe ypaBHEHHIA:

X=y

J=—x+uf(x) (5:27)
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Byz{eM uckath pemienue B Bujie (5.3). CooTBETCTBEHHO (DYHKIIUU
p ug B(5.5), cydgerom (5.6), 3anumIyTcs CASTYIOMIMM 00pa3oM:

p*=0, ¢*=f(x)=f (RCos¢).

HOﬂCTaBI/IM ATU 3HA4YE€HUS B cucTemy (5.5)

s I [ /(Cose) Siné Jac

<
a0 : (5.28)
= “R { [- £(RCos&) Cosédé

UtoObl B3sTH MHTErpaibl paccMoTpuM uzmeHenue f(Cosé) nipu
u3MeHeHuu nepeMerHou & ot 0 go 2w (puc. 5.3).

IIpu R<1 f(RCos&)=0. Ecnu R > 1, To Ha Iepuo/ie CyIecTByeT
nBa 3HaueHus — & u &, npu Kotopeix Cos §=1: &= arccos(1/R),
&= 2m-arccos(1/R).

B nuanmazone 3Hauenuit &£ or Hyns go & RCos &1 n,
cinenoBateiabHO, f (RCosé) = 1. Jlanee B unrepBaie [, &] RCos £<1
u [ (RCosé) = 1. Ha nocnennem npomexytke [&,21t] — f (RCosé) = 1.
BossMem unterpaist (5.28), yuutsiBas 3HaueHus: GpyHkuuu f (RCosé)

Ha nepuoae. [lepBbiil UHTErpait:
2

£l 2
j [ (Cosé&)Sinéde = j SinEd& + j SinEdé =
’ ’ =2 (5.29)
= COS§|§1 + COS§|Z =Cosé—Cosé =0

T.e. ammauryna kojiebaHuii R HE M3MEHSIETCS C TEYCHHEM
BPEMEHH, a €€ 3HAUYEHHWE 3aBHUCHUT TOJIBKO OT HAYaIbHBIX YCJIOBHUH
(dR/dt = 0, cnenoBarensHo, R(f)= R(0) = const).

Btopoit unterpain (5.28):

27 £l 27
[[f(Cosé)Cos £dé = [ Cos édé + [ Cos éd& =
0 0 £ (5.30)

= Singl;' +Sing[, = Siné=Sin& = 2Siné = 24/1- Cos’¢, .
YuursiBas, uro &= arccos(1/R), u3 (5.28) (5.30) naigem:
do _TH 1

d =R\ R
YuuteiBas B f{xX), MOXKHO 3aITHCATh:
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0; R<1
do

—=Aw=1— 1 :
dt ——|l=-—; R21
TR R

[ToctponMm rpaduK 3aBUCUMOCTH TIPUPAIICHUS YaCTOTHI OT
aMILTUTY bl KoJieOaHui (cm. puc. 5.4):

Aw A

1 2

T .
21

Puc. 54

5.3. 3adauu

3a0anue: HaWTH 3aBUCUMOCTh AaMIUIUTYIbl KOJeOaHWM OT

napamerpa o, MOCTPOUTh AuarpaMMbl OuU@ypKalui, ONpeaeTUTh
YCTOWYUBBIE U HEYCTOMYMBBHIC BETBU OUPYPKAIMOHHON KPHUBOU
(monaraem, uto 0 < p << 1):

T T P T |

3. 5é+x:—yjt[x—ax3 13| 4o F+x=—pli—aGi-5)];

lfiz)} 6. )'c'+x:—,ujt{x—2[x—a—(x—a)3]}.

3a0anue: HAWTH 3aBUCHMOCTH YaCTOTHI KOJICOAHUM OT aMILJIH-
TYJbl JUISI CUCTE€MBbI, OIMMCHIBAEMOM ypPaBHEHHEM BHIA X+ x = u f(x),

5. )'c'+x=—,u[5c—

0 < u<<1, rae byHukus f(x) 3a7aHa CICAYIOINUMHA YPAaBHEHUSIMU:

. f(x):{o, npuxSl; g f(x):{o’ npuxﬁl;
x=1, npux>1 x, npux > 1

-1, npux<-1 X

9. f(r)=1x. mpuld<1 ; 10.fx) =x*; 1L fx)=x" — x*; 12, f(x)="0=%)
I, npux>1 1+ x

13. Haiit 3aBUCMMOCTb 4acCTOTHI KoJIeOaHUH Trpy3a, MOABEIICHHOTO
Ha HEpACTSHKUMOW HUTH, OT aMIUTUTYbl. [lonarate, 4To yroa OTKio-
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HeHust @ < 77/2. Ilotepsimu sHEprun Ha TpeHue npeHedopeus; 14. Halitu
3aBUCUMOCTb YaCTOThI KOJICOAHUI OT aMIUIMTYJbI B KOJeOaTeIbHOM
KOHTYpE C HEIUHEHHONW WHIAYKTUBHOCTBHIO (puc. S.5). Ilotoko-
CLEIUIEHUE M TOK B KAaTyUIKE CBSA3aHbl COOTHOULICHUEM Li =D+ ad’
(motepsiMmu  3Hepruum  npeHeOpeun); 15, Halitu  3aBHCHMOCTH
aMIUTATY]IbI KOJI€OaHU B aBTOT€HEPATOPE HA IMOJEBOM TPAH3UCTOPE
(puc. 5.6), mpy yCIOBHUM, YTO TOK CTOKA 3aBUCHUT OT HaIPSIKECHUS Ha
saTBOpe 10 3akoHy: i=au—fBu’ (>0, S>0). ITocrpours
nuarpaMMmy Oudypxkanuii, HaWTH €€ YCTOMYMBYIO U HEYCTOMYHUBYIO
BeTBU; 16. HaiiTu 3aBUCHMOCTH aMIUIUTYAbl KOJIEOAaHWN B aBTO-
reHepaTope Ha IOJIEBOM TpaH3ucTtope (puc. 5.6), pu YCIOBUU, YTO
TOK CTOKa 3aBUCHUT OT HampsDKEHUsT Ha 3aTBOpPE 10 3aKOHY:
i=autfuw—yu’ (>0, >0, y>0). Ioctpouts KHArPAMMY
oudypkaruii, HalTH €€ YCTONYUBYIO U HEYCTOMUUBYIO BETBH.

L=

VT T,‘(u)
=)
N

1
Puc 5.5 Puc. 5.6

6. PaspbiBHbIe KonebaHus
B CUCTeMax C O4HOM CTeneHb cBOOOAbI

6.1. OcHoeHble meopemuyYyecKue ceedeHuUs!

PaccMoTpuM IMHAMMYECKYIO CUCTEMY, ONPEACISAEMYE CUCTEMOM
nuddepeHInaIbHbIX YPABHEHUH:

u%= F(x,y)
" : (6.1)
— - 2%)
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[lycte x— wmanwiii mosiokutenbHbI mapametrp (0 < u<<1), a
byukuun  F(x,y), Q(x,y) orpanudeHsl u auddepeHnupyemMsl B
MHTEpecyrolei Hac 001acTu a3oBOro npocTpancTBa. B atom ciyuae
cucremMa (6.1) Moxer ObITb pa3buTa Ha JABE IOJACHUCTEMBI,
OTHMCHIBAOIINE OBICTPhIC U MEJICHHBIC NBMXKEHMUS [ 1, 6].

Ilepeiinem kK HOBOMY BpeMeHM 7 =1t/u, B 3ToM ciydae (6.1)
IPUMET BU/I;

& Fxy) o
: 2
2 40w
T

Ilycte x4 ctpemutrcs k Hymwo. PaccMoTpuM Touyku (Pa3oBOTro
npocTtpaHcTBa BHe kpuBoH F(x,y) = 0. B atom cnyuae dx/dt>> dy/dt
U, CJENOBaTEIbHO, W3MEHECHHE KOOPAWHATHI X MPOUCXOJUT
3HAYUTEIHLHO OBICTpEE M3MEHEHUs] KOOpAUHATHI y. MHBIMU cloBaMu,
BJIOJIb KOOPAMHATHI X TMPOUCXOJAT Obicmpble NBUXKEeHUS. CucteMa
(6.2) st OBICTPHIX ABMKEHUN MOKET OBITH MPEJICTaBIICHA B BUJIC:

dx

= F(X,yo)

dt . (6.3)
y =Yy, =const

®da30BbIC TPACKTOPHUU OBICTPBIX JBMKEHUM PACIIONIOXKEHBI Ha JIH-
HUSX, TapauIeNIbHBIX ocH x. HampaBieHue OBICTPBIX IBMKCHUM OTIpe-
JeJIIeTCs 3HaKOM ITPOU3BOJIHOM dx/d T, T. €. 3HakoM QyHKIUU F(X,)).

Jns Todek, mpuHaexammx kKpuBon F(x,y)=0, B cucreme
MIPOMCXOJIIT MeOeHHble IBUKEHUS, T. K. IOBEJICHUE CUCTEMbI B 3TOM
cly4dae OIpeeIIeTCs CASAYIOMMMU YPaBHECHUSIMU:

F(x,y)=0
L 0w (6.4)
T

MenjieHHOE JIBUXEHHUE MPOUCXOIUT BIOJIb KpuBOoil F(x,y) =0, a
€ro HampaBJICHHE 3aBUCHUT OT 3HaKa MPOU3BOJHOM dx/d7 Wian OT 3HaKa
O(x,y). Ecmm Q(x,y) > 0, To ABM>KEHHE UJET B CTOPOHY BO3pACTAHUS
KOoOpauHATHI ¥, eciid OJ(x,)) < 0 — B CTOpOHY YOBIBaHUS CHCTEM.

Kaxnayro Touky kpuBou F(x,y) =0 MOXHO paccMaTpuBaTh Kak
HEKOTOPOE COCTOSTHUE PABHOBECHS ObICMPbIX TBVKCHUU 1T CUCTEMBI
(6.3). YCTOMYMBOCTh TAaKOTO COCTOSHHUSI PAaBHOBECHS MPH 3aJaHHOM
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3HAYEHUU KOOPJHUHATBI ) =), ONPEHECISIETCS 3HAKOM MPOU3BOJHOU
OF (x,y,)/0x B TOYKE X =X, MNPUHAMICKAIICH KPUBOU MEIJICHHBIX
nerokeHui (F(x,y,) =0). Eciu

8F()c,yl)/(3x\X=X1 <0, (6.5)

TO TOYKa (X,),) Ha KPUBOM MEIJICHHBIX JABMKEHUN yCTOMUYMBA M OBICT-
phIC IBUKEHUS IPUBOJIST CUCTEMY B €€ OKPECTHOCTh. Y1 Ha000poT, eciu
6F(x,yl)/8x‘)(=)(1 >0, (6.6)

TO (X,,),) HEYCTOMYHMBA M OBICTPBIC JBM)KCHHUS HAMPABJICHBI B CTOPOHBI
oT F(x,y,) = 0. CoOTBETCTBEHHO MHO>€ECTBO TOUEK KpuBou F(x,y) =0,
JUIsl KOTOPBIX BBITIONHSAETCS YycioBue (6.5), 0o0pa3yeT yCTOMYMBYIO
o61acth F', B KOTOPYIO TPACKTOPHH OBICTPHIX JBI)KCHHIl MPHBOMIAT
cucreMy. MHOXECTBO TOYEK, JJI1 KOTOPBIX BBIMOJHSETCS YCIOBHUE
(6.6), oOpa3zyeT HEeYyCTOMYMBYIO 00J1aCTh F' .

CocTosiHuSI pPaBHOBECHSI CHCTEMbI HAxXOASATCS Ha TNEPECEUCHHSIX
kpuBbIX F(x,y) = 0 u Q(x,y) = 0. CocTosiHue paBHOBecus (x,,),) Oyner
YCTOMYUBO, €cM HaXogutTcst B F (ObICTPbIC IBUXKCHHS IPUBOJIAT
CHUCTEeMY B 00JIaCTh MEIJICHHBIX NBUXKCHHI) U cuctema (6.4) B TOUKe
(x,y,) ycTOMUMBA.

Eciu Best kpuBast F(x,y) = 0 npeacTasiser coboil o6nacts F, T0
6ce OBICTpBIC JBUKEHUSI MPUBOAAT CUCTEMY B 00JACTh MEIJICHHBIX
JIBWKEHUN W JJIs1 UCCieaoBaHus noBeaeHus (6.1) Ha OonbmMX mpo-
MEXKYTKaX BpEMEHHU JI0OCTAaTOYHO PaCCMOTPETh ypaBHeHUs (6.4).

Pa3pbiBHBINI NpeaeIbHbIH UK

ITycTh kKpuBas F(x,y)=0 COCTOMT N3 YepeayIONMMUXCS yIacTKOB F
u F . [lycte MeqjieHHOe OBMOKEHUE U3 00acTu F " MIPUBOJIUT CHUCTE-
My Ha ee TpaHully ¢ obOmacteio F°. Ha rpanuie F' u F
n300pakaromias TOYKa CpbIBAeTCS B 00JIACTh OBICTPHIX JIBUKCHHUH U
JIBHUTAETCS 10 TE€X IOp, MOKa HE JOCTUTHET OO0JaCTH MEIJICHHBIX
NBYDKEHUN. Jlamee mporecc MOKET NOBTOPUThCA. ECayM BO3HHMKAET
3aMKHyTass (a3oBas TpaeKTOpHs, COCTOAIIAs M3 YePEeAYHOIIMXCS
YYaCTKOB OBICTPBIX W MEJJICHHBIX JIBHKEHUM, TO OHA Ha3bIBACTCS
paspwleHbiM npedenvHuvim yukiom (cM. puc. 6.1) [1].
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Puc. 6.1

HUccaenoBanue cucreMbl B (pa30BOM NPOCTPAHCTBE

AHanu3 JABUXKEHUU B CUCTEME YJIO0OHO MPOBOAUTH IpapUUECKU B
($a30BOM TMPOCTPAHCTBE, MCIOIB3YS CIEIYIOINMN ainroputMm: 1)B
($ha30BOM MPOCTPAHCTBE HEOOXOIUMO MOCTPOUTH KPUBYIO MEIJICHHBIX
newkeHun  F(x,y) = 0; 2)xkpuBas F(x,y) =0 pazaensier oOjacTu
Pa3IMYHOTO HANpaBJIEHUs OBICTPBIX JIBMAKEHUM. OnpenensemM 001acTu
¢dazoBoro mnpocrpaHctBa, riae F(x,y) > 0 (ObIcTpble IBHXKECHUSA B
CTOpOHY yBenuueHus x) u rae F(x,y) < 0 (ObicTpble ABWIKCHHUS B
CTPOHY yMEHbIIEHUsS Xx); 3)cTtpouM KpuByr ((x,y) =0. OHa
pazzaensieT 00JIacTH JABUXKEHUS BJIOJIb KPUBOW MEJJICHHBIX JIBUKCHUH.
Tam, rae Q(x,y) > 0, koopauHaTa y BO3pacTaeT, COOTBETCTBEHHO, TJI€
Q(x,y) <0, xoopauHata ) YyObIBaeT, 4)HaxXxOJIUM COCTOSHUS
paBHOBecHs — TOUKM TiepeceueHusi kpuBbix Q(x,y) =0 u F(x,y) = 0.
HUccnenyem wuX yCTOMYMBOCTh. ECIA  COCTOSIHHME PaBHOBECUS
YCTOMYUBO, TO U OBICTPBIC, U MEJJICHHBIE JBW)XEHUSI TPUBOJIAT
CUCTEMY B €ro OKPECTHOCTh; 5) HaXOAUM Ha KPUBOM MEIJICHHBIX
IBIDKEHHI rpaHUIbI obnacteil F' u F . IIpoBepsieM, BOSMOXKEH JIH
CPBIB B 00J1aCTh OBICTPHIX ABMKEHUM. ECIIM BO3MOXKEH, TO U3 KaXKa0H
TaKo TOYKHU CTPOUM (ha30BYIO TPACKTOPHIO, TPOBEPSEM, HE SIBIISIETCS
JI1 OHA Pa3pbIBHBIM MPEAECIbHBIM LIUKIIOM.
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6.2. [pumepbl peweHUss munoebix 3aday

Ilpumep 1. Ilpopenure pazbueHue ((a3oBoil INIOCKOCTH Ha
(dha3oBbIC TPAaGKTOPHUH, MoJiaras, yro O<u<<l.

dt

1) KpuBas MemneHHbIX JBWKeHUN F(x,)) = x(/ -xz)—y =(0. Nmm
Y =xx

2) F(x,y) < 0 nan xpuBou x(/ -xz)—y = (), cnenoBaTeIbHO, OBICTPHIC
JBH>KEHUS HAJI KPUBOW CIipaBa HAJIEBO.

F(x,y) > 0 nox xpuBoii x(I-x)-y = 0, clieroBaTeIbHO, OBICTPbIC
JBH>KEHUS 110JT KPUBOM CJIEBa HAIPaBO.

3) Ctpoum kpuByro Q(x,y) = 0 wim x = (. OHa COBNAAAET C OCHIO
opauHat. OnpejaensieM 3HaK NPOU3BOAHON dy/dt, ipu X > 0 1BUKEHUS
BJIOJIb KPHMBOUW MEJICHHBIX JABUKEHUN BEIYT B CTOPOHY YBEJIMYCHUS
y. [Ipu x <0 — B CTOPOHY YMEHBIIICHUS ).

4) B cucreme CyniecTByeT €IMHCTBEHHOE COCTOSIHUE PABHOBECHS
(0, 0). OHO HEyCTOMUYUBO, T. K. U OBICTPHIE U MEIJICHHBIC JABUKCHUS
BBIBOJISIT U300PaXaOIyI0 TOYKY U3 €r0 OKPECTHOCTH.

5) Ha kpuBo#i MeIJICHHBIX ABWKEHUN CYIIECTBYIOT obyactu F " u
F~. JIioboe MeMICHHOE [BWKGHHE M3 o00macTh F' IPHBOIMT
M300pakaroIyo TOYKY Ha rpaHuily ¢ oonacteio F CtpouM (ha3oByro
TPAaCKTOPUI0O M3 TOYKHM CpbhiBAa U YyOEXKIaeMmcsi, 4TO B CHCTEME
BO3MOXEH Pa3pbIBHBIN IpeAeabHbIA UK (pUcC. 6.2).

A
Y F(xy)<0
4—
) /Z\F
_> 4—
Q(x,y) <0 I/Q(x.y) > 0 .
— — [l — X
_> ;
F(x,y) > 0 s —F(xy)=0
Puc. 6.2



Ilpumep 2. llpoenute pa3doueHue ¢(a3o0BOM IIJIOCKOCTH Ha
¢dazoBbie TpaekTOpUH, Mojaras, uro 0 < p << 1.

dx 5
e x(1=x3) =
H x(1-x7)-y

dy

—=x-2y
dt
1) KpuBast MemneHHbIX gBikeHni F(x,y) = x(I-x")—y = 0. Wm
3
y=x-x.

2) F(x,y) <0 w©Ham KpuBOU x(]—xz)—y = (), cleaoBaTEIbHO,
OBICTpBIC JBMXKEHUSI HaJ KPUBOU CIIpaBa HaJIEBO.

F(x,y) > 0 non xpuBoi x(]—xz)—y = (), cmemoBaTeNbHO, OBICTPHIE
JBUKEHUS TI0]T KPUBOU CJieBa HAIPaBo.

3) Ctpoum kpuByro QO(x,y) =0 wim y =x/2. OHa COBIAaJacT ¢
ocblo opauHar. OmpenensieM 3HaK MPOU3BOAHOWU dy/df, mpu x > 2y
(mom mpsiMmodt  y =x/2) JBWKEHUA BIOJh KPHUBOW MEIJICHHBIX
JBW)KEHUW BEAYT B CTOPOHY YBEIWYEHHUS Y, TIpU X < 2y (HaJ mpsMoit
y =X/2) — B CTOPOHY YMEHBIIICHUA }.

4) B cucreme cyumiectByer Tpu coctosiHua paBHoBecus (0,0)
(\1/2,-/1/8) (=-/1/2,--/1/8). Honb HeycTOWYMUB, T. K. NPUHAUIEKUT
obnmactu F . OcTtanbHble JIBa COCTOSIHUSI YCTOWYUBHI, T. K. (Da30BbIe
TPACKTOPUU IPUBOJIAT U300PAKAIOIIYIO TOUKY B UX OKPECTHOCTb.

5) Ha kpuBo#i MeIJIEHHBIX ABWKEHUN CYIIECTBYIOT obnactu F "u
F. MenyieHHbIX TBMXKEHUN, TPUBOAIINX U300paXKAION[YI0 TOUKY W3
obnactn F' Ha TpaHHMILy ¢ 00NacThi0 F, HE CYIIECTBYET. 3aMKHYThIE
(dha30BbIC TPACKTOPUHU OTCYTCTBYIOT (pHC. 6.3).

A

F(x,y)=0 y

Q(x,y) <0

e (xy) _Qxy)=0
F(x,y) <0 S
< e
<l - Q(X,y) >;0
N —>
- ’ F(x,y)>0
Puc. 6.3
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6.3. 3a0auu

3aoanue: npopeaute pazoreHue Ha3zoBoil IIIOCKOCTH Ha (pa3oBbIe
TPaCKTOPUH, UCCICIYHTE BO3MOXKHOCTh Pa3phIBHBIX aBTOKOJICOaHUI
(O<p<<1):

L {gﬁx(l—x%—y, 02, {ﬂx——x =k @),

y=x—-ay y=Xx

f(x)=—x+x"/3; k=const; 3.1 py3 Maccoii m, yKpEILUICHHBIA Ha
NPY>KUHE C )KECTKOCTBIO K, JISKUT Ha JICHTE KOHBeWepa, ABUKYIIecs
co ckopocTbio v (puc. 6.4). Cuna TpeHUs MEXAY I'Py30M U JICHTOMN
KOHBelepa — QyHKIMS OTHOCUTENBHOM ckopocTH (puc. 6.5). PaccMoT-
puTE TOBEJEHNE CUCTEeMbl Ha (a30BOil MIIOCKOCTH (X, x —v). [IpumuTe
m <<].

F.A
Folm o — —
K—> X /:1K |
4 W m : L
e T o —~
Puc. 6.4 Puc. 6.5
4. ux=-y—x(2-3x*+x*) . 5, ux=-y—x(x*-5)(x*-1)
y=x y=x ’
. {uy—;yx L2005 o s
x=x(y
” {x xzyx FAEDO o s0
g ==y =Gl g =il -G
x=3y—x o x=3y—x o

10. Paccmotpute Ha  ¢da3oBod  MIOCKOCTH  (#,i)) BO3MOXKHBIE

Ka4eCTBEHHO Pa3JIMUHbIC pa3OMEeHUs TPACKTOPUM JIJIsi TeHEpaTopa Ha
2

TYHHEJIbHOM auoje (puc. 6.6), nis kotoporo 1 = CR/L << 1.
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R L u E c c E, E
o—:I—fWW u
£ I__l R
VD c R L
/algz _— E f’

R ) . 1 C

I | ly T
L °

Puc. 6.6 Puc. 6.7 Puc. 6.8

11. Paccmotpute Ha (a3oBoil TIOCKOCTH (u,i) BO3MOKHBIC
KaueCTBEHHO pAa3JIMYHbIE PEXUMbI pabOThl TeHepaTopa Ha JIBYX
TYHHEJbHBIX ~ AUOAAX, JJIi KOTOPOTO  BBIMOJHSETCS  YCIIOBHE
1= CR’/L<<1 (puc. 6.7); 12. Paccmotpute Ha (ha30BOH ILIOCKOCTH
(u,i) moBeIeHUE CITYCKOBOM CXeMbI, COOpaHHOM Ha TYHHEILHOM JTUOJE
(puc. 6.8), npu yciosuu, uro u=CR/L<<1, E,= const.
3aBucumocth E(t) mpuBeaeHa Ha puc. 6.9. KakuM ycnoBHUSIM JOJKHBI
yAOBJIETBOPATh BenuuuHsl E,, E, 7, 7, 4TOObl Ha MPOW3BOJLHBINA B
HEKOTOPBIX Mpe/esiaX UMIYJIbC CHUCTEMA OTKIMKAIACh OJMHAKOBBIM
umirysibcom?; 13. PaccmoTpute Ha (a30BOM TJIOCKOCTH TOBEACHUE
JaMIIoBoro reneparopa (puc. 6.10) nmpu u = L/R°C << 1, aHOIHBIi TOK
3aBUCHUT TOJBKO OT Hamps»KEeHUs Ha ceTke (puc. 6.11).

2]

i ¢

EA

e 4

T T,

oy

Puc. 6.9 Puc. 6.10 Puc. 6.11
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7. MeTOoa4 rapMOHUYECKOMN NMIMHeapun3aLmm

7.1. OcHOBHbIEe meopemu4ecKue ceedeHus

KoappunueHTHI rapMOHUYECKON JIUHEAPU3 AU U

PaccMoTpyuM HENTMHENHOE BBIPAKECHUE BUIA

y = F(x,px) (7.1)

Omneparop p — nuddepennmpoBanue mo BpemeHu. [lycts BxogHoM
CUTHAJI X = X(t) SIBJISIETCS] TAPMOHUYECKUM

x = A+ASin(7), 7= ot. (7.2)

Torga

px=Aw Cos (7). (7.3)
Bripaxkenue (7.1) B 3TOM citydae Takke SBISICTCSA MEPUOIAUECCKOM
dbyukueit Bpemenu. Paznoxum npaByro yacth (7.1) B psig @ypsbe:
y=Fy+ F;cCost+ F5Sint+ ... (8bicuuue 2apmonuxu). (7.4)
Boruucioum Costu Sintus (7.2), (7.3) u noactaBuM B (7.4):

"(4,, A4
y=F,+q(4,,4,0)x + Mpx +... (vrcuue 2apmonuxu). (7.5)
@

Koadpunuents! g(4, w), q'(A, ®) Ha3zbBalOTCS K02 Puyuenmamu

eapmoruyeckou tuneapuzayuu. OHU ONpeaestoTcs GopMyIaMHu:;
2
q= L J.F(AO + ASint, AwCost) Sintdr,

Ay,

1 2z (7‘6)
q'=—- IF(AO + ASint, AwCost)Costdr.
A
ITocTosganasg coctaBnsgromas £, COOTBETCTBEHHO:
1 %F .
F, = py IF(AO + ASint, AwCost)dr. (7.7)
0

B pe3ynbraTre aid TapMOHUYECKOTO BXOJHOTO BO3JICHCTBUS
OCYILIECTBJICH MEPEX0Ji OT HeauHewHoil Mojenu (7.1) Kk AuHEHHOMY
OTHOCUTEIBLHO TMEpBOMl TapMoHUKHU Xx(f) ypaBHenuto (7.5). Takoi
NEepEX0] Ha3bIBAETCA 2APMOHUYECKOU TUHeaApUu3ayuel HeluHeuHoCmu.

XapakTepucTuyecKoe

ypaBHeHUE rApMOHUYECKOU
JIMHeapu3aluu

Paccmorpum JTUHAMUYECKYIO
nuddepeHimaIbHbIM YPABHEHUEM BUJIA:
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O()x + R(p)F(x,px) = 0. (7.8)
Takast MOJI€NIb ONHWCBHIBAET, HANPUMEP, HEIMHEHMHYIK) CHCTEMY
aBTOMATUYECKOTO peryiaupoBanus (puc. 7.1).

HenuHeitHOC 3BCHO

y=F(x,px)

A

Jluneitnoe 3BeHo

L—
_ R(p)
X" Y

Puc. 7.1

bynem cuutath, yTo pemieHue (7.8) OAM3KO K TapMOHUYECKOMY
CUHYCOHUJAIBbHOMY, U OyJeM UcKath ero B Buge (7.2), (7.3):

x = AFASinwt; x = px~ AwCosawt . (7.9)

[ToncraBum (7.9) B (7.8), F(x,px) 3amenum Ha Bbipaxenue (7.5),
OTOPOCHUM CJIaraeMble C BHICIIUMU TAPMOHUKAMHU U MOJTYYUM:

0(0)4, + R(0)F, + O(p)ASinot + R(p)(q + q'ijSina)t =0. (7.10)
®

[IpupaBHseM cnaraeMble, COJAEp)KalllU€ U HE COJAEpKAIIUE
ASin o,

0(0)4, + R(0)F; =0,

O(p)ASinot + R( p)[q +4 p)ASina)t = 0. (7.11)

a

[lepBoe ypaBHeHnue (7.11) omuceiBaeT OalaHC TOCTOSHHBIX
COCTaBJIAIOIIUX. BTOpOe MOXKHO MpeICcTaBUTh B BUJIE:

O(p)x" + R( p)(q + 4 pjx* =0, x =ASinat. (7.12)

a

Paccmotpum teneps pemienus (7.12). Eciu B cucteMe BO3HUKHYT
COOCTBEHHBIC He3aTyxarolue KosiebaHus aMmumtyabl 4 =4, ¢
MOCTOSIHHOM 4acTOTOM, TO KO3((UIMEHTHI ¢, ¢' B YCTAaHOBUBILIEMCS
pexuMe OyAyT MOCTOSHHBIMU. BMmecte ¢ Tem miid CylecTBOBaHUS
NEePUOUYECKOTO pelieHus ypasuenue (7.12)

D(A)= Qu)m(z)(qﬂ'z):o (7.13)
()]
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JOJDKHO WMETh MMapy YKMCTO MHHUMBIX KOpHeu. YpaBHenue (7.13)
HA3bIBACTCS  XAPAKMEPUCTMUYECKUM  YPABHEHUEM  2apMOHUYECKU
JIUHeApU308aHHOU CUCTEMBL.

Takum oOpaszom, eciau (7.13) nomyckaer peuieHusi ¢ KOPHIAMU
A=tj®w, TO B cuCTEMe BO3MOXHBI CTallMOHAPHBIE TAPMOHUYECKUE
koneOanus. [loCTOSHHBIE  COCTAaBIAIONIME  KOJEOAHUH  MOXKHO
ONpeCIUTh U3 IepBoro ypaBHenus (7.11).

YCeTOoYUBOCTH NEPUOAMYECKUX PEIICHUH
[Ipennonoxum, uro B cucteme (7.12) BO3MOXKHBI KojieOaHUA U

BenuuuHbl A, 4, @ onpexaenensl. HeoOxoaumo pemuTh Bompoc o0
YCTOMYUBOCTU TOJIydeHHOro pemieHus. He Tepsas oOmHoCTH,
nonoxkuM A,= (. IlycTb B HEKOTOpBIM HAaYaJIbHbI MOMEHT BPEMEHU
NEPUOJUYECKOE PEIICHUE X = ASin@f NOJy4yusao Majible BO3MYIIEHUS
aMILTATYIbl A4 U 4acTOThl A®. DTO MPUBOAUT K TOMY, UTO X = X(1)
MIPUHUMAET BU]I

x(t) = (A+ Ad)e*' Sin(w + Aw)t, (7.14)

OTMHUCHIBAIONINNA TEPEeXOJHON MpoIlecC BOJM3M TapMOHHUYECKOTO
KOJIeOaHusl.

JI1s yCTOMYMBOCTA HEOOX0aMMO, 4TOOBI A4 1 & UMenu pas3Hbie
3HaKH (MPU MOJOKUTEIbHBIX AA aMIUIUTYy/1a OKHA YMEHbIIAThCA,
npu oTpuuaTeabHbIX A4 — yBenuuuBathes). Ilepexon k (7.14) o3Ha-
4aeT Nepexo] OT YUCTO MHUMBIX KOPHEN K KOMIUIEKCHBIM KOPHSM

L =j(ot+Aw). (7.15)

3amenum B (7.13) A na Beipaxenue (7.15), A 3amenum Ha 4 + AA,
HalJleM MHUMYIO W JCHCTBUTENIbHYIO dYacTd D(A) U NOTyduMm:
Re(D(A)) =Y¥,=0, Im(D(1)) = ¥,=0.

[Tonaras AA, A®w, & mManbiMu BeIUUUHAMU, PA3JIOKUM (PYHKIIMU
Y, ¥, B psan Teiinmopa BOIMU3M MEPHOIUYECKOTO PEIICHU (TToJlaraem,
4TO TMpOou3BOJHbIE OepyTcs mpu A4, Aw,{=0) u orpaHudaumcs
JUHEUHBIMU CJIara€MbIMH.

(22 aas[24]) a0 28] -0
o4 ), dw ), o0& ),
(a\gj AAJ{@\PZJ Aw{a\gj 220
o4 ), dw ), of ),
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Jlaiee MOXKHO HCKIIOUYUTHh W3 TMOJYYEHHBIX ypaBHEHUU Aw u
y4ecTh, 4T0 A4 m & J0DKHBI WMETh pas3Hble 3HaKW. B wumTore
MOJIy4UTCs cieayrouiee yciaosue [1]:

LPIIA _ LPZ’A : LPllf _ LP2’§ > 0. 1
\Pl'a) LI12,(0 \Pl’a) \P2’a) (7 7)

7.2. [IpuMepsbI pewieHUs1 MunoebIx 3ada4y

Ilpumep 1. llpoaHanu3upoBaTh  METOJOM  T'apMOHHYECKOM
JMHeapu3anuu ypaBHenue Ban-nep-I1omnd

¥+ u(x*>=Dx+x=0. (7.18)

1. Xapaxmepucmuueckoe ypasnenue. Packpoem B (7.18) ckoOku
U TIOJTYYUM:

¥4+’ xX—pux+x=0,

O(p)=p* —up+1, R(p)=1, F(x,%) = pu’x.

Boeruucium o popmyine (7.7) 3nauenue F:

27
F, =’uzAw_[Cosr(AO+ASinr)2 dr=0. (7.19)
T o

N3 (7.19) u nepBoro ypauenusi (7.11) cnemyer, uro A,=0.
Boruuciaum panee k03¢ @UIIMEHTH TapMOHUYECKOW JIMHEApU3aIluu
(7.6). ITonyuum:

qg=0;q' = uwA’/4 (7.20)

YuureiBas (7.20), 3amnuiieM XapakTEpUCTHUYECKOE YypaBHEHUE
(7.13):

D(A) = Q(/1)+R(/I)(q+q'/1j e +Z(A2 —HA+1=0. (7.21)
w

2. llouck eapmonuueckux peuwtenuti. 3amenum B (7.21) A Ha jo.
Tornma:

D(jw) = -’ +1+ja)'Z(A2 ~4)=0. (7.22)

[IpupaBHsieM MHUMYIO U JIEUCTBUTENIbHBIE YacTh D(jw) K HYJIO:
Re[D(jw)]=1-0* =0, Im[D(jw)]= a)’Z(A2 ~4)=0, OTKy#a IIOJy4HM,
YTO TMEPUOANICCKOMY PEIICHUIO COOTBETCTBYIOT:

A=2, w=1 (7.23)
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3. Yemoiiuueocme pewenus. IlonctaBum B (7.21) pemienue B
Bune A=¢&E+j(I + Aw) n 3amenum A =2 + AA. Haiinem neictBu-
TEJIbHYI0 U MHUMYIO YaCTH MOJYYEHHOI'O XapaKTEPUCTUUYECKOTO ypaB-
HEHUSI U pa3inoxuM ux B psa Dypee (7.16). IIpousBoansie Oyaem

OpaTb B HEBO3MYIIEHHOM cocTosHUu (AA, Aw, & =0). Ilocne mpe-
00pa30BaHUI OTYUHM:

¥, Ao =-2Aw =0,
W, Ad+Y, & = uAd+28 = 0.

N3 mnepBoro ypaBHeHus cruenyer, uto Aw = (. W3 BTOpOTrO
XOPOIIIO BUAHO, YTO A4 1 § UMEIOT pa3HbIe 3HAKH, IpHU L > 0.

7.3. 3adayu

3adanue: uccnenoBaTh METOJIOM TAPMOHUYECKOM JIMHEAPU3AIIUH
cinepsamyto cuctemy: (Tp + 1) (Tp + px + F(x) =0.

AF(x) AF(x) 4 Fx)
1 L e E—

<y

-1

-a

Puc. 7.2 Puc. 7.3 Puc. 7.4

1. Henuneitnocts F(x) umeer Bua (puc. 7.2); 2. HeauHenHOCTH
F(x) wumeer Bua (puc.7.3); 3.HenuneitHocts F(x) wumeer BuA
(puc. 7.4); 4. Uccnenyite METOJOM TapMOHMYECKOW JIMHEApU3aluu

JTUHAMUYECKYTO CUCTEMY, OTIMCHIBAEMYIO ypaBHEHUEM
¥+x=u(-ax—Bx°); 5. Haligute mepuoanyecKue PeKUMbI B CUCTEME:
Y+x=—ax—-px —yx’, f<0,7>0. Wccnemyiite YCTOMYUBOCTh

IOJIYYCHHBIX PEIICHUM.
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8. FapmoHun4yeckoe Bo3gencrTeme
Ha KonebaTtenbHble CUCTEMbI

8.1. OcHosHbIE MeopemuyYyecKkue ceedeHus!

PaccMoTprM ~ HEAaBTOHOMHYIO  JMHAMHUYECKYI)  CHCTEMY,
onuckIiBaemMyto TuddepeHImaibHbIM YPaBHEHHEM:

¥+ hx+@(x) = YCos(w,t), (8.1)
rjae ¢(x) — HenuHeHas QyHKIMs, i — const, IpaBasi 4acTh OMUCHIBAET
rapMOHUYECKOE BHElIHee Bo3jaeiicTBue. B cucteme (8.1) BO3MOXHBI B
o0lleM ciyyae TMEpPHOJUYECKUE U HEMEePUOANMYECKUE JABUKEHUS
paznuyHbIX TUIOB [1, 2, 7, §].

PaccMOTpyM BO3HMKAIOIIME B CUCTEME BBIHYXKICHHBIC TaPMOHH-

YeCKHe KOJCOaHMs C YacTOTOM BHEIIHErO0 BO3ACHCTBUS @, (WU
2

. . . @,
4acTOTOM, Onm3koW K Hell). Beemem mapamerp &=1-—) OTHOCH-

a)Z
TEJIbHYIO PACCTPOMKY, XapaKTEpHU3YIOIIUNA Pa3HOCTh YaCTOT COOCT-
BEHHBIX KOJICOAHUN CUCTEMBI () M YaCTOThl BHEIIHETO BO3/ICUCTBUS
a@». Haliiem 3aBHCHUMOCTh aMILIUTYIbl YCTAaHOBHUBIIHUXCS KOJEOaHMIM
OT OTHOCHUTEJIbHON YaCTOTHON PACCTPONKH & — Pe30HAHCHYI0 KPUBYIO.
Hccnenyem ycTOMYMBOCTh ycTaHOBUBIIMXCS ABUxkeHUH. [Iycts (8.1)
MOYHO ITPUBECTH K BUY:

X+x=uf(x,x1), (8.2)
rae u— Mansiii mapametp (0 < 4 <<1). B 3ToM cnydae s aHajin3a
cucteMbl npuMeHuM Meton Ban-gep-Ilonsa. Paccmorpum neranbHO
XO0J1 KCCJIEA0OBAHUS Ha MIPUMEPE.

8.2. MpumepbI peweHUs1 munoeabix 3aday

Ilpumep 1. 1locTpouTh pPE30HAHCHBIC KPHUBBIC, HCCIEI0BAThH
YCTOMYMBOCTh YCTAHOBUBIIMXCA PEKUMOB JJIsI JUHAMHYECKOU

CUCTEMBI, ONUChIBaeMol audhepeHInanbHbIM YPaBHEHUEM:
2

dtjc +’x =—hx’ +YCos(w,1), (8.3)
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rae 0 <h << 1 — Manblii mapameTp; COOCTBEHHAs: YaCTOTa CUCTEMBI U
4acToTa BXOJHOTO BO3ACHCTBUS OJM3KH, T.€. OTHOCHUTENIbHAs

2
()

paccrpoiika & :l—w—o2 << 1; aMmiIuTyJa BXOJHOTO BO3JICUCTBUS
2
Y <<1. byneM uckaTb pE30HAHCHYIO KPUBYIO B BHJI€ 3aBUCUMOCTHU
aMIUTUTYIbl ~ YCTAHOBUBIIUXCSA KOJEOaHUW OT OTHOCHUTEIHHOM
PACCTPOUKH.
1. Ilonyuenue yxkopouennvix ypasnenuu. lleperimem B (8.3) k
0e3pa3MepHOMY BPEMEHU 7 = @,¢, BBINOJHUM CIECAYIONIME 3aMEHbI

. h Y ; .
p'=—,0c=—5, £=1--" B pe3yibTaTe NepeiieM K ypaBHCHHIO
@, 0, @,
i+x=Ex—B'x +0Cos(r). (8.4)

bynem cuutath & [, 6 maneimu (&, [, o << I). Hecll0)kHO BHUJCTb,

yto (8.4) ummeer dopmy (8.2). DTO IMO3BOJSIET BOCHOJB30BATHCS

MeTonoM Ban-nep-Ilonda. bynem nckarth penieHue B BUJIE:
)'CZM(Z')COST+V(T)SZ'I/ZT , 8.5)
x=—-u(r)Sint+w(r)Cost

rae u(z), v(r) — nepemennnle Ban-gep-Ilons (MenneHHble QYHKIUU

BpeMeHHM ). 3anuiieM ¢ yueTroM (8.4), (5.7) ykopoueHHbIC YpPaBHECHUS:

2z
@:_LJ.(fx—,B'x3+0C0sr)Sinrdz'
dr 27 s,
2r : (8.6)
dv 1 3
d—:z—j({,‘x—ﬂ'x +0Cost)Costdrt
T 2z

[ToncraBum (8.5) B (8.6), BBIUMCIUM UHTErPAJIbI U TTOCIIE HECIIOXK-
HBIX MpeoOpa30BaHUl MOJTYUYUM CUCTEMY YKOPOUCHHBIX YPaBHCHUM:
du

2 =—&v+ Bv(u’ +v*) = P(u,v)
ar : (8.7)
2= =Eu—Pu(u’ +v)+o =0(u,v)
dt
3

rae f = 3aMeTuM, 4YTO B PE3yJbTATE Mbl MOJYYHIH CUCTEMY

asmoromHbix TuddepeHnnaibHbIX ypaBHeHud. B nmpapoit yactu (8.7)
BpeMsi B SBHOM BUJI€ OTCYTCTBYET.

2. Vpasnenue pezonancrou kpueou. Haiijem coCTOSIHUSI paBHOBE-
cus (u,v,) cucteMsl (8.7). OHM ONpeAeNsIOTCS CUCTEMON YPABHEHU:
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0=-¢&vy, +ﬂv0(u§ + vf)
0=—Euy + Puy(ul +vi)—o (8.8)

JIOMHOXHWM TI€pBOE YpaBHEHUE HA U, , BTOPOE — HA Vv, U CIOXKHUM.
[Tosryunm

v,o =0, mm v, =0. (8.9)

AHQJIOTUYHO JOMHOHUM II€PBOE YpaBHEHHUE Vv,, BTOPOE — HA U, U
cioxum. Jlanee nepeHecemM Gu, BIPABO U MOTYUHUM:

Blug +vg)* = &(ug +v) = ouy. (8.10)

IIycTh p=u; +v. KBagpaT aMIUIMTY]bl BbIHYKJICHHBIX KojeOa-

Hui. Bo3Benem o00e uvactu (8.10) B kBagpaT u ¢ ydetom (8.9)
TIOJTYYHM:

p(Bp-&) =0c’. (8.11)

VYpaBHenue (8.12) u ecTh UCKOMasi 3aBUCUMOCTb aMIUTUTYAbI BbI-
HYKJEHHBIX KOJICOAaHUN OT G — HOPMUPOBAHHOW aMIUIUTY]IbI BXOJHO-
ro BO3JCHCTBHUS U &— OTHOCHTEIBHOM PACCTPOUKU YACTOT BXOJIHOTO
BO3/I€UCTBUSA (2 M YaCTOThI COOCTBEHHBIX KOJIEOAHUI CUCTEMBI (), .

3. Ilocmpoenue pezonanchvix xpuevix. [locTpoMM B IIOCKOCTH

(&,p) cemeiicTBo rpadukoB p = p (&) IS pa3IMYHBIX 3HAYCHUH © .
J1s1 aTOTO BBIpaBI/IM Eusz (8.11)

S=ppt f (8.12)
JInst mocTpoeHusi 3TOM KpuUBOMl B IWIOCKOCTH (&,0) TOCTpOUM

KpuBble S=fp U &= ;ﬁ (puc. 8.1); cnoxuB abCIUCCHl ATUX

KPUBBIX, TIOJIYYUM PE30HAHCHBIE KPUBBIE, U300pa’KeHHbIC HA puUC. 8.2.

Puc. 8.2



4. Uccneoosanue ycmouyugocmu 6emeeli pe30HAHCHbIX KPUBBLX.
Jluneapuzyem (8.7) BONIHM3U COCTOSHUS paBHOBECHs (u,V,), TOIYUYUM
XapaKTepPUCTUYECKOE YPABHEHUE CUCTEMBI:

2Bvou, —A —E+ Bul +38V; _ DY) (8.13)
E-3fus—fvy  —2f vy~ 2 | |
C yueroM Toro, uto v, =0 U p=u;, (8.13) MOKHO 3amuCaTh:

X =E=-38p)Br-%). (8.14)
Hecmoxuo BUCTDH, YTO IIPHU BBINIOJIHCHHUHN YCJIOBUA
Bp<&E<3Bp (8.15)

KOpHHU A, ypaBHeHUs (8.14) OynyT IEMCTBUTENBHBIE U Pa3HOTO 3HAKA.
T. e. ocobast Touka COCTOSTHUSI paBHOBECHUS OyAET UMETh THII — CEJI0

U COOTBETCTBEHHO OyAeT HeycTonuuBa. [Ipu ocTanbHbIX 3HAUCHUSIX &
KopHH (8.14) yucTOo MHUMBIE, YTO COOTBETCTBYET OCOOOM TOYKE THUIIA
1eHTp. B ucxonnoi cucteme (8.4) OyayT ycTOWYMBBIE KOJICOAHUS C

MTOCTOSTHHOM aMILTUTYIOU.
Jnga  ompeneneHuss yCTOMYMBBIX W HEYCTOMYMBBIX BETBEU

pe30oHaHCHOM KpuBOM B Iiockoctn O&p mpoBenem yuu E=3fp U
&= Pp. Toukn pe30HAHCHOW KPUBOU, PACIIOJIOKEHHBIE BHYTPH YIJIA,
00pa30BaHHOTO 3TUMU JTy4aMU, HEYCTOMYUBBI (COOTBETCTBYIOT CEI-
JaM), a OCTaJIbHbIE YYACTKU PE30HAHCHOW KPUBOW YCTOWYMBHI (OTBE-
YalT LEHTPaM — YCTOWYMBBIM TOJIOKEHUSIM PABHOBECHS YKOPOYECH-
HOM cucTeMbl) (cM. puc. 8.3)

() 5 0(1) = L,sin(o,1)
P R—

PAN M
(:U /:\L J_C

. A

Puc. 8.3 Puc. 8.4
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ABTOKOJIe0AaTeIbHbIE CHCTEMbI NMPH NEPUHOIUYECKOM BHEI-
HeM BO3JeHCTBUU

PaccMOTpuM aBTOKOI€0ATENIbHYI0 AUHAMUYECKYIO CHUCTEMY, Ha
KOTOPYIO BO3JEUCTBYET BHEIIHAS NEPUOJUYECKAs CUJIA, ONUCHIBAE-
My10 T PepeHITnATbHBIM YPaBHCHUEM

X — f(x,X)x + w}x =YCos(w,t), (8.16)
rae f(x,x) — HeIuHeHas PyHKUUs, @, — const 4acToTa COOCTBEHHBIX

KOoJIeOaHWI CUCTEMBbI B OTCYTCTBHME BHEIIHETro Bo3jelcTBud. [IpaBas
4acTh OINKCHIBAET TAPMOHMYECKOE BHENIHeE Bo3jaeucTeue [1, 7]. Pac-
CMOTPUM BO3HHMKAIOIIME B CUCTEME BBIHYXJCHHBIE TapMOHUYECKHE
koJieOanus Ha npumepe LC rereparopa.

Ilpumep 2. IlocTpouTh pE30HAHCHBIC KpPUBBIC, HCCIEA0BATH
YCTOMYMBOCTh yCTAHOBUBIIUXCS pexuMoB mist LC reneparopa
(puc. 8.4). Cuutath, 4TO B paboyeil TOUKE TPAHZUCTOP UMEET
XapaKTePUCTUKY i(u,) = Su, — fu,’, TIAE€ u— HaANpSHKEHHE HA 3aTBOPE
(HampspDKeHHEe OOpaTHOW CBSI3M), a BHEIIHMN TOK HM3MEHSETCS IO
3aKOHY i,(t) = I,Sinm,t . YpaBHEeHUE TeHepaTopa Oy/1eT UMETh BUJI:

d’u,

tZ

LC +(RC—MS+3Mﬂuf)CZI+u1 = MI,w,Cosw,t . (8.17)

1. Ilonyuenue yxopouennwvix ypasnenuu. llepeiinem k 0e3pazmep-
HOMY BpPEMEHU 7 =w,t. YuTreM, 4T0 RC-MS >0 (T. K. BBIIIOJHEHBI
YCJIOBHSI CaMOBO30YKJICHUSI T€HepaTopa), BBEJAEM HOBBIE 00O3Haue-
HUS U C/IeJIa€M 3aMEHbI IEPEMEHHBIX

_ 2
wg:L,a:M>0, a)—gzl—g',
LC LCw, W,
l/ll 2 MS_RC ' M12
X=—, Uy=—————, O =—"—.
u, 3Mp @,u,LC

bynem cuurtaTth BEIMYUHBI a,&',0' MaIbIMU (a <<1,&'<<1,0'<<1),
ypaBHeHHE (8.17) B 3TOM ciaydae CBOJAUTCS K YPaBHEHUIO C MaJIbIM
napaMeTpoM BUJA

d’x

dr’
rae  u<<lI, f{x,x,r) — orpaHuueHHas (yHKuusg. OTO TO3BOJSET

+x=§'x+a(1—x2)jx+o"C0ST:,uf(x,5c,T), (8.18)
T

ananusupoBath (8.18) merogom Ban-nep-Ilons. Kak u B npeasiayiem
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npuMmepe Oynem uckath pemieHue B Buae (8.5). C yuerom (8.18)
YKOPOUYEHHBIE ypaBHEHHUS (8.6) 3anuiryTcs B BUE:

di 17
—=——|(&'x+a(l-x*)x+0'Cost)Sintdr
dt 2r -([
o LT(f‘x +a(l-x*)x+0'Cost)Costdr
dt  2rmy,
[Tocne HecIoKHBIX TPEe0OpPa30BaHUN MTOTYIHM:
Z:u =u(l—u’> —v*)=&v = P(u,y)
) dT (8.19)
d‘z)' — v(l—u2 —vz)—§u+0' = 0(u,v)

u=ul/2,v=v/2, c=0'/2a, ,E=&7a, ,1=at /2.
2. Vpasnenue pezonancrou kpusou. Haninem cocTosiHUsI paBHOBE-
cus (u,v,) cucteMsl (8.19). OHM onpenensitoTcsi CUCTEMOU YpaBHEHMUIA:

u,(1—u; —v2)—=Ev, =0
0( 0 0) 5 0 ) (820)
vo(l—ul —v)—Euy+0 =0
BBemeM MepeMEHHYIO o= u, + v, — KBAJpaT IOJOBUHbBI aMILIH-

TyAbl YCTaHOBUBIIHMXCS KOJeOaHWi. YMHOXHM II€PBOC YpaBHEHHE
(8.20) Ha u,, BTOpOE — Ha v, U cioxuM. [Tomyunm

v, =—p(-p)/o. (8.21)

Jlanee noMHOxkuUM rniepBoe ypaBHenue (8.20) Ha —v,, BTOpoe Ha u,
Y OIIATH CJIOKHUM, ITOJTyYIHM

u, =—éplo. (8.22)

Bo3eenem B kBanpar (8.21), (8.22) u cnoxum ux. B pesynbrare
MOJIy4YUM YPaBHEHUE Ui 'PE30HAHCHOU KPUBOM':

p(l=p) +&p=0’. (8.23)

3. llocmpoenue pezonancHvix Kpuevix. IIoCTpoUM B IIIOCKOCTH
(&,p) cemelcTBO TpaduKOB p = p(&) IS pa3IUYHBIX 3HAYEHUU G .
[Ipoananu3upyeM ero B 3aBUCUMOCTH OT BEJIMYMHBI YaCTOTHOU
pacctpoiiku &. OTMeTuM cieayronme ocooeHHocTH (8.23): 1) kpuBsbie

CUMMETPHYHBI OTHOCHTEIBHO OCH O, T.K. HE 3aBUCAT OT 3HAaKa
YaCTOTHOM PacCTPOMKH; 2) KpUBbIC UMEIOT HEOTHO3HAYHBIN XapaKTep,
OJIHOMY 3HAUC€HHUIO YaCTOTHOM PACCTPONKH W3 HEKOTOpOW o0jacTu
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COOTBETCTBYET HECKOJIbKO 3HaUYCHUU p; 3) MPU OTCYTCTBUM BHEUIHETO
BO3jcicTBYs (o =0) KpuBas (8) Ha IUIOCKOCTH &, p pacmlamaeTcs Ha
nBe yactu. OgHa u3 HUX (CM. puc. 8.5) BBIPOKIAETCS B TOUKY C KOOP-
muHatamu (/,0), BTopast — B IpsAMYI0 p = 0. JIJi1 MalbIX o’ pe30HaHC-
HbIE KpUBBIC TNO-NIPEKHEMY OYIyT COCTOSTh W3 JABYX Hemepe-
CeKarommxcsa yacrteu. [lepBass HAMOMUHAET JUIUIIC C IEHTPOM B TOUKE
(1,0) u nmpuOIMKEHHO OIMHUCHIBAcTCS BhIpakeHUEeM (1—p)’ +&p=0o".
Bropass npencraBnsier co0oil rumnep0osly M NpUOIMKEHHO OIMMCHI-
BACTCS BBIPAKEHUEM p =0 /(1+&7). JlanpHe#muii pocT o’ IpUBEaET
K YBEIMYEHUIO PA3MEPOB DIUIMIICOUIHOW KPUBOM U TOIBEMY
runepOonndeckoii; 4) IpU o’= 4/27 npousoineT CIusSHUE ABYX
yacTeld pe30HAHCHOW KpuBOil (puc. 8.4, TyHKTUPHBIE JUHUHU) H
oOpa3zyercst enuHas 1etiiecoOpa3zHasi KpuBas. Toyka CMBIKAHUS JICKHUT
Ha OCH OpJIMHAT U COOTBETCTBYET 3HaUeHuto p= // 3 (puc. 8.6).

143 <12 00 12 143

Puc. 8.6
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[TonpoOHBIN aHalW3 PE30HAHCHOM KPHBOWM MOAO0OHON CHCTEMBI
npuBesieH B [1].

4. Uccneoosanue ycmouuugocmu emeeli pe30OHAHCHbIX KPUBDIX.
JIuneapuszyeM (8.19) BOM3u coctosHust paBHOBecUs (u,V,), TOIYyUYUM
XapaKTEePUCTUUECKOE YPABHEHUE CUCTEMBI:

1-3u’ —vi =4 —2vu,—¢&

' s s |=D(A). (8.24)
E—2vu, l—u’—=3vy -4

C y4eToM TOro, 4ro p=u, +Vv,, MOCIE HECIOKHBIX IPeodpa-

30BAHUN MTOJTYYUM

A +2Q2p-DA+(1-p)1-3p)+E7=0. (8.25)

HeoOxonumoe ©  J1OCTAaTOYHOE  YCIOBHUE  YCTOMYMBOCTH —
MOJIOKHUTENBHOCTh K03 purineHTon (8.25), T. e.

20-1>0; (1-p)1-3p)+&* >0. (8.26)

JIns aHanu3a TUNa OCOOBIX TOYEK HEOOXOJMMO COCTAaBUThH JIHC-
KPUMHUHAHT ypaBHEHHS (8.26) A=Q2p-1) - —(1-p)1-3p)=p’> &
W TpoaHaIM3UpoOBaTh  CcBoOOmHOEe  crmaraemoe B (8.25)
C=(1-p)1-3p)+&°.

I[Ipu C <0 Tun ocob6oit Touku — cegio. Ilpu C >0, A>0—
yCTOMYMBBIA WM HeycrouumBbid y3en. Ilpy C >0, A<0-
YCTOMYUBBIA WKW HeycTonuuBbIM (okyc. I[lompoOHoe pa3OueHwue

mwiockoct (& p) mnokazaHo Ha pwuc. 8.7. JletanbHbli aHaAIU3
PE30HAHCHOW KPUBOM MOI00HOM CUCTEMBI TIpuBeacH B [ 1, 7].

P

=< YCTOMYMBEIE

e p =t
ycroifuneble / 4/ﬁ <0%827
hokycbl
YCTOI/I‘II/IBI)IG
p=1/2 (hoKyChI
HEYCTOWYMBBIE HEYCTOWYUBBIC
. Poxyent . Poxyenr ¢




YpaBHeHHe CHHXPOHHM3ALMH

bynem nckats ycraHoBuBiuecs pemieHue (8.17) B Buje:

u,(t)=U,Cos(w,t +vy, (1)), (8.27)
rae U;, y— yKkopoyeHHble KOOpAWHATHL. [lomyuum cucremy ykopo-
YEHHBIX YpaBHEHUI BO BTOpoi opme [1, 2, 7]

d[il +U, =R,

T,
, (8.28)

dy
T, dt’ U=-R]I,

rae [/,,/,— aMIIUTYyJbl cuH(a3HOW HampsOKEHUIO u,(¢) U KBal-

pPAaTypHOM COCTABJISIIOIIMX TOKA MEPBOM TapMOHUKH, BTEKAIOIIETO B
LC-xoHTYyp (BKJIIOYAsl TOK BHEIIHETO MCTOYHUKA); R, — PE30HAHCHOE

CONIPOTUBJIEHUE KOHTYpa, NPUBEIACHHOE K YIPABIAIOMIEMY BXOIY

2Q

TpaH3ucTopa; 7T, =—< — nocTosHHas BpeMeHH LC-KOHTypa, oOpaTHas
@,
T0JI0CE TIPO3PAYHOCTH.

Ilpumep 3. HalineM MakCHMaJIbHYH0 YacTOTYy BXOJHOIO BO3-
JICUCTBUSI, MPU KOTOPOM BO3MOKHA CHUHXPOHHW3AIMA TEHEpaTopa
BHEIITHUM CUTHAJIOM.

[lycte 7,=w,t+y, — mnonHas ¢a3a BXOJHOTO KoJieOaHUS,

7, =m,t +y,(t) —nonHas (aza curHaia Ha BbIXOJle reHepaTopa. Beenem
HOBYIO TMEPEMEHHYI0, PaBHYI Pa3HOCTH TMOJHBIX (a3 BXOJHOTO
BO3JICCTBHUS U HAIIPSIKEHUS T€HEepaTopa

P() =17, -7, =(0, —o )Nt + v, —y, () =Qut +y, —y,(1). (829)

Pa3nocth (a3 ¢(¢f) MOJHOCTHIO XaPAKTEPU3YET CTEHEHb OTIMYMS
4acTOThl BHEIIHEr0 CHUTHAjla U CHUTHalla reHeparopa. B dacTHOCTH,
peXKUM CHHXpPOHHU3AIMU OyJeT XapaKTEepU30BaThCs 3HAYCHUEM
@(t) = const , TaK KaK IIPU PaBEHCTBE YaCTOT JABYX CUTHAJIOB Pa3sHOCTH
UX TIOJHBIX (pa3 OyJeT MOCTOSHHON BETUUYUHOM.

Yurem, 4TO W, = const HE OKa3bIBAa€T BIMSHUE HA NPOLECCHI B

reHepaTrope, BO3bMEM MPOU3BOJHYIO OT o00eux dyacteil (8.29) wu

dy, (1)

MOJICTAaBUM 3HAYECHHUE 13 BTOPOro ypaBHeHuUs (8.28)
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do _(, _dv,(0)

g " (8.30)
[IpeacraBuM BXOZHOW TOK B CIIEAYIOIIEM BUIE
i,(t)=1,Sinw,t =1,Cos(w,t +y,)=1,Cost, = (8.31)

1,Cos(r,+¢@)=1,Cost,Cosep—1,SinpSint,

byneM cunrtarh, 4TO KBaApaTypHas COCTABIISAIONIAS TOKA MEPBOM
rapMOHMKM Ha BBIXOJIE TpaH3UCTOpa OTCYTCTBYET. B 3TOM ciydae
MOJIHAsT KBaJpaTypHas COCTABJISIONIASl OMPEICTUTCS BBIPAKCHUEM
(8.31) m Oyner umers Bug [, =—1,Sing. C y4eTOM 3TOro ypaBHEHHE

(8.30) mpumeT OKOHYATEJIBbHBIN BU/T
a9 _q RL g, (8.32)
dt 1.U,
VYpaBuenue (8.32) sABISAETCS ypasHeHUeM CUHXPOHU3AYUU W TI0J-
HOCTBIO OMpPEACIISIET MPOIECC YCTAHOBJICHUS YaCTOTHI B T€HEpaTOpE.
3aBUCUMOCTb aMIUIUTYAbl KoyieOaHuU TeHepartopa U, OT €ro TeKy-

IIEr0 COCTOSIHUS (IIEPBOE YpAaBHEHUE YKOPOUECHHOW cUCTEMBI (8.28))
3HAYUTEIBHO 3aTPyAHSICT TOUHBIM aHanu3 peuieHus (8.32). UtoObl
YOPOCTUTh 3a7ady, CHeJIaeéM TPEANOJI0KEeHUEe, YTO W3MEHEHUS
aMIUTATYJIbl ~ HECYIIECTBEHHBI, = 4YTO  BIIOJJHE  COOTBETCTBYET
JTEUCTBUTEILHOCTH MPU HEOOJIBIIIOM BXOJHOM BO3JEUCTBUM. B 3TOM
cioydyae kod(dduiueHT npu Sing OyJIeT NMOCTOSHHBIM U YpaBHECHHE
(8.32) mpuUHMMAET OKOHYATEIbHBIM BHUJ W3BECTHOTO YpPaBHEHUS
¢da3oBol  CHHXpPOHM3allMM  TEpBOrOo  Topsiaka  (ypaBHEHHUS
0echuIbTPOBOIl cucTeMbl Pa30BO CUHXPOHU3AIUN) [ 7]

‘;—f:QH ~Q,Sing, (8.33)

RI, y
rae yepes Q =—-=* 0003HaYE€Ha MO aHAJIOTUM C cUCTeMaMM (pa3oBoM
1~1

CUHXPOHHU3AIMU TI0J0ca yAepKaHUsl, (PU3HMYECKHIl CMBICI KOTOpPOU
COCTOUT B MAaKCUMAJbHBIX pAaCCTPOMKAX IO YacTOTE, KOTOpPHIE
criocoOoHa oTpabaThIBaTh CUCTEMA.

[Ipoananu3upyeM BO3MOXHbIE pexuMbl (8.33), mus 3TOro
BOCITIOJIB3YEMCS TPAPUUECKUM MOCTPOCHUEM PEILICHUSI HA TUIOCKOCTH

do
o @. Jnd TNOJIOKUTETbHOM pPAcCTPOWKH (), TaKO€ pEILIEHUE

MIPUBEJICHO Ha puc. 8.8.
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Puc. 8.8

Toukn mnepeceyeHHsi TMOCTPOCHHOM KpUBOM oOcCH  alcHucc
COOTBETCTBYIOT PaBHOBECHBIM COCTOSIHUSIM. B cootBercTBuu ¢ (8.33)
JaHHBIC TOYKU MOKHO HAaWTH M3 YPAaBHEHHsI PABHOBECHBIX COCTOSTHUHN

Q
Sing, =, (8.34)
Qy
OTKYy/J1a
. QH . QH
@y, = arcSin—=*2m,p,, = r —arcSin——=x2m, n=0,1, 2, ... (8,35)
\4 \4

CornacHo (8.34), cocTosiHME pPaBHOBECHUS CYIIECTBYET MPH
yCIIOBHH

ni<], (8.36)

4TO TOATBEPXKIAAET (HU3MUECKMH CMBICI MOJOCHL yIepxKaHus Q ,

OTpEACISIIONIe MaKCUMaJlibHbIe OTpadaThIBa€MbIe CHCTEMOM dYac-
TOTHBIE PACCTPOUKH.

PaccmoTpum BOIpOC JIOKAJIBHOW YCTOMYMBOCTH PABHOBECHBIX
COCTOSIHUM. [ 3TOro MOXHO JMHEapu30BaTh ypaBHeHue (8.33) B
OKPECTHOCTH TOYEK @, ¢,, U MO CTAaHJAPTHOU CXEME€ HCCIEA0BATH
YCTOMYMBOCTh  HYJIEBOTO  PEHNIEHHS  WJIH  BOCHOJIb30BAaThCS
rpadpuueckum pemieaueM (puc. 8.8). Ilocne HecnoxHOro aHann3a
MOJIy4YUM, YTO TOYKa ¢, OyleT Bcerja yCTOMYMBOM, a TOUKa ¢,, —

HEYCTOMYUBOU.

Hanee, aHanu3upys rpauueckoe pemeHrne, OTBETUM Ha BOIPOC
00 YCTOMYMBOCTH B IIEJIOM COCTOSIHUS CHHXpoOHH3Ma. Jlerko
3aMETUTh, TIPU BBHIMOJHEHUHU ycioBUs (8.36), rae Obl HU HAXOJUJIACh
CUCTEMa B HAYaJdbHbII MOMEHT BPEMEHHU, PAHO WJM MO3JIHO OHAa
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OKQXKETCS B OKPECTHOCTH YCTOMYHMBOTIO PABHOBECHOTO COCTOSHUSI.
DTO 03HayYaeT, YTO OHO 00JIalaeT YCTOMYHMBOCTBHIO B II€JIOM. B aTOM
CJIy4dae I0J0Ca 3aXBaThIBAHUA ONPEAECTUTCS CIACTYIOIIMM PaBEHCTBOM

20, =20, = 2Rb (8.37)
1,

[TyTem HecmoxHBIX TTpeoOpa3zoBanuii (8.37) MOXKET OBITH CBEJICHO
K BBIPOKEHUIO:

20 =Y (8.38)

QU

Ammutyay U, MOXKHO MOJYYUTh U3 MEPBOTO YPABHEHUS CUCTE-
MbI (8.28). OgHaKo y4YuThIBas €€ HE3HAYUTEIbHOEC WU3MEHEHUE MpU
MaJlbIX BXOJHBIX BO3JECHCTBUSAX, AJISI PACUETOB MOKXHO OTPAHUYUTHCS
3HAUYCHHEM aMIUIUTY bl KoJeOaHU aBTOHOMHOI'O F'eHepaTopa.

8.3. 3adauu

3aoanue: IlocTpouTh PE30OHAHCHBIE KPUBBIE — 3aBUCUMOCTH
aAMIUTUTYIbl YCTAHOBUBIIMXCS KOJIEOAHW OT OTHOCHUTEIHLHOW pac-
ctpoviku & IlpoBecTn mx pa3OMeHHE Ha BETBH, COOTBETCTBYIOIIWE
pa3IMYHBIM THIIAM COCTOSIHUSI paBHOBecus. CuurtaTh, 4TO 1U(-
dbepeHIUpOBaHUE BeJETCS Mo Oe3pasMepHOMY BpeMeHU 7 =Qr, Q—

4acTOTa BXOJHOTO BO3JICUCTBUSI, @, — YacTOTa COOCTBEHHBIX KoJyieOa-
2

HUM CHCTEMBI, & :1—§ — OTHOCHTENbHAS paccTpoiika, &, o, a, >0

ucé o, a f<<I.

1. x+(1-&)x=-px" +0Cos(r); 2. i—a(l-x)x+(1-&)x =0cCos(r);
3. i—a(l-x)x+(1-&)x+ px’ =cCos(r);

4, x—a(l-x>+ Hx+(1-&)x=0Cos(r);

5. i+(1-&)x=-ax-px’ +cCos(r); 6.IlonyunTh pPE30HAHCHYIO KpH-
By10 (AUX) konebaTepHOr0 KOHTYpa, ¢ HEIWHEWMHON WHIYKTHBHOC-
Tht0. CUMTaTh YTO MNOTOKOCIEIUICHUE CBSI3aHO C TOKOM 4Epe3

MHIYKTHBHOCT 10 opmyie fP)=® + od’, moTepn B KOHTYpE
Mainbl (6 =R./C/L <<1), wdacTtoTa BHENIHEW CWIbI OJIM3Ka K

COOCTBEHHOM 4YacToTe KOHTYpa (puc. 8.9).
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_L R
LI
—> C
E,sin(w,1) ! =
Puc. 8.9 Puc. 8.10

7. llonyuuTs pe3oHaHCHYIO KpuBYIO (AUYX) Kos1e0aTeIbHOTO KOH-
Typa, ONMCaHHOTO B 3aaaue 8.6. [lonaraTe, 4TO BXOHOE BO3JCUCTBUE
OJIM3KO K YyTPOSCHHOM COOCTBEHHOM YacTOTE€ KOHTYypa 3 @y=ak;
8. [Tonyuuts pe3oHaHcHYIO kpuBYI0 (AUYX) KonebaTeabHOTO KOHTYpA,
onmucaHHoro B 3agade &.6. Ilomarath, 4TO0 BXOAHOE BO3ACHCTBUE
OJIM3KO K COOCTBEHHOM 4acTOTE KOHTYpa, ASJICHHON Ha TPU @y = 3 ak;
9. [Toctpouth pe30HAHCHBIE KPUBBIC, MCCIAEAOBATh YCTOWYMBOCTH
yctaHoBuBIIHXCS pexumoB st LC reneparopa (puc. 8.10). Cuunrars,
4yTO B paboyeil TOuUKe TPAH3UCTOP HUMEET XapaKTePUCTUKY
i(u) = Su—nu’ — fu’ (u-HATIpSDKEHUE HA 3aTBOPE), 4 YaCTOTA BHEIIHETO
BO3JICUCTBUS OJIM3Ka K IMOJOBUHE YAaCTOTHI COOCTBEHHBIX KOJIEOAHUU
reseparopa wy= 2w,; 10. IlocTpouTh pe30HAHCHBIE KPHUBBIE, UCCIIEC-
JI0BaTh YCTOMYMBOCTh YCTAaHOBUBIIIMXCS pekumMoB it LC renepaTopa
(puc. 8.8). Cuurtarh, uTO B paboyell TOUKE TPAH3UCTOP HMEET
XapaKTePUCTUKY i(u) = Su—nu’ — fu’ (u — HaIpsDKEHUE HA 3aTBOPE), a
YacTOTa BHEIIHETO BO3ACHCTBHS OJiM3Ka K YABOSHHOM 4acToTe COOCT-
BEHHBIX KoJieOaHuM reHeparopa 2wy~ @,; 11. IlocTpouTs BEKTOPHYIO
IuarpaMMy HampspKEHUM U TOKOB CUHXPOHU3MPYEMOTO TeHepaTopa
(puc. 8.4) npu ycinoBuu @,> ay; 12.IlocTpoUTh BEKTOPHYIO Jua-
rpaMMy HampsDKEHUM W TOKOB CHHXPOHHU3HUPYEMOI'O TeHepaTopa
(puc. 8.4) npu ycinoBuu @, < ayp; 13.IlocTpouTh BEKTOPHYIO Jua-
rpaMMy HampsDKEHUM W TOKOB CHHXPOHHU3HUPYEMOI'O TeHepaTopa

(puc. 8.4) mpu ycloBUU @,> @y U g” SL' 14. [Toctpouth BeEK-

SN2

TOPHYIO IUArpaMMYy HaIpsKEHUN U TOKOB CUHXPOHU3UPYEMOIO TE€HE-
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paropa (puc. 8.4) mpu ycloBUU a»h < @y U g <L; 15. ITonyuuts

A2
BBIPA)KEHHE JIJISI TIOJIOCHI 3aXBaTa, UCTOJIb3Ysl BEKTOPHBIC JHAarpaMMbI
HanpsKeHUH U TOKOB CUHXPOHU3UPYEMOT'0 reHepaTopa.

9. NMNapameTpunyeckue KonedbaHus

9.1. OcHo8HbIE MeopemuyYyecKue ceedeHuUs!

PaccMOTpuM TMHAMHYECKYIO CHCTEMY, OMIMCHIBAEMYIO JTHHEHHBIM
nuddepeHnaIbHBIM YpaBHEHUEM:

dn dnfl d
a0 a0 v a0x= 1), (-1

rae a(t) — ko3OPUUUEHTHI, 3aBUCSIIINE OT BPEMEHU M ONHUCHIBAIOIINE
M3MEHEHHE MapaMeTpoB cUcTeMbl. JlnHamuueckast cucrema Buja (9.1)
Ha3bIBaeTCs Tmapamerpuueckoil. Ecim mapamerpel a,(f) nepuo-
JTUYECKUEe, C HEKOTOPbhIM TMepuojoM 7, TO B CHUCTEME BO3MOYXKHO
BO3HUKHOBEHHME KoJieOaTeIbHbIX ABWKEeHMM. Takoe siBIeHHWE HAa3bl-
BACTCSl napamempuyeckum 8030yicoenuem KoarebaHui, a caMu KoJie-
OaHUs — napamempuyeckumu.

Hanbonee pacnpocTpaHEeHHBIMH W HW3YYCHHBIMH MOJEISIMH Iapa-
METPUUYECKUX CUCTEM SIBJISIIOTCSI CUCTEMBI BUJIA:

d’x

t2

+p(t)x:Oa (92)

rae p(t) — nepuoauueckas QyHKIHUS BpeMeHH. Takoe ypaBHEHHUE TO-
Jy4YWI0 Ha3BaHWE ypasHenue Xuina. YactHeiil ciydai (9.2), xorma
p(t) U3MEHSETCS IO TAPMOHUYECKOMY 3aKOHY:

d’x

2 +w;(1+mCos(w,t))x=0, (9.3)
HA3bIBACTCSA ypasHeHuem Mamubé.

Ecou xosdpdunumentsr (9.1) mepuomnmueckue mepuoga 7, TO B
oOIeM BHJIE€ MOXHO JI0Ka3zaTh, 4To (9.1) mmeer pemieHue, KOTOpoe
BOCIIPOU3BOJIUT ce0s1 yepe3 mepuoa I ¢ TOYHOCTHIO JO HEKOTOPOIo
MOCTOSIHHOTO MHOKHTEIIS O, T. €.:

x(t+1)=px(t),j=1,..,n (9.4)
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Jnst cucTeMbl n-TO TOpSiAKA CYIIECTBYET 7 Pa3IUYHBIX p, ,
KOTOpBIE OMPENECIAIOTCS U3 YCJIOBHUS NepuoandHocTH (9.4) u Ha3bI-
BaloTCs xapakxmepucmuyeckumu yuciamu [1]. Obmee pemenue (9.1)
IIPU STOM UMEET BU/I:

5, (=3 CP e oL 9.5)

rae C,— NpPOU3BOJBHBIE TOCTOSIHHBIC, OMNpEAe/sieMble HayaJlbHBIMU
ycinoBusamu; @, — nepuoanmdeckue QyHkumm nepuona 1; A,— xapak-
TEPUCTUYECKHUE II0KA3aTEIN, CBA3aHHBIE C XAPAKMepUucmuyecKkumu
yucramu O, CIeIyrIuM 00pa3oMm:

p, =e". (9.6)

Pemenust Buaa (9.5) HazwsiBaroTcs pewenusamu Dnoxe.

PaccmoTpuM moJipoOHEEe OCHOBHBIE CBOMCTBA MapaMeTpUUECKUX
CUCTEM Ha TMpUMEpe KoJIeOaTeIbHOTO KOHTYypa C MEePEeMEHHOM
€MKOCTBIO.

Ka4vecTBeHHBII aHAJIU3 MapaMeTPUYECKUX KOJIeOAHUH B KOH-
Type (HaKa4Ka JHEPIruu B KOHTYP)

PaccmoTpuM KoJsieOaTenbHbIl KOHTYp 0€3 TOoTeph, E€MKOCTh
KOTOPOTO MOJYJIUPYETCSl MPSAMOYTOJIbHBIMU UMMyJibcaMu (puc 9.1).
OrpaHuyuMcsi CiIydyaeMm, KOTjJa OTKJIOHEHHE €MKOCTH OT CPEIHETO
3HAYEHUS MaJo:

AC/C <<1. (9.7)

bynem cuutath, 4YTO €MKOCTh MEHSAETCS MIHOBEHHO U
COOTBETCTBEHHO COOCTBEHHAs 4acTOTa KOJIEOAHUN B KOHTYpPE TaKXKe
U3MEHSIETCS MTHOBEHHO OT Wy 10 Wy

1 C
O = 0, + A = za)p( 1+—2 )
JL(Cy = AC) 2AC
(9.8)
O = O, +Aa)=;za)p (1- S ).
JL(C, + AC) 2AC
1 .
31ech w, = —— — PE30HAHCHAs YaCTOTAa KOHTYpPa C MOCTOSHHOM

JLC,

eMKOoCThi0. BBemem oOo3HaueHus: 7= @ — Oe3pa3MepHOE BpeMs;

L u
p=lc XapaKTEPUCTUUECKOE CONPOTUBIICHUE; u, =; — HOPMUPO-
0

BaHHOC HAIIPsKCHHUC.
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LS o 71 Q \

_l%u >

Puc. 9.1 Puc. 9.2

l

B yka3zaHHbIX 0003HAUCHUSX KOJEOaHUS B KOHType 0€3 MOTephb,
IIPY TOCTOSTHHOM 3HAYEHUN €MKOCTH, ONKUCHIBAIOTCS YPABHEHUSMMU:
du

£

=—
ar (9.9)
dr

®da3zoBoe MpocTpaHCTBO cHUcTeMbl (9.9) mpencraBiseTr coOoi
HAa0Op KOHIEHTPUYECKUX OKPYXKHOCTEM, MO OJHOM M3 KOTOPBIX
JIBUKETCS M300paxkaromias Touyka (puc. 9.2). AMIuutyaa KojeOaHui
3aBUCHUT OT DHEPTUH, 3A[IACEHHON B KOHTYPE:

2 2
U, — 3HaueHUsT aMIUIATY]Ibl KOJEOAHWUM HampsHKEHUST U TOKA B
KOHType. JIBMKeHHE NPOUCXOAUT IO 4YaCOBOM CTPEIIKE C YIJIOBOWU
CKOPOCTBIO paBHOI 1.

JInst  KOHTypa,  €MKOCTh  KOTOPOrO  M3MEHSETCS [0
NpSIMOYTOJIbHOMY 3aKOHY, Ha MPOTSXKEHUU KaXJAO0ro MOJyNepHuoJia
MOCTOSIHCTBA €MKOCTH chpaBeaauBel Gopmynbl (9.9) u (da3oBsrii
nopTpet (puc. 9.2).

T. K. MBI CYUTaeM U3MEHEHHE €MKOCTH MTHOBEHHBIM, TO 3aps]l ¢
Ha KOHJIGHCATOpPE W TOK I 4Yepe3 MHAYKTUBHOCTb HE YCIIEBAIOT M3MeE-
HUTHCS. 3aps]l U HANPsHKEHUE Ha KOHJEHCATOPE CBSI3aHbI COOTHO-
menuem ¢ = Cu. Takum 00pa3oM, HOpU MTHOBEHHOM W3MEHEHUHU
eMkoctd C W HEU3MEHHOM 3HA4YEHUU 3apsijia ¢ MPOUCXOJIUT
MTHOBEHHOE M3MEHEHUE HAIPSHKEHUS ¥ Ha KOHAEHcaTope, U (a30oBbIi
NOpPTpeT cuctembl aedopmupyercss no ocu u, Ilpu BozpacTaHuu
eMKOCTH Ha 2AC noJlyYuM YMEHBIICHUE KOOPAUHATHI U,

Ay, =44 4 (ACJ:_%(MJ. (0.11)
" p(C0+AC) p(Co_AC) pCo Co CO

(9.10)
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COOTBETCTBEHHO TIpU yMEHbIIEHUM eMKocTu Ha 2AC Oyxaer

CIIPaBEJINBO:
VS A R [chzup(mj. 9.12)
p«%-—AC) ﬁ(C0+ACD pC% C% (%
B (9.11) u (9.12) HanpsikeHue 1, paBHO MTHOBEHHOMY 3HAYEHHIO
HaIpsHKEHUS B MOMEHT COOTBETCTBYIOIIETO CKAYKa EMKOCTH.

<

I L
| | ]
| | 1
| 1 ] |
1 1 1 1 |
Lo R, L csZ R
1 | | | |
C(H) | 1 I I
1 1 1 1 |
AC
Chb-%F--}--4--d—=4---
AC
0 ot
Puc. 9.3 Puc. 94

[TycTh oTpuIiaTenbHbIE CKAYKH €MKOCTH COBIIQJAlOT 1o (ase ¢
MaKCHMYMOM H MHHHUMYMOM HampsDKEHUS B KOHTYPE, a TOJIOKHUTEIIb-
HbIC TIPOMCXOMAAT, KOIJIAa HANpsDKCHHE B KOHTYPE pPaBHO HYIIIO
(puc. 9.3). B stom cnyuae, cormacHo (9.12), mpu KaxkJaoM OTpH-
IIaTeJIbHOM CKa4Ke €MKOCTH IMPOUCXOIUT YBEINYCHHE KOOPIUHATHI U,
Ha BENMUYUHY Au, =u, AC/C,. IIpy IOIOKUTENbHBIX CKAYKAX HUYETO

HE TPOUCXOJHUT, T.K. B 3TU MOMEHTHl u, =( u, cormacuo (9.11),
Au, =0.

P
3a OoauMH TepuojJ KOJeOaHWW TMPOUCXOAUT MPUPAIICHUE
aMILUTATY]Ibl TOKA Ha BEJIUYUHY:

ar=212C (9.13)

0
OTO COOTBETCTBYET YBEIWYECHHUID OJHEPrMM B KOHTYpE Ha
BCIIMUNHY:
_LU+2IAC/C))" LI AC

=4W —. 9.14
2 2 C, ©-14)

Takum o0pa3oM, 3a cUeT MOAYJAIMU E€MKOCTH B KOHTYP
Hakauyueaemcs 3Hep2us W TPOUCXOAUT BO3PACTAHUE AMILIUTYIbI

Al
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KoJIeOaHUM. DTO SBJICHHE IMOJYYWUJIO HA3BaHUE NApaAMempuyecKull
pe3onanc. YacToTa MOIYJISIIMA €MKOCTH IIPH 3TOM B J[Ba pa3a 0oJbIIe
4acTOThl COOCTBEHHBIX KOJ€OaHUH. DTy 4YacTOTy Ha3bIBAIOT
Yacmomou HaKauKu.

IlapameTpuyeckoe KoJe0aHUSI B KOHType ¢ MNOTePSIMH
(MoaysiuMsi NPSIMOYT0JIbHBIMH MMITYJIbCAMMU)

Ecin B KOHType C MOCTOSSHHOM €MKOCTBIO €CTh 3aTyXaHHue, TO
aMILUIUTYJa TOKA 32 KAXKAbIN MEPUO]T YMEHBIIIAETCS HA BEJIUYNHY:

T
AT="1, 9.15
=5 (9.15)

rae J=p/r — 10OpPOTHOCTh KOHTYpa. 3a CYET PaCCMOTPEHHOM paHee
MOJYJISIITAA €MKOCTH B KOHTYD MOCTYMAaeT SHEPIHs, YBEIHMIUBAIOIIAS
aMIUTUTy 1y KojeOanuii. FiToroBoe n3aMeHeHNEe aMILTUTYABI 32 TIEPHUOJ
OTIPEICTISAETCS CICTYIONUM 00pa3oM:

A[:ACI—Arlz[M—ﬂJI:ﬁ[, (9.16)
C, 0) Ox
rae Q.. — 9KBUBANEHMHASL 00OPOMHOCb, YIUTHIBAIOIIAS MOIYJISIIHIO
CMKOCTH.
0.-_ 92 (9.17)
*T TOAC
1-=750
7 C,

VYBenuueHue AOOPOTHOCTH KOHTypa TIpU MapaMeTPpUYECKOM
U3MEHEHUU EMKOCTU MOKHO MOJCIUPOBATH, 3aMEHSI MEPEMEHHBIM
KOHJICHCATOP MapaJyICIbHBIM COCITUHEHUEM MOCTOAHHOU emkocTu C,
Y OTPHULIATEIBHOTO CONpOTUBIIeHU R (puc. 9.4).

3HayeHrue R MOXHO TIOJYyYUThb, UCIHOJB3YS  CIEAYIOIIUE
COOTHOIIICHUS:

R Ry=p0y =P (9.18)

R +R 2AC 2AC - .

P I-——"0 1-—7-0
7z C, 7z C,

Paznenum yucnutens u 3HameHaTenb B (9.18) Ha R 1 moay4yuM:

R, 1
R‘:_Q2AC_p2AC' (0-19)
7 C, 7 C,
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Takum 00pa3zoM, mapamMeTpuyecKoe U3MEHEHHE €MKOCTH I03BO-
aseT ygenuuums KOIPOUIMEHT ycuieHus (IpU COOTBETCTBYIOIIEM
COOTHOIIIEHUH (Pa3 KoyieOaHUM B KOHTYPE U UBMEHEHUS [TapaMeTpa).

[Ipoananuzupyem Bbeipaxkenue (9.16). Jlo Tex mop moka
Al =A_I—AI>0, cBOOOJHBIE KOJICOAHUSI B KOHTYPE 3aTyXal0T U KOH-

Typ CIHYXHUT mnapaMmeTpudyeckum ycunurenem. [lpu AI=A.1-A1<0

aMIUIUTya KosieOaHwil Oyaer Bo3pacTaTh, T. K. MOCTyMaroUias B
KOHTYp DJHEpPrus NpPEeBBICUT TOTEPH, T.€. OyAeT HaOII0aaThCs
napamempuyeckuu pesonarc. 3 (9.16) cinenyer, 4To mapameTpu-
YEeCKUN pE30HAHC TMPU MOAYJAIMU E€MKOCTH MNPSIMOYTOJIbHBIMU
UMITYJIbCAMU HACTYIAET MPHU BBINOIHEHNUU YCIOBUSL:

(9.20)

m>m,, =—,
20
rae m = AC/C — riiyOrnHa MOYJISIIHH.

IlapameTpuyeckoe KoJe0aHUSI B KOHTYype ¢ MNOTePSIMH
(rapmMoHHMYecKass MOXYJISIUS eMKOCTH)

Ha mpakTuke 4aiie BCEro M3MEHEHHE €MKOCTH MPOUCXOAUT IO
3aKOHYy, OJIM3KOMY K rapMoHuueckoMy. OueBUAHO, 4TO HauboJee
BBITOJIHBIM SIBJISIETCA CIIy4ai, Korjia HanoboJsiee ObICTPOE YMEHBIIIECHUE
€MKOCTH MPOUCXOJUT MPU MAKCUMAIbHOW aMIUIUTY/IC HANPSKECHUSA, a
HanOoJsiee OBICTPOE YBEIMYEHUE, KOT 1A HATPSI)KEHUE PaBHO HYJIIO.

r

I 1
| S |

Ny

L C(?) 2

Puc. 9.5
PaccmoTpuM BHawaje ciydai, KOTJla 4YacToTa HW3MEHEHHUs
€MKOCTH POBHO B JiBa pasza OOJIbIIIE YacTOTHl KOJieOaHWl B KOHTYpE
(puc. 9.5). IlycTh B KOHTYpE MPOTEKAET TOK:
i(t)=1Coswt, (9.21)
a eMKOCTb 3aBUCHUT OT BPEMEHH CJIEIYIOIIUM 00pa3oM:

C(t) = G, (9.22)

1-mSinQat +vy,)’
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rine y,— HavyanbHas (aza. Halinem nmorepu, pacxoayemsbie Ha 7 U C(7).
3apsi Ha EMKOCTH PaBEH:

q(r) = [i(t)dt = L sin (ot), (9.23)
[0

Hanpsixkenue Ha eMkocTH, coryiacHo (9.22) u (9.23),

u(t) = % = wLCOSin(wt)(l —mSinQot +v,)). (9.24)

1
y‘lTeM, qTo —C = p — XapaKTCPUCTHICCKOC COIMPOTUBIICHUC KOH-
0

Typa, ¥ pa3joXKuM MPOU3BEICHUE CUHYCOB. B utore moaydmnm:
u(t) = IpSin(wt) + Ip%Cos(?»a)t +y,)— Ip%Cas(a)t +y,). (9.25)

Cpennsisi MOIITHOCTh, pacxojiyemas B ILienu 3a nepuon 1=27/ w,
paBHa:

1, 1% :
P= 51 r +?£u(t)z(t)dt. (9.26)
[ToncraBum B (9.26) BeipakeHus 115l TOKa U HanpspbkeHus (9.21) u
(9.25) u nostyuum:
P= %(r - %pcos(%)j = Po(l - %cos(%)j, (9.27)

rae Py — noTepu SHEPTUHU 3a EPUO B KOHTYPE C MOCTOSIHHOM €MKOC-
Tht0. U3 (9.27) cnengyeT, 4TO MOIIHOCTh, BbIAEIsieMasi TOKOM, U, Clie-
JIOBATENIbHO, MOTEPU dHEPruM 3aBucAt ot 3Haka Cos(yy). Haumenn-
mme norepu gocturarorces npu Cos(yy) =1 (= 0)

P, =P(1-mQ/2). (9.28)

B »TOM cnydae 3a cyeT U3MEHEHHUS] €MKOCTH B KOHTYP MOCTYIAeT
sneprus. Ilpu Cos(yy) =—1 (yp= 1) NoTepH YHEPIUH MAKCUMAJIbHBI —
napamerpuueckas Moayiasuus 3abupaer sHepruro. Ilpu Cos(yp) =0
(Y= m/2) moTepu U TMOCTYIUICHUE PHEPTrMU B TEUEHHE NEpUoaa 3a
CYET UBMEHEHUSI EMKOCTU PABHBI.

Tak ke, Kak U paHee, MOKHO CMOJICIUPOBATh MapaMETPUUECKYIO
€MKOCTh KOHJIEHCATOPOM C TIOCTOSIHHOM €MKOCTBIO M OTPHUIATEIbHBIM
conpotuBieHueM r= mpCos(y,)/2.

Cornmacao (9.27), (9.28), nmpu Cos(wp) =1 u BBIIOJHEHUU
yCJIOBUS
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m>me ==, (9.29)
Q
NOCTyNarIas B KOHTYp SHEPrusi MPEBBICUT mHOTepH, T.e. (9.29)
OTIpeIeNIIeT TPAHUIly MapaMeTpuueckoro pezoHanca. Eciu cpaBHUTH
3T0 BbIpakeHHe ¢ (9.20), TO MOXHO YyOEIWThCS, HYTO 3aMeHa
MOAYJISIIUA TPSAMOYTOJbHBIMA HUMIYJbCAMH HAa TapMOHUYECKYIO
NPUBOIUT K YBEIUUYCHUIO 71, .

IlapameTpudeckoe ycuiieHue KoJgeOaHu

T. x. mapamerpuueckas MOIYJALUS €MKOCTH KOHTypa MOXKET
NPUBECTU K YMEHBIICHHUIO MOTEPh (YBEJIMUYECHHIO JOOPOTHOCTH), TO
NapaMETPUYECKHII KOHTYp MOHO HCIOJIb30BaTh B  KAadeCTBE
ycuiutels. PaccMOTpuM mmapaMeTpuueCcKUid KOHTYP C BHELIHHUM BO3-
nevictBueM (puc. 9.6). CompoTtusiiecHME R, YYHUTHIBAET BCE MOTEPH.
Bxoamnoe Bo3ieiicTBHE:

e(t) = E Cos (wyyt) (9.30)

i

oo ¥,
L
=L () [] R,
e
Puc. 9.6
[IycTh €MKOCTh U3MEHSETCS 10 3aKOHY:
C= .
1+ mSinCw,t+vy,)

Koadduiment Moaynsuuu cuutaem manbiM (m << 1). OOo3Ha-
YUM @, :1/1/LC0 — PE30HAHCHYI0 4YacTOTy KOHTypa C IOCTOSHHOU
€MKOCThIO. byJileM cuyuTaTh, 4YTO 4YaCTOTA HAKAYKU MPUMEPHO paBHA

YABOEHHOHN YaCTOTE BXOJHOTO CUTHAIA Wy = 2 Wyy.
2 2 2
é: = (a)BX - a)P)/a)BX <<1.

HuddepeHinanbuble ypaBHEHUS, OIMUCHIBAIOIINE KoJeOaHUS B
KOHTYpE, UMEIOT BUJI;
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dq ; u i q
dt R, R,C(1)

_ : (9.31)
ﬂ:u—e(t) _ 9 _e(t)
d L LC@) L
Yurtem, 4To R &,
R.C, O

11
R,C(t) R,C,
Beenem ob6osHadenust y(t) = (wy— 2we )t — W, o =E/Lw, T.K.

KONeOaHuss B KOHTypE IPOUCXOAAT HA YacTOTE€ BHEIIHETO

BO3JICHCTBUSA, TIepeiiieM K 6e3pa3MepHOMY BPEMEHHU 7= Wgyl.
B utore monyuum nuddepeHimanbHOe ypaBHEHUE:

a ma (0
(1+ mSinQe,t +y,)) = —L——LSinQQa,t +y,) ~ .
o 0 0

d—g +q= _1dq + & —mqSin(2z +w (7)) + o Cos(r), (9.32)
dr Qdr

[IpaByto yacth (9.32) MOKHO MPEACTABUTh B BUJIC OrPaHUYCHHOM
GyHKIIMA ¢ MalbIM TlapaMmeTpoMm uF(q,q,7), caemoBarenbHO, (9.32)
ONHUCHIBAET CHCTEeMY, OJIM3KYI0 K KOHCepBaTUBHOM. IlpumeHuM s
aHajin3a METOJI MEJJICHHO MEHSIONIUMXCS aMILUIMTyA. bylnem uckathb
pelieHne B BUJIC:

g=RCos(t+0),§=-RSin(t+0) . (9.33)
Yurem, 4TO0 WYA(7) ABISETCA MEIJIEHHO MEHsomencs (T. K.

Wy =2 Wy, HA TIEPUOJIC MOXXHO IIOJOXKHUTH Y(7) = const), U Iocie
HECJIOKHBIX PACUETOB IMOJYyYHM YKOPOUYCHHBIC YPABHCHUS:

2R _ R(— L7 cos20- l//(r))) — o Sin(0)
dr Q 2 (9.34)
2‘55 S ’; Sin(20 — (1)) —; Cos(0)

N3 nepBoro ypaBHeHus (9.34) MOXKHO MOJYYUTh YKBUBAJICHTHYIO

TOOPOTHOCTh KOHTYpA:

L M 20—y, (9.35)

O O 2
AHaJOTUYHO PACCMOTPEHHOMY paHee cliydaro (CMOTpPU BBIpaxe-
Hue 9.27), 1oOPOTHOCTh 3aBUCUT OT (pa30BBIX COOTHOIIIECHUN U, OoJee

TOTr'0, MOYKET MEHSTHCSI C TEUEHUEM BPEMEHH B 3aBUCUMOCTH OT YA 7).
Bo03MOXHBI ABa peKUMa: CHHXPOHHbBIN U ACUHXPOHHBIM.
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Cunxponnwlit pexcum

B CUHXpOHHOM peXHME YacTOTa HAaKayKd pPaBHA YJIBOCHHOM
4acTOT€ BXOJHOIO CHTHala wy=2@m,. BcaencrBue 3TOro
(7)== const 1 (9.35) npuHUMAaET BUJ;

1:1—’;1Cos(29+l//0). (9.36)

Qo
DKBHUBaJIEHTHAs! TOOPOTHOCTh 3aBUCHUT OT TITyOMHBI MOYJISIITAN 771
U, B 3aBUCUMOCTA OT 3HaYeHus1 Cos(20+y,) MOXKET NPUHUMATH

3HA4YeHUs Kak Oojiee, Tak M MEHee JOOPOTHOCTH KOHTypa ¢
IIOCTOSIHHOM €MKOCThK0. MakCMManbHOTO 3Ha4YeHUs (., JIOCTUTaeT
pu Cos(20 +y,)=1:

L 1. m (9.37)

Oy 0O 2

D10 BbIpakeHUE aHATOrM4HO (popmyiie (9.29), nomydeHHOU mpH
KAQ4eCTBEHHOM aHAJIN3€ JHEPTeTUYECKUX COOTHOIICHUW B KOHTYpE.
VYBenuuenue  JAOOPOTHOCTH  MOXHO  MOJEIMPOBaTh,  3aMEHSs
MEPEMEHHBIN KOHIEHCATOP MapaJijIeIbHbIM COCTMHEHUEM TTOCTOSTHHOM
eMkoctn C, W OTPUUATEIBHOrO CONMpPOTHUBIEHUS R. 3HaueHue R
MOYHO MOJYYHUTh, UCIIOIB3YSI CIEAYIOIIME COOTHOLIEHHS:

R,R. 2p0 R
- R, = = = P OTCrHOAA IOJYYUM
RP-I-R_ ok = POk 2-mQ l_mQ Pl y
2
2R
R=_"To_2P__ 2 (9.38)
mQ m mC,w,

Ou4eBHIHO, YUTO MPHU BHINIOJHEHUN YCIIOBHS ‘R_‘ > ‘Rp‘ IIOTEPH IHEP-

MU MEHbIIIE YHEPTUM, HAaKauuBaeMoi B KOHTYp. CucTema CTaHOBUTCS
HEYCTOMYMBOM, U BO3HUKAET SIBIICHHE MapaMeTPUUECKOTO PE30HAHCA.

[Ipupoct ko3(pdulIMEeHTa YCUIECHUS MOXXHO BBIPA3UTh YEpe3
JTOOPOTHOCTH:

0
K, =< 9.39
0 -39

Bripaxkenue (9.39) onpenensier, BO CKOJIbKO pa3 yBEJIMYUBACTCSA
KO PUIMEHT yCUIeHUsI KOHTYpa MPU MapaMeTpUIeCKOr MOTYJISIIUU
B CHHXPOHHOM pPEXHUME.
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AcunxXponHbwlil pexcum
B acuHXpOHHOM peXMM€ 4acTOTa HAaKauYKW HE paBHA yJIBOCHHOU

4acTOTE BXOJHOI'O CUTHAJA 2 @, = @y +Aw. Beneacteue atoro daza

()= (0r— 2 )= Yo=A @ - .
HenpepblBHO MeHsieTcd. CoOTBETCTBEHHO (,,, MOJIYJIUPYETCS C

4acTOTOM A@

L 00— B2 1y, (9.40)

Q K a)BX

A
B  wuHrepBanel  BpemeHu, korma — Cos(26 - 29y v,) <0,

BX

s pekTUBHAS JOOPOTHOCTh YMEHBIIIACTCS.

IlapameTpuyeckas reHepanus KoJaeO0aHUM
PaccmoTpuM KonebaTenbHbI KOHTYP C MEPEMEHHOW €MKOCTHIO

(puc. 9.7).
ComnporuBnenue R, y4yuTbiBaeT Bce noTepu. IlycTb eMKoOCTh

HN3MCHACTCA 110 3aKOHY:

C(t)= G .
1+mSinQo,t+vy,)

v oo L

L 9Ly R

P

Puc. 9.7

Koadduuuent Mmoayisiuu cuutaeM mMajabiM (m<<l). O06o3HauYUM
®.=1/\/[LC, pE30HaHCHYI0 4YacTOTy KOHTypa C IOCTOSIHHOH
€MKOCThI0. byJieM cuMTaTh, 4TO 4acTOTa HAaKayKd MPUMEPHO PaBHA
YJABOCHHOM PE30HAHCHOM 4acToTe @y ~ 2 wp. BBeaeMm o003HauCHUE @)
=@y /2 ¥ ONpeieIUM OTHOCUTEILHYIO YaCTOTHYIO PACCTPOIMKY B BUJIE

2 2
o, o o, — @ 2
— L= Prx"(0,-w)<<]. (9.41)
®, o, 0,0, @,

JuddepeHimanbuble ypaBHEHUsS, OIMUCHIBAIOIINE KOJcOaHUS B

KOHTYpPE, UMEIOT BU/I:
79



9.42
di u q ( )

dt L LC(®)

Wp

R,C, O
q q . p
= 1+ mSinQQew,t))=—
RO R, (2ee)
Ilepeiinem Kk 0e3pa3sMepHOMY BPEMEHH 7= @yt.
B utore nonyuum nuddepeHimanbHOe ypaBHEHUE:
d’q 1 dq :
=———>+& —mqSin(27). 9.43
dqudréqq() (9.43)
[IpaByto yacth (9.43) MOXKHO MPEACTABUTh B BUJIC OrPaHUYCHHOM
GYHKIIMA € MajblM mapamMeTpoM uF(q,q,7), CIeI0BaTEIbHO, s
aHaJn3a 3TOTr0 ypaBHEHUs NMpuMeHUM MeTon Ban-aep-Ilomsa. bynem
HCKATh PEIICHUE B BUJE:

Yurtem, 4To

M

- m—wPSinQa)Ht) ~ cg, .

g=RCos(r +0),g=—-RSin(r +0) . (9.44)
[Tocne HECTOKHBIX paCUETOB MOJYYUM YKOPOUCHHBIC YPABHEHMUS:
2? _Ry Rszos(26’)

d; © (9.45)

G e —S 20

d , 4 in(20)

KaquTBeHHLH/I aHanu3 (9.45) nmoxasbIBaeT, YTO JJI BO30OYKIACHUS
KoJiecOaHWl B KOHTYpe 3a CUET MapaMeTPUUYECKOr0 W3MEHEHUS
€MKOCTH JOJDKHO BBITIOJIHATHCS YCIOBUE:

m> é 1+0%8 . (9.46)

[Ipy TOYHOM HACTPOWMKE YACTOThl HAKAYKH HA PE30HAHCHYIO
4acTOTY KOHTYpa @y = 2wp BeIpakeHue (9.46) nepexoaut B (9.29),
MOJIYYEHHOE PaHEE NpPU AHAIU3E DHEPreTUYECKUX COOTHOLICHHU B
KOHTYpE.

9.2. lMpumepbI peweHUs1 munoeabix 3aday

Ilpumep 1. 1lycTh JaH TIApaMETPUUECKUN YCHUJIWTEIb, SKBHUBa-
JIEHTHAas CX€Ma KOTPOro IMpHBeaeHa Ha puc. 9.8. XapakrtepucTuka
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HEJIMHEMHON €MKOCTH MapaMEeTPUYECKOr0 YCWIMTENd IOKa3aHa Ha
puc. 9.9. HanpspbkeHnue cMmereHusi, onpeaesioniee mojaoxeHne pado-
4Yel TOYKM Ha Xapakrtepuctuke F.=-2B. AMmmniuryna rapMoHuyec-
Koro HamnpsbkeHus: Hakauku U,= 1B. JlanHbpie KoJie0ATEIBHOTO
KOHTYypa: PE30HaHCHAas dYacToTa f,= 10T MHAYKTUBHOCTH L =2.5
MkI'H; BHYTpEHHSISI IPOBOJMMOCTD HCTOYHHKA cHrHata G,= 3.75-107
Om'. IIpoBepbTe YCTOMYMBOCTD YCHIMTEIS I[PU ILIYHTHPOBAHUH
KOHTYpa Harpy304HOM NPOBOJUMOCTHIO Gy = G.

Pewenue: 1. I3 pucyHka cieayer, 4To aMIUIMTYyJda W3MEHCHUSA
€MKOCTH TIOJT BO3JCHCTBHEM HAINPSIKCHUS Hakadyku npu FEc=-2B
paBHa AC =4n®; 2.CpegHee 3HaYCHHE MOJHOM E€MKOCTH KOHTYypa
C,=1/Lo; ~0.1-10°® = 100nd; 3. ['myOuHa MOIYJALIMM EMKOCTH
m=AC/C =0.04; 4. Cornacno (9.38), orpunareibHas MpOBOAUMOCTD,

YUYUTHIBAIOIIAs BIIUSIHUE napaMeTpuIeCcKou MOJTYJISIITUH,
1 mCw ; ]
=T %ﬂ 25-10" Owm™; 5.CymmapHass mpPOBOZMMOCT
VMCTOYHWKA CUTHAJla U Harpy3ku paBHa Gy+ G;=2Gy="7.5- 107 Om™.
T. k. 2G> G_, napamMeTpuyeCcKuil yCUIIUTENIb YCTOUYHB.

C(u), n®

20 -/

16
12

I o

| Go

()

®
o
mQ

7 6 5 4 -3 -2 -1 0 1ubB

Puc. 9.8 Puc. 9.9

Ilpumep 2. B xonebatenpbHOM KOHTYpE MapamMeTPUUIECKOTO TeHe-
paropa eMkocTh C(f) U3MEHSIETCSl IO TAPMOHHYECKOMY 3aKOHY C Yac-
toroit fj;=2-10'Tu. Cpennee 3mauenme emkoctd Co= 100md. Co-
NPOTUBJIIEHHE MOTEPh KOHTYypa R =20m. Onpeaenuts MUHUMAIbHOE
3HAUYECHHUE TIIYOUHBI MOAYJSALMHU My, IPU KOTOPOM BO3MOKHA Mapa-
MeTpUUecKasi TeHepalusl, JJjis TOYHON HACTPOMKU KOHTYypa Ha 4acTOTY
fu/2 n ipu paccrpoiike 50 rl' .
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Pewenue: 1. MunumanbsHOE 3HAYCHUE ko3 duimenHTa
MOy JISIITUN OTIPEICITIM u3 (9.46): m_. :é 1+Q%E?
2.0- L - !

w,rC, 2rnf,rC,
HacTpouke fy =fu/2 u m_ . =2/0=0.025; 4. IIpu paccTtpoiike 4actoT

~ 80 — noOpoTHOCTh KOHTYpa; 3. IIpu TouHOI

BBIYHCIIEHUE AaeT pe3yibTar m . =0.032.

9.3. 3adayu

1. OnpenenuTh MOJIOCY MPOIYCKAHUS KOHTypa Iapamerpuyec-
KOTO YCHJIMTEJISI IPU HAJIMYUU U OTCYTCTBUU HANPSKEHUS! HAKAUKH.
Koaddumuent moaymsumum emkoctu m = 0.05 , oOmas mnpoBo-
IAMOCTh TMOTEPh KOHTypa Gu= G, = 2:10° Om™, pE€30HaHCHas
qacrota @,=2-10° pag/c, eMKOCTb KOHTYpa B OTCYTCTBHE HAIIDSI-
xenust Hakauku C,= 50 n®d. Ycunurtenb paboTaeT B CUHXPOHHOM
pEexXKUME.

2. Onpenenuth KO3POUIMEHT YCUIICHHUS TapaMeTPUUECKOr0 YCHU-
JUTENS TPU CIEAYIOIUX JAHHBIX: IPOBOJUMOCTD HATPY3KHA B CYMME C
MPOBOAMMOCTBIO TOTEPHh KOHTypa COCTaBIAOT G = 1.7-10° Om™,
KOHTYp HAacTpOeH Ha 4dacTtoty wp=2-10 paa/c, eMKOCTh KOHTYpa
Co= 300 n®, a koapunueHnt Mmoayisiun emkoct m = 0.05.

3. OZHOKOHTYpHBIN MAPAMETPUUYECKUN YCHIIUTENb MPEICTABICH
AKBUBaAJICHTHOM cxemoil (puc. 9.8), G|, Gy — NPOBOJUMOCTH, YUUTHI-
BAIOIME€ WCTOYHHK CHTHAJIA U MOTEPH B KOHType ycunutens, G.-—
POBOJMMOCTb, YUUTHIBAOIIAS BIUSIHUE HaKauku. HacTora ycuiauBae-
Moro curHana fc= 1.0 MI'u, BHyTpeHHsISI IPOBOJIUMOCTh UCTOUYHHKA
CUTHaJa W MOPOBOJAUMOCTb Harpy3ku paBHbl Gpy= G;= 10° Om™.
EMKOCTh KOHTYpa B OTCYyTCTBHE HanpsbkeHus: Hakadku Cy= 500 nd.

Haiitu kputhueckoe 3HaYeHUE KOd(PUIMEHTa MOIYJSIUU €M-
KOCTH, TP JOCTHMKEHUH KOTOPOI'O YCHJIMTENDL MEPEXOJIUT B PEKUM
TE€HEpaLnH.

4. EMKOCTh K0J€0aTeIbHOTO KOHTypa MapaMeTPUUECKOro YCH-
JUTEJNST U3MEHSIETCS 110 3aKOHY; TOOPOTHOCTh KOHTYpa B OTCYTCTBUE
Hakauku (@ =80, KOHTYp HACTPOEH Ha 4YacTOTy = wy/2.
Onpenenuth nOpupocT KodpduimeHTta yCHIEHHMS 3a  CUET
napaMeTpu4eCKON MOTYJISALUH.
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5. ITapameTpsbl K0JIeOATENHHOTO KOHTYpa MapaMeTPpUUECKOro yCu-
autens craenyrommue: 100potHocTh O = 90, emkocTts C,= 250 n®d, un-
nyktuBHOCTh L = 150 mxI'H. Yactrora Hakauku f,=2f,, TAe fo—
pE30HAHCHAs 4YacTOTa KOHTYpa.

Onpenenut MakCUMaldbHO JoMycTUMyr amruntyny AC Bapua-
MU €MKOCTH, IPU KOTOPOM YCHIIUTENh COXPaHsIET YCTOMUYNBOCTD.

6. B 0IHOKOHTYpPHOM MapaMeTpUYECKOM IeHepaTope, paboTaro-
HieM Ha BapuKame, XapaKTepUCTUKa KOTOPOro TMpHBEJeHAa Ha
puc. 9.10, nHanpsbkeHue cMmeuieHuss paBHo E.,=—2B. Ilapamertps
KolxebarenpHoro Kourypa: L =2-10°Tm, C=190nd, compo-
TuBJIeHUE noTeph Ry =1 Om. Onpenenuts KpUTHUYECKOE 3HAUYEHHUE
KO3(QGUIMEHTa MOILYJIALUN E€MKOCTU My, W AMIUIMTYJy Hamnps-
KEHUS TeHepaToOpa HAaKayKH.

C(u), n®
¥24
20
16
12

Puc. 9.10

7. KouTyp mapaMeTpuueckoro reHeparopa, paboTaroiiero B CUH-
XpPOHHOM pPEXHME, HAaCTPOEH Ha 4YacTOTy = /2 U COCTOUT W3
WHIAYKTUBHOCTH L = 100-10°Ty, MMAPaMETPUYECKOM  €MKOCTHU
C(1) = 10°-(1 + meCosant), 1D, U aKTUBHOTO COIPOTHBICHUS IIOTEPb
R.=2O0Om. Omnpenenutrb KpUTHUECKOE 3HaueHUE KoddPuimeHrta
MOJYJISIITAA €MKOCTH.

8. Onpenenuth nuana3oH 3HaYeHUN KOA(DPUIIMEHTA MOIYISIUU
napameTpa peakTUBHOIO 3JIEMEHTa, IPU KOTOPOM BO3MOKHO BO30YXK-
JIEHUE KOJIeOaHUU B MApaMEeTPUUECKOM KOHTYPE, HACTPOCHHOM Ha
4acToTy @,= w,/2. 3agana 1oopotHoCcTh KOoHTYypa O = 100.
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