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BBenenne

Knroueroe orudne TeOpuu BEpOSTHOCTEH OT OOJIBIMUHCTBA JAPYTUX
MaTeMaTUYEeCKUX JUCIUILINH COCTOUT B TOM, YTO OHA 3aHUMAETCA U3yde-
HHEM HEeIeTePMUHUPOBAHHBIX, CYIANHBIX sIBJIEHUI. 316Ch CIeayeT cpa-
3y CZleaTh OTOBOPKY O TOM, UTO pa3jieieHne ABJIeHNN Ha JeTePMUHUPO-
BaHHBIE U CJydaiHbIe BeCbMa ycJoBHO. Hampumep, cocTogHuE IOTrOmbl B
JI000#H TOUYKE HAIel MJIAHETHI, CyIsi M0 TeM MPOTHO3aM MEeTEOPOJIOTOB,
KOTOpbIE MbI HAOJIOMAEM KaXKIbIH €Hb, HOCUT CJIy9aiiHBIN XapakTep.
Tem He MeHee B CpeHEM TIPEACKA3AHUS METEOPOJIOrOB COBIBAIOTCS, UTO
TOBOPHUT O JE€TEPMUHUPOBAHHOCTH MOronbl. IIpobiema JMuIb B TOM, 9TO
MHOKEeCTBO (paKTOPOB, OIIPEIETAIONINX TOTO/TY, CUIIKOM BETUKO, YTOOBI
MOXKHO OBLIIO CKPyIy/I€3HO y4decTh uX Bce. Iloaromy Teopusi BepOATHO-
CcTell OKa3bIBAETCA MOJIE3HOU Be3e, I/e TI0 TeM WJIN WHBIM NPUYNHAM He
yIaeTCs y9eCcTh BCE MHOXKECTBO (DAKTOPOB, OKA3BIBAIOIINX BJIMSHUE HA
n3yvaeMblil TPOTECC WU ABJIEHUE.

st yCriemHoro npumMeHeHusi METOJ0OB TEOPUU BepOofTHOCTEd (Kak,
BILIPOYEM, U JIOObIX JAPYIUX MATEMATUYECKUX METOUOB) OCODEHHO Ba-
JKEH MPABUJIHHBIN BHIOOD MATEMATUYECKON MOMIENN CIYIaiiHOTO SIBJIGHUS,
ONMUPAIOIININACH, TIPEXKJIE BCETO, HA ONBIT MPOBE/IEHUA PANA OJJHOTUITHBIX
9KCIEPUMEHTOB. Kak MpaBujio, Teopus BEpOATHOCTEN OKa3bIBaeTcs Oec-
TMOJIE3HOM /I TIPEeICKA3aHus Pe3yabTaTa YHUKAJIBHOTO SKCIIEPUMEHTA.

N3BecTHO, 9TO 3372491 110 TEOPUU BEPOSITHOCTEH OIHMU M3 CAMBIX KO-
BapHbIX. /lake 3HAMEHUTHIE MATEMATHKH TIPOTILIBIX BEKOB, MPOCIABUB-
IITHECST CBOMMU [TOCTUXKEHUSIMYM B JIPYTUX OOJIACTSX, JIETKO COBEPIIAJIN
OITMOKY TIPH PEIEHNN 3JIEMEHTAPHBIX 331449 [0 TEOPHUH BEPOSTHOCTEI.
IToxoxke, 9TO €IMHCTBEHHBIN CIIOCOO MPEYCIeTh B M3YyYEHUN TEOPHUHU Be-
POSATHOCTEH, — 3TO MPUOOPECTH 3HAYNTETbHBIN ONBIT B PEIICHAN 33,1a4.



I'smaBa 1

Ciyualinble cOObITIS

1.1 BepogarHOCTHBIE ITPOCTPAHCTBA

Haumem ¢ npumepos.

OubIT IOKa3bIBALT, 4TO 1PHU («XOpOIIeM») OPOCAHUU MOHETBHI OHA C
PaBHOIl BEPOATHOCTHIO najgaer BeepxX uudpoil (pewikoit) miu repboMm.
OubIT Tak2Ke IOKA3bIBAET, YTO B HEKOTOPLIX, BECHMA PEAKUX CJydasix
MOHETa BCTaerT Ha pebpo. Jlajiee BEPOSITHOCTH TOrO, UYTO MOHETa, BCTA-
HeT HA pebpo, Oymem mojaraTh PaBHON HYJ0. BO-EPBBIX, TOTOMY, 9TO
9TO pemKoe coObITHE. A BO-BTOPBIX, JJIs YIIPOIIEHHS COOTBETCTBY O
MaTeMaTU49eCKON MOJIesn.

Jpyroii, oueHb ymOOHBINA IJIs WJIIOCTPAIUi, MpUMep — UrpajIbHAs
KocTh (KyOuk ¢ mponymepoBaHubiMu OoT 1 70 6 rpansamu). lasee Mmbl
OyZeM pacCMaTpPUBATDL HIACATBHYIO HTPATBHYIO KOCTh, IPU OPOCAHUN KO-
TOPO# C PABHOI BEPOSTHOCTHIO MOSIBJIETCS OHA, W3 MIECTH IUMP.

O HUM U3 TOBOJIBHO MIPOCTHIX, HO MHTEPECHBIX IKCIIEPUMEHTOB sIBJIsI-
€TCs OIBIT, B KOTOPOM MOHETa OpOCAeTCs [0 TeX IOP, ITOKA HE BBIMAIET
rep6. Teopernueckn 9mcao Opocanuit MOXKeT oKaszaThcs Jo0bIM. TIpak-
TUYECKHU K€ JOBOJBHO TPYAHO M0OMTHCs Jaxe 10-KpaTHOrO TMOsIBJICHUST
pemku. Ecan e Takas CHTyalusi BCe-TaKH MPOUCXOIUT, TO OOBITHO ITO
TOBOPHUT O «HECTYyYIalHOCTH» OpPOCAHMIA.

Crpennba MO MUIIEHU, B OTJIAYNAE OT TPEIbIIYIINX TPUMEDPOB, SBJIs-
ercs 6osee CIIOKHBIM IKCIEPUMEHTOM. BO-TIepBbIX, BEPOATHOCTH TIOMA-
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JAaHNUs B Pa3HbIEe KOJbIIA MUIIEHW MOTYT JOBOJBHO CUJIBHO OTINYATHCS
JPYT OT JAPYyra B 3aBUCUMOCTH OT YCJIOBHI 3KCIMepUMeHTa. BO-BTOPBIX,
IIPA NIPOBEJICHNH 3TOr'0 IKCIEPUMEHTAa MOXKHO OTKAa3aThbCA OT TPAJUII-
OHHOTO cI10co0a Mo/ICYeTa OYKOB, 3AMEHUB ero 60J1ee TOYHBIM METOIOM —
U3MepeHueM PacCTOAHUA OT LeHTPa MUIIEHU /IO MECTa IO/ IaHUsl.

DTOT CIIUCOK KAYKIBIN M3 YNTATEIEH MOXKET JIETKO TOTIOJTHUTH CBOUMHA
IpAMepaMH.

O6paruM BHUMaHUE, YTO KAXK/IbIH CIy9YaliHbIN SKCIEPUMEHT 00J1a/1a-
€T HEeKOTOPBIM 3apaHee (PUKCUPOBAHHBIM HAGOPOM (MHOMKECTBOM) UCXO-
JI0B.

Omnpegenenne 1.1. IIpocmpancmeom anemenmaphvls ucrodos Ha3bIBa-
€TCst MHOYKECTBO {2, COJIeprKaliee BCe BO3MOXKHbIE MCXO/bI JJAHHOIO CJIy-
JaHOrO IKCIEPUMEHTA, U3 KOTOPBIX B 9KCIIEPUMEHTE TTPOUCXOIUT POBHO
onun. CaMu UCXObI ABISIOTCS JIEMEHTAMHU ITOTO MHOYKECTBA U OOBITHO
0003HATAIOTCS TPEIECKUMH OYKBAMH W WM K€ W;.

IMongarue snemenrapHoro ucxoga (iu COObITUS) SABJAETCH OTHOCH-
TeJbHBIM. BbIOOD TOro, 9YTO CIYUTATH SJIEMEHTAPHBIM, a 9TO — HEIJIEMEH-
TapHbIM, 3aBUCUT HE TOJILKO OT YCJIOBUH 3KCIEPUMEHTa U IIOCTAHOBKU
3a/a4¥, HO W OT MPEANOYTEeHWH TOro, KTO OyZeT 3Ty 3aJady peliaTh.
[IponnmiocTpupyeM cKa3zaHHOE IpUMEpPaMH.

ITpumep 1. Ilpu Opocanwm WrpabHON KOCTH BO3MOXKHBI, HATPUMED,
caemyromine npeacrapienus {):

1. 0=1{00,6080).

2. Q ={w1,ws}, rae w; = {BbINAIO YeTHOE YUCIO OYKOB}, wo = {BbI-
[AJI0 HEYETHOE YKCJIO OYKOB}.

3aMeTuM, 4TO BTOPOE MPEJICTABIEHUE sIBHO OECIIOIe3HO, HATIPUMED,
MPU paccMOTpeHnn cobbiTns A = {BhITaso He Gojee ABYX OYKOB}.

Ipumep 2. Tlpu crpensbe no Kpyroit Mutmenn (s yno6ersa Oyaem
paccMaTpuBaTh TOJBKO CJIyYau TONAJAHWUS B MUIIEHD) JIEMEHTAPHBIE
HCXOJIBI MOKHO Pa3/IM4aTh IIO:

1) uucay BbiGUTBHIX 09KOB, Torza ) = {wo, w1, ... ,wy }, 0O w; = {BBI-
6uro i oukoB}, i =0,1,...,n;
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2) paCCTOAHUIO OT TOYKH TIOMAJAHUS 10 IEHTPA MUIICHH, TOTIa () —
5710 oTpe3sok [0, R], rme R — paauyc MuIleHy;

3) KOoOpAmHATAM TOYKHU IPOOOUHBI, TOrAA {2 — MHOXKECTBO BCEX TOYEK
MUIIEHH.

IIpumep 3. PaccMorpuMm 3KCIEPUMEHT, COCTOSAIMMI B MOAOPACHIBAHAN
MOHETBI JI0 TeX IOP, MOKa He BhInageT repd. Mcexompr sxcmepumenTa Oy-
JI€M Pa3/IM9daTh IO 9HUCIIy MOHAA00UBIIHXCS Opocanuii mounernl. To ecThb
w; = {mpu nepsbix i — 1 Gpockax mosiBuIach 1wdpa, a Ipu i-M 6poca-
i —1ep6}, tae ¢ € N. Torma MHOXKeCTBO §) PABHOMOITHO MHOYKECTBY
BCEX HATYPAJIbHBIX YUCEI.

Onpenenenune 1.2. IIpocTpaHCTBO 9JI€MEHTAPHBIX WCXOI0B HA3HIBAET-
cst QuckpemmbLm, eCii OHO KOHEIHO JTUDO0 CUETHO.

B Gsimzxaiitee BpeMsi Mbl OIPAHUYUMCS PACCMOTPEHUEM THCKPETHBIX
MIPOCTPAHCTB, OoJtee yI0OHBIX [ IEPBOTO 3HAKOMCTBA C OCHOBAMU TEO0-
puHn BEPOATHOCTEI.

Onpenenenune 1.3. IloamuOKECTBa TPOCTPAHCTBA JIEMEHTAPHBIX HC-
XOJIOB HA3BIBAIOTCS COOBIMUAMU. [OBOPST, 9TO COOBITHE IIPOUIOIILIO, €C-
JIK TIPOM3OIIIEN OJIUH U3 MCXOJI0B, BXOJAIIUX B 3TO COOBITHE.

Bo muOrmx ciygdasix KOppPEKTHOCTb PEIleHus 331391 HAMPAMYIO 3a-
BHUCHT OT C1ioco0a BbIOOPA IPOCTPAHCTBA JJIEMEHTAPHBIX UCXO/IOB.

Bagaua 4 (mapanoxc Kapmano!). Ilpu 6pocannm AByX HIPagbHBIX KO-
creil paccmorpum JBa cobbirusi: A = {cymma BblaBuIMx 0YKOB paBHa 9},
B = {cymma Bpimasmunx oukos pasaa 10}. Cobbrrue A cocrout mu3 aByx
nucxonoB: 4+5 u 3+ 6. CobbiTe B Tak:Ke COCTOUT U3 ABYX UCXOI0B: H+5
u 4 4 6. [louemy 1pu peasibHOM TPOBEIEHUN IKCIEPUMEHTa COObITHE A
nosiBisieTcst darie, veM B? Tlodemy npu 6pocanuu Tpex UrpaibHBbIX KO-
creit cobbiTre B mosiByisiercs daine, 9eM A, XOTd U TO U JIPYroe COCTOAT
W3 LIECTH UCXONOB?

B kagecTBe cOOBITHST MOXKET OBITH TaKKe PACCMOTPEHO BCE TPOCTPAH-
CTBO 3JIEMEHTAPHBIX MCXO/OB ) WK 2Ke ero MOJMHOXKECTBO, HE BKJIIOYa-
fomee B cebsl HU OHOTO MCXOa (IIYCTOe MHOYKECTBO).

! Maxeponamo Kapaano (1501-1576) — uraabsHcKuil MaTeMaTHK, WHXKeHep, hu-
n0cod, MEIUK U ACTPOJIOT.
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Onpenenenue 1.4. JlocmoeepHbim HABBIBAETCS COOBITHE, BKJIIOYAIO-
mee B cebs Bce uCXoabl u3 ) (T.e. OHO TPOU30HIET TpU JIIOOOM HCXO-
ne). Heeosmoorctolm Ha3bIBaeTCsi COObITHE, HE COAEPIKAIIEE HU OIHOIO
9JIEMEHTAPHOIO UCX0a (T.e. OHO HE HPOU30IIET HUKOI/A).

OrHOIIeHST MEXKIY COOBITUSMU COOTBETCTBYIOT OTHOIIEHUSIM MEYK-
JIy MHOXKECTBAMU COJEPKAIIUXCS B ITUX COOBITUSX UCXOMOB. T CBA3D
oTpazkeHa B Tabmure 1.1.

Tabsmmra 1.1

HO,E[MHO)KGCTBa 1 cobbITUS

O6o3H. Tepust MHOXKeCTB Teopusi BeposiTHOCTEM

Q (yHUBepcaIbHOE) IPOCTPAHCTBO 3JIeMeH-
MHOKECTBO TAPHBIX  WCXOJIOB, WA

JIOCTOBEPHOE COOBITHE

we N JJIEMEHT 9JIEMEHTAPHBINA MUCXOT

ACQ MHOZKECTBO cobpITHE

15/ IIyCTOE MHOXKECTBO HEBO3MOXKHOE COObITHE

ACB A — nonMHOXKeCTBO B cobwiTue A Bieuer B

A=Q\ A nounosnuenue IIPOTUBOIIOIOKHOE
MHOYKECTBA K A cobbrTme

ANB [epecevenre MHOKECTB — IpOM3BeeHne coobituii: AB

ANB =@ MHOXKeCTBa COOBITHS HECOBMECTHBI
HE [IEPECEeKATOTCs

AUB 00 beMHEeHNe cymma cobbituii: A + B
MHOXKECTB

Onpenenenne 1.5. CoObitusa Ay, Ao, ...
Ny, €CIH B PE3yJbTATEe IPOBEICHHUS IKCIIEPUMEHTA JTOJXKHO IPOU30MTH

, Ap 0b6pasyrom noanyro epyn-

x0T Obl onHO u3 Hux: A1 + A+ ...+ A, = Q.

Onpenenenune 1.6. CoObitusa Ai, As,
npocTpancTsa 2, ecjiu OHU OOPA3YIOT MOJHYIO TPYIITY U SIBJISIOTCS IO-

., A, o0bpasyrom pasbuenue

napHo HecoBMecTHbIMH, T.€. A;A4; = @, 1 <i < j < n.
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IIpumep 5. Paccmorpum mpa cOOBITHS, KOTOPHIE MOTYT TIPOU30ITH TPH
GpOCaHNH JABYX UTPANbHBIX KocTell: A = {cyMMa BBIMABIINX OYKOB HE TIpe-
Bocxoaut 10}, B = {cymma 04koB He MeHbIne 10}.

Torna A+ B = €, To ectb cobbiTss A 1 B 06pa3yior mOIHy0 IpyIiLy.
Ho A u B ne obpa3sywoor pa3bueHue, Tak KaK OHU COBMECTHBI. A MMEHHO
cobuiTne C' = AB = {cymma oukos pasua 10} He siBsieTcsi HEBO3MOXK-
meM. C IpyToit cToponsl, cobnitusa B, C' u A 06pa3yioT pasbuenue.

Teneps, KOrga y HAC €CTHh YETKOE OMPEIEIEHNE COOBITHS, MOYKHO BBE-
¢ty noHaTHE BepogTHOCTH. [1o-CcyIecTBy, BepOSTHOCTH — 3TO HEKOTOPAst
YUCIOBAs XaPAKTEPUCTUKA COOBITHS, MEPa BO3MOXKHOCTH €r0 MOSBICHUSI.
B maremarvke BepOsSITHOCTH MPHUHSITO M3MEPSATH JOJISMEH OT €JIMHUIIBI,
T. €. OT BEPOATHOCTH JJOCTOBEPHOIO COOBITHS.

Onpenenenne 1.7 (BepoATHOCTH B JUCKPETHOM TPOCTPAHCTBE COObLI-
tuit). IlycTh KazKI0My 3JIEMEHTAPHOMY UCXOIY w € {) AUCKPETHOrO PO~
crpaHcTBa ) mocTaBieHoO B coorBercTBre Yncyio P(w) € R rak, gro s
BCE€X TaKHUX YHCEJI BBIIIOTHAIOTCA CIEAYIOIue CBOMCTBA:

1) P(w) = 0;
2) > Pw)=1

weN

Torpa uuncno P(w) Ha3bIBAETCH 6EPOAMHOCDIO INEMEHMAPHOZ0 UCTO-
da w. Beposmnocmuvio npoussosibHOro cobmmus A C ) HasbiBaeTcs

YqucJo
P(4)=> P(w).

weA

Coorsercreento, P(2&) = 0.

HenocpenctBenno m3 ompeaesieHnsi BIBOJATCS CJETYIONTNE OCHOB-
HbI€ CBOMCTBA BEPOATHOCTHU:

1. Hdnsa moboro cobbitust A cnpasenimeo 0 < P(A) < 1, P(2) = 1.
2. Ecim A C B, to P(4) < P(B).

3. Hns mobeix A u B Bepro P(A + B) = P(A) + P(B) — P(AB).
Eciu ke A n B vecomecrnsl, o P(A 4+ B) = P(A) + P(B).

4. Jlna moboro cobeiusa A sepuo P(A) =1 —P(A

~—
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Ocobo cremyer BBIIENUTH TOCTETHEE CBOWCTBO, TIO3BOJISIOIIEE BhI-
YUCJISITh BEPOSITHOCTD COOBITHS TTOCPEICTBOM PACCMOTPEHUS TPOTUBOIIO-
JIOXKHOTO K HeMy cOObITHsi. OOBI9HO OCO3HAHME IEHHOCTH 9TOTO CBONUCTBA
MIPUXOIUT TOJBKO TOCTE CAMOCTOSITETLHOTO MPOPEITUBAHUS HECKOJIBKIX
JEeCATKOB 3a1a4. B To e BpeMs ecTh u 60see mpocToit myTh. Jlocrarod-
HO 3aMETUTh, YTO TEOPETUUECKHU MPUMEPHO B TIOJOBUHE 3339 HAXOMK-
JIeHre BePOATHOCTH COOLITHS A JOMKHO OKa3aThCA MPOIe HAXOMKIeHUS
BeposiTHOCTU cOObIThst A. Bojiee TOro, B HEKOTOPBIX CJIydYasx MEPEXO]
K PACCMOTPEHHUIO MTPOTUBOIOIOKHOTO COOBITHSI HA MOPSIOK COKPAIAET
TPYIOEMKOCTD PEIeHusT 3aJa9H.

ITpumep 6. Haiitu BeposTHOCTH COOBbITHS A U3 mpuMepa 5.

Pewenue. B 3aBUCHMOCTH OT YHMCEJ OYKOB, BBIMQIAIONIAX HA MTEPBOM U
BTOPOH KOCTSIX, BCE MPOCTPAHCTBO HCXOMOB ) JAHHOIO IKCIEPUMEHTA
MOKeT ObITh pa3buTo Ha 36 IeMEHTAPHDBIX HCXO/I0B:

Q= {E00,00,...,08
CE,00,. .. ,Cn

)

)
(O R - )
Tak Kak BCe MCXOIbl PABHOBO3MOXKHBI, TO P(w) = 1/36 mus kaxkmoro
w e Q.
Paccmorpum cobbiTre, npoTuBonoioxkuoe K A (cymma 04koB Gosiblie
10). Ono cocrour u3 Tpex ucxouos: A = {EEY, B, E¥ED}. CuepoBaresbho,
3 11

P(A):l—P(Z):l—%_E. O

1.1.1 KuaaccudeckKoe ompeaejieHne BepOodTHOCTH

PaccMOTpEM 4YaCTHBIHA Clydail JUCKPETHOO MPOCTPAHCTBA 3JIEMEH-
TAPHBIX MCXOIOB, COCTOSIIErO W3 KOHEYHOTrO [nciaa N 3JIeMeHTapHBIX
ucxonos: 0 = {wy,ws,...,wn}. IIpeamoaokumM, 4ro BCe ITH HCXOIBI
paBHOBO3MOXKHBI: P(w1) = P(w2) = ... = P(wy) = 1/N. Torza Be-
poATHOCTH 106010 cobbitnsg A = {w;,,wi,, . ..,w;, }, cocrosmero n3 k
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MCXOJIOB, PABHA,

k k 1 k
PLA) =Y Pwi) = > = =

YUCJI0 OJIArONPUATHBIX 111 A UCXOI0B

YHCJIO BCEeX HCXOJ0B

Onpenenenue 1.8. T'oBOpsAT, 9TO IKCIEPUMEHT YIOBJIETBOPSET KAGC-
CUNECKOMY ONPEIeNeHUIO BEPOAMHOCML, €CTTH TTPOCTPAHCTBO ITEMEHTAP-
HBIX UCXOO0B {2 COCTOUT U3 KOHEYHOIO YHCJIa PABHOBO3MOXKHBIX HCXOJIOB.

B Takom 3KCmEpuMEHTE BBIYUCJIEHWE BEPOATHOCTH cOObITHS A C )
CBOIUTCS K MOJCYETY YHUCIIa OJIATOMPUSITHBIX UCXOIO0B.

Bo MHOrmX 3aja4ax mOACYET YUCTI UCXOIOB BBIMOJIHAETCS C UCIOJIb-
30BaHNEM KOMOWHATOPHBIX METOIOB, O KOTOPBIX MOHJET PEeYb B CIEILYTO-
e paszese.

1.2 KomOuHaTOpHBII MeTOon
BbIUNCJEHUSA BEPOATHOCTEI

Paccmorpum ombIT, cocrodrmuit B caydaifHOM BbIOOpe k 37I€EMEHTOB
(mpeaMeroB) U3 n. YTOT OMBIT JOMYCKAET JIBa CIOCOba BHIGOpA:

1. Opun ¥ TOT Ke JEMEHT MOXKET ObITh BHIOpAH HECKOJIBKO pa3 (6bi-
60p ¢ NOBMOPEHUAMU).

2. Kaxkprii ssieMenT MoxKker ObITh BbIOpaH He 6oJiee OiHOro pasa (6oi-
bop be3 nosmopenu).

Kpowme Toro, B 3aBUCHMOCTH OT TIOCTABJIEHHOM 33, 1a91 MOYXKET OBITH BarK-
HO (mu ke, Ha00OPOT, HE BAYKHO) yUUTHIBATH IOPSAIOK BLIOOPA JIEMEH-
toB. C y4eroM yKa3aHHBLIX aJibT€PHATUB MOXKHO BBIJEJHUTDL YETHIPE pa3-
JINYHBIX CXEMbI BbIOOpPA:

I. BeiGOp ¢ TIOBTOPEHUSIMA U YTIOPATOUMBAHUAEM (PAIMEULLHUS C TIO-
6MOPEHUEM).

II. BeiGop ¢ ynopsijounBanueM, HO 6e3 NOBTOpenuii (pasmewsenus bes
noemopenu).
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1. BuiGop 6e3 TOBTOPEHUH U 6€3 YIOPSIOUUBAHUS (COMEMAHUA).

IV. Boibop Ge3 ynopsamoduBaHus, HO C IIOBTOPEHUIMU (COYEMAHUA C
TOBMOPEHUEM ).

HaJjtee B 3TOM paszesie Mbl 3afiMeMCst TIOICYETOM YUCJIa CIIoCOO0B BHIOOPA,
k 371€MeHTOB W3 1 JJIs KayKI0i M3 YeThIPEeX CXeM.

1.2.1 PasmelneHus C IIOBTOPEHUIMU

Haiinem wuncio pasmernenuit ¢ MOBTOPEHUSME U3 71 JIEMEHTOB 10 k.
Kazxaprit u3 k BHIOMPAEMBIX 3JIEMEHTOB MOYKET OBITH BBIOpAH 1 CIIOCO-
6aMu HE3aBHCHMO OT BbIOOpa ocTanbubix. CremoBarenbHo, obInee 9ucio
TAKUX pa3MelIeHUud PaBHO

—_———
k pas

IIpumep 7. Haitnem BEpOATHOCTH TOrO, UTO MPH YETHIPEX OPOCAHMSX
UTPATTBHOM KOCTH XOTs ObI pa3 Bbimazer ‘17,

Pewenue. Pe3ymbraT TaKOTO SKCTIEPUMEHTA, TIO CYIIECTBY, COCTOUT B BBI-
Gope mecTu rpaHeil UrpajJbHOrO KyOWMKa C yd4eroM Topgika (HoMepa
6pPOCKa) 1, BO3MOYKHO, C IOBTOPEHUIMHU, T. €. ODILEE YUCIIO UCXOI0B ITOr0
sKcIepuMenTa papho 6. [IpaaeM Bce 3TH HCXOABI PABHOBO3MOXKHEI (3TO
O/ TBEPKAAETC: MHOIOBEKOBOI ucTOpHeil urpsl B Kocru). Takum obpa-
30M, 9KCIIEPUMEHT YOBJIETBOPAET KIACCUIECKOMY OIIPE/IeJIEHUIO BEPOAT-
HOCTH, U HAM OCTAETCs TMOACIYUTATEH YUCJIO OJTATOMPUATHBIX JIJIT COOBITHST

A = {1’ noaBunacek xorst ObI pa3}

ncxonoB. Pemrenne manHo# 3a7a49m CyIMIECTBEHHO YIIPOIAETCS, €CTH IIe-
peiiTi K paccMOTPEHUIO TTPOTUBOIIOJIOXKHOIO COOBITHSI

A = {1’ e nosBuaCH HI pasy},

T. €. TeIepb HAC MHTEPCYIOT TOJIBKO Te CAydau, KOrga Ipu OpOCAHUU KO-
CTH MOIVIN IIOABJIATHCA TOJIBKO IIATbH FpaHefI Hn3 IIeCTH. LII/ICIIO TaKHUX
MUCXOI0B PaBHO 54. CJ‘Ie,ILOBaTeJ'IbHO,

54

P(A) = 25, P(A):1—P(A):1_<Z> , -
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Bamaua 8 (ITapaznoxc me Mepe [3]). ITpu 4-kparHOM GpocaHny OTHOMN Ur-
PaJIbHOM KOCTH BEPOSATHOCTH TOTO, YTO E€IUHUIA MOABUTCS XOTsS ObI pas,
6oabie 1/2. B 1o e Bpemst mpu 24-KpaTHOM GPOCAHUM JIBYX UIPAJIBHBIX
KOCTeil BEepPOATHOCTH TOTO, YTO JBE EIUHUIIBI TOSABIATCS OTHOBPEMEHHO
xors Obl pa3, menbiie 1/2. [Tapagokc cocrour B TOM, 4TO BEPOSITHOCTD
BBITIQICHUS €IMHUITHI B TEPBOM OTIBLITE POBHO B TECTh pa3 OOJbITIE BEPO-
SITHOCTH TOSIBJIGHUS IBYX €IUHUI] BO BTOPOM, a 24 poBHO B 6 pa3 0oJibiie
9eTHIPEX.

1.2.2 Pa3smemenuda 6e3 moBTopeHmit

Ornmane 3TOH cXeMbI BBIOODA OT MPEIbIAY e JUIITb B TOM, 9TO KaXkK-
JBIA 37IeMEHT MOXKeT ObITh BhIOpaH He 60jee omHOro pasa. Mcmomb3yst
[IOXOKHE PACCYKICHH, IOIydaeM (DOPMYILy I JUCIa PA3MeINenuil u3
n 37eMeHToB 10 k 6e3 moBTopenuil (0OLIYHO cI0BOCOYETaHNE «6e3 mo-
BTOPEHMIT» OMyCKaeTcs):

n!

(n— k)

OcoObIit cydait, Korga Hy»KHO BRIOPATH BCE 7, JIEMEHTOB U3 7, Ha-
3BIBAETCS MEPECMAHOEKAMU. TNCIO TIEPECTAHOBOK 7 3JIEMEHTOB PABHO
Al =nl

AF =pn—-1)...(n—k+1)=

n

IIpumep 9. DKCHEpUMEHT COCTOUT B CJIyYaifHOM BbIOOpE Kk 3J1€MEHTOB
U3 M C y4eTOM LIOPsi/IKA 1, BO3MOXKHO, ¢ nosropenusmu (k < n). Tpeby-
eTcst HAllTH BEPOSITHOCTH COOBITHS A = {HM OIWH 3JIEMEHT He MOSBUTCS
JIBAYKTBI | .

Pewenue. OBII€€E YMCIIO UCXOL0B PABHO YUC/Y PA3MELIEHUI ¢ 110BTODE-
HUSMU W3 7 10 Kk, & 9YUCI0 OJArONpUSATHBIX [IJisi COOBITHS A MCXOIOB
paBHO YuCJy pa3merrenuii 6e3 moropenuii. Takum obpazom,

P(A):n(n—l)...(n—k—&-l). -

nk

ITpumep 10. Haiitu BEepOATHOCTH TOTO, 9TO HPHU 6-TH OPOCAHWAX WI-
PaTbHOI KOCTU KazK/1asl TPAHb TMOSIBUTCS POBHO OJWH Pa3.
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Pewenue. dta 3ama9a ABISETCS YACTHBIM CJIYIAEM TPEIBIAYINErO MPHU-
Mepa 1jisi n = 6 u k = 6. llckomasi BEpOSATHOCTH pPaBHA

6-5-4-3-2-1 5 0
6:6-6-6-6-6 324

3agaua 11. Haittu BepogTHOCTH TOTO, UTO Cpeau k 9eIOBEK HANTyT-
cd XOTd Obl JIBOE C OJMHAKOBBIMU JHAMHU DOXKieHus (6e3 ydera roza
poxaenus). ITpumenanue: Ny yOpOIIEHUs IIPEAINOTIATAEM, YTO CPeIu

BBIOpaHHBIX k Ye€I0BeK HET poauBiuxcs 29 despasis.

WNurepecno orMeruThb, 9TO y2Ke /15 23 9€JI0BEK BEPOATHOCTH COBIIA-
JeHus JaHeil poxkieHus Xors Obl y ABoux npumepHo pasaa 0,5, a juis 55
9eJI0BEK 3Ta BEPOATHOCTH yxKe pasHa (,99.

1.2.3 Coueranuga

Paccvorpum cxemy Beibopa k 3/1€MEHTOB U3 N, IPU KOTOPOI HUKAKOIT
9JIEMEHT He MOXKEeT ObITh BRIOPAH JIBAaKIbI U MOPSIOK BHIOOPA HE BAXKEH
(1.e. k BHIOpAHHBIX 3JIEMEHTOB PACCMATPHUBAIOTCH HE KAK YHOPSI0YEH-
HbIl HAOOD, a Kak MHOXKeCTBO). [losyuusineecs Takum obpaszom k-31e-
MEHTHOE ITOIMHOYKECTBO HAZBIBAETCS COYEMAHUEM U3 T INEMEHMOE No K.

Paccmorpum Temeph OgHO Takoe MHOXKECTBO m3 k 3jemMeHTOB. IIpo-
u3BOJIbHAA HyMepalus (yIOps/I0YMBAHUE) JIEMEHTOB [[PEBPAILAET €ro
B yLODsiJ04eHHyI0 BbIOOPKY (pasmeuienue Ge3 nosropeunwuii). 11 naobo-
por, Jio6as yropsigovdeHHas BbIOOpKa pa3Mepa k MOXKeT ObITh MOJIyIeHa
COOTBETCTBYIOIIEN HyMepaluei 0HOrO U3 Kk-3JIEMEHTHBIX TTO/IMHOYKECTB
(coueranwmii). Tak kak k seMeHTOB MOryT ObITH YHOpPsiZOUeHbl k! croco-
Gamu, To wucio OF peex coueranuit u3 n Mo k MOKeT GBITH HAIIEHO TIO
dbopmyne?

AF n!
"k kl(n— k)

B uacrnocru, tak kak 0! = 1, to CY = 1.

2N amena cogeranmit CK wacro nenomssyor o6osnasenne (7).
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HekoTopbie cBolicTBa Ymnciia coYeTaHMIA:
1. Ck =Cn-k,
2. C04+CL+...+Cr =2

k k+1 _ ~k+1
3. Cn + Cn - Yn+1-

IIpumep 12. U3 kosoapl B 36 kapr cuaydaiino (u 6e3 BO3BpalleHUs)
BeIOHpaT 6 kKapT. Haiitu BeposTHOCTH COOBITHS

A = {cpenu BbIGPAHHBIX KAPT €CTh XOTs Obl OJMH TY3}.

Pewenue. Tak Kak MoOpsioK BHIOOpA KapT HE BayKEH, UMCJIO BCEX MCXO-
108 pasHo CS;. [Ipu HEMOCpeICTBEHHOM MOJICYeTe YUC/Ia 6IaronpUsATHBIX
2151 COOBITHS A MCXO/I0B UX CIE0BAIO Obl Pa30UTDL Ha YeThIPe CJIydas —
10 YUCJIy TY30B Cpeliy BbIODAHHBIX ITECTHA KapT. YI00HEe paccMOTpPeTh
[IPOTUBOIIOJIOZKHOE K A cobbITre — He Oblil BbIOpaH HU OJAuH Ty3. ducio
TaKUX MCXOJIOB PABHO YHCIYy coueTaHuii m3 32 «He Ty30B» 1m0 6. Cremo-

BaTEJIHHO,
6
B C3, 100
P(A)=1- -5 =—. O
C3s 187
3amaua 13. IlomOpaceBarorcst deTbipe urpaabHbe Koctu. Haiitu Bepo-
SITHOCTH TOT'O, 9TO BBITAJ/YT POBHO JBE «TPOIKM».

3agaua 14. U3 xosoapt B 52 KapThI CAy9aifHbIM 00Pa30M BHIOUPAIOT 5.
Haiitu BepogTHOCTD TOrO, 9TO BCE OHU OKAXKYTCS PA3HOTO JOCTOUHCTBA.

1.2.4 Paszbuenune MHOIKeCTBa
HA HECKOJILKO IIOIMHO>KECTB

[penpraymuit pa3men ObLT MOCBAIIEH MOACIYETY 9UCIa k-3JI€EMEHTHBIX
noaMHoKecTB. OOpaTuM Tenepb BHUMAHKE Ha TO, YTO, IO-CYIIECTBY, 3TO
YHCJIO0 PA3IUYHbIX Pa3OMEeHN MHOXKECTBA Ha JIBa IIOAMHOMKECTBA, COCTO-
amue u3 k u n— k anementos. B aTom pazzerne Mbl 3aiiMeMCs 0ICIETOM
qucsa pasouenuii MHOXKECTBA (COCTOSIIEro U3 1 3JEMEHTOB) Ha § TOJI-
MHOXKECTB (§ > 2), U3 KOTODPBIX MEPBOE COJEPKUT k1 3JIEMEHTOB, BTO-
poe — ko 3JIEMEHTOB, ..., $-€ MOAMHOXKECTBO — kg dmemenToB. CooTBeT-
cTBeHHO, k1 + ko + -+ - + ks = n.
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Yucio crmocoboB BbIOOPA k1 3JIEMEHTOB B MEPBOE TTOIMHOXKECTBO DaB-
HO C’fil. Yucsio cnocoboB BbibOpa ko 3J1eMEHTOB (U3 OCTABIIUXCA 1 — ki
9JIEMEHTOB) BO BTOPOE MOJIMHOXKECTBO PABHO C’Si g, AT Ob1ee umcao
pa3bueHuii paBHO MPOU3BEIEHHUIO ITUX TUCET:

|
kl k2 ks L
Cn C’I’L—k?l "'Ck?s - kjl'kz!.ks|.

IIpumep 15. Haiitu 9ucsio mecTu3HadHbIX TeTe(OHHBIX HOMEPOB C TPe-
M mudpamu ‘3’ aByms ‘2’ u OaHOM €IUHUIIEH.

Pewenue. I1a 3a1a1a IKBUBAJIEHTHA MOICYETY YUCIA PA3OUEHUI 1IecTH
mo3unmit 1udp B TesredOHHOM HOMEpPE HA TPU MOAMHOXKECTBA, COCTOS-
X U3 TPEX, /JBYX U OJHON mudpPbl COOTBETCTBEHHO:

6!
312111

= 60. O

1.2.5 CoueraHus C TOBTOPEHUIMU

IIpomnecc BoibOpa k 37eMEHTOB U3 M C IMOBTOPEHUSIMH, HO 0€3 yIo-
PAIOYMBAHUST MOXKHO TIPEICTABUTH CAeayomumM odopaszom. I1o n ammkam
packnaasBatoTcs k mapos. [Ipudyem B 0uH AUK MOYKHO KJTACTh CKOJIb-
KO YTOIHO TIapOB ¥ WX MOPSAIOK BHYTPHU HANMKA HE BakeH. Pe3ymbrar
OJTHOI'O TAKOrO PACKJIAJIBIBAHNS MOYKHO MPEJCTaBUTh, HAIPUMED, TAK:

[ooo| || lof - |

JLE— L LI 1
1-#1 amuk 2-# amuk  3-i AnmK
Wan Tak
[ooolll|o]...]

A yOpaB «/uiIHUE» CTEHKU AMMKOB (OCTABUB TOJIBKO MO OJHOI II€pero-
POJIKE MEXK/ly COCEIHUMU SIIUKAMHE), BOT TaK:

cool|o]...

dcro, 9TOo Kaskaoe pasMerenne k 1apoB MO 1 SITUKAM MOXKET ObITH
€INHCTBEHHBIM 00PA30M 3aIMCAHO B BH/JIE TIOCIEI0BATEIHHOCTH U3 k KPYy-
JKOYKOB 1 . — 1 geprouek. VI Ha00OpOT, KazK1ash TaKasl IMOCIEI0BATE b
HOCTH OJHO3HAYHO OINpeIesseT pa3MeIneHne MapoB Mo SIfuKaM. Takum
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0o0pa3oMm, 3a7a9a TOACIYETa YNCJIA, COUETAHUN C TIOBTOPEHUSIMU U3 1, DI~
MEHTOB TI0 kK CBOAUTCS K MOICYETY YHUCJIA PASTUIHBIX MOCIEI0BATETHHO-
creit, cocTodmux u3 k KPYy2KOYKOB U 1 — 1 4EPTOYEK. DTO UHCJIO, OUe-
BHUIHO, PABHO
k _ ,m—1
Cn+k71 - Cn+k—1'

3amaua 16. Iloab3ysich GOpMyYIOi IUCIA COYETAHMI C MOBTOPEHUSIMM,
HaliTH 91CI0 KOCTel JTOMMHO.

3amaua 17. Haiitu 9ucio pa3uIHbIX HAOOPOB U3 TPEX UNCe T, BO3HUKA-
IOIIUX TIPU OPOCAHWUU TPEX BHEIHE He PA3JIMYNMBIX UTPATHHBIX KOCTENA.

1.2.6 TI'mmepreoMmeTpu4YecKoe pacmpeesieHue

MHuorne BepOSITHOCTHBIE 339N MOTYT ObITh CBEIEHBI K CJIEAYIONIEt
MO/IEJIH.

B ucxomnom muoxkectse u3 N 37emMeHTOB nmMeercs: K 1OMeYeHHBIX.
N3 3T0or0 MHOXKECTBA, CAydaiiHbIM 0Opa30M u 6€3 MOBTOPEHUIl BHIOHpa-
1oTcst 1 anemeHToB. Tpebyercs HaiiTh BeposTHOCTh P (k) TOrO, 9TO cpeau
BBIOPAHHBIX OKAYKETCH POBHO k MOMEYEHHBIX. Tak KAk MOPSI0K BHIOOPA
SJIEMEHTOB HE BayKEH W MOBTOPEHWS HE JOIMYCKAOTCs, TO O0Iee 9ucio
HCXO/I0B TAKOI'0 9KCIIEPUMEHTa MOKHO B3aTh pasubM C. IIpu noncuere
OJIarONPUATHBIX JIJTsi YKA3aHHOTO COOBITHS HCXO0B TPebyeTcs BbIONpaTh
k TIOMEYEHHBIX JIEMEHTOB U 1 — k HEMOMEYEHHBIX, YTO TPUBOJUT K CJIe-
aytomeit hopmyiie
_ OOk

HaGop gucen P(k) (upu 3apanee dukcuposanubix N, K, n) mia Bcex
JONYCTHMBIX® 3HAMeHHil k HA3BIBACTCS 2UNep2eoMempuueckum pacnpe-
desenuem. CymMma BCex 9rCET U3 9TOrO0 HADOPa, OYEBUIHO, TOJKHA ObIThH

pasHa 1.

ITpumep 18. 13 kosionpt B 36 KapT ciaydailHbiM 00pa30M BBIOMPAIOTCs
6 xkapt. Haiitn BepositHOCTH cemyromunx cobbiTnii: A = {cpean BHIGpaH-
HBIX POBHO J1Ba Ty3a}, B = {cpeam BHIGpaHHBIX POBHO OfHA OYGHOBO
MacTu}.

3Ypucno k DOMIKHO yIoBIeTBOPsATH HepaBeHCTBAM 0 <K A K Ku0<n—k < N—-K.
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Pewenue. Incio Beex 3/1eMEHTAPHBIX HCXOJOB, OYeBUIHO, paBHo CYj.
g seraucienus Bepostaoctu P(A) 1menecoobpa3to «OMeTHTb> TY3bI,
TOr/Ia
214
0703 145
P(A) = —5= = ——.
C3 1309

s Boraucienus sepostaocTu P(B) 11e1eco06pa3Ho «[OMeTUTh» KapThl
OyOHOBOIT MacTH, TOrIA

P(B) = CiC3, 121095
O CS% 324632

~ 0,373. O

1.3 T'eomerpuyeckue BepPOSITHOCTH

Bo mMHOTEX 3a/1a9ax MPOCTPAHCTBO SJIEMEHTAPHBIX MCXOIO0B ) HE sB-
JieTcst AUCKpeTHbIM. B Hambosiee mpocToMm BapuaHTe ) TPEICTABJISIET
coboit HekoTopyio obsracth B R u yI0OB/IETBOPSET CIELYIOMEMY <«ECTe-
CTBEHHOMY» YCJIOBHIO.

Omnpenenenne 1.9. Tosopsar, 9aro mouka pasHomepHo pacnpedesena 6
obaacmu §2, ecIM BEpOSITHOCTH TIOMAIaHus ee B J100yi0 obiaacts A C )
MPSIMO TIPOTIOPITMOHAIFHA, Mepe 00/1acTu A U He 3aBUCUT OT PACIIOJIONKE-
uust A BHyTpH

P(A) = ZEA). (1.1)

~—

(ITox mepoit p( ) B caydae 2 C R 06bI9HO IOHMMaETCs JTHHA, B CTydae
Q C R? — momasp, a B ciydae Q@ C R™, n > 3 — oobem.) O6bIMHO, KO-
rJ1a pedb UAET O CAYyJaiHOM BBIOOPE TOYKH W3 HEKOTOPOTO MHOMKECTBA,
(u HUKaKuUE JIOMOJIHATE/ILHBIE YCIOBHSs BHIOOPA HE OrOBAPUBAIOTCS ), OJI-
Pa3syMEBAETCsl, 9TO OHA PABHOMEPHO PACTIPEIESIEHA B 3TOM MHOXKECTBE.

3aMeruM, 9TO BCE JIEMEHTapHBbIE UCXOALI B () PABHOBO3MOXKHBI, HO
[IpX 3TOM UX OECKOHEedIHO MHOTO. [109TOMY BEPOSTHOCTD MOMACTH B HEKO-
TOPYIO (PUKCHPOBAHHYIO TOYKY B TAKOM IKCIEPUMEHTE PaBHA HYI0. B TO
K€ BpeMs Takoe COObITHE He SIBJISeTCS HEBO3MOXKHBIM.

Paccmorpum HECKOSIBKO TPUMEPOB.
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Ipumep 19 (3amaua Bioddonat). Ha miockocTs, pacaepIennyio ma-
PAJLJIEIGHBIME TIPSIMBIME C OJUHAKOBBLIMU PACCTOAHUSAMU 2h MEXKIY CO-
CeIHUMU JIMHUSMU, MamaeT uria aauasl 20, [ < h. Haiitn BeposTHOCTD
TOrO, YTO UIVIA [ePeceder OJHYy u3 NpsAMbIX (cobbitue A).

Pewenue. Ha puc. 1.1 a) uzobpaxkeHbl jBe Hapajule/ibHbIe HPIMbIE S1
M S9, MEXKIY KOTOpbIMHU momana cepeauna C wrael. He yMmenbrmas o6mm-
HOCTH, TpeanonoxkuM, 4ro C' Guke K S1, 4eM K So. (Jpyroii ciaydgaii
ABJISETCS 3€PKaJIbHBIM oTpaxkenueM.) Onycrum neprenaukyssap CB Ha
npsaMyto S1. I1o yCIoBHIO IPEAIIONaraeTcsi, 9T0 NEHTP UIJIBI PABHOMEPHO
pacmpezesier Ha miockocru. Torma paccrosinue y = C'B or 1ieHTpa Ur-
a1 10 GumizKaiimelt mpsaMol PABHOMEPHO pacupenesieHo ua orpeske [0, h)
(rme h— mojoBUHA PACCTOAHUS MEXKIY TPAMBIMU S1 U S9). ITo Toi ke
npuanne yroa ¢ = ZBCE paBHOMepHO (M HE3aBHCHMO OT ¥) PaCpeie-
7en Ha oTpeske [— 7, 7 ]. CooTBeTCTBEHHO, KazK bl HCXOJ] SKCIIePUMEHTa
MOZKHO [IPEJICTABUTH TOYKOH (, Y), PABHOMEDPHO PACIIPEIEJIEHHON B IPsi-
moyrospuuke () = [—Z, 7] x [0, h], nzobpazkennom ua puc. 1.1 6).
OueBuIHO, UIJIA IEPECEKALT NPAMYTO §1 TOIJIA M TOJIBKO TOIVIA, KOIIA
npoeknus mosioBuHbl uriibl C'F Ha npsvyio C'B ne menbine anuabt CB:

lcosp > .

4YKopx-JTyun Jleknepk, rpad ae Brodbdon (1707-1788) — dpanmysckuit maTypa-
JIICT, GUOJIOT, MaTeMaTHK, eCTeCTBONCIBITATEb U IHCATE .

2)

S1

6)

52

@)

[SIE
[NE

Puc. 1.1. Bamaga Brodpdona 06 urse
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MHozkecTBO BCex TOYeK ((p,y), YAOBIETBOPSIONINX STOMY YCJIOBHUIO, 3a-
kpamieno Ha puc. 1.1 6). BeposaTHOoCcTb cOObITHS A paBHA OTHOIIEHUIO
TLTOIIAIY OKPAIIEHHON JaCTH K IIJIOMIA 1 BCEro mpsaMoyroabuuka 2. [1o-
MA/Ib 3aKPAIIeHHON (DUTYPBI pABHA

/lcosgpdgo: 21.

Torua
21
P(A) = —. O
(4) = —
3agava 20. Peumurs 3a7auy Bioddona mia cuoygas [ > h.

Ipumep 21. Koabdumments p n g ypasrnenns 2 + pz + ¢ = 0 BbIOH-
PaIOTCs CIyYaitHO U HE3ABHCHMO APYT OT Apyra u3 orpeska [0, 1]. Haiitn
BEPOSTHOCTb TOTO, YTO KOPHU YPABHEHNUS JeHCTBUTEIHHBI.

Pewenue. Pe3ynprar 3KCIEpUMEHTA MOXKHO q
MPEeJICTABUTH BEKTOPOM (P, q), PABHOMEPHO
pacrnpeneneHHbIM B KBazpare [0,1] x [0, 1]. 1

Kopuu ypaBHeHusi [1eficTBUTENBHBI, €CJTU
JUCKpUMHUHAHT D = p2 — 4q HeoTpuLATETIEH,
T. €. TIPH YCJIOBUN q < %. CoorBercrByomast
obslacTh 3akparrena Ha puc. 1.2. Ciaemosa-

TEJIbHO, BEPOATHOCTL TOr'0, 9YTO KOPHH OKa- —

XKYTCd 1efCTBUTEJIbHBIMU, DaBHA 0 rp
L Puc. 1.2. Cayuan
p? 1 efCTBUTeTbHBIX
/ 1 dp = 12 O KOpHei
0

Hanwame moaBoaubix KaMHe TpU TAKOM MTOAXOE JTEeMOHCTPUPYETCs
CJIEYIOMNUM [aPaTOKCOM.

Bagaua 22 (mapagokc Beprpana®). CiayuaiiHbiv 0Opa3zoM BLIGHpaeTCst
XOpZa OKpyKHOCTH. HaliTi BEPOSTHOCTH TOTO, YTO JJIMHA, XOPIbI OKa-
JKeTCst OOJIbIIE JIJTHHBI CTOPOHBI BIIUCAHHOTO B 3Ty OKPYKHOCTH MTPABUJIb-
HOTO TPEYroJbHHUKA. PaccMOTperh TpH pPa3HBIX CIOCODA BBIOOPA XOPIBI

52Kozed Jlym @pancya Beprpan (1822-1900) — dbpanmysckutt MaTeMaTHK.
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(mns ymobGeTBa MpEImoaraeM, 4TO OKPYKHOCTh JIEXKUT B KOODIWHAT-
HO# TIIIOCKOCTH ¢ OpTOrOHANbHbIME ocsiMu Ox m Oy W IEHTPOM B HadaJe
KOOD/IMHAT):

1. Cayuaitno BbIOMpaETCs PaCCTOSHWE [ OT IEHTPA OKPYXKHOCTH 0
CepeMHbI XOPIbl U YTOJI Y MEXK/Iy HOPMAaJIbIO XOPabl U 0chio OX.

2. Ha okpyxxkHOCTH CJIy4aflHO BBIOMPAIOTCHA JBE TOYKH, CJIyKAIUe
KOHITAMY XOP/IbI.

3. Buayrpu kpyra ciyuaitno BeIOupaercs TO9Ka, KOTopas Oymer cepe-
JUAHOU XOPJbI.

Cyrb napajiokca bBeprpana cocTOUT B TOM, 9TO BCE TPU CIOCOOA BbI-
60pa XOP/IbI JAIOT PA3HbIE BEPOATHOCTH. [Ipr BHUMATEIHHOM PACCMOTPE-
HUU MOXKHO YBH/IETH CXOJICTBO 9TOrO HAPAJIOKca ¢ napagokcom Kapaano
(3amaua 4 Ha c. 9). B oboux ciydasx npobjema 3aKI09aeTcsa B BHIOOPEe
«TIPABUJIBHOTO» TIPOCTPAHCTBA JIEMEHTAPHBIX MCXOJO0B, B KOTOPOM Be-
POSITHOCTH ObLIA ObI pacIpeIeeHa MeXK/Iy UCXOAAMU PABHOMEPHO.

1.4 AkcumomMaTuKa TeOpuu BEPOSATHOCTEIA

J10 HACTOSITIIEr0 MOMEHTa, PACCMATPUBAJIUCH BEPOSITHOCTU B JINCKPET-
HBIX MPOCTPAHCTBAX M PEOMETPUYECKUE BEpPOoSaTHOCTU. ECTh u npyrue,
MPUHIUTHAIBEHO OTINYAONINECS OT ITHX, TEOPETUKO-BEPOSTHOCTHRIE MO-
nenu. B 9acTHOCTH, B CIydae reOMETPUIECKUX BEPOATHOCTEH CJIydaiiHO
BLIOHpaeMas TOUKa MOYKET OKa3aThCsS HepaBHOMEPHO pacIpeIeTenHoiH’.
Kpowme Toro, cymecTByor npuMepsl CJI0KHBIX MOJIEeH, 9aCTUIHO 00Ia-
JAIOIIUX JUCKPETHBIME, & YaCTHYIHO — HEIpepbiBHbIMU cBoMicTBamu. C
LEJIBI0 yHU(DUKAIMKA BCEX ITUX MOJEJEH BBOJUTCS HEKOTOPbIN yHUBED-
CATBbHBII HAOOp MPABUI — AKCHOM TEOPHH BepoATHOCTel'. JIjsg ero mc-
YEPIBIBAIOIIErO ONMUCAHUS HAM MTOTPEOYIOTCS TIOHATHS aJireOphl U o-aJi-
reOpPBI COOBITHIA.

SHampumep, B mapajokce Beprpana (3agaga 22) JJIMHA XODPJIB OKA3BIBAETCS
HEPABHOMEPHO DACHPEIEICHHON IPH JIIOOOM U3 TPEX HIPEeIJIOKEHHBIX CIOCO0OB BBI-
6opa.

7 Manee GymeT M3MOKEHO CTPOrOe AKCHOMATHUECKOE MOCTPOCHHE OCHOBHEIX IIOHS-
TUH TEOPUU BEPOSITHOCTEHN, MPEIJIOKEHHOE OJIHUM U3 OCHOBaTeJjeil COBpeMeHHON Teo-
pun BepositHocTell Anapeem Hukosaesnaem Kosnmoroposeiv (1903-1987, Poccus)
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Onpegenenne 1.10. Muoxectso S C 2, sgeMenTaMm KOTOPOTO sB-
ngaorcs (He 00s13aTeIbHO BCe) TTOIMHOKECTBA MHOXKECTBA, {1, HA3BIBAETCS
anz2ebpoti cobvimud, ecIv BBITOIHSIOTCS CJIe/LyIOIINe YCIOBHSL:

1. Qe S.
2. AcS=A€S.
3. ABcS= AUBES.

BaMerum, 4To U3 ycaoBuii 1 u 2 cieayer, uTo @ € S, Tak Kak & = ().
N3 ycnoBust 3 crnemyer cupaBejiiBOCTh €r0 aHAJIOrA i JIOOOr0 KO-
HEYHOro HabOpa MHOXKECTB: €CJIM Kaxk/0e u3 MHoxkecrs Ay, As, ..., Ay,
npuHaLIeXRUT S, TO X obobenunenne A; U As U+ - - U A, TakyKe TpUHAI-
nexxur S. A u3 npasuna ge Moprana AN B = AU B u ycnosuit 2 u 3
caemyet, uTo BMecte ¢ MmuoxkectBamu A u B B S Bxomur AN B.

B gactrocTH, eciiu S comepkut B cebe BCe MOIMHOKECTBA MHOXKECTBA,
Q, To § aBnsercs anrebpoit cobbituii. Eie ogauM npumepom anrebpbl
COOLITHIT MOYKET CIYKUTH MHOKecTBO S = {Q), &, A, A}, rie A — npous-
BOJILHO BBIOPAHHOE TIOJIMHOYKECTBO MHOXKECTBa, ).

IlonsaTuss anrebpbl COOBITHH BIIOJHE JOCTATOYHO IS OIPEIeIeHUsT
BeposiTHOCTH [1j1sT KOHewHOTO (2. Ho 1151 60s1ee CI0KHBIX CIIyYaeB 4acTo
TpeOyeTcs BBITIOJHEHNE 00JIee YKECTKOTO BAPUAHTA, YCIOBHUSI 3:

3. Al,AQ,...ES:>A1UA2U...€S.

CymiecTBenHoe oTanyre — B OECKOHEIHOCTH (CUETHOCTH) HAOOPa CO-
ObrTuit A1, Ao, ... € S. 3amena ycioBusd 3 HA 3’ NMPUBOIUT K TTOHATHUIO
o-anzebpv. cobvmut. Bomee mompodbHas wHGOpMaIusa O o-aaredpax B
TEOpUU BEPOATHOCTEl conepxkurcs B [6].

Omnpegnenenne 1.11 (BepositHocTHOE HPOCTPAHCTBO OBILETO BUJA).
[TycTs ) — mpOCTPAHCTBO JIEMEHTAPHBIX WCXOMOB, S — HEKOTOPOE MHO-
JKECTBO ero TOAMHOXKECTB, KOTOPDIE JAJIee HA3BIBAIOTCS COObIMUAMU, TB-
ngmoreecs o-ainrebpoii. Bepoammnocmoro va (2, S) naspiBaerca GyHKIus
P: S — R, obmagaroras cBOficTBAMIT:

P1. (zeorpunarensuocrs) s kaxporo A € S soimosneno P(A) > 0.

P2. (wopmuposka) P(Q2) = 1.
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P3. (cuernas agmutusHOCTL) /i J1I0GONO CYETHOrO HAOOPA TOMAPHO
HECOBMECTHBIX COOBbITUi A1, Ao, ..., Ay, ... € S BBINOIHEHO

o0 oo
P> 4| =) P4y
i=1 i=1
Tpoiika (2, S, P) Ha3bIBaeTCH 6EPOATNHOCTIHBIM NPOCTIPAHCIEOM.

Te cBoiicTBa BEPOSTHOCTH, O KOTOPBIX OBLIO CKA3aHO paHee, B pPas-
nese 1.1 (ma c. 11), 0Ka3bIBAIOTCS CIPABEJIUBLL U JJIsi BEPOATHOCTHOIO
MIPOCTPAHCTBA OOIEro BUIA.

1.4.1 OcHoOBHBIE CBOICTBa BEPOSITHOCTU

Csoiicto 1. P(@) =0.

> Paccmorpum Habop cobbituit A; = @, i € N. Bce orr nmonapHO HECOB-
MECTHBI, U, CJIEJOBATEIHHO, JJIsi HUX BBIMOJIHAETCsT CBOWCTBO P3:

P(@)=P ZA,- :ZP(AQ:ZP(@).

Ou4eBuAHO, YTO TO PABEHCTBO BO3MOXKHO TOJIBKO eciin P(&) = 0. O

CsoiicTBo 2. (KoHeuHas aaguTuBHOCTH) s j1060r0 Habopa HomapHo
HECOBMECTHBIX coObIThii A1, As, ..., A, BbIIOJHEHO

=1 =1

> Hocrarouno B coiicrse P3 monoxurs A; = @ it © > n 1 BOCIOJIb-
30Barbca TeM, uro P(F) = 0. O

CsoiictBo 3. P(A) =1 — P(A).
> Tak xak A+ A = Q u coberrust A 1 A HECOBMECTHBI, TO

P(Q) =P(A+ A) =P(A) + P(A).

Vuuresas ceoiicteo P2, momygaem 1 = P(A) + P(A). O
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CsotictBo 4. I3 A C B cnenyer P(A) < P(B).
> Pazmoxum cobbitre B Ha CyMMYy JIByX HECOBMECTHBIX COOBITHIA:
B =AB+ AB.
U3 A C B cienyer AB = A. Takum o6pazom,
P(B) = P(A) + P(AB) > P(A). O
CsoiicrBo 5. st sio6oro cobbirust A soiosnneno 0 < P(A4) < 1.

> Hepasencrso 0 < P(A) neksapupyercs coiicrsom P1. A nepaBeHcrso
P(A) <1 creayer us csoiicrsa 3:

P(A)=1-P(A) < 1. O
CsoiictBo 6. P(A+ B) = P(A) + P(B) — P(AB).

> 3amerum, 9T0 A MPEJACTABUMO B BUJIE CYMMbI HECOBMECTHBIX CODOBITHN
AB u AB. CnenoBatenbHo,

P(A) = P(AB) + P(AB).
Takum obpasom,
P(A) + P(B) — P(AB) = P(AB) + P(B).

C npyroit croponbl, A + B ToXKe MOXKHO IPEJCTaBUTh B BHJE CyMMBbI
JIByX HECOBMECTHbIX coObituii: B u AB. A 3nauur,

P(A+ B) = P(B) + P(AB) = P(A) + P(B) — P(AB). O
CuieacrBue 1. (HEpaBeHCTBO TPEYTOJbLHUKA)
P(A+ B) < P(4) + P(B).
Caencrsue 2. (dopmysa BKIIOUEHUH-UCKIIOYEHNIT )

P (zn: A,) = Zn: P(Ai) = Y P(AiA;) +

1<i<j<n

+ Y P(AAA) — .+ (-1 (ﬁ Ai) .

i<j<k
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3agaua 23. [okazarh (HOpMyITy BKIIOUEHWH-NCKIIOTEHTH.

CsBolicTBO HemmpepbIBHOCTH. IlycTh mociaenoBaTeibHOCTh coObITUi A1,
Ay, Az, ... obpasyer «marpémky» A; O A DO Az D ..., upuyem
o0

A= 1] An. Torma
1

n=

lim P(A,) =P (A).

n— oo

> O6osnaunm B; = A; \ A;j41 = A; A1, ¢ € N. Torma cobwrrust A, By,
Bs, Bs, ... monapHo HecOBMeCTHBI. Bocmomb3yeMest 1T HUX TTPEJICTaB-
JIEHTEeM

Ay =A4+B,+Bpi1+...
u ceoiictBoMm P3:

oo

P(A)) =P <A+ iB,) =P(A)+ ) _P(B).

i=1
Tak KakK BEPOATHOCTH BCEX COOBITHH HEOTPHUIATENLHBI M, KPOME TOTO,
P(A1) < 1, 10 4uciI0BO# psa B IPABOii YacTU CXOAUTCs aBCOMIOTHO. 3HA-
o0
YWT, ero 9acTUIHbIe CyMMBI » . P(B;) cTpeMsiTes K HYyJI0 TIpH 1 CTPeMsi-

1=n

memcs K Oeckonedanoctu. Eme pa3 Bocmosib3yemcst cBoiicTBoM P3:

P(4,) =P (A + i&) =P(4) + i P(B)).

[lepexons K mpeeny, MOaydaeMm

n— 00

lim P(A,) = P(A) + nlergoi P(B;) = P(A). O

=N

B 3aBepienne pazzena pa3bepeM JBa MpuMepa UCIOIh30BaHN (HOp-
MYJIbI BKJIIOYEHU - NCKJIIOYEHNIA.

IIpumep 24. Bpocatorca Tpu urpaibable Koctu. Haiitu BeposdTHOCTD
TOrO, 9YTO XOTs ObI HA OAHON U3 KOCTeil mosiBuTca 6.
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Pewenue. Pazymeercs, 3Ty 337a4y MOYKHO PEIIUTH TEM K€ CIOCOOOM,
qaro m mpumMep 7. Ho ecTh m anbTepHATHUBHOE pEINIeHwe — C TTOMOIITHIO
GbOpMyJIbI BKIIIOYE€HUH-UCKITIOYEHMUIA.

Iycrs A; = {Ha i-it urpanbHOii KocTn mosisuTcs ‘6’}, rme ¢ = 1,2, 3.
ITo ycaoBUIO HYKHO HaWTH BEPOATHOCTL coObiTHs A = Aj + Ay + As.

?)a,MeTI/IM7 9TO0 P(AZ) = %, a P(AlAg) = P(AlAg) = P(A2A3) = 6%
Awnanoruuno, P(A4;A3A3) = 6%. Torma, cormacao (popMyie BKIIOYCHHI-

HUCKJIIOYEHUH,

P(A) = P(A;, + Ay + A3) =
=3 P(A) = YO P(AA) + P(AAsAg) = ok

- — 216
i=1 1<i<j<3

IIpumep 25 (3aga4a 0 paccesHHON cekperapuie). 3ajada Cekperap-
WY — OTIPABUTH 7 PA3JIMYHBIX 110 COAEPXKAHUIO [HCEM 110 1 AJPEcam.
Vike TOTOBBI 1 TIOANMUCAHHBIX KOHBEpPTOB. Cekperapiia pacKjaIblBaeT
MHUCHhMa M0 KOHBEPTAM CaydaiiHbiM oOpasom. Haiitu BepogTHOCTH TOTO,
9TO XOTs OBl OJTHO MUCHMO TIOMAJIET B «CBO» KOHBEPT.

Pewenue. Hambosiee mpocToii crocod pereHnst 3TOH 3aJa91u OIMUPACTC
Ha (HOpMyITy BKIIOUeHHH-HCKMouennii. [IpencraBum naTEpECyomee HAC
coObITHE B BUJE CyMMBI COOBITHH A; = {i-¢ mUCHMO TONANO B «CBOii»
KoHBepT}, rme ¢ = 1,...,n. Ouesnamo, P(4;) = % Haiinem BeposTHOCTD
coowrTns A;A;, Tae 1 # j:

1
P(A;4;) = 2 =)
Anasiorngso,
1
P(AidjAr) = (n—1)(n—2)
1
P(A1As.. . A,) = —
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[Moxncrapisist B (hopMyay BRKIIOUEHUH-UCKITIOYUEHUI, TIOTYIaeM

1, 1

P(A +...+A4,)=C. - —C?. ———
(Ar -+t An) " on " n(n—1)+
1 1
cd . — - (="t =
o n(n —1)(n — 2) +(=1 n!
1 1 1
1 _ - _1\n+1 _—
=1 51 T 31 (-1 -
YunuThiBass M3BECTHOE PA3JIOYKEHNE
1 1 1 1 1
-1_ -+ 2 _1)"—
B TR TR TR A=

[IOJTy 9aeM
P(Al+...+A,)~1—e1=0,63212...

C TOYHOCTBIO JI0 m (1. e. y2ke ;i 1 = 6 BepHbI LepBbIe 3 3HAKA, [10CJIE

3amnsToi). O

1.5 VYciaoBHas BEPOATHOCTH
1 HEe3aBUCUMOCTh

1.5.1 YcaoBHas BEPOITHOCTH

[Ipeanonokum, 970 TOYKA PABHOMEPHO PaC-
npeneneHa BHYTpH kBajpata (). Paccmarpusa- Q
1orcst 1Ba cobbitust (eM. puc. 1.3): A = {Touka
nonajia B Tpeyrosibhuk }, B = {rouka nonasa B
kpyr}. Tpebyercs HaiiTu BEepOATHOCTH COOLITUS
A upu yciaosuu, 4ro cobpitue B npousouio. Ta-
Kasi BEPOSITHOCTHL HA3BIBAETCS YCJIOBHON M 000-
snavaercst P(A | B).

Tak xak cobpiTue B mpOW3O0IILIO0, TO MBI MO-
JKeM TpeJrosaraTh, 9T0 TOYKa BHIOWPACTCA CIY-  Puc. 1.3. Veropmas
JaiiHO He M3 KBajpaTa, a m3 kpyra. Torma wmc- BEpOATHOCTD
KOMasl BEpOSITHOCTh PABHA OTHOIIEHUIO IIJIOIA/N
nepecedenust A N B k mwiomaau kpyra B:
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_ S(ANB) _ P(AB)
PALE)="5B) = RB)

Oupenenenne 1.12 (ycioBHasi BeposiTHOCTB). [lycrs B — cobbITHE MO
JIOKUTENbHOI BepositHOCTH. Torga BepOSATHOCTE cOObITUS A Npu ycao-
suu, wmo B npousowno, onpenensgercd cuenyromeit popMysioi:

P(AB)
P(B)

P(A|B) = . (1.2)

AserepraruBrblie obo3navenusi: Pp(A), P(A / B).

IIpumep 26. B amuke sexar a 6embIXx u b 9epHBIX MAPOB. V3 samuka
Cy4aitHbIM 00PA30M BHIHUMAIOT OJIMH AP U, HE IUISA/IdA, OTKJIA/IbIBAIOT B
cTOpoHy. 3aTeM BEIHUMAIOT erre oauH map. O okasajcs 6erbiM. Kakosa
BEPOSTHOCTH TOTO, 9TO 1-if BBIHYTHIH 1M1ap TOXKE OeJIbIii?

Pewenue. Beegem oboznauenusi: A = {nepBblii BHIHYTHIH m1ap — Gesbrii },
B = {Bropoii BbiHyTbIi map — Gesbiii}. Ecin HaM He u3BecTHO, KaKOi
map 6bw1 BeiHyT nepsbiM, 10 P(B) = —%-. BeposrHocTh TOro, uro oba

a+b"’
BBIHYTBIX IIapa — OeJible:

a(a—1)
(a+b)a+b—1)

P(AB) =

Takum obpazom,

_P(AB) a-—1
Pl |3 = o) = L 0

Hau6osee uacro dpopmyna (1.2) ucnosnb3yercs Kak reopeMa 06 yMHO-
JKEHUU BEPOATHOCTEIR:

Teopema 1.13. P(AB) = P(A)P(B | A) = P(B)P(A | B).

Obparum renepb BHUMaHUE HA TOT (PAKT, 4TO Ji0basi Ge3ycsioBHAsS
BEPOSITHOCTDb MOXKET ObITh IPEJCTABICHA KAK YCJIOBHAS:

P(4) = Pa(4) = P(A[ Q).
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B srom cMbIcse Bee HhOpMyYIIbI, BRIBEICHHBIE DaHee /7 6e3yCIOBHBIX Be-
POATHOCTEI, CTIPABEIITMBLT TAKKE U JIsT yCJIOBHBIX BEPOATHOCTE!. B gacT-
HOCTH, TeOpeMa yMHOMKEHHUSI JIONMYCKAET CIEAYIONyio GOpMyIUpPOBKY (B
ciaydae P(C) > 0):

Pco(AB) =Pc(A)Pc(B| A) =Pc(B)Pc(A | B),
HJIH, 9TO TO YK€ CaMOe,
P(AB | C) = P(A| C)P(B | AC) = P(B | C)P(A | BC).

[Monws3ysicy mocsenueit (hopmysIoi, MOXKHO BBIBECTH (DOPMYITY [JIsT BEPO-
SITHOCTY TTPOU3BEIEHUsT TPEX COOBITHUIA:

P(CBA) = P(C(AB)) = P(C)P(AB | C) = P(C)P(B | C)P(A | BC).

Takum 06pa3oM, TEOPEMY YMHOXKEHUST MOKHO ODOOIIUTH Ha, CAydail mpo-
W3BEMIEHUsT HECKOJIBKUX COOBITHIA.

Teopema 1.14 (reopema yMHOMXKEHUSs! [l HECKOJIBKUX COOLITHIA).
P(A1As... A,) =P(A1) -P(Ay | A1) ... P(An | Ay ... Apq).

Pasymeercs, 9ta TeOpEMa OKA3BIBAETCH MOJIE3HON B TEX CIIyHUadX, KO-
[Jja COOTBETCTBYIONIUE yCJIOBHBIE BEPOATHOCTH BBIMHUCJIAIOTCA HEIIOCPE/I-
crBeHHO (1. e. 6e3 ucuosb3oBanus dpopmyibt (1.2)).

ITpumep 27. U3 komoasr B 36 kapT BeIHUMAOTCA Tpu KapTbl. Kakosa
BEPOSATHOCTH TOr'0, YTO BCe Tpu OyOHOBOH MacTu?

Pewenue. TIo ycioBuio 3KCIEPUMEHTA TIOPSIOK BHIOOPA KAPT HE BAYKEH.
Tem He MeHee, Mbl MOXKEM TTPOHYMEPOBATH BHIOPAHHDBIE KAPTHI. DTO HE W3-
MEHUT BEPOATHOCTH MCKOMOTO COOBITHS ¥ MTO3BOJIAT PACCMOTPETH COOBI-
tusg A; = {i-a BbiHyTag Kapra— 6y6uoBoii macru}, i = 1,2, 3. Torna
HUCKOMAasi BEPOSITHOCTH PABHA

P(A1AsA3) = P(A;) - P(As | A1) - P(As | A1 As).

Ouesnnno, P(A1) = . Jlna sorancnenus P(Ay | Ap) npeamonoxu,
qro cobbitne A yzxe mpousomno. CregoBarenbHo, B KOJIOAE OCTAIOCH
35 kapr u cpeau Hux 8 6yonosbix. Torma P(As | A1) = %. Amnanorunyno,
npexnonarasi, 910 A; u A mponsomnuin, nomydaem P(As | A1 As) = 3—74.
B nrore

9-8-7 1

PAidads) = 3= = 55 =
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1.5.2 HeszaBucumMmocTtnb

OOBIYHO II0JT HE3ABUCUMOCTHIO KAKUX-JIU00 SIBJICHUI IOHUMAETCS OT-
CYTCTBHE IPUIMHHO-CJIEICTBEHHON CBA3M. UTO 2Ke 3TO 03HAYAET Ha SI3bl-
K€ TeOpUHU BEpPOsITHOCTEH?

EcrecTBenno cuntarh (B paMKax TEOPUM BEPOSATHOCTEH), UTO COObI-
e A me 3asucum om cobvimusa B, eciin BepoOATHOCTH COObITHS A He Me-
HSETCS TPU HACTYILIEHUU COObITHS B:

P(A| B) =P(A).

Ipeanonoxum, uro P(A) > 0 u A ue 3asucur or B. Torma, B cuity
TEOPEMBI YMHOKEHWS,

P(A)P(B | A) = P(B)P(A| B) = P(B)P(A) = P(B | A) = P(B),

T.e. cobplTHEe B TOXKE He 3aBUCUT OT A M CBOHCTBO HE3aBUCHUMOCTH B3a-
WMHO. DTO JaeT OCHOBAHWS BBECTHU CJIEIYIOIIEE OMPEIeICHIe HE3ABUCH-
MOCTH COOBITHH.

Onpenenenune 1.15. Cobbitust A 1 B Ha3bIBAIOTCA HE3AGUCUMBLMIU
€CJIU BBIIOJIHEHO PABEHCTBO

P(AB) = P(A)P(B). (1.3)

Teopema 1.16 (o nezaBucumoctu orpunianuii coobiruii). Ecau A u B
HE3ABUCUMbL, MO HE3ABUCUMDBLMY OYIYM MaKHce cAedyouue naps, co-
bwmut: A u B, Au B, A uB.

Joxazamesvcmeo. 3amMeTnm, 9TO
P(A) = P(AQ) = P(A(B + B)) = P(AB) + P(AB).

Taxum obpasom, P(AB) = P(A) — P(AB). Eciu A u B He3aBUCHMBI, TO
P(AB) = P(A)P(B). oxy4aem

P(AB) = P(A) — P(A)P(B) = P(A)(1 — P(B)) = P(A)P(B).

CrnenoBarensno, A 1 B ToKe HE3aBUCHMBI.
3aBepireHne OKa3aTeNbCTBA PEIJIAraeTCsd YUTATEII0 B KAIECTBE
yIpakKHEeHUSA. O
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3ameuanue. Teopema 1.16 momyckaeT ecrecTBeHHOE ODODIIEHNE HA CIIY-
Jaif TPOM3BOJIBLHOIO YHMCJIA HE3ABUCHUMBIX COOBITHIA.

Samevarue. Tlpu pemernn peanbHBIX 33189 HUKTO HE MPOBEPSET HE3a-
BUCUMOCTH COObITHiT ¢ oMoLIbI0 (opmyast (1.3). Ilo cymecrsy, 3To pa-
BEHCTBO ABJI€TCA HEOOXOAUMBIM (HO HE BCEr/a JJOCTATOYHDBIM) YCJIOBUEM
JIJISt OTCYTCTBHS TPUIMHHO-CIIEICTBEHHOMN cBsA3H. [[ponLTiocTpupyem Ty
MBICJTb TIPUMEPAMH.

IIpumep 28. IIpu 6pocanuu AByX urpasbHbix Kocreil cobbrrus A = {1’
Ha nepBoil koctu} u B = {4eTHOE WnCa0 HA BTOPOIl KOCTH}, OUEBHTHO,
HUKAK He CBS3aHBI IPYT C Apyrom. [1o3ToMy B JaHHOMW CUTyaIlUH MOKHO
nosb3oBarbes dbopmysoit P(AB) = P(A)P(B).

IIpumep 29. Touka (z,y) PaBHOMEPHO pPACIPEIEJICHA B €IUHUIHOM
kBazapare 2 = [0,1] x [0, 1]. Ilycrb a u b— HekoTOPbBIE YKUCIIA U3 UHTEPBA-
na (0,1). Paccmorpum cobbirua A = {z < a} u B = {y < b}. OueBuuuo,
P(A) =a, P(B) = b, P(AB) = ab u cobbitust A u B He3aBucumbl. Ecian
JKe B KadecTse () pacCMOTPETh €IMHUIHBIN KBAJAPAT C JOTOJIHATEIHHBIM
orpaHudeHueM x + y = g, rae € > 0 gocrarouno maso (cMm. puc. 1.4); To
YCJIOBHE HE3aBUCUMOCTHU HapyiiurTcs (nposepbre!).

19 € a 1 z

Puc. 1.4. Tlpumep 3aBUCHMBIX COOBITHI

ITpumep 30. Monery OpocaroT nBa pa3a. PaccmarpuBarorcss coObITHs
A = {upu nepsom 6pocanuu nogiBuics rep6b} u B = {B pesyibrare aByx
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6pocanmnii repb mostBUIICS POBHO oxnuH pa3}. IIposepka ycmosus (1.3) mo-
Ka3BIBAET, YTO 3T COOBITUS HE3ABUCUMBI. FCJIN 7K€ yCJIOBHS OTIBITA, CJIET-
Ka U3MEHWUTh, 9yTh-4yTh [OIHYB MOHETY (TOUYHEe, U3MEHUB BEPOSITHOCTD
NOSIBIEHAS TePOA TaK, ITOOBI OHA HEMHOTO OTIMYANACch OT 1/2), To ycmo-
BHE HE3aBHCHUMOCTH HADYIIUTCA.

3amenanue. Tlycts A u B mecoBmectubl: AB = &. Torja He3aBUCUMBI-
MU OHH OY/IyT, TOJBKO €CJIH BEPOSITHOCTH XOTsI OBl OJHOTO U3 HUX PABHA
HYJTI0. 3aMETUM TaKKe, 9TO CBOWCTBO HECOBMECTHOCTH COOBITHII HE CBsI-
3aHO C MX BEPOSTHOCTSAMU.

WHTyumms moacka3blBaer, 9To eCIU KayKIble IBa, U3 TPEX COObITHii A,
B u C ue3aBucuMbI, TO U BCE TPpU COOBITUS TOJKHBI OBITH HE3ABUCUMBI,
T. €. Ui HUX JIOJIZKEH BBINOJIHATHCH ananor dopmysbt (1.3):

P(ABC) = P(A)P(B)P(C).
Oxka3sbiBaeTCsi, 3TO HE BCE/Ia BEPHO.

IIpumep 31 (npumep Bepunrreitna®). Monery 6pocaior nBa pasa. Pac-
CMaTPUBAIOTCS CIAEIYIONINAE COOBITHSA:

A = {upu nepBom 6pocanuu nosiuiicst rep6},
B = {B pesynbrare aByx Opocanuii rep® MOABHUJICS POBHO OIUH Das},

C' = {npmu BTOPOM GpOCAHNH TIOSABUJICS Tepb}.

Herpymuao ybemurbest, 9To

P(4) =P(B) =P(C) =1/2,
P(AB) = P(AC) = P(BC) = 1/4,

1. e. cobbirust A, B u C nonapuo wezaBucumbl. C JIpyroit CTOPOHBI, CO-

6birue ABC nesosmoxkuo. Cruegosarensuo, P(ABC) # P(A)P(B)P(C).

IIpumep Bepnirreitna roBopuT 0 TOM, 9TO W3 MOMAPHON HE3ABUCH-
MOCTH HE BCErjia CJIeJlyeT HE3aBUCHMMOCTH B COBOKyIHOCTH. Bosee Toro,
BoinosiHenne yeaosus P(ABC) = P(A)P(B)P(C) ne o3navaer, 4to co-
OBITHST OKAKYTCs MOMAPHO HE3ABUCHMBIMH.

8Cepreit Haranosua Bepumreitn (1880-1968) — poccuiickuii, coBeTCKuit MaTema-
THK.
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3anaua 32. IIpuBectu mpumep Tpex coobituit A, B u C, 1 KOTOPBIX
ycnosue P(ABC) = P(A)P(B)P(C) BbimosaeHo, HO mr06ast mapa coObl-
TUH 3aBUCHAMA.

Omnpenenenne 1.17. Cobbrrus Ap, Ag, ..., A, Ha3BIBAIOTCA HE3A6U-
cumvLmu 8 cogoxynuocmu, ecau g arodoro I C {1,...,n}, I # @,
BBITIOJTHEHO
P(H Ai> =[P (1.4)
il iel

Samewanue. Kax mpasuiio, onpenenenneM HE3aBUCHMOCTH COOBITHUIT O~
3yI0TCA B OOPATHYIO CTOPOHY. A HMMEHHO, ecjiu MexIy coOblruamu Aq,
As, ..., A, OTCYTCTBYET NPUYUHHO-CJIEJICTBEHHAS CBA3b (ITO OOBIYHO
SABHO CJIEJlyeT W3 YCJIOBUIl 9KCIEPUMEHTA), TO [JIf HUX BEpHA KaxKIas U3
2" —n — 1 dopmya (1.4).

1.6 ®opmyJia MOJHOI BEPOATHOCTU
u dpopmyJia Baiieca’

1.6.1 ®opmyaa MOJHOU BEPOATHOCTH

Paccmorpum monHyto rpymnmy HecoBMeCTHBIX cobbituit Hy, Hs, ...,

H,, P(H;) >0,i=1,2,...,n. Takoii Ha0op eIle HA3BIBAIOT Pa3dUEHUEM
npoctpancrsa §2. Camu cobwitus Hy, Hs, ..., H, B 9TOM pa3zaene OyayT
Ha3bIBATHCA 2UNOME3AMU.

Tak xak runore3st Hy, ..., H, o0pa3yiT mOJTHYIO TPYIIY, TO

A=A-Q=A(H,+...+ Hy,) = AH, + ...+ AH,.

Kpowme Toro, runoresst Hy, ..., H, MONapHO HECOBMECTHBI. 3HAYUUT, CO-
obrtus AHq, ..., AH, TOXe MONapHO HECOBMECTHBI W CIPABEIINBO

P(A) = P(AH,) + P(AH,) + ...+ P(AH,).
Bocnonb3oBasimucs GOPpMYyIoi yMHOKEHHUST

9Tomac Baiiec (1702-1761) — anryuifckuii MaTeMaTUK M TPECBUTEPUAHCKHUI CBS-
IIeHHUK.
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TTONTyIaeM GopMyAY NOAHOT 6ePOAMHOCTIU:

n

P(4) =P zn:AHi = zn: P(AH;) = P(H;)P(A| H;).

i=1

Ora dopmysa nosje3Ha TeM, 4TO BbluucjeHnue seposrHocreit P(H;) u
P(A | H;) gacTo okasbIBaeTCsl TIPOIIE, YeM HErOCPeICTBeHHOe HAXOXK-
nemne P(A).

IIpumep 33. U3 28 xocreit qomuno'? cryuaiiHbIM 06pa3oM BHIOHpPAET-
ca ograa. KaxoBa BepOSTHOCTL TOTO, YTO BTOPYIO CIYHUAHO BEIOPAHHYIO
KOCTb MOYKHO GyJIeT IPUCTABUTDL K IIePBOii?

Pewenue. Ilycrb A = {BTOpyi0 KOCTb MOXKHO IPUCTABUTH K MEPBOIi }.
Pazobbem Bce MCXOIBI SKCIEPUMEHTA HA JIBE TMIIOTE3b:
H, = {uepBas BbiGpaHHasi KOCTb OKa3aJach Jy0Jsiem},
H, = H, = {neppas BhIOpanHast KOCTh OKa3ajach HeayOaem }.
Tak Kak Beero nmeercs 7 ny6ueit, ro P(Hy) = & = 3, P(Hy) = 2.
[Ipenmomozkum, 9T0 rumoTesa H; OCyIIECTBHIIACK, T.€. IEPBast BbI-
6pannas koctb umeer Bui {x,z}. K Hell MOXKHO IPUCTABUTH TOJBLKO

kocru Buga {z,y}. Beero rakux kocreit ocrasocs 6. CiegoBaresbHo,

6 2

IIpeamonoxum, 9To ocymiecTBuiach runore3a Hy, T.e. mepBasi BbI-

Opannas kKocTb umeer Bug {z,y}. K 370if KOCTH MOKHO NPUCTABUTD JITO-
6yto u3 12 xocreit Buga {x, 2} wm {y, z}. A 3naqwnr,

12 4

1 maxownern, mo dbopmysie TOJHON BEpOSTHOCTH,

1 2 3 4 7
P(A):P(Hl)P(A|H1)+P(H2)P(A|H2):*'*Jr*'*:f. O
4 9 4 9 18
10Kasxnas KOCTh JOMHHO IpEACTABAAET cOBOll HeYIOPSAI0YeH Y0 Iapy {,y} 4au-
cen z,y C {0,1,...,6}. Kocrs {z,y} HaswiBaercsa aybmem, ecnm x = y. Koers {z,t}
MOXKHO IPUCTABATE K {Z,y}, €CJIU XOTs Obl OAHO U3 IHCEN z U ¢ COBIALAET XOTs OB
C ONHUM U3 T H Y.
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ITpumep 34. B nepBowm stmuke 9 6e1bix u 1 4epHbIil map, a BO BTOPOM —
3 yepnbix u 1 Oesbriit. 13 mepBOro smmka HayJady BHIOMPAIOT OIWH IIApP
", He TWIAAd, MepeKJIaIbIBaloT BO BTOpo#t ammk. [locme sToro m3 BTO-
poro sim@Ka Hayaady BbiOuparor ofun map. C Kakoil BEpOATHOCTHIO OH
OKazkeTcsi GebiM?

Pewenue. O603uaamm A = {BBIHYTBIH U3 BTOPOTO AMUKA AP OKAZAJICS
GenbiM }. OTHOCHTENHHO BBHIGOPA TTapa W3 TMEPBOTO SIMAKA MOXKHO ClIe-
JIATH JBA TIPEIITOIOKEHWST:

H, = {u3 nepporo siyKa BeIHYT Oeblil map},

Hy = {u3 nepBoro diyKa BbIHYT YepPHbIi map }.
Ouesunno, P(H;) = 1%, P(Hy) = %0. IIpennonaras, 9To npoun3omio Hq
WM, COOTBETCTBEHHO, Ho, HAXOmuM:

2 1
P(A|H) =2 P(A|H) =+

B urore

by 2.2, L 1 19 .

10 5 10 5 50
Bagaga 35 (upobsiema pasjiena craBku). /IBa paBHOCHIBHBIX MI'DOKA
JIOJIZKHBI ObLITM UI'PATh JI0 TEX HOP, MOKa OJMH U3 HUX HE Bhrpaer 6 pas
(meobsizarensro moAps). Vrpa HEOKUIAHHO (MO0 TEXHUYECKUM MPUYH-
HAM) 3aKOHYMJIACH CO cueToM 4:3 B mOJIb3y mepBoro urpoka. Kak ciemayer
CHIPABEJIMBO MOAEIUTD NPU30BOil (DOHJI, yUUTHIBAs IAHCHI UTPOKOB HA
nobemxy?

1.6.2 ®opwmyna Baiteca

Ilycts Hy, Ho, ..., H, —pa3obuenune mpocrpanctsa ). I mycrs HamM
usBecTHbl BepogitHocTu runore3 P(H;) u BeposirHocTu cobbirust A npu
ycnosuu ocyiectsiaenus H;, ¢ = 1,2,...,n. [Ipeamonoxum, 910 B pe-
3yJIbTaTe MPOBEIEHUS YKCIEPUMEHTA COObITHE A TPOM3OIIO0. DT, WH-
dopmanys U3MEHUT HAIE MPEICTABIEHUE O BEPOSATHOCTSAX OCYIIECTBIIE-
uus runores3. HoByio (anocrepuopHyio) BeposTHOCTD TUtioTe3sbl Hy, Mox-
HO HaiiTu 1o gopmyare Batieca:

PSR )P 1y
= K3 K3
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IIpumep 36. Vmerorcs Tpu urpajbHbie KOCTH. W3 HUX aBe — 0OBIYU-
HblE. A 0[HA — CO CMEIIEHHBIM [EHTPOM TIKECTU Tak, uyro P(‘6’) = i,
P(‘2) = P(‘3") = P(‘4") = P(‘5") = %, P(‘1) = % Cuygaiino BhIOpaB
OJIHYy KOCTb W3 Tpex, ee Opocaior Tpu pa3a. Bce Tpu pasa Boimagaer 6.
Haiitu BeposgTHOCTH TOr0, 9TO ObLITa BEIOPAHA KOCTH CO CMEIEHHBIM IIeH-

TPOM TAXKECTU.

Pewenue. Yepes A 0603HaINM COOBITHE {TTPW GPOCAHUH CIIyUANHO BBI-
GpaHHO} KOCTH TPH pasa BHITAJIO ‘6}.

[Ipu BBIOOPE 0/IHOI U3 TPEX KOCTEH BO3MOXKHBI JB€ B3ANMOUCKIIIOYA-
FOIIAE CUTYAIWH:

H; = {Bbibpana KOCTb CO CMEILIEHHbIM LEHTPOM THAKECTH },

H, = {BbiGpana o0bI9HAS KOCTB }.
B 3agate rpebyercs nafitn yciaoBHyIo BeposTHOCTS P(Hi | A).

[IpenmomokuM, 9TO HaAM HEM3BECTHBI PE3YJIBTATHI OMHCAHOTO HKCITE-
pumenTa (T.e. cobbitue A eme He npousonuio). Toraa

1 2

P(H) =3, Pl)=g.

B npennosmoxxernn, 9To ObLIa BHIOpAHA KOCTH CO CMENIEHHBIM IEHTPOM
TAYKECTH, HaXOIUM

1\° 1
PA[H)=(>) =—.
“rm=(3) =&
Ananorugso,
1 1

P(A| Hy) = <6)3 = 515

ITo dpopmyne Baiieca, nckomasi BEpOITHOCTH PaBHA

P(Hy)P(A | Hy)

P(H, | A) = -

L 1 4) = SO PTA| Hy) + P(H,)P(A | )
1 1 2 1 N
I Ih2 L "97116 43

Kak u ciemoBasio oxKuaaTh, HHGPOPMAIIAA O TOM, 9TO MPOU3OIILIO COOBI-
e A, CyIIeCTBEHHO YBEJUIUBAET BEPOSITHOCTD TOTO, 9TO ObLIa BHIOpaHA,
HEOObIYHAA KOCTb. O
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IIpumep 37. AreHTCTBO TIO CTPAXOBAHUIO aBTOMOOUIIEH pa3messieT Bo-
auTesied mo TpeM rpynmam: Hi — BOIUT OCTOPOKHO, Ho — OOBIYHBIH BO-
JATeNb, H3 — BbICOKA BEPOSTHOCTH aBapuii. BepoaTHOCTH OmacTh XOTs
ObI B OIHY aBapUIO B TeYEHWE TOMAA [Jis BOAWTENd w3 rpynmbl Hi pas-
Ha 0,1, aya BoguTesns u3 2-i rpynmbl 3Ta BepOATHOCTH paBHA 0,2 m mjs
BoguTens u3 3-it rpynnel — 0,3. Ilo maHHBIM KOMTAHWW WU3BECTHO, UTO
JIosist mepBoil rpymmbl coctaaser 30 % or Bcex BOmMTENEi, IO BTO-
poit rpynmnet — 50 % m momst Tperbeit rpynmer — 20 %. Hekwmii Bommrenn
CTpaxyeT B areHTCTBE CBOW aBTOMOOWJIb W B TE€YEHHE T'OJA TOMATAET B
aBapuio. Y UuThIBas 3Ty nHMOPMAIUIO, ONEHUTh AIIOCTEPUOPHBIE BEPO-
ATHOCTYU IIPUHAJJIEZKHOCTH €r0 K KaXKJ0#M U3 TpexX I'PYIIIL.

Pewenue. Tlycrb A = {Boguresnb B Tedenue roga monasi B aBapuio . Ilo
YCJIOBHIO 331394 M3BECTHO:

P(Hy) = 0,3, P(H3) = 0,5, P(Hs3) = 0,2.
TaK}Ke N3BECTHBLI yCJIOBHI)Ie BEPOATHOCTH:
P(A| Hi) =01, P(A|Hy) =02 P(A|Hs)=03.

[Tomb3yscy dopmynoit Baiteca, HaAXOIUM amOCTEPUOPHBIE BEPOSTHOCTH
TUIIOTES:

P(H, | A) = 0,3-0,1 3
! - 0,3-0,14+0,5-024+02-03 19’
P(H, | A) = 0,5-0,2 10
2 - 0,3-0,14+0,5-024+02-03 19’
0,2-0,3 6

P(Hs | A) = = —

T 03-01+05-02+02-0,3 19

Orkyna ciaegyer BecbMa JOTHYHBL (C TOUYKH 3pEHUsT CTPAXOBOH KOMIIa-
HWH) BBIBOJL:

P(Hy | A) < P(Hy), P(Hsy | A) = P(H>), P(Hs | A) > P(Hs).
O



I'maBa 2

NcnbiTanus bepnysim

2.1 ®opmyna Beprynm!

Henvmanuamu Bepryasyu Ha3bIBAETCSA TIOCIEI0BATETLHOCTh HE3ABU-
CAMBIX B COBOKYITHOCTY WCITBITAHU, B KaKJOM U3 KOTOPBIX BO3MOXKHBI
JIVTITH JTBA MCXOJA — «YCIeX» W <«Heydaday. BeposaTHOCTh ycmexa B Of-
HOM HUCIBITAHUU 0003HAYAETCH OYKBOW p, & BEPOATHOCTH HEYIAUU — ¢,
q = 1 — p. DTN BEPOATHOCTH OCTAIOTCS HEM3MEHHBIMH HA MPOTS>KEHUN
BCErO 3KCIEePUMEHTA.

Pazmnoobpasme 3a7a1, B KOTOPBIX TA MOJETb OKA3BIBACTCS TOIE3HOI,
JOBOJIBHO BemnKO. HamboJstee n3BecTHBIM IpuMepoM ucibiTanuii bepmyir-
JI STBJISIETCS. MHOTOKPATHOE OPOCAHNe MOHETHI, TJIe MO/ yCIIEXOM TTOHUMa-
ercs nogBJienue repba (perku) B oTaebHOM Gpocanuu. Ipyrum npume-
POM MOYKET CIIY’KHUTh TPOBEPKA CePUM OTHOTUTHBIX U3Ae/INil Ha COOTBET-
CTBHE CTAaHAAPTY. B TakoMm ciIydae OTAeTbHOE HUCIBITAHWE MPEICTABJIS-
er coboii IPOBEPKY OJHOIO 3K3eMiLisgpa. CoOTBETCTBEHHO, 110/l YCIIEXOM
MOXKHO TIOHUMAaTh COOTBeTcTBUE cTaHmapty. (Hamuume Opaka B HEKO-
TOPOM CMBICJIE TOXKE€ MOXKHO MPUHATH 3a YCHEX, €CJIU C TOYKH 3PEHUST
pellieHus 3a1a91 3TO OKa3bIBaeTCs yuo0Hee.) MOoKHO TaKkKe UHTEPECO-
BAaThCd Y CIIyYalHBIX JIIOAEH, HE ABJIAE€TCA JIU HACTOAIIUN JE€Hb UX JHEM
POXK/IeHMs. DTO TOXKE IIPUMEP UCIbITAaHUI BepHy/lin, B KOTOPLIX BEPOAT-
HOCTh ycriexa MpubJIM3UTETHHO PABHA % (Tpw yCIIOBUHU, YUTO HACTOSIITHI

! Ixo6 Bepmymmu (1654—1705) — mBefiiapckmii MaTeMaTHK.
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nenb — ue 29 dhespans).

st onroro ucnbrranus Bepuysuiu npocrpancrso 2 = {¥V,H} cocro-
ut u3 nByx ucxonos. Jus n wenbrrammit Q = {¥V,H}". Kaxnpriit sme-
MEHTAPHBIH WCXOM, NCITHITARNH BepHyLIm MOYKHO MpeacTaBuTh MOCTIeI0-
BaTEJHHOCTHIO YCIEXOB W HEyJad. B CWIy He3aBHCHMMOCTH WCIBITAHWMA
BEPOSATHOCTH TAKOTO MCXOJA PABHA IPOM3BEJICHHUIO BEPOATHOCTEH COOT-
BETCTBYIOIMX yCIIEXOB M Heyaad. Hampumep:

P(YHHYY) = P(Y)P(H)P(H)P(Y)P(Y) = p*¢>.

Obo3uaunm depe3 S, YHUCIO YCIEXOB B 7 UCHBITAHUSX bBeprymiu.
Bo MHOrux 3aja4ax BaskKHO yMeTb HAXOAUTh BEpOoaTHOCTDL P (S, = k) To-
ro, 9TO N UCObITaHuit bepHymin 3akoH4IaTCsa POBHO k ycrmexamu U n — k
HEYJA4aMU. 3aMETUM, 9TO CoObITHE S, = k CONEPKUT CTOTBKO JIEMEH-
TapHBIX HMCXOMIOB, CKOJHKO CYIIECTBYET MOCIEIOBATENIHHOCTEH, COCTOsI-
mx w3 k 6yks Y u n — k 6yxs H, 1o ects u3 C¥ smementapubrx mexo-
108, IIprHem KaskIbIil 31eMeHTapHbIH HCXOM, HMeeT BepoaTHocTh pF g F.
PesynbraTroMm aTux paccy:kIeHuil ABIgeTCs Caeayiomas GopMyia.

Teopema 2.1 (bopmyna Bepuysiu).
P(S, =k)=CrpF¢q"* 20eq=1-p, k=0,1,...,n.
Bamerum, uro cymma Beex uucen P(S, = n) upu dpukcupoBanHoM n

paBHa eauHuIe, corsacHo gpopmyne buroma Hpiorona:

n

l=(p+a" =) Cite "

ITo sroit npuuune wabop uucen P(S, = n), k =0,1,...,n, HasbBaercs
OUHOMUANDHBLM PACTIPEOCNEHUEM.

IIpumep 38. TecroBoe 3a/maHne COCTOUT U3 MIECTH BOIPOCOB. Jist KaxK-
JIOTO BOTIPOCA MPeJIaraeTcss 3 BApUAHTA OTBETOB, TOJILKO OINH U3 KOTO-
PBIX MpaBUIbHBINA. HaiiTu BEpOATHOCTH TOTO, YTO YEJIOBEK, HE 3HAIONTUI
BEPHBIX OTBETOB U BBIOMPAIOIINI UX HAYIAdy, OTBETUT MPABUIHHO HE Me-
Hee ¥eM Ha 3 BOIpoca.

Pewenue. TlepeBemem ycaoBue 3ama9u Ha A3bIK HCHObITaHU Bepmysim.
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ITpoBOAATCS 6 MCIBITAHNIT ¢ BEPOSITHOCTBIO P = & yCTIeXa B KasKJIOM.
Tpebyercsa naiitu P(Sg > 3). Ilo dopmyne Beprysuiu:

6 6 k 6—k
) 3 6! 1 2
(6 — k)!
P = k(6 - k)1 \3 3 0
20-2° +15-2°+6-24+1 233
36 729

P(Ss = 3)

IIpumep 39 (3a7a9a 0 cuYedHbIX KOpobkax Bamaxa?). Hexwit mare-
MATHK WMEJ MPUBBIYKY HOCHTH B KAXKIOM U3 JIBYX KAPMAHOB MAJTBTO
10 KOPOOKy crmdek. Beskmit pas, Korma eMy XOTelIoCh 3aKypuTb TPyO-
Ky, OH BBIOMPAJ HAyTaJl OJIUH 13 KOPOOKOB U JOCTABAJ U3 HEIO CIIHYKY.
[TepBoHavambHO B KaxKa0M KOpoOKe 66110 o N crimyek. Haiitu BeposiT-
HOCTBH TOT'O, YTO B MOMEHT, KOTJIa MATEMATHK BIIEPBBIE BHITAIIUT MTyCTOMN
KOpPOOOK, B IDYT'OM OCTAHETCS POBHO k CIIHYEK.

Pewenue. Unrepecyiouiee nac cobbirue (0603Ha4uuM ero A) ecrecrBeH-
HBIM 00pa30M Pa30dMBAETCS HA IBA:

A; = {uycras kopobka ObL1a U3BJI€YEHA U3 JEBOIO KADMaHa},

As = {nycras kopoOka ObLIa U3BJIEUEHA U3 IIPABOIO KADMAHA}.
Ouesumno, P(A1) = P(Az). Tlosromy majiee coCpeoTOUUMCS Ha [OMCKE
BEPOATHOCTH COOLITUS Aj.

[Ipu BBIOOPE OAHOTO M3 KAPMAHOB IO, YCIIEXOM OyIeM MOHUMATh BbI-
60p JseBoro kapmana. Torma p = ¢ = % CorytacHO yCJIOBHIO 33Jia49u, 10
M3BJIEUEHNS MYCTOM KOPOOKH TOJI?KHO ObITh BBHIHYTO N CIIMYEK U3 JIeBOit
KopoOku u N — k cuuvek — u3 npasoit, T.e. 2N — k ucubITaHuil JOJI2KHBI
3akoHunTcsd poBHO N ycmexamwu. Ilocie 3TOTO ¢ BEPOATHOCTHIO p = %
Oyzer BBIHYTA JieBas KOpoOka. Urax,

1 1 1\ 2Nk
P(A;) = §P(52N—k = N) = §C£VN4€ <2> .

CireoBaTeIbHO, CKOMAsT BEPOATHOCTD PABHA

P(A) =2P(A _ G O
()_ (1)_22N7k'

291a [Ty TJIUBAST 33,434 O IPUBBIYKAX H3BECTHOIO MOJBCKOTO MaTemarnka Creda-
Ha Banaxa 6vlna npugymana ['yro /Iuonucuem IllTeiinraysom.
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VYrBepxaenue 2.2 (naufojee BEpOSTHOE YUCIIO yenexos). ITycmo npo-
sodamcesa n ucnomanut Bepryasu ¢ sepoamnocmovro yenexa p. Toeda se-
poammnocmo P(S, = k) npunumaem naubosvwee 3HAUEHUE NPU BCAKOM
yeaom k, npunadaescawem ompesxy [np — q,np + pl.

Zloxaszameavcmeo. PaccmorpuM cooTHOIIEHIE

P(S,=k) Ckpkg"*  (n—k+1p 2.1)
P(S,=k—1) - Cﬁflpkflqn7k+1 - kq ’ :

U3 KOTOPOro caeayer, 9ro Hepasencrso P, (k) > P, (k—1) skBuBaIeHTHO
nepasencrBy (n — k + 1)p > kq, 1o ectb (n+ 1)p > k(p + q) = k. Cue-
JIOBATEJILHO, C POCTOM k BeposiTHOCTE P, (k) pacrer, mOKa BBITOIHSETCS
k < (n+1)p, n yoeiaer, ecin k > (n+ 1)p. Takum 06pa3om, MAaKCHMyM
P, (k) nocruraerca B HamOOJIbIEM LEJIOM K, YAOBJETBODSIONIEM YCJIO-
Buio k < (n+ 1)p. Ecau (n 4+ 1)p— nesioe, To uMeercs erie oJHa TOYKA
makcumyma k= (n+ 1)p— 1 =np — gq. O

2.2 IIpubmmxenne Ilyaccona’

ITpumep 40. s TOro 4To0bI MOTYyYIUTh Cymepupu3 B urpe «5 u3 36»,
HeoOx0MMO yragarh  uucen u3d 36. Haiitu BeposiTHOCTB TOTO, 9TO XOTst
661 aBa u3 750 ThIC. 6MIIETOB, YIACTBYIOIIUX B PO3BIIPHIIIE, BHIATPAIOT
cyueprpus.

Pewenue. Tlepeitnem K pacCMOTPEHUIO MTPOTUBOTIOIOKHOTO COOBITHS:
A = {BLIUTPHINIHLIM OKazKeTCsA TOMTBKO OJH WITH HE OHOTO Ouera}.
ITo cymectBy, B mannoOit 3amade MBI nMeeM geso ¢ n = 750000 nc-

nbITaHusgMu BepHysin. BepogTHOCTS BhIMTpATh CyNepIpus3 IS OJHOTO

OmjieTa paBHA
1 315 1

5, 36! 376992

ITo dopmyne Bepuymn,

P(A) =P(S, =0)+P(Sy,=1)=(1—p)" +np(1 —p)" .

3Cumeon Jlenn Iyaccon (1781-1840) — dbpanmysckuit MaTeMaTHK U QUK.
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VaursiBasi, 9170 p OIU3KO K HYJIO, BOCTIOIB3YEMCST M3BECTHON (DOPMYIIOi
In(1+ p) ~ p:
(1 _p)n _ enln(l—p) ~ e P,

Tax xak p—wmano, To (1 — p)"~ ! =~ (1 — p)". Beemem oboznagenue

_ .y — 750000
A =np = gZeaes- Torma

P(A)~1—e?=Xe*=0,591... O

Paccyxaenus, ncnonb3yeMble B IpuMepe ¢ Urpoit «5 u3 36» 11 mpu-
OIMKEHHOTO BBIYUCJIEHUST BEPOATHOCTEH, MOYXKHO MPUMEHSATH BO BCEX 3a-
J1a9ax, T/ie 9UCJIO UCOBITAHUN N BEJIMKO, & BEPOATHOCTD yClexa p OJIm3Ka
K #Hymo. O600IeHne 31o# ujern HOCUT HA3BAHUE 34KOHA PEOKUT COObL-
mull AU 3G4KOHG MAABLT YUcCes U UMeeT MHOTOUUCIEHHbIe MPUIOKEHUT
B bU3MKe, TEOPUN MACCOBOTO OOC/TyKUBAHUS, TEOPUU HATEIKHOCTH U T. [I.

Teopema 2.3 (upubsuzxkenue Ilyaccona). ITycmo 6 ucnwmanusz Bep-
Hyaaun — oo up = p(n) — 0, npuuem np = A, — . Tozda das ar0bo20
HEOMPUYUATNEADHOZ0 1UeA020 Kk 6bINOAHACTCA

k

P(S,=k) = C’ﬁpkqnfk — %67)\.

Zloxaszameavcmeo. B dopmyne Beprynnu caenaem 3ameny p = )‘;:

Gyt — 2 =1) (k4 ) ()\n)k (1 - An)"_k _

k! n n

:ﬁ.n(n—l)...(n—k+1) (1_)\n>k (1_)\”)”'

k! nk

3ameTum, 9To

n(n—l)...én—k+1):<1_1> (1_2>_._(1_k_1>—>1,

Tak Kak k (pukcupoBaHo, a n — 00. AHAJIOrMYHO,

A\ F
(1—”) — 1, mnpumn — oo.
n
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TTonw3ysich u3BectHoit dhopmysoit In(1 + x) ~ x npu & — 0, nonyuaem

( )\n>n nlin(1-2z2) DY —A
1—— =e n)~e e .

n
OTkyaa u cieyer CopaBeTIMBOCTh TEOPEMBI. O

Pesyabrar 3T0it TeOpeMbI OOBITHO MPEJACTABISIETCS B BHUAE TPHUOJIN-
xerHoi (opmyms [lyaccona:

k
o N A

P(Sn = k) ~ Fe s

e A = np,
JOCTATOYHO TOTHOM ITpH DOBINNX 3HAUEHUSAX N U MAJBbIX p. B Tex mpuio-
KEHUAX, TIe 9Ta (POPMYJIa OKA3bIBETCS MOJIE3HOM, A HHTEPIPETUPYETCS
Kak cpenmee (OKUIAEMOE) YHUCIIO YCIEXOB.

Jasee OymeM moJIb30BaTHCsT 0D03HAYEHUEM

)\k Y

H(k) = He s

e A = np.

st rounoctn npubankenns [lyaccona nMmeeTcs cimeayonias OIeHKa.

Teopema 2.4. JTas w6020 nabopa undexcos I C {0,1,2,...}

> (P(Sn = k) = TI(k) )| < min{np?, p}.

kel

PeasnbHble 3HAUEHUS OrpentHocTd A(n, p) = max |P(S, = k) — II(k)|

JIJIST HEKOTOPBIX 3HAUYEHUN n u p npuBomgTca B Tabsuie 2.1. Hanbosb-
mree 3Hadenue norperrnoctn |P(S,, = k) — II(k)| mocrturaercst Ha OTHOM
"3 TEJIbIX k, OJMKAAMINIX K A.

3amevwanue. Panee ObLIO OKA3AHO, 9TO [IJis OMHOMHAIBLHOIO PACIpesie-
Jienust BeposiTHOCTel cipasemmusa (opmyna (2.1):

(n—k+1)

P(Sn =) == PP, =k-1).

Awnamornunast dpopmyna mist pacnpezenenus [lyaccona:

(k) = % TI(E — 1).
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Tabsmmra 2.1
IMorpemsocts A(n,p) = max |P(Sr = k) — II(k)|

npubsmm>kenus Ilyaccona fjisi HEKOTOPBIX 3HAYEHUHM N U P

n 10 20 100 500
» 0,2 0,05 0,1 0,01
A(n,p) 0,0313 0,0095 0,0068 0,000

fcHo, 9O TIPU OOJBIIUX 7 U MAJIBIX P CIPABEIIHBO

(n—k+1p np 1—-5= A
e E T TR

kq k 1-p

9TO JIAET elne OAWH Croco0 BHIBOIA mpubimkenHo# dopmyst Ilyaccona
nns P(S,, = k) maunas ¢ P(S, = 0) ~ e~

IIpumep 41. Ilpu msroroBmennn OymIOUeK HA XJI€003aBOIE TECTO TIMA-
TEJIbHO TEPEMEITNBAETC ¢ U3I0MOM. [IpeanonoKum, 9To 3a OJUH UK
B YaH C TECTOM 3aKJIAbIBACTCS 7 M3IOMUHOK U U3rOTABJIUBAELTCs Kk OyI10-
gek. BoibepeM ciIydaifHO OHY M3 CBEXKEMPUTOTOBJIEHHBIX Oynouek. Ilpu
€e U3TOTOBJIEHUU KaXK/1asd U3 1 U3IOMUHOK MOTJIA MOMACTh B 9Ty OYJI0UKY
C BEPOSITHOCTHIO

1 1

49HCao0 Beex Oynouexk k-

CriemoBaTeIbHO, YMCII0 MIIOMWHOK B OyJI04Ke MoTauHsteTcs 3akony Ilyac-
coHa ¢ mapameTpom A = np. [IpudeM napameTp A, 09€BHUIHO, OMPeeIseT
cpejiHee YUC/I0 U3IOMUHOK B Oy/IOUKe.

3agaua 42. B cpemnem semm cocrapnaior 10 % macenenma. Kaxmm
JIO/I’KeH ObITh pa3Mep CJIYYaiHON BBIOOPKHU JIIO/EH, 9TOOBI C BEPOSTHO-
crpio 99 % B Hell okazascsa XoTd Obl OJIMH JIeBHIAT
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2.3 JlokaabHas Teopema
Myaspa—Jlamnaca®

IIpu cpasrennn rpacdukos byukmuu f, (k) = P(S, = k) mnsa pas3-
JIMYHBIX 3HAYEHWI IMapaMeTpoB n W p OOHAPYKHBAETCSA, UTO BCE OHM
UMEIOT OJMHAKOBYIO, KOJIOKOI006pasuyo dgopmy (cm. puc. 2.1). Oruu-
4ye, 10 CyIEeCTBY, 3aKJII0YA€TCA JIAIIb B CMEIIEHUH <«KOJIOKOJIA» 0 OCH
Ox u B k03] duImenTax pacrsaKeHnusi rpaduka MO BEPTUKATIN U TOPHU-
3oHTAIA. IHBIME CJIOBAMHA, MOYKHO MOJOOPATH HEKYIO, HE 3aBUCAIILYIO OT
napamMerpoB n u p, GyHKIuIo ¢¥(x) Takylo, 9To

fop(k) a1 (kbc>, (2.2)

e KO3 PUIUEHTHI PACTIKEHU ¢ U b ¥ BeTMYINHA CMEIEHNS ¢ 3aBUCAT
TOJIBKO OT IIapaMETPOB 1 U P.

He ymenbinas oOITHOCTH, MOXKHO CINTATh, ITO BEPIITHHA KOJTOKOJI000-
pasHoii Kpupoit y = ¢(x) pacnonaraerca B Touke (0, 1). B Takom cayuae,
cornacuo dpopmyre (2.2), Beprunna rpaduka GyHrmn y = f,, () Oyzer
Jexkarh B ToUke (¢, a). OTKyma MOXKHO HaiTu (HGOPMYJIbI sl BHIYUCIIC-
HUS TTAPAMETPOB ¢ U a. B 9aCTHOCTH, U3 yTBEPXKAEHHS 2.2 CIEYeT, 9TO
¢ € [np — ¢, np + p|. OnrumanbHblil BADUAHT:

¢ =np. (2.3)

Teneps maiinem a ~ f,,(c). (3amernm, uro dbyukmus f,, ompe-
JleJIeHa, TOJIBKO JIJIsi TIeJIbIX 3HadeHuit aprymenta. C Ipyro#t CTOpOHBI,
MEJIBI0 JAHHBIX PACCYKICHUN sBiseTcs nmpubamKkenaas ¢opmyna. Ilo-
3TOMy IPOTHBOpEeYHe He BO3HHUKAET.) JHadeHue f, ,(c) HaitzeMm mpubimu-
JKEHHO, BOCHOJIb30BaBIIuCh (opmysioit Crupsunra n! &~ v/2wn n'e™™:

4 A6paxam ge Myasp (1667-1754, anrnmiickuii MaTemaTux (HPAHIY3CKOrO IPOUC-
XOXKJIEHHST) J0Ka3asl TaCTHBIH ciydail Teopemsl Jjist p = 1/2 B 1733 1. B o6mem Bue
Teopema Oblia gokasana Jlammacom B 1812 .

ITeep-Cumor, mapku3s ge Jlammac (1749-1827) — dpanny3ckuil MaTEeMATHK, MeXa-
HUK, (DU3UK H aCTPOHOM.
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gl = L
B (\/% nnyﬁ) Pl B
 (Vark k) (VaRin R (n— Kk )
1 n"ph gk (2.4)

2nk(n—k) ' kk(n — ]f)nfk o

n—k
()" (%)
[onk(n—k)

IMoucrasnsis k = ¢ = np (coorsercrBenno, n — k = n — np = ng),
oJIy9aemMm

fule) = ——
) N ——.
P V2mnpq

Y n =>50,p=0.2
0.15 + , -- n=30,p=0.6
¢ ™ s, ---n=40,p=0.7
P R n=60,p=0.5
i L /-, \ ,/ \'\
0.1+ H 4 ; \ ! PR
: : \ / . \ e
{ B / \ / . \
! * / \
| ! r \
/ \ / \
‘ h \ ! ‘ \‘
0.05 ; L4 \
B I 1o \
] / ‘y \
, i \
/ /-/.'\ \
/Y// ?’./{ . ) > ~y \\ —
O 5 10 15 20 25 30 35 40 k

Puc. 2.1. I'padukn dbynkmuit y = fnp(k) = P(S, = k)

JJIA HEKOTODPBIX 3HAYeHUU N U p



49 I'mapa 2. Hcuprranns: Bepuysim

9TO ¥ ecTh 3HAYMEHWE TTAPAMETPA a:

1
= —. 2.
“= JZrma (25)

0.15 1 —

0.1 1

0] 5 10 15 20 25 30 z

_ Puc. 2.2, Ilnowaap noy rpadukom Gyunxiun
frp(@) = fap (|2 +0.5]), rre z € [-0.5,n + 0.5),
Beerma pasHa exmaune. (V306paxen caygait n = 30, p = 0.6)

s ompeiesienust mapaMerpa b BOCIOIb3yeMCsi CIEAYIONUM PACCY K-
nerneM. Buecro dyukiuu f, ,(k) paccMOTpEM ee HHTErpupyeMbIil aHa-
JIOI — CTYIIEHYATYI0 (DyHKIUIO

fap(@) = fop(lz+05]), 2€[-05n+0.5).

[Lnomaap mox ee rpadbukom (cM. puc. 2.2) paBHA €JIUHUIE BHE 3aBUCH-
MOCTH OT BLIOOpa apaMeTpoB N U P, TaK Kak

> fap(k) = 1.
k=0

CuenoBaresbio, momap 1oz rpaduxom byrkmun a - ¥ (£:¢) toxe

JIOTKHA OBITh MHBAPUAHTHA OTHOCHTEIBHO BHIOODA MApPaMerpoB 1 U P.
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Capur ¢ (x—c) rpadura byukuun ¢ (z) o ocn Ox, 0YeBUIHO, HE Me-
HseT 1Iomaapb. Torma Kak pacrskenus a - ¢(x) u ¢ (x/b) ysennansaror
wionaab B a u B b pa3 coorsercrsento. CiienoBarebHO, s COXPAHEe-
HUS TLIOMIAIN TPebyeTcs BhIIOTHEeHHe yeaoBusa ab = const. Ilonaras ms
yA00CTBa BBITUCTEHUN ab = \/%, MOJTy IaeM

b= /npq. (2.6)

Ocraerca nmoacraBuTh B (2.2) 3HaveHus napamerpos u3 dhopmyi (2.3),

(2.5) u (2.6):
1 ' 1 ' k—np
hott) o = v ()

Oxka3biBaeTcst, Takas yHuBepcaiabHast GyHKIUs () 1eHCTBUTEIBHO Cy-
mecryer (cM. puc. 2.3). Ee Tounoe npencrasienue 6bu1o Hajineno Jla-
mwracoMm B 1812 romy.

1 2 3

1
B nacrosiiee Bpemst dbyHKIHS Nors -1p(x) HABBIBAETCS NAOMHOCTIGIO
™
HOPMaALHO20 pacnpedeserus N 0003HATAETCS @(x):
6712/2

pla) = . (2.7)
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Tabaura ee 3HaueHuit nmeercst B Ilpumoskernunn 1.

Hekoropsie cBoiictBa pyHKImu o(z):

1. o(—z) = ¢(x) (yernocts).

“+o0
2. [ ¢(z)dz=1.

— 00

Teopema 2.5 (sokanbhas Teopema Myaspa—Jlamsaca).

1 k—np e’ /2
P(S, = k) ~ . 20 - .
O ( " ) e plo) = <

JZoxazameavcmeo. Tounocts dbopmynbl (2.8) mponopruoHaabHa KOID-
dunuenty \/%pq, crositemy nepes, dbyukimeii p(x) B mpasoii yacru ¢op-
mysiel. [ToaTomy masee mpemmosiaraeM, 9Tto Mpg OTHOCUTEIHBHO BEJIHKO.
O6nrano dopmysioit Myaspa—J/lamiaca peKOMeHIyeTcst MOIb30BATHCS TPH
npq > 20.

3amerum, 9ro npu k, 3HAYUTESHHO OTJIUYAIOIIAXCA OT NP, BEPOAT-
Hocrb P(S,, = k) npakruyecku paBHa HYJIH0. DTO CJELYET U3 COOTHOLIE-
nus (2.1) u wurocrpupyercs pucynkamu 2.1 u 2.3.

IMTpasas yactsb (hopmyssl (2.8) TakKe MPAKTUUECKU PABHA HYJIIO YK
k—np
N
wen rpadur bynkmmn y = /271p(z) ~ 2,5 ¢(x)). Tlosromy nasee 6ymem
paccMaTpUBaTh TOJIBKO T€ CIIYYaH, JJIsi KOTOPHIX PA3HOCTD

k

=—— 2.
Tl n P ( 9)

(2.8)

npu > 3, Tak kaK p(z) < 0,0045 npwu |z| > 3 (ma puc. 2.3 u306pa-

MaJIa o abcosioTHOM Besmmawnne. Todnee, OymeM mpeAmnoaraTb, 9To

v pq

|xg| =€ , tne0<e<3. (2.10)
n
DTO MPEANOIOKEHNE SKBUBAJIEHTHO HEPABEHCTBY | =2 | < 3
Vnpq ’

Hwuxe monamoburcs ciemyionee 09eBUIHOE 3aMEIAHNE:

L VAL A Thig £ (2.11)
P np  /npg q | ypg
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JpyruMu cjoBaMu, JIeBble 9aCTh HepaBeHCTs (2.11) OTHOCUTETHHO MAJIbL.
Bo Bcakom ciryuae, OHM MEHBIE eIUHUAIIBI TPU npq = 9.

Bocnosb3yemMcsi BbIBEIEHHO# Bbilie npubiukeHHoi dbopmysoit (2.4).
Crenaem 3ameny (2.9)

kE=n(p+ i), n—k=n—n(xg+p) =nlqg— xk).

[Tonywaem

LS o s i o
T omk(n—k) V2mn(p+ar)(q—xr)

n

(2.12)
[IponorapudmupyeMm 4uCIATEND:

n(p + zx) In (pka) +n(qg—zx)In (q—qu> =

:—n{(p—i—mk)ln <1+g;’“> +(q—xx)In <1—xq’“>}.

Bocnosbsyemcs pazsioxkenuem Teiinopa must In(14+¢) =t — % + % — ...

Zk |y | Zk| orHOCUTEIBHO MaJIbl (cM. ouenku (2.11)).

u TeM (PAKTOM, ITO u

Torma norapudm gucIuTeNss paBeH

_n{xi(zﬂrq) L T =) +} _

2pg 3p?q?
—nzy (1 xp(p—q)
= LA S T
pg 2 3pq
Cornacto dopmyie (2.10), umeem % = %. IIpeamonaras, 4To

NPq BEJIUKO, OTOPOCHM BTOPOE U MOCJIEAYIONINE CIaraeMbie B (DUTYPHBIX
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ckobkax. Ilogcrasias pesyabrar B (2.12) u menas 3aMeny, oOpaTHYIO
(2.9), OKOHYATEILHO MOyYaeM

—naj _ (e—np)? ) i
2pq 2npq —
P(S, = k) ~ e € _ 9D( np>.
Vemnlp+ap)(g—xk)  V2mnpg  /npq” \ \/npq

O

3HadeHus MOrPENTHOCTH

A(n,p) = max |P(Sy = k) — \/% R (%)‘

JIoKaIbHOM bopmyas Myaspa—Jlannaca 1jist HEKOTOPBIX 3HAYEHUN 1 U P
HpnBo;LHTCH B Tabsmie 2.2. [lorpemuocTs GOPMyIIBI TPOTOPIINOHAIBHA,
. A npu PUKCHPOBAHHOM —~A— HAHGOIBIIAS TOYHOCTD JOCTUTACTCS

HpI/I 3HAYEHUSX P OJIU3KUX K %

Tabsma 2.2

— — 1 k—np
IHorpemHocrs A(n,p) = max P(S. = k) — Vo4 (m)‘

n 80 100 125 230 450
p 0,5 0,3 0,2 0,1 0,05
npq 20 21 20 20,7 214

A(n,p) 0,0003 0,0018 0,0028 0,0037 0,0041

ITpumep 43. Haiinem BepositHOCTH TOrO, 9To tipu 100 6Gpocanusx cum-
METPUIHON MOHETBI repb Bhimajer e MeHee 49 u He bosiee 51 pasa. 3Ha-
qenne npq = 100-0,5-0,5 = 25 mocTarouno Benuko. Kpome Toro, p = %,
9TO CYIIECTBEHHO MOBBIIMIAET TOYHOCTH hopmyssl Myaspa—J/lamiaca.

P(49 < S, < 51) = P(S, = 49) + P(S,, = 50) + P(S,, = 51) ~
1 < (49 — 100 - 0, 5> n
~ Ve V25

e (M57) o (P57)) -
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~9(=0,2) + 9(0) + ¢(0,2)

~
= ~

5
0,391 +0,3989 + 0,391

5

Tounoe 3naveHue B JaHHOM Ciydae oriaudaercs menee dem ua 0,001.

~ 0,236.

2.4 MHWwurerpasgbHasag TeopemMa
Myaspa—Jlanaaca

Bo muorux 3agauax (cm. npumep 43), CBA3AHHBIX C MCIBITAHUIMU
Bepuysuiu, tpebyerca naxoqurb BepoaTHOCTh P(my < S, < mg) Toro,
YTO YUCJIO YCIIEXOB IIONAAEeT B HEKOTODbI IPOMEXRyYTOK [my, ma]|. Eciau
OPOMEKYTOK [Mmy,Mso] BEIUK, TO 3TO NOTpebyeT GONMbIIoro oobema Bbl-
qucaennii. 136exkaTh 3TOro momoraer naTerpaabuas dpopmyna Myaspa—
Jlanmaca.

Onpenenenne 2.6. Oyuxiua ¢(z) = /go(t) dt, rue p(t) =
0

e—t2/2
Vor

HazpiBaercsa gymnxyuet Janaraca.

B Ilpunoxkenun 2 umeerca tabinna 3HadeHui 3Toi QyHKImu. A ee
rpaduk m3o0pazKkeH Ha puc. 2.4.

HexkoTopnlie cBoiictBa dyHKInu Jlammaca:
1. &(—z) = —P(z) (neuerHocrsp).
2. P(+00) = —P(—00) =1/2.

Teopema 2.7 (unrerpasnbhas reopema Myaspa—Jlannaca). Bepoammnocmo
mozo, wmo 6 n ucnumanusxr Bepnyassu wucao yenexos S, nonadem 6
NOAYUHMEPBAA [M1;M2), Mostcem Gumb npubsuicenHo watidena no gop-
My.ne

P(my < Sp < mo) = ®(x2) — ®(x1), edex; = Mi 7P~ 1,2.

Vnpq
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0.2

_k—mnp . _ B _ 1
t(k)_\/nTDq At =t(k+1) —t(k) Nk

Vv 1Pq

BeipaxkeHue B IpaBoif 9acTy npecTaBisger co0oil MI0maib IPAMOyrOb-
HUKa mupuHbl Al 1 BBICOTHL ¢ (t(k)) M mpUOINKEHHO PABHO IIIOMIAIN
nox rpadukom GyHKIEH y = ¢(t) HA OTpe3Ke t € [t (k — %) ,t (k: + %)]
(cM. puc. 2.5).

Hpyrumu cioBamM#,

(rd)
P(Sy = k) ~ p(t(k))At ~ /t(k_l) o(t) dt.

[Mpuyem uem menbiie «muprHay At, T€éM BBIIIE TOYHOCTD TPUOTHKEHUS.
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Y
AN
a0,
P(H(R)) |- === == == - ~
) t(lk) t

Puc. 2.5. Ilnomans npsimoyroibauka mupussl At u Beicotsr ¢(t(k))
npubJIMAKEHHO PaBHA IUIOIAAYM KPUBOJIMHENHON Tpalenun
oz rpadbukom Gyrkmmu p(t), t € [t (k — %) St (k + %)]

Peanusys o1y 3amMeny miga Beex Henbx k € [my, ms), MOTyvIaem

mo—1
Pimy <k <my)= Y P(S—n=k) =~

k:ml

ma—1 t(k-i—%) t(’ﬂbz—%)
> / o) dt = /t o(t) dt ~

k:ml t(k_%)
t(mz) _ _
z/ <p(t)dt:<1>(m2 ”p)—é(ml ”p>.
tmr) N7 NoT _

OneHuTh TOYHOCTH WHTETPAILHON opmyast Myaspa—Jlammaca mos3-
BOJISIET CJIe/LyIOIIee yTBEPIKIeHHE.

Q

Teopema 2.8 (nepasencrso Béppu—ccéena®).

’P (ml < k= np < Jc2> — (@(xg) — <I>(x1)) < M C ~04.

Vv 1Pq \V/1Pq
5310 HepaBeHcTRO 6BIIO HE3aBNCHMO BEIBEAEHO Dupio Beppu B 1941 r. u Kaprom-
I'ycraBoMm Dcceenom B 1942 .
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Sameuanue. Kax mpasuso, morpemaocts dopmynasl Myaspa—/lamnaca
3HAYUTEIHLHO MEHBIe MpaBoii YacTn HepapeHcTBA Beppr—cceena.

ITpumep 44. Haiinem BepositnocTs TOro, ¥ro npu 100 6pocanusx mo-
HeTHI Tepb mosgBuTCS He 60see 35 pas.

Ipexge Bcero np = 100/2 = 50, npg = 25— onpeensier OTHOCH-
TEJIbHO XOPOIIyI0 TOIHOCTEH (hbopmysbl Myaspa—Jlamiaca (ocobeHno mpu
p = 1/2). Ilo unrerpanbuoii popmysie Myaspa—Jlamiaca,

P(0<Sn<36)z¢><36g50>—¢<0_550):

= §(—2,8) — B(—10) = —B(2,8) 4 B(10).

ITo Tabmume (cm. Ipnnoxkenune 2) maxogum P(2,8) =~ 0,4974. O6parum
BHuManue, 4ro ¢ (x) — Bo3pacramomas GyHKIMA U

0,5 > ®(x) > ®(5) =~ 0,4999997, upu = > 5,

T. e. MOKHO cunurarh ®(z) ~ 0,5 npu x > 5. Omubka Ipy T0M OKAKETCs
ue 6osee 0,0000003. (TTosromy st ¢ > 5 3uauenus dbyuxnun Jlamiaca B
tab/une He npusoagarca.) Urak, P(0 < S, < 36) =~ 0,5—0,4974 = 0,0026.
Bamerum, 9TO B 3TOM HprMepe Mbl hakTuuecku Hanum P(—oo < S, < 36).

2.4.1 BepodaTHOCTh OTKJIOHEHUHA
OTHOCHUTEJBbHOIl 9YaCTOThI
OT BEPOATHOCTHU ycHexa

IMycrs mpoBoasTes n ucnbiranuit Bepaynmu. CooTHorenne % quUCIA

BCEX IMOSIBUBIIUXCS YCIEXOB K YUCJIY 72 BCEX UCIBITAHUN HA3BIBACTCS OM-
HOCUMEAbHOTU 4acmomoll TOABIEHU <«YyCHEXay, U CMAMUCMUYECKOU
sepoamuocmyro. Haiimem BeposSTHOCTH TOTO, YTO OTHOCUTEIbHAS YaCTO-
Ta %’” OyZeT OTJINYATHCSA OT BEPOATHOCTH P «yCmexay He Oojiee 9eM Ha £:

°(

S
"p‘ <5> =P(—en+np< S, <en+np) =~

<o () ()~ ()
(2.13)
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IIpumep 45. [IposoauTcs onpoc, meabh KOTOPOTO — BBISICHUTE TIPOLEHT
CTOPOHHMKOB MTAPTHAN X CPEeIN HACETICHWS BCEH CTPAHBIL.

Y100bI IOy IUTH TOYHOE 3HAYEHHE, TOTPEOOBAIOCH OBI OMTPOCUTH BCEX
rpaxkgas. [Ipeamonokum, 9To0 HAC yCTPAMBAET MOrPENIHOCTH He Gosee
1% (uucso € B dopmyse (2.13)), mosyuenHas ¢ BEPOATHOCTHIO HE Me-
uee 95 % (momepmurenbHbIl ypoBens). HyKHo HallTH HanMeHbITIEE YHUCIIO
OIPAIUBAEMBIX, JOCTATOYHOE JIJif COOJIIONEHUS ITUX YCJIOBUIA.

Pewenue. Coruacuo dopmyiie (2.13),

0,95 <P (‘S" p‘ < 0,01) ~ 2P <0,011 /") . (2.14)
n pq

ITo rabnuue 3uavenuii pyukuuu Jlannaca (IIpunoxenue 2) maxomum,
410 HepasencTso ®(z) > 0,475 Bbuionuserca upu z > 1,96. Cruenosa-

Tes1bHO, HepasencTBo (2.14) sksusasentno 0,01, /% > 1,96, win, 9TO TO

JKe CaMoe,
Vn = 196+/p(1 — p).

1
Bepositaocts p nam neussecrua. Ho p € [0, 1], a 3Haq1/11T 0<p(l-p) < 3.
[Ipuvem manbonbinee 3HaMeHEE JOCTHTAeTCA IpU p = 5. CrieoBaTenbHo,
OPUEHTUPYACh HA «XYALIUI» CIIydai, 1HOJLydaeM

n > 982

O6bryHO B Takux curyarusax oepyrt n He meree 10000. O



I'maBa 3

Ciyuaiinble BeJIMYNHBI

Bo mMHOrHX CIyYaifHBIX KCIEPHMEHTAX MHTEpPEC B MEPBYIO OUYepeb
MIPEJICTaBIAI0T He CaMH UCXObI, & UX HEKOTOPbIE YUCIOBble XapaKTepH-
cruku. Tak, HAIpUMED, B UCHOBITAHUAX DEPHY/IM BaXKHOU XapakTepwu-
CTUKOW SIBJISETCS YUCJIO PEAJM30BABIINXCH yCIIEXOB, IIPU OPOCAHUU HI-
paIbHON KOCTH (UJIM HECKOJBKUX KOCTEH) Pe3yaIbTaTOM SABJISETCS YHUCIIO
(wmu cymMMa 9mrcest), Ipu CIy4ailHOM BbIOOPE YeJIOBEKA HAM MOTYT ObITh
HMHTEPEeCHBbI €ro POCT UJIU BeC U T. II.

Onpenenenune 3.1. Cayuatinol eesusuHol HA3BIBAETCS (DYHKINS, 32~
JAHHAS Ha IPOCTPAHCTBE 3JIEMEHTAPHBIX UCXOIOB {2 M IPUHUMAIOIIAS
YHCIOBbIE 3HAYCHNUS:

X: Q=R

3aMeHa HCXOJIOB IKCIEPUMEHTA MX YUCTOBBIMU XapAKTEPUCTUKAMHU
CyIIECTBEHHO YIIPOIIAET COOTBETCTBYIOILYI0O MaTeMaTUIeCKyI0 MO/le/Ib U
CBsI3aHHBIE ¢ HEl uccienoBanusa. AGCTparupysch OT UCXOIHOTO TTPOCTPAH-
cTBa {2, BMECTO CJIy YAl HBIX BEJTMIHH OOBITHO PACCMATPUBAIOT WX 3aKOHDI
pacIpe/iesieHu .

Onpenenenune 3.2. [oBopar, 9To 3akxon pacnpedeserus caywatinot ee-
auvuns X udeecmen, €CIU st T00BIX auces a,b € R, a < b onpenenena
BeposTHOocTh P(a < X < b).

3HAKOMCTBO CO CJIy9YailHbIMY BEJIMYNHAMHU U UX CBOWCTBAMH yI00HEE
Ha4YWHATH HA IIPUMepe JUCKPETHBIX CIy4YailHbIX BEJIMYUH.
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3.1 JIuckpeTHbIe CcJydaiiHble BEJINYMHBI

Onpenenenue 3.3. Chnyuvaiinas BeJIWYNHA HA3BIBACTCS Juckpemmoi,
€CJIM MHOYKECTBO €€ 3HAYEHUN KOHETHO OO0 CIETHO.

3aKOH pachpeIeeHus JUCKPETHON CIyYaiHON BEJIMINHBI €CTECTBEH-
HO IPEJICTAB/IATD B BUZE pada (mabauybl) pacnpedenenus, OTPasKaIOIIEro
3aBUCHMOCTDH MEK/Iy BO3MOYKHBIMU 3HAYEHUSAMU T;, © = 1,2, ..., CIydaii-
HOIt BesmunHbl X U BeposTHOCTAMU p; = P(X = x;):

X‘l’l“’tg‘l‘g‘...
P‘pl‘p2‘p3‘-~-

Wuorma, ¢ Hejbio 3KOHOMHU BPEMEHH M MECTa, JAIee BMECTO TabJIHIbI
Gyaer nupuBoauThes Gynkuusg p; = P(X =x;),i=1,2,...

Tak Kak Ipu JII0OOM HCXOJIE SKCIIEPUMEHTA, CITyYaiiHas BeJTMIUHA, IIPH-
HUMAEeT POBHO ONHO 3HAYEHME, TO

i

3.1.1 IIpumepsl AUCKPETHHIX CIyYallHBIX BEJIMYUH

PaccMorpum HECKOIBKO MPUMEPOB HAanOO0JI€E N3BECTHBHIX PACIIPEIese-
HUA.

1. Bopootcdentas cAyuatinas 6eAUBUHG — (He)CquaﬁHaH BeJINYNHA
C €IMHCTBEHHBIM BO3MOXKHBIM 3HadeHneM 1 = C'. CoOTBEeTCTBEHHO, Ta0-

JINTIQ pacIpeieieHus AJisl Hee MMeeT B

c|C
Pl1

2. [lycts A — Hekoropoe cobbiTHe. Undukamopom cobvimus A Ha-
3bIBAETCA CiIyvdaiiHas BeauvnHa 4, IpUHUMAIONIASA 3HaUYeHne 1, ecinu B
XOJIe FKCIEPUMEHTa coObITHE A TPOU30IILIo, u 3Hadenne 0, eciu coObITHE
A me npowusonuio. Tabnuna pacupeeseHns TAKOR CIydaiiHON BeJMYnHbI
umeer BUJ;
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3. IlycTs mpoBOAMTCS Ccepust M3 N HE3ABUCHMBIX OJIHOTHITHBIX MCIBI-
TaHW C BEPOATHOCTHIO yCIEXa P B KAXKJIOM M3 HUX (CepUs UCIbITAHUIL
Bepuymn), a ciayvaitnas Besuunna X — KOJIMYIECTBO YCIIEXOB B 9TOI Ce-
puu ucnbiranuii. B aToMm ciydae roBopsT, 9To ciaydaiinas BeamduHa X
pacupeiesieHa N0 OUHOMUAALHOMY 3AKOHY C NAPAMEMPEMU 1L U D.

MHmo0KeCTBO 3HAUEHU TAKOH CIyJaifHON BEIMYNHBI €CTh MHOXKECTBO
nesbix auces 0,1,...,n, a BepogtHoctu pp, = P(X = k), k=0,1,...,n
ompenensiorca dbopmymnoit Bepryama py = CEpFq"=F (3mecs ¢ =1 —p—
BEPOATHOCTDb «Heynauu» ). Tabuuua pacupenesnenus:

x{o] 1 |..| k |..|n
P‘q”‘C}lpq”_l‘...‘Cﬁpkq"_k‘...‘p”

4. IlpeamomokumM, 9TO UCIBITAHUS BePHY/IN IPOBOAATCS 10 TOSBITE-
Hus nepBoro yciexa. Q6o3uadanM X — YUCIIO0 MPOBEJIEHHBIX UCIBITAHUIA.
ToopsT, uTo Takas caydaiiHas BeJIMINHA PACTIPEICTEHA N0 2e0MeMpPU-
YECKOMY 3AKOHY € NAPAMempom p (BEPOITHOCTD YCIEXa B OJHOM UCIBITA-
uun). CorJIacHO ONpEIe/IeHNI0, TaKas BeJuunHa X NPUHUMAET 3HAYEHUS

k € N ¢ Bepoarnoctamu py, = ¢*!p.

X123 ... k& [|...
P ‘p‘qp‘qu‘...‘qk_lp‘...
5. Cuyuaitnasg Benumumna, pacupejesentas no 3axonwy llyaccona c
napamempom A\, ipuHUMaeT 3Hadenns k = 0,1,2,... ¢ BEpOATHOCTAMHI
k
Pr = %67’\
Xl o[ 1 | 2 [..] ’.k | ...
P ‘ e ‘ e ‘ ge_k ‘ ‘ )‘k—];e_)‘ ‘

6. Paccmorpum MHOXKeCTBO, cocTosiee u3 [N 3JIeMeHTOB, CPeIu KO-
TOpbIX uMeeTcss K moMedeHHbIX. V3 9TOro MHOXKECTBa, CIy YaiHbIM 0Opa-
30M BBIOMPAIOT N JIEMEHTOB, IPUYEM HUKAKOW JIEMEHT HE MOXKeT ObIThb
BBIOpaH MOBTOPHO. [lycTh X — 4rC/I0 MOMEUEHHBIX 3JIEMEHTOB CPEIH BbI-
Opannbix. Takas ciydaiiHas BeJIMYMHA HA3BIBACTCH pacnpedeserHots no
2unepzeomempuveckomy 3axony. Panee B pasmese 1.2.6 ObL1a BbiBemeHA
CRCN i

dbopmyna P(X = k) =
Cx

,tme 0 < k<K, 0<n—-k<N-K.



3.2. CoBMeCTHBIE PACHDEEJICHUST 62

3.2 CoBmecTHBIE pacrpejieJIeHus

Paccmorpum mBe muckperHble ciaydaiinble Benuauabl X u Y, ompe-
JIeJIEHHBIE HA OZHOM TPOCTPAHCTBE 3JIEMEHTAPHBIX MCXOMOB. Torma co-
JIep:KaTeIbHAS YaCTh MaOAUYDL COBMECTNIHOZ0 PACNPEIEAEHUS BETTTHH
X u Y Oyzer cocroars u3 BepoarHocTell p;; = P(X = x;, ¥V = y;),
rae {x1,x2,. .. } —MHOXKeCTBO 3Hadenuil Besmaunbl X, a {y1,Ya,... } —
MHOKECTBO 3HAYEHHMH BEJUIUHBL Y .

N Y1 Y2 Y3

z1 P11 P12 D13

T2 P21 P22 P23

zs3 P31 P32 P33

HeiicTBysl 110 aHAJIOIMH, MOXKHO PACCMOTPETH PACIPEIE/ICHUe JIJIs
n > 2 CIy4YalHBIX BeJudnMH. 1TOTIa COOTBETCTBYIOIIAS TAOIUIA OyaeT
n-MEepHOIi.

IIpumep 46. Momnery 6pocaror Tpu pa3a. [Iycrs X — gucso repbos, mo-
saBuBLUMXCA 1pu nepsom 6pocanuu (0 uiam 1), a Y — obuiee uuciio noss-
Jennii repba npu Tpex Opocanusx. Tpedyercs MOCTPOUTHL TADJIUILY COB-
MECTHOTr'O pacnpemeaenus ajast X u Y.

Pewenue. Cobbrrua {X = 0} u {Y = 0} moryr mpousoiitu oxHOBpe-
MEHHO TOJIbKO B OJHOM CJIydae, Koraa repb He nosisurca Hu pasy. Cre-
nosarensHo, P(X = 0, Y = 0) = 1/8. Cobpiruio {X =0, YV = 1}
COOTBETCTBYIOT JBa sjeMeHTapHbix ucxoga: ‘PI'P’ u ‘PPI”. Buauwr,
P(X =0, Y =1) = 2/8 Coorrrrie {X = 1, Y = 0} HeBO3MOXKHO,
TaK Kak o0IIee 9rncjio repOOB HE MOXKET OBITH MEHbIIIE YHC/Ia repOOB mpu
nepsom Opocanuu. Takum obpasom, P(X =1, Y =0) = 0.

XYoo o1 o2 o3
0 [1/8 2/8 1/8 0
1|0 1/8 2/8 1/8
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Anamornyno pa3dUpaIOTCs OCTAIBHBIE TATH CJIYYAEB. O

Bamerum, 910 cobbitue {X = x;} MOXKET ObITh IPEICTABIEHO B BUJIE
CYyMMBI [IOIAPHO HECOBMECTHBIX COOBLITHUIA:

(X =a} =) {X=u, YV =y}
J
CrenoBareanHo,

J J
To ecTb, TPOCYMMHEPOBAB BEPOATHOCTH P;; B CTPOKAX TaOJIHUIbI, MBI II0-
JIVIUM DSIJT, PACTIPEICSIEHUS CAyIaiiHON BeTUInHbl X .
AHAJIOrNYHO, CYMMUPYsI BEPOSITHOCTH B CTOJIOIAX, MOYKHO TIOCTPOUTH
PA pacupeiesieHus CIydaiHON BeTUYnHbI Y :

i i
JBe ciaydaiinbie BeaudnHbl X B Y HA3BIBAIOTCA HE3G6UCUMDLMU, €C-
JIA HE3ABUCHUMBI JIIO0ObIE Maphbl COOBITHN, HEITOCPEICTBEHHO CBI3aHHDIE Ol
Ho ¢ X, a apyroe —c Y. Herpyano moka3arb, 9TO Jjid HE3ABACHMOCTH

JUCKPETHBIX CJIy‘-I&fIHbIX pesimunia X u Y JOCTATOYHO BBITIOJTHEHUSA BCEX
YCJIOBHUI BUIA

P(X =i, ¥ = y;) = P(X =) - P(Y = ).

B wacTHOCTH, Cay4aiiHble BEIMYWHBI B TpuMepe 46 3aBUCUMBI, TaK Kak
P(X=1,Y=0)=0,Broppemakak P(X =1)=1/2uP(Y =0)=1/8
OTJINIAIOTCA OT HYJIS.

Iycrs y = f(x) —uucnosas Gyukuus, a X — ciaydailHas BeJIMIUHA.
Torpa Y = f(X) —roxe ciyuaiinas seauuuna. [Ipuuem

P(f(X)=c)= Y P(X=x)= > pi
it flwi)=c it fai)=c

Amnajornuno onpepensiercs GyHKIMA OT ABYX U D0JIee CIIyUYalHbIX BeJIU-
auH. COOTBETCTBEHHO,

P(f(X)Y)= ZP =z, Y =) Zp”

f(vay]) c f(x17yj) c
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IIpumep 47. CocTaBuTh psSAbl PACIPEIETCHUS CIYUANHBIX BETUIUH
(Y-1)2Y - X u X (Y — 1) no Tabmume COBMECTHOTO pacrpe/ie/ieHns,
TIOCTPOEHHO B mpuMepe 46.

Pewenue. Ilpu mepBoM 3HAKOMCTBE Psifi PACTPEIeIeHNs s (DYHKITHH
OT CJIy4aifHON BEJININHBI PEKOMEHIYETCsS CTPOUTH B [IBA ITAIIA.
CoryacHo yCJI0BHIO,

Yy o | 1]2]3
P|1/8]3/8]|3/8]1/8

IlepBrrit sTam:

(Y-12 | (0-1* | (1= 2-1)*| (3-1)*
P | 1/8 [ 38 | 38 | 1/8

YT00BI MPUBECTHU ITOT PsiJl K OKOHIATETHHOMY BUILY, HYKHO OObEINHUATH
CTONOIBI ¢ OIMHAKOBBLIMHU 3HAMeHUAMH 171 (y; —1)2, a cooTBeTcTByIOMIe
BEPOSATHOCTH CIIOKUTD:

Y—-12] 0 | 1 | 4
P [3/8]1/8+3/8[1/8

IMocTpoum psim pactnpeneenus ciaydaitnoil seuananbl Y — X mo tab-
yine pacrupeaesenus u3 npumepa 46. [lepsoiii sTan (COOBITUS € HyJIEBbI-
MU BEPOATHOCTSME HE DACCMATPUBAEM ):

Y-X|0-0|1-0]2-0]1-1]2-1[3-1
P | 1/8 | 2/8 ] 1/8 ]| 1/8 ] 2/8 ] 1/8

OkoHYaTeTHHBIH Pe3ysIbTaT:

Y-X| 0 | 12
P |1/8+1/8[2/8+2/8[1/8+1/8

ITocrpoenue psina pacupenenenus g X - (Y — 1) npemjaraercs B
Ka4yecTBe YIPaXKHEHUS YUTATETIO. O
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3.3 MaremaTun4deckKkoe OXKUJIAHIE

IIpu ucciaenoBanuy ciry4aitHON BETMYIMHBI MJIK CPDABHEHUH €€ C IPYTHU-
MU CJIy4YallHbIMU BeJIMYUHAMU I10JIE3HO BBECTH B PACCMOTDEHUE HEKOTO-
pble CyMMapHbIE XapAKTEPUCTUKH, OTPAKAIOIINE €€ TUIINYHbIE CBOHCTBA.
OnHoit M3 TaKMX XapaKTEPUCTHUK SBJISETCS CPeTHee 3HAYEHHUE CITy YalHOi
BEJIMYMHBI, UJIN MaTeMaTudecKoe OXKHUJIaHue.

IIpumep 48. PaccmorpuMm Tpu ciaydaitable Beawduabl X, Y u Z co
CTIEIYIOIIAMHU PACIIPEIETEHUSIMU:

X0 |1 Y[ o0 |1 Z| 0 | 1
Pl05][05 P 10,99 0,01 P 10,01]0,99

Bce 3tu BeTMUuHBI ©MEIOT OJUHAKOBBIN HAOOD 3HAUEHHIA.

ITpeanonoxkum, 4To IPOBEIEHO GOJILIIOE KOJIUIECTBO UCIIBITAHUIN (IKC-
LEPUMEHTOB), MU B KA)K/IIOM U3 HUX Ciydaiinble Beauuusbl X, Y u Z
MPUHUMAIN Kakue-To umnciaoBbie 3uadenns (0 wanm 1). IlompoGyem ore-
HUATH, KAKUMU OyayT cpeaHne apudMeTHYecKue 3HAYEHW KaXKI0i w3
9THUX CJIy9aifHbIX BEJIUYNH.

Cryuqaitnast BemunHa X PaBHOBO3MOXKHO NMpPUHUMAET 3HadYeHus (
u 1, mosTOMY B Ccepuu u3 OOJIBIITOTO KOJUYECTBA UCIBITAHWI TPUMEPHO B
mosioBuHE ciry4daeB X mpuMeT 3HadeHnwue 1, a B ocraiabHbIX — 3Haderue (.
Torna cpennee apudMeTrndeckoe 3HAYEHUN, KOTOPbIE IIPUHUMAJIA BEJIH-
qura X B 9TOU cepuu ucnbitanuit, Oyger npumepHo pasuo 0,5.

B 10 ke Bpems cayvaiinas Beauduna Y ¢ BepogrHocTbio 0,99 mpu-
HUMaeT 3Hadenue (), MO3TOMY Yallle BCEro B OOJIBINON CepUM MUCIBITAHUN
Y Oymer npunuMaTh 3Hadenue, pasHoe 0, ¥ 0YeHBb PEIKO — 3HAUEHUE 1.
A 3zHauuT cpennee apudmernyeckoe 3HAYEHUIN, KOTOPhIE TPUHUMAJIA, BE-
suuauna Y, Gyzer 6iu3ko kK 0 (Tak Kak 310 cpejiHee apudMeTuuecKoe
60JILIIOrO KOJIMYECTBA HYJIEl U HECKOJIbKUX E/IUHULL).

Anasornyno cpenee apudMETHYECKOE 3HAYEHUH CiydailHON Besu-
9WHBI Z B 9TOH CepWHU HCHOBITAaHWH Oymer Oam3ko K 1, Tak Kak Takas
CAydJaiiHAs BEIUYNHA C OOJIBINION BEPOSTHOCTHIO TPUHUMAET 3HaUeHHe 1
¥ OYEHDb PEIKO HYJIEBOE 3HAYEHUE.

Sanwuirem 6osee POPMAIHLHO ONMpEIeIeHne YNCIOBOI XapaKTepuCTH-
K7, KOTOPAsi XOPOIIO COTJIACYETCS C OMMCAHHBIM MPEICTABIEHUEM O CPEJI-
HEM 3HAYEHUU CIy4aliHON BEJTMYUHBI.
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Onpenenenne 3.4. Mamemamuueckoe oscudanue M(X) muckperHoit
CIy9IaitHON BeTUInHBI X OmpeeaseTcs d)opMyJIOI‘/’I1

M(X) = Zx PX =),

TIe ; — BO3MOYKHBIE 3HAUEHUs Caydaiinoi BenmnawHbl X. Maremarute-
ckoe oxkuganne M(X) cymmecTByer, TOJIBKO €CIIM YUCIOBOM DsiJl B TPABOi
JacTH POPMYIIBI CXOAUTCA abCOTIOTHO?.

IIpumep 49. BurauciuTb MaTeMaTUIecKoe OKHUIAHUE CITyIalHBIX Be-
JIMYWH, OMMCAHHBIX B TpuMepe 48.

Pewenue. Vcxons n3 mpuBEIEHHOTO BBIIIE ONPEIEIEHUs MaTeMaTHde-
CKOI'0 O2KUJIAHUA JUCKPETHOU CJIy4YalHON BEJIMYUHBI, IIOJ1y4aeM:

M(X)=0-05+1-05=0,5,
M(Y) =0-0,99 + 10,01 = 0,99,
M(Z)=0-0,01+1-099=001. O

IIpumep 50. Urpa cocroutr B Opocanum Tpex WrpajbHbIX KocTeit. [le-
peJl HAYaJIOM UI'PbI UIPOK JIEJIAET CTABKY (BBIMIDBIII 3aBUCUT OT Pa3Mepa
craBku). Eciiu HU HA OfHOI U3 TPEX UIPAJBHBIX KOCTEH He NOsBJIAeTCs
rPaHb C IMIECTHIO OYKAMHU, TO UIPOK TepseT CTaBKYy. B mporuBHOM CIiTy-
4ae UI'POK IOJIyHYaeT HA3a/[| IIOCTABJIEHHbIE JEHbI'UM U BHIMI'DbIII, PABHbII
YHUCITYy <IMEeCTePOK», MOMHOKEHHOMY Ha pa3Mmep ctaBku. HaiiTm marema-
TUYIECKOe OKUIAHUE BHIUTPBIMIA.

Pewenue. Ob0o3naunm gepe3 X BBIMIPBIIT UTPOKA, H3MEPSAEMbI B CTaB-
kax. Torna

X| 1] 1|2 |
PI& % %]

Y=

B anrnosssranoit sureparype 06braHO BCnonb3yercs ofosnauerne E(X) ot amr.
expected value nnu expectation. Hazpanme nossusocs eme B X VII Beke, Korma Teopus
BEPOATHOCTEH SBJIAIACH YACTHIO TEOPUU A3aPTHBIX UI'D U HI'POKOB B IIEPBYIO OYEPEID
HMHTEPECOBAJIO CPEeJIHee 3HAYEHHUE OXKHAEMOTO BHIUTDHIA ([IPOUTDHIMIA), BEIIHCIIsIE-
MO€ MaTEeMaTHYIECKH.

2 ABCOMIOTHAST CXOMMOCTH TAPAHTHPYET, ITO CyMMa Dsijla He M3MEHUTCS TIPH Tie-
PECTAHOBKE CJIAraeMbIX.
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HaXOLLHM MATEMATHYECCKOE OXKUJAHUE BHLIUTPHBIIIA:

3 LE2 . 1 1
RIS R S B S L

M(X) =12 22 =
0 6 63 6 6 216

OrpuraresibHOE 3HAYEHNE MATEMATHIECKOTO OXKWIAHUS TOBOPUT O TOM,
410 3Ta Urpa (B CpejHeM) He BBIFOAHA JJid UIPOKa. Bosiee Toro, 3ua-
yenne M(X) = —% [TO3BOJISIET U3MEPUTDH BEJIMINHY «HEBBITOIHOCTUY.
B wacrrocTu, nocsie nposesenus 216 urp ¢ OJUHAKOBBIM PA3MEPOM CTaB-

KW UTPOK TIOTEPSET B Cpe/iHeM 17 CTaBOK. O

IIpumep 51 (Cankr-Ilerep6yprekmit mapagoke® ). Urpa coctont B 6po-
CAHWY MOHETHI JI0 TEX IMOP, TIOKA HE BBIMAIET Pemka. Kcau 910 mpon30oii-
ner mpu k-M 6pocanum, To Urpok nostyuaer 2F py6iieit. CKOIBKO HIPOKY
caemyeT 3aIIaTHTh 33 y4aCTHe B UI'Pe, YTOObI Urpa ObLia ClIpaBeIinBoi
(4robbl CpejHee 3HaYEHUE BHIUIPBILIA OKA3aJI0Ch paBHbiM ()7

[Tapamokc 3ak/09aeTcs B TOM, YTO MATEMATHIECKOE OXKUIAHUE BbI-
WCPBIIIA PABHO OECKOHEYHOCTH:

1 1 1
2. -+4-—+8 - -+...=14+14+1+... =
St4 g8 o +1+1+ 00,
T. €. DOJIBITIE JIFOOOTO BBHIMTPHIIIIA.

Crioco0bl paspeliennst TOro napajiokca MoKHO Haifty B [3] u [4].

Teopema 3.5. IIycmov y = f(x) — dynwyus, deticmeyrowan us R ¢ R,
a X — Juckpemnas cAy1atinaga 6eAudUNG ¢ BO3MONCHBIMUY 3HAYEHUAMUY
x; u eepoammnocmamu p; = P(X = x;), i = 1,2,... Toeda mamemamu-
weckoe oocudanue cayuatinot seauwunv, f(X) moorcem Ovoimob natideno
no gopmyae

M(f(X)) = Z F(@)pi, (3.3)

ECAU HUCA080T PAOD 8 NPABOT wacmu cLoOUMCEs a6CONOMHO.
s pynryuy om 06Yxr nepemerHvir Cnpasediuea GHAA0ZUYHAL POP-
MYNG:

M(f(X.)Y)) = Z faoy)P(X =z, Y =y;). (3.4)

33ror mapagoxc 6uu1 onybaumkosan Jamummiom Beprymnmm B 1738 r. 8 KomMmenTa-
pusix Caukr-Ilerepbyprckoit AkajeMun HayK.
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> JlokazkeM crpaseuBocTh dhopmyast (3.3). [peamnonokum, 4To BeIu-

auna Y = f(X) npunumaer 3nauenus y;, j = 1,2,... Cormacto ompe-
Jenennio GyHKIME OT ciydainoit senuannst, P(Y = y;) = > p;. Ha-

XOJUM MaTeMaTHU4eCKOe OXKHUlaHUEe:

:Zyjp(yzyj)zzyj ZPiZZ Zf(l'i)pi- (3.5)

Jooi flmi)=y; 7 i f(zi)=y;

Tak kak f —onno3naunas Gynkuus, 10 cymma (3.5) coBuajaer ¢ upasoi
qacThio opmysr (3.3).
CopasegyuBocTh opmysibt (3.4) JOKa3bIBAETC AHAJIOTUIHO. O

3.3.1 OcHoBHBIE cBoOliCcTBa
MAaTEeMAaTUYECKOI0 OXKMIAHUS

1. Eciu P(X =¢) =1, To M(X) =c.

M(X + ¢) = M(X) + ¢, eciu M(X) cymecrsyer.

M(c-X) =c¢-M(X), eciu M(X) cywecrsyer.

M(X +Y) =M(X) + M(Y), upu yciaosun, gro M(X) u M(Y) cymie-

CTBYIOT.
CaencrBue: M(X1+Xo+- -+ X,) = M(X7)+M(Xa)+- - -+ M(X,),
npu yeaosun, uro Bece M(X;) cymecTByior.

Caencrsue (cBoiictBo auHeitnocTn): ecin M(X) u M(Y') cymecrsy-
o1, o M(a- X 4+b-Y+¢)=a-MX)+b-MY)+c,tae a,b,ceR.

Lol

5. Ecim X m Y He3aBHCHMBI W UX MaTeMaTHIECKHE OKUIAHUSI CyIIe-

crytor, o M(X - Y) = M(X) - M(Y).

6. Eciiu M(X) u M(Y) cymecrsytor u X < Y upu sm060m ucxome K-
nepumenta, 10 M(X) < M(Y).
Caencrsue: eciv a < X < b, 10 a < M(X) <b.

Joxazamesvcmeo.
1. ITo onpeznenenuro Mmaremarudeckoro oxkunanus: M(X) =c-1=c.
2. CorsacHo ¢opmyue (3.3),

M(X—i—c):sz—i—c lepl—l—chz—M )+c- 1.
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3. Cornacuo dopwmyie (3.3),
X)= Zcxipi :c~2xipi =c-M(X).
4. Cornacuo dopwmyie (3.4),
MX +Y) =) (i +y;) - P(X =2, Y = ;).
,J

Bseznem oboznauenue p;; = P(X =x;, ¥ =y;). Torna
M(X +Y) wa + Z%pu = Z%pr + Zya 2 b
Bocuosibzosasiiucs dopmysinamu (3.1) u (3.2), nosyuaem

M(X +Y) = Zmz (X =)+ Y y;-P(Y =y,).
j

IlepBoe crencrBue sBasiercs 0600IIEHNEeM CBOMCTBA 4 HA CIydaii mpo-
M3BOJIBHOI'O KOJIMYECTBA CJIaraeMbiX. JJOKa3bIBAeTCst METOIOM MATEMATH-
YeCKON MHIYKIIWU TIO 7.

CropaBeyIuBOCTH BTOPOTO CJIEACTBUSA (JIMHEHHOCTD MATEMATHIECKOrO
OXKUJJAHUsI) BBITEKAET U3 CBOcTB 1, 2, 3 u 4.

5. Jlyist HE3ABUCUMBIX CJIYYANHBIX BEJTUIUH BBITOTHSIOTCS PABEHCTBA

P(X=ua;, Y =y;) =P(X =2;) - P(Y = y;). Taxum o6pasom,
szy] X=z,Y=y)=
72% X =) y;-P(Y =y;) = M(X) - M(Y).
J

6. PaccmorpuM BCcioMoraTenbHYO CIydaiHyto Benmnauny Z = Y — X.
Tak kak X <Y, 10 Z > 0. Kpome Toro, B cuity cBoiicTBa JIMHEHHOCTH,
M(Z) = MY — X) = M(Y) — M(X). Takum 06pa3om, JOCTATOUHO 110~
Kazarh, uro n3 Z > 0 caexyer M(Z) > 0. Ho aTo oueBnaHO, Tak Kak
n3 ycsoBust Z > 0 ciielyeT HEOTPHUIIATEIBLHOCTD BCEX CJIATaeMbIX CYyMMBbI
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Ecnu pacemorpers Y = b (BBIPOKICHHYIO CIyYaiiHYIO BEJIUIUHY ), TO
3 X < b caegyer M(X) < M(b) = b. Ananornuno, n3 a < X cienyer
a < M(X). O

3agauva 52. OgHO U3 ATbTEPHATUBHBIX OMPEIEIEHII BBITYKJIOH (DyHK-
muu caenywomiee. Pyuxius y = f () HA3bIBaeTCH 66NYKA0T 6HUS, €CIH
4epes J100y10 TouKy (xo, f(z0)) €€ rpaduka MOXKHO IPOBECTH HPIAMYIO
TaKuM 00pa30M, 4TO Bechb rpaduk QpyHKImU f OKaxKeTCs He HUKe 3TOM
npsamoit*. JIpyruMu coBaMu, s KasKI0TO &g MOYKHO TOI00paTh KO-
dburment k = k(xp) Tak, uro Hepasenctso f(z) > f(xo) + k- (x — zg)
BBITOJIHEHO JIJI BCEX & W3 00JIaCTH ONpeaeeHus OyHKITIH.

TTosb3ysCh ITUM OLPEIeIeHIEM, JOKA3ATh HEPABEHCTBO Mencena®.

FM(X)) < M(f(X)),
e pyHKmusS f BBITYKJIa BHHA3.

Onpenenenune 3.6. Bynem roBoputh, ato X boavwe Y no sepoammo-
emu, ecn P(X >Y) > 1/2.

MoxKHO 10Ka3aTh, 9TO ecau X 00mbIe Y 10 BEpOSTHOCTH, TO He 00s-

zarenpao M(X) > M(Y).

IIpumep 53 (1apaJOKC TPAH3UTUBHOCTHU). 3aHYMEPYEM IDAHU TPEX Wl-
pasbHbIX Kocreil yuciaamu 1, 2, ..., 18 caexyroumm obpazom [3]:

I'panu nepsoit kocru: 5, 7, 8, 9, 10, 18.
I'pamm BTOpPOIt KOCTH: 2, 3, 4, 15, 16, 17.
I'panu Tperneit kocru: 1, 6, 11, 12, 13, 14.

IIycts X7 —uuciio, BBIABIIEE TPU OPOCAHUU MEPBOI KOCTH, Xo —
BTOpPO#, X3 — TpeTbeii.

Jlerko nposepsiercs, uro M(X;) = M(X2) = M(X3). Eciu ke cpas-
HUBATH TU CIyYaiiHble BEJMUUHBI MO BEPOSITHOCTH (OCTABISEM 3TO B
Ka4eCcTBE YIPAKHEHUs YATATEII0), TO OKA3bIBAETCs, 9T0 X1 Gosbine Xo,
X5 Oompite X3, Ho X3 Oosbime Xp. T.e. Takoit cmocod cpaBHEHHS He
00J1a/1aeT CBOWCTBOM TPAH3UTUBHOCTH.

4Taxas TpsAMas HA3BIBAETCA OTOPHOM.
5Woran Jlroxeur Bruumam Bamsgemap Mencen (1859-1925) — naTckmit MaTeMaTuk
U MHIKEHEp.
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3.3.2 IIpumepsl BLIYUCIECHUS
MaTeMAaTHYeCKIX OXKHUIAHMI

ITpumep 54. Ilycrs X pacrpemenera mo OMHOMUAIHLHOMY 3aKOHY C Ma-
pameTpamMu n u p, T.e. X — YUCJIO0 YCIEXOB B N UCIBITAHUSAX Bepmysin.
Paccmorpum BcmoMoraTeIbHbIE CIIyYAiHBIE BEIUIUHBI X ) — YUCIIO
ycrnexoB B k-m ucnbiranuu, k = 1,2,... n. Takum obpaszom,
Xk 0 1
Pll-p|p
3amMeTnm, 4TO 00IIEee IUCI0 YCIexXoB X MOXKHO MPEJICTABATH B BUIE CyM-

MbI
X=X +Xo+...+ X,

ITo cBoiicTBY MAaTEMATHIECKOrO OKUAAHHS CYMMBI,
M(X) =M(X1+...+ X,,) = M(X1) + ... + M(X,,).
Tak kak M(X;) =0-(1—p)+1-p=p, To M(X) = np.

IIpumep 55. Ilycts Y pacmpenenena mo 3akony Ilyaccona ¢ mapamer-
pom \. Torma

e )\k . e )\kfl .

k=0 =
B Bamena: R L
Tliz=k—1,k=i+1 —AZHQ '

X i
Cymma Y )Z.‘—!e_)‘ €CTb He 4TO MHOe, KaK CyMMa BEePOATHOCTeH ajd pac-
i=0
npepenenus [lyaccona, a 3uagut, ona papaa eaunuie. CieoBaTebHO,
M(Y) = A
IIpumep 56. Ilycts Z pacmpeiesieHa IO T€OMETPUIECKOMY 3aKOHY C
mapamerpom p. Torma

oo

M(Z) =Y k" 'p=p> k¢" " (3.6)
P P
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o0 o0
Haiizem > kq"~!. I sT0r0 mponnTerpupyem crenensoit pag > kax* L.
k=1 k=1
(B 6a30BOM KypCe MATEMATHYECKOTO AHAIN3A JOKA3BIBAETCS, 9TO BHYT-

pH WHTepBajla CXOIMMOCTH® 3HAKH HHTETPUPOBAHHSA W CYyMMHPOBAHIS

MOZKHO MEHSTh MECTaMM. )

I k1 _Oo/q k—1 :Ook:L
/Oka dx ;Okzm dx ;q ¢

k=1

Torua

oo /

_ q 1 1
E kq" 1< ) = ——
— l-q), (—-¢? p?

[Moxcrasnsa B (3.6), noaydaem

3.4 lucnepcus
JUCKPETHOI CJIyYallHON BeJIMYIUHbI
Kpowme cpenmero 3madenns, 9acToO MOJIE3HO YMETH OTEHUBATH TTUPHU-

Hy pa3bpoca CiIydaifHoil BeauduHbl. PaccMOTpPUM B Ka4eCTBE MPUMEPA
cay4daiiHbie BeTudnHbl X U Y:

X| 2 ]34 Y| |-3]0]3
P1/6]2/3]1/6 P

Ux wmnozoyzorvruryu pacnpedesenus mzobpazkensl na puc. 3.1. Bugno,
910 pa3bpoc ciaydaiiHoil BeMIuHbl Y sABHO OoJibIne, dem y X.

3ameTum, 4TO MIUPUHA Pazbpoca CaydaifHON BETUIMHBI HUKAK HE 3a-
BHCUT OT €€ MaTeMaTUYeCKOro OXKuJaHus. B dacTHOCTH, MareMarude-
CKOe OXKUIAHWE CIyYalHON BeIUYWHBI Y, m300parkeHHO# Ha puc. 3.1,
pasuo 0, 9TO HE MermmaeT eif ObITh OoJiee pa3dpocanHoil, vem X .

oo
63aech mMer mosp3yemcs Tem, uTo pax Y. kxF 1 cxommres mpm x € (—1,1).
k=1
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Di Di

2 I I
3 | 1 |
1 | 2 Y |
E | |
| |
l | |
8 ! 1 ‘
% L 20(Y) n‘
| | | |
1 1 1 1

O 1 2 3 4 T 3 2 -1 0 1 2 3 Yi

Puc. 3.1. lllupuna pazdbpoca ciaygaiimnoit Beauausbr X
3HAYUTEILHO MEHbIIe, YeM y Y

Omnpenenenne 3.7. Cayuaiinas senmnunna X — M X nasbiBaercs om-
KAOHEHUEM BEAUNUHBL X O C60€20 MATNEMATMUYECKO20 0AHCUIGHUA, NI
UYEHMPUPOBAHHOT, CAYYATIHOT BEAUNUHOU.

W3 oupejenenus cjaepayer, 4T0 MareMaTUudecKOe OKUJIAHUE LEeHTPU-
POBAHHOI cIy4ailHON BeTM4YuHbI paBHO 0.

EcrecTBennoit Mmepoit pa3dpoca cIy4aiiHOi BeIUIUHbI ABJISETCH CPE/I-
Hee 3HAYEeHHe ADCOMIOTHON BETWIMHBI OTKJIOHEHUS: M|X -MX | Ono
HasbIBaeTCd cpednum omrasoneruem. Ho 10 psay HpUYMH TAKOH CIIO-
cob n3Mepenus pa3bpoca OKA3LIBACTCSA HEYIOOHBIM. AJTETepHATUBON eMy
CJIy2KaT JUCIEPCUsT U CPETHEKBAIPATUIECKOE OTKIOHEHHE.

Onpenenenune 3.8. Jucnepcus D(X) ciydaiinoii Besmaunbl X Bblauc-
nsercs 1o gopmyiae’

D(X) =M ((X - MX)?). (3.7)

Omnpenenenne 3.9. Cpednexeadpamuueckoe ommaonenued o(X) ciy-
vaitnoil Besmunnbl X paBHO KOPHIO u3 eé gucnepcuu D(X).

IIpumep 57. HaiitTu cpemrexkBagpaTriiecKoe OTKJIOHEHNE YUCTIA OTKOB,
BBINMABIIUX NP OHOKPATHOM OPOCAHUYU WTPAIHHON KOCTH.

"B aHTIOA3BIYHON JIMTEpATYpe MCTOoNB3yeTcst obosmauenme Var(X) or amr.
variance.

8Mcronk3yI0Test TaKIKe HA3BAHWUS CMGHOGPMHOE OMKAOHEHUE W CMAHOGPMHbLE
pa3bpoc.
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Pewenue. ObozHaunm yepe3 X dUHUCIO OYKOB, BHIMABIINX HA WUTPAIBLHOMN
koctu. Torma

1 1
MX=1--42-Z4...+6-> =35
sT2t ,

Haxoaum mucnepcuio:

> , 1 , 1 ,1 35
DX=MX-MX) =(1-3,5)"-=+(2-3,5)"-=+.. . +(6-3,5)" = = —.
( )" = (1-35)%c+(2-35) o+ +(6-35)" ¢ = 15
Cpeanexsanparudeckoe orkiaonenue o(X) =+vD X ~ 1,71 O

3agauya 58. [IpuBectu mpumep CiIydaiiHON BemanHbl X , MaTEMaTHAIE-
CKO€ OKHJaHue KOTOPOil CyIecTByeT U KOHEYHO, a JUCIEPCUdA He CYIIle-
CTBYeT.

3amaua 59. g Kaxkg0ro HATyPaIbHOTO 7 MPUBECTH IIPUMED CIIyIaii-
HOIt Besimuunbl X, Takoii, uro o(X,) = n- M|Xn -M Xn| > 0 (cpenuee
OTKJIOHEHHE B 7L Pa3 MEHbILE CPEJHEKBAAPATUIECKOLO).
3.4.1 CsoiicTBa mucnepcuu
Bo muOrux ciydasx aucnepcuio ynoOHee BhIYUCISITh TaK.
Dopmyia s AUCTEPCUMN.
DX =M (X?) - (MX)>. (3.8)

> Ilonoxkum mysa ymobersa ¢ = M X u BOCIoIb3yeMcst CBOMCTBOM JIMHEH-
HOCTU MATEMATHIECKOTO OXKUTAHUS:

DX=MX-¢)?=M(X?-2cX +%) =
= I\/I(X2) —2cMX +%=M (XQ) — 2.
IlepeunciiuM OCHOBHBIE CBOMCTBA AUCIIE€PCHU:
1. DX > 0 Bcerna.

2. Jlucriepcust KOHCTAHTBI (BBIPOXKAEHHOM CIIydaiiHOi BEJIMYUHBI) DABHA,
0. Bepro u obparroe: DX = 0 Toabko ecim X BBIPOKIEHA, T.e€.
P(X = ¢) = 1 ansa wekoroporo mnocroguuoro ¢ € R.
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3. D(c-X)=¢c?-DX.
4. BseneMm obo3HadeHue
cov(X,Y)=M(X -Y)-MX - -MY.

Torna
D(X+Y)=D(X)+D(Y)+2cov(X,Y). (3.9)

5. Ecom X u Y mesasucumsbl, To D(X +Y) = D(X) 4+ D(Y).

Joxasamesvcmeo.

1. CopasegnuBocts HepaserncTBa D X > 0 ciemyer u3 TOTO, 9TO AUC-
IepCcusa eCTh MATEeMAaTHUIeCKOe OXKHUJIAHWE HEOTPULATEJbHON CIIydaiHOoi
pesmuunbl Y = (X — M X)2

2. Ilycrb ¢ — koucranta, Torna D(c) = M(c — M¢)? = M(0) = 0.

IIpenmonoxum reneps, uro D X = 0. To ectp MmaTemaruyueckoe oxku-
JlaHne HeOTPHIATETbHOM caydaitnoit sesmaunbl Y = (X — M X)? pasno
Hys0. Ho 510 Bo3MOXKHO, Tosbko ecn P(Y > 0) = 0 (nnave MY > 0,
TaK Kak OmHO u3 cjaraembix B MY Gosbiie myss). CiiemoBareabHO,
PX=MX)=1.

3.D(cX) = M(cX-M(cX))? = M(A(X-MX)?) = EM(X-M X)2.

4. Bocnonb3yemes dopmyaoit (3.8):

DX =MX+Y)? - (MX+Y))?=
=M (X2 +2XY +Y?) - (MX +MY)* =
=MX?24+2M(XY)+MY? - (MX)?-2MX MY — (MY)Z2
Ocraercs 3ameruts, yto M X2 -~ (MX)2=DXuMY2—-(MY)?=DY.
5. Cornacuo dopmyire (3.9) moctaTouHo okazarh, 4to cov(X,Y) = 0

And He3aBucuMbix X u Y. HelicrButenbuo, ecan X u Y HE3aBUCUMBI, TO-

rJia, MO CBOMCTBY 5 MareMarwdeckoro oxumanus, M(XY) = MX MY.
O

Caencreue 1. D(X +C)=DX.

CuencrBue 2. D(X —Y)=DX + DY ansa nesaBucumbix X u Y.
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Ciuencreue 3. [ljisi HE3ABUCUMBIX B COBOKYITHOCTH CJIyYaWHBIX BEJIU-
ane X1, Xo, ..., X, BepHa dopmyia

D(X1+Xo+...4+X,)=DX; +DXo+...+DX,. (3.10)

Bagadga 60. Jokasars, uro dopmyda (3.10) cupaseiuBa Jijis HOIAPHO
HE3aBUCUMBIX CJIyYafHbIX BEJIMYMH.

W3 ceoiicTs JUCIIEPCUU BBITEKAIOT cBolicTBa cpeaHeKBaTpaTu4ie-
CKOI'O OTKJIOHE€HUHA:

1. o(c) =0.
2. 0(X +¢) =o(X).

3. o(c-X) =] -o(X).

3.4.2 IIpumepbl BLIYNCJIEHNSA ANCIIEPCUNI

IIpumep 61. Haiinem aucnepcuio caydailHON BeTMIUHBI X, pacrupee-
JIEHHOH TI0 OMHOMHATLHOMY 3aKOHY C ITapaMeTPaMH 1. U P.

HeiicTBYd MO aHAJIOTHH € TpUMEPOM H4, mpeicTaBuM X B BUJIE CYyMMBbI
X1+ Xo+...+X,, rae X; paBHO YHCIY YCIIEXOB B ¢-M UCIObITaHUH. Tak
KakK ClydaiiHble BeTUIuHbl X1, ..., X, HE3ABUCUMBbI, TO

DX=DX,+DXy+...+DX,,.
Tak xak D X; = M X2 — (M X;)?2 = p —p?, o DX = np(1 — p) = npq.

IIpumep 62. Ilycrs Y pacupenenena mo 3akony Ilyaccona ¢ mapamer-
pom A.

Haiinem DY, BoCHOIb30BABIIMCH PACCYXKIEHUSIMA U3 IPUMEPA 5D U
dbopmyaoit (3.8):

o0 )\k _ o0 k 3
M(Y2) = Z’“QE A= (ke -1)+ k)Tre A
k=0 k=0
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HOCJ’IGZLHHH CyMMa eCTh HE€ YTO WHOE, KaK MaTeMaTUYIeCKOe OXKUIaHue

MY = \. Takum obpa3om,

2y _ R RARPEED _ Y _
M(Y?) = k(k e +>\—Z(k_2)!e + A=
k=0 k=2
o BaMeHa: N2 > )\Z —\ 2
— z':k;—2,k:i+2‘/\ ;Z_—!e + A=A 4\
CrenoBareapHO,

DY =M(Y?) = (MY)2 = X2+ X — ) 2 =\

IIpumep 63. Ilycth Z pacmpeniesieHa IO TEOMETPUIECKOMY 3aKOHY C

mapaMeTpoMm p.

s naxoxkjenus aucnepcuu Z Bocnosb3yemcs (opmydnoit (3.8) u

npumepom 56.

(oo} oo
M(ZQ) — Zquk—lp — pz quk—l.
k=1 k=1

oo
ITpounTerpupyemM CTENeHHOH P » k2ah—1:

k=1
a o
/Z Kokl de = Z / Kokt de =
5 k=1 k=17
o0 oo
N I
k=1 k=1
o0
B upumepe 56 6bu1a nosydena dopmymna Y. kgl = ﬁ.
TEJIbHO, k=t
Z Krak=ldx = ¢ .
— )2
Tt (1—4q)
Torna

iquk—1:< q >’: l+qg _1+g
= 1-9?/, (A-¢q?® p

Cnenosa-
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Ilonsemem uTor:

1+g¢ 1 q

P pr p?

DZ=M(Z%-(MZ)?*=p

3.5 KoBapuanus
1 K03 duimmeHT Koppeadaiun

Paccmorpensbie panee MaTeMaTHIecKoe OKUATAHAE U JUCIEPCUS sIB-
JAI0TCA YUCAOBBIMHU XapPAKTEPUCTUKAMU OTAEJILHOM CIydaiiHOl Beandn-
HBI ¥ JAIOT 0011y 0 nH(MOPMAIINIO O XapaKTepe pacripeaeaeHus. B ranaom
pa3/iejie OMUCAHbI YUCIOBbIE XapaKTEPUCTUKH, KOTOPbIE ITPA HEKOTOPBIX
YCIOBUAX MOTYT UCIIOIB30BATHCA KAK WHANKATOPHI 3aBUCUMOCTH WJIN MO~
Ka3aTesl CUAJIbL CBA3U MEK/Iy CIyJYaiiHbIMU BEJIMIMHAMMU.

3.5.1 KoBapunanusa

Bbiue, upu HaxoxeHun aucuepcun cyMmbl (CM. cBOHCTBO 4), GbLI0
BBEJIEHO 0DO3HATEHIE

cov(X,Y) =M(XY)-MX -MY. (3.11)

Ora yucnoBas GyHKIM HA3BIBAETCH KOBAPUAUUET CITyIANHBIX BEJIUIUH
X n Y u xapakrepusyer cTemeHb 3aBucCuMOcTd X u Y.

OrMerum TakKe, 4To Jjisd HE3ABUCUMBbIX CJlydaiiubix Besmaud X u Y
MATEMATHIECKOEe OXKUJIAHUE UX TPOU3BEICHUS PABHO MIPOU3BEICHUIO Ma-
TeMaTHYeCKUX oxkumanuii (cBoiicTo 5): M(XY) = M(X)-M(Y), orkyza
caepyer cov(X,Y) = 0 (1o ecTh HE3aBUCHMBIE CIydYailHble BEJIUYUHBI
006J1aJAI0T HYJIeBOIl KoBapualueii).

Kosapuanuto cy9aiiHbIX BETUYUH MOYKHO ONPEIETUTh U HHAYE.

Omnpenenenne 3.10. Kopapuamnueit ciygaiiubix Beaudna X u Y Ha3bI-
BAETCS YNCIIOBAs XapaKTEPUCTHKA, OTTpeeisieMast CIeAYIONM 00pa3oM:

cov(X,Y) = M((X — MX)(Y —=MY)). (3.12)

Wnave ToBopsi, KOBapHaIlusa — 3TO MAaTEMATHUIECKOe OKUJAHUE TTPO-
M3BE/IEHUs [IEHTPUPOBAHHBIX CJIYIANHBIX BEJIUIUH.
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Teopema 3.11. Onpedesernua (3.11) u (3.12) sxeusasermiiol.

Joxazameavcmeo. Pacemorpum dopmyay (3.12) u paBHOCHIBHBIMU MPE-
obpasoBanusiMu BbiBegeM u3 Hee (opmyiny (3.11). s ymoberBa mpome-
JKYTOUHBIX BRIYUCTEHUI BBemeMm obozHadenus: M X =a, MY = b.
cov(X,Y) = M((X -MX)(Y - MY)) = M((X —a)(Y — b)) =
= M(XY —aY —bX +ab) =
M(XY)—-aMY —bMX +ab=
M(XY)—ab—ba+ab=MXY)-MX MY.

O

HemnocpencrBeHHO U3 CBOICTB MaTeMATHIECKOrO OXKHUIAHHUSA W JIHAC-
TePCUN BBIBOJIATCS CBOICTBa KOBapuaIlum:

1. Eciim X n Y Hesasucumbl, 1o cov(X,Y) =

2. cov(X,Y) = cov(Y, X).

3. cov(X,X) = DX.

4. cov(aX,bY) = abcov(X,Y).

5. cov(X +a,Y +b) = cov(X,Y).

6. cov(c,Y) =

7. cov(X + Z,Y) = cov(X,Y) + cov(Z, Y).

st moKazaTenbcTBa JAHHBIX CBOMCTB Oy/IeM MCIOIb30BATD TOKA3AH-
Hble paHee CBOMCTBA MATEMATHIECKOTO OKUIAHUS.

Zoxazameavcmeo.

1. Tax Kak MaTeMaTHIECKOEe OXKUIAHNE TTPOU3BEICHNUS HE3ABUCHMBIX
CIIyYalHBIX BEJINYNH PABHO MPOU3BEIECHUIO UX MATEMATHIECCKUX OXKAJA-
HUH, TO

cov(X,Y)=MXY) - MX MY =MX MY -MX MY =0.
2. Crenyer u3 onpeesieHnss KOBAPUAIIUN:

cov(X,Y) =M(XY)-MX MY = M(YX) = MY MX = cov(Y, X).
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3.cov(X, X)=MX -X) - MXMX=MX?-(MX)?2=DX.

4. Bocoosib3yeMcsa TeM, 9TO IPU YMHOXKEHHH CIyJaifHOH BeIHMINHBI
Ha KOHCTAHTY €€ MaTeMaTHdecKoe OKUJaHWe TOXKe YMHOXKaeTcd Ha 3Ty
KOHCTAHTY:

cov(aX,bY) = M((aX)(bY)) — M(aX) M(BY) =

=M(abXY)— (a MX)(bMY) =
=abM(XY)—abMX MY = ab cov(X,Y).

5. 31ech Oy1eM HCXOAUTH W3 BTOPOTO ONPEIEJICHUs KOBAPUAIIIN:

cov(X+a,Y+b):M((XJrafM(X+a))(Y+be(Y+b))) -

“M((X+a-MX —a)(Y +b—MY — b)) =
=MX -MX)(Y —MY) =cov(X,Y).

6. cov(c,Y) =M(cY) = McMY =cMY —cMY =0.

7. Tak Kak MaTeMaTHYeCKOe OKUJAHNE CYMMBI CJIyYaNHbIX BEJTUIIH
PaBHO CyMMe UX MaTeMaTUYeCKUX OKUIAHUH, ITOTydInM:

cov(X + Z,Y) = M((X + 2)Y) = M(X + Z)MY =
—M(XY +2Y) -~ (MX +MZ)MY =
= M(XY)+M(ZY) ~MXMY —MZMY =
= (M(XY)=MXMY)+ (M(ZY) - MZMY) =
=cov(X,Y) + cov(Z,Y).

OrmeTnM TakKe, YTO JAHHOE CBONCTBO MOXKHO OOOOIIMWTE HA, CJTYUaii
MIPOU3BOJILHOTO KOJUYECTBA CJIATAeMbIX:

cov( X1+ Xo+ 4+ X, Vi + Yo 4 - Zcov 5 Y5)

JlokazaTeabCcTBO JTaHHOTO ODOOIIEHHOTO CBONHCTBA TTPOBOINTCS aHa-
JIOTUYIHO TOMY, KaK 3TO OBLIO CJIEJAHO B CIIyYae JIBYX CJIAraeMbIX. O

3agauya 64. BoiBectu dopmysy s IMCHEPCHU CyMMbI HECKOJIbKHUX
CIIy4aiHbIX BEJIUYNH:

D (iXZ) :iicov(xi,x ZDX +2 ) cov(X;, X;).
=1

i=1 j=1 1<i<j<n
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Kak 0b110 CKa3aHO paHee, KOBAPUAINS XapPAKTEPU3YeT CTEMeHb 3a-
pucumoct X u Y. Bojee Toro, ObLIO TTOKA3aHO, ITO HEKOTOPHIE TIPE0d-
Pa30BaHUA CIyYalHBbIX BEJIMYUH HE BJINAIOT HA 3HAYEHHUE 3TON YUCIIOBOMR
XapaKTepUCTUKU: HanpumMep, u3 csoiicrsa cov(X +a,Y +b) = cov(X,Y)
CJIeyeT, 9TO Npu A00ABIIEHNN KOHCTAHT K CJIyYalHbIM BEJIMIMHAM KOBa-
pHaIys He MeHsieTCst (YTO JOBOJBHO PA3YMHO, BEJIb CTETEHb 3aBUCHMO-
ctu caydaitabix Bequyund X + 5 u Y — 3 mokHA ObITh TAKOM XKe, 9TO U
CTeNeHb 3aBUCHMOCTH BemanH X u Y).

B o xke Bpemst u3 dhopmyisl cov(a- X, b-Y) = ab-cov(X,Y) caenyer,
9TO BEIMYWHA KOBAPUAIINN 3aBUCHT OT KO3d dunnentos a u b. Ho ¢ Tou-
KU 3PEHHs 31PABOI0 CMbICJIA CTEIIEHb 3aBUCUMOCTHY, HAIIPUMED, CJLy4aii-
wbix Beqauund 2X u 3Y moikHa ObITh Takoil ke, kKak y X u Y. pyrumu
CJIOBAaMU, BBIOOD EIWHUI] W3MEPEeHWs MJid BeJuanH X u Y HE J0/IKEH
BJMSATH HA CTEMEHb WX 3aBucuMmocTu. Hambosiee ecTecTBEeHHBIN CIIOCOD
pelerust 3TOil MpobIeMbl PACCMATPUBACTC B CjemyomeM mnaparpade.

3.5.2 KosddunueHT koppeadiun
Haugnewm co BcriomoraresibHOrO onpenejIeHud.

Omnpegenenne 3.12. Chayuaiinas BeTUdInHA

X-MX
xr=""_"=
o(X)

HA3BIBACTCA HOPMUPOGAHHOT.
Bagaga 65. Jokaxure, uro M X* =0, a o(X*) =D X* = 1.

Onpenenenue 3.13. Kospduyuenm koppessyut CiydailHbIX BeTHIUH
X n Y omnpenensiercsa ¢popmystoit

B e cV(X,Y)  M(XY)-MX MY
Y] = oY) = RTov) ~  VbxpY

CaBoiicTBa K03(dduiimeHTa KOppeadaiiuu:

1. Ecnmu X n Y mesasucumsr, 1o p(X,Y) = 0.

2. p(X +a,Y+b) =pX,Y).
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3. p(aX,bY) = az‘p(X, Y) =sgn(ab) - p(X,Y) pm a,b # 0.

Jab]
4. p(X,X) =1

Jlokasamenvbecmeo.
1. Panee GbLIO JOKA3aHO, 9TO I HE3ABUCHMBIX CIIyYaiHbBIX BEJITIHH
X u 'Y Bbosnsercs caenyouee cgoiicrso: cov(X,Y) = 0. Toraa

cov(X,Y) 0

PXY) = R o)~ aX) o)

2. C yuerom coiict cov(X +a,Y +b) = cov(X,Y)no(X+c) = 0X,
MOJTy IaeM:
cov(X +a,Y +b) cov(X,Y)

pX+a, Y +b)= o(X+a)o(Y +b) - o(X)o(Y) = PXY).

3. AHAJIOrMYHO, C MCTOJIH30BAHUEM DaHee JTOKA3AHHBIX CBOWCTE KO-
Bapuanyun U CPEIHEKBAJIPATUICCKOTO OTKJIOHEHUA, TTOJIyIaeM:
cov(aX,bY) — abcov(X,Y)  ab
o(@X)o(®Y) ~ Jalo(X) [blo(Y) ~ Jab]”

p(aX,bY) = (X,Y).

Hamomunwm, uro dyHKIms sgn(x) npuanMaer 3Hadenune 1 mpu 2 > 0,
suauenne —1 nmpu z < 0 u 3uavenue 0 nmpu x = 0. Ecau a u b orsiwanst
or 0, To ‘Z—Zl = sgn(ab). Takum 00pazoM, eciu yMHOXKHUTH CJIydailHbIe
BesaumdrHbl X W Y Ha KOHCTAHTBHI OJHOIO 3HAKA, TO UX KOIMDPHUITEHT
KOPPEJISIIIUU HE U3MEHUTCS, & €CJU YMHOXKUThH HA KOHCTAHTHI PA3HBIX
3HAKOB, TO KO3 (DUIIMEHT KOPPEJIAINN IIOMEHseT 3HaK. AGCOMOTHAS Be-
muIuHa KOI(MMUIMEHTA KOPPESIUNA TPH STOM OCTAHETCS HEM3MEHHOM.

4. Cremyer 3 CBOWCTBA KOBAPUAINK U OMPEIEICHUs] CPETHEKBAIPA-
THUYECKOTO OTKJIOHEHWSI:

cov(X,X) DX

P X) = X e(X) DX

1. O

IIpumep 66 ([4]). IIycrs c.B. X npuenmaer 3Hadenns —2, —1, 1 u 2
¢ omuHakoBbiMu BepositHocTsaMu 1/4. Ilycrs Y = X2 (1.e. X u Y 3aBu-
cumsbl). ITokaxewm, 9ro p(X,Y) = 0.
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Jlerxo Boruncisiercs: MX =0 u MY = 5/2. B 10 e Bpems

1 1 1 1
MXY)=M(X?) = (-2 =+ (-1)* =+ 13— +2°. — =0.
(XY)=MX") =(=2)"-  + (=) +17- 7 +27- 7 =0

CrenmoBarensuo, cov(X,Y) =M(XY)-MX MY =0wu p(X,Y) =0.

Teopema 3.14 (o koadpdunuenre koppessuuu). Jai 400bx caywaii-
Hor seaunur X u Y 6epHo

p(X,Y) < 1.

Ipuuem |p(X,Y)| = 1 mozda u moavko mozda, Kozda nalidymesa wucaa
a#0 ub maxue, wmo Y = aX + b.

Loxazameavcmeo. Ilycts X™* m Y* —HOpMUpOBaHHBIE CTyYaiiHbIE Be-
smuausbl (a 3uauaur D X* = DY™* = 1). Torua, cornmacuo dopmyiie (3.9),

D(X* £ Y*) = D(X*) + D(Y*) £ 2 cov(X*,Y*) = i3
=2+2cov(X*, V") =2(1+p(X,Y)). (8:13)

Tak kak D(X* +Y™*) > 0 Bcerma, To CrpaBesINBHI HEPABEHCTRA,
1+p(X,Y)>20 u 1-p(X,Y)>0.

Otkyna
_]- < P(va) g ]-7
U IEPBOE yTBEPKJIEHUE TEOPEMbI JOKA3AHO.

Ecin Y = aX + b, To, cormacuo cBoiicrBam 2—4 ko3¢ duimenTa Kop-
peJidanun,
a

p(X,Y) = p(X,aX +b) = p(X,aX) = mp(XvX) ==+l

Ipeanonoxum rerepk, uto p(X,Y) = 1. Torma n3 dbopmyst (3.13)
cremyer D(X*—Y™*) = 0. A snaunT, pasnocts X * —Y* pasna’ HekoTOpOit
KOHCTaHTe ¢. JIpyrumu ciosamu,

X—MX_Y—MY_
cX oY B

9CTporo ToBOpH, ¢ BepPOATHOCTHIO 1.

C.
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Otkyna nomyuaem Y = aX + b, re

oY M X
= — b=MY — —— | oY.
a X’ (c + o X ) o
Ormerum, uro B 3rom ciyuae a > 0.
Anasiorununo gokasbisaercs, 4ro eciu p(X,Y)=—-1, 10 Y =aX +0b
JIJIst HEKOTODBIX a 1 b (mpudem a < 0). O

IIpumep 67. Ilycts X m Y — He3aBUCHMBIE, OIMHAKOBO PACTIPE/IETICH-
Hble CIIyYaiiHble Benduubl, u nycth Z = X + Y. Haiitn p(X, Z).

Pewenue. O6osnaunm mist yaoocrsa b=DX =DY (X u Y omunakoso
pachpe/ie/ieHbl, a 3HAYUT, WX JUCIEPCUH COBIAIAIOT). Bocmoab3yemcs
rem, uro cov(X,Y)=0u D(X 4+Y) =D X 4+ DY miua uesaBucumbix X
uy:

cov(X, X +Y cov(X,X) +cov(X,Y b+ 0 1
o(x,7) = <2 ) _cov(X, X)feov(X,¥) 540 _ 1

-~ J/DXDX+Y) V(b +D) W2 V2
O

3.6 @yHKIUA pacrnpeaejgeHus

Jlo HACTOANIErO0 MOMEHTA Pedb ILIa TOJbKO O JUCKPETHBLIX CJIydaii-
HBIX BEJMYMHAX, MHOXKECTBO 3HAYEHUIl KOTOPBHIX KOHEYHO JIMDO CUYETHO.
HawuboJiee ecrecTBeHHBIM CIIOCODOM OINKMCAHUST UX 3aKOHOB PaCIpejelie-
HUS SABJISAIOTCS PsAAbl pacnpenenenus. Jlasee mMbl OyaeM pacCMaTpUBATH
CJIyJaiiHbIe BEJIMYWHBI IPYTUX TUIIOB U JJIs OMUCAHUS UX PACIPEIETeHU
norpebytorcs apyrue moHATHA. B 4acTHOCTH, YHUBEPCATIBHBIM CIIOCO-
OOM OIIMCaHUsl 3aKOHA PACIIPe/Ie/IeHUs] CIy YaiiHOM BeJIMYMHbIL JIF0OOr0 TH-
1a sABJjsgercd (pyHKUus pacipe/ie/IeHus.

Onpenenenune 3.15. Pyuxyus Fx pacnpedesenus CIrydaitHON BeIUYIU-
Hbl X OIIPEeesieTCs COOTHOIIEHNEM

Fx(z)=P(X <x), rmezeR.

101\/[HO)K6CTBO 3HAYEHW HEeOAUCKPETHBIX cnyqaﬁme BEJIMYUH HECYECTHO U TIO3TOMY
He MOXKeT ObITh 3aIUCAHO B pag.
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Hanee, ecii U3 KOHTEKCTA SICHO, O KAKOU CAYyYaiHONW BEJIMINHE UIET
peUb, WU, €Cau pedb UAeT 00 OOIMMUX CBONCTBAX CAyJANHBIX BEJUYUNH,
MbI Oy/1eM TI0JIb30BaThCs 0bo3Hadennem F BmecTo Flx.

PaccMorpuM HECKOTBKO TIPUMEPOB.

Y

1t+--=-=-=-"=-"=-"=-"=-"=-"-"-"=-"-"=-"=-"-"-"=-"=-"=-=-= —_—
(o ——
3
2
(o ——
1|
2
o—e
1|
4
o

@ ? + + + + +

0] 1 2 3 4 5 6 z

Puc. 3.2. @ynxnusa pacupenenenus y = Fx(z) ana c.s. X,
PACTIPEIEIEHHON TT0 GMHOMUAIHFHOMY 3aKOHY
c mapamerpamu n =6 mwp = 1/2

IIpeamonoxxum, aro X pacmpemeseHa Mo OHHOMAATLHOMY 3aKOHY C
napamerpamu 1 u p. Torua, ogesuano, Fx(x) = P(X < x) = 0 nis Bcex
x < 0. Ecmu e x > n, 10 Fx(2) = P(X < z) = 1. 1 naxouer,

Fx(z)=) P(X =k), taek=0,1,...,n.
k<z

B nemnom rpaduk bynkunn Fx (z) npeacrasisier coboit CTYHEHYATYIO
JIMHUIO, [JIe BBICOTA k-# CTyneHbKH (OTHOCUTENBHO NPEAbLAYIIeH CTy-
mennkn) papaa P(X = k — 1) = C*pFg"~*. B wactrocTn, pas pacmpe-
nesenust X mig n= 6 u p = 1/2 umeer Bug

X|o|1]2|3|4]|5]6
Plalalalalalals

A rpadur coorBercTByIOIMIEH (GYHKINMA PaCTpeIeIeHus] TPUBEICH Ha,
puc. 3.2. Ha puc. 3.3 u306pakens! ere aBa npumMepa rpadukoB GyHKIHT
pacipeieieHus.
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) Yy
1 S 11
o

3 — 3

4 ° 4

1 1

3 . y = Fy(z) 3

1 1

it 1

Ol 1 2 3 4 5 6 7 2 O| a b X

Puc. 3.3. ®yukuu pacnpenenenus s C.B. Y,
PACIpeIesIeHHOM 10 TEOMETPUIECKOMY 3aKOHY € mapamerpoM p = 1/4,
¥ IS €. B. Z, PABHOMEDHO DACIIPEJIeJIEHHON Ha OTpe3ke [a, b]

Hemocpencrsenno u3 onpenesienust 3.15 u u3 CBOUCTB BEPOATHOCTH
BBIBOJSTCS CBOMCTBA (DYHKIIMK PaCIIpedeIeHUS:

1. 0 < F(x) < 1 Becerpa.

2. P(x; < X < a9) = Fx(x2) — Fx(x1), 1 < 2. B wacrHOCTH, OTCIOZA
caenyer, uTo F'x — HeyObIBaomas QyHKIHS.

3. F(4+00) =1, F(—o0) =0.

4. F menpepsiBHa cnesa:  lim  F(z) = F(xo).
rz—xo—0

Zoxasameavcmeo. 1. CBOICTBO BbITEKAET U3 ONpeeIeHns PyHKIIUN PaC-
[peJeneHus KaK BEPOATHOCTH HEKOTOPOro COOBITHS:

Fx(z) = P(X < z) € [0,1].

2. ITycrp x1 < x5. Torma cobbitne {X < 3} MOXKHO TIPENCTABATD B
BIJIE CYMMBI IBYX HECOBMECTHBIX COOBITHI:

{X<$2}:{X<$1}+{$1<X<$2}

CoOTBETCTBEHHO, /I BEPOATHOCTE STHX COOBITHI BBIOJIHEHO COOTHO-

FX(mg) (X<.Z‘2) :P({X<SL’1}+{$1 <X<$2}):

—P
:P(X<£L'1)+P(£L'1 <X<{E2):Fx(l'1)+P(l'1 <X<(E2)
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OTciona HEMOCPEICTBEHHO TIOIydaeM, 9TO
P(l‘l < X < 1‘2) = Fx(l‘g) — Fx(l‘l).

Ormerum, uTo Tak Kak Fy(z2) — Fx(z1) = Pz < X < x3) > 0,
to Fx(x9) 2 Fx(x1). Caenosaresnbuo, dbyukius Fy — HeyOblBaomas
(mecrporo Bo3pacrarouiasi).

3. U3 monOTOHHOCTH (CBOWCTBO 2) M OTPAHWYEHHOCTH CBEPXY W CHU-
3y (cBoiictBo 1) dbyukuuu Fx ciemyer, 4To y Heé CYIIECTBYIOT MPee bl
npu £ — 400 u x — —oo (no Teopeme Beitepirpacca). Ocranoch moka-
3aTh, 4TO 3TU Hpeaensl paBHbl 1 n 0 coorBercTBenHo. g 3Toro Gymem
HCIIOIB30BATH CJIEAYIOMMI MOAXO0/: PACCMOTPHM HOAXOSAILYIO IIOCIE 10
BaTeJbHOCTb Ty, — +00 (upu m — 00) u pokaxem, 4ro Fx(z,) — 1
(mpu n — 00), AHAJIOTUYHO I TIPEIEeSIa Ha —O00.

IMycrs 2, = —n — —o0 (mpu n — 00). PaccMoTpuM moC/Ie10BaTe b
HOCTb IOIAPHO HECOBMECTHBbIX coObituit Ay = {—k — 1 < X < —k}, ux
BeposTHOCTU OBo3HaduM 4epe3 pr, = P(—k — 1 < X < —k). Bamerum,

o0
9T0 cobbitne X < —1 packiazapiBaercs B cymMmmy: {X < —1} = > Ay,

k=1
O9TOMY

PX <-1)=P(> A | =D P(A)=> pi
k=1 k=1

k=1

o0
IMonyunmm, 9o Zpk—aTo cxonsmmiica (k P(X < —1)) paa, no-

k=1
oo

9TOMY €ro OCTAaTOK g pr cxomures K 0. 3aMeTuM, 9TO MMEHHO 3TO U

k=n
TpebOBAJIOCH:

Fx(zn) =P(X <x,) =P(X < —n) = Zpk — 0.
k=n

Awnasioruuno ass pokaszarenscrsa Fx(4+00) = 1 paccmorpum 1o-
CJIIOBATENBHOCTD L, = N — +00 (Ipu n — 00) W TOKAXKEM, UYTO
Fx(z,) = Fx(n) — 1. PaccMoTpuM Takyio TOCI€I0BATEILHOCTE TI0-
napHo HecoBMecTHBbIX coObituit Ay = {k < X < k + 1}, ux BeposaTHO-
cru oboznaumm uepes pr = P(k < X < k + 1), rakxke 3amerum, 4To
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{X =21} =3 Ag. Orciona
k=1

CHoBa nosrydaem, 9ro Zpk — 10 cxopsmuiica (kK P(X > 1)) pax, no-

k=1
oo

3TOMY €r0 OCTATOK g pr cxoaurcs K 0. Torma

k=n
P(X >n)= Zpk—>0.
k=n

CoorBercreenHo,
Fx(zp)=Fx(n)=P(X<n)=1-PX>2n)—-1-0=1
opu n — +00, 4TO U TPebOBAJIOCH JI0KA3AT.
4. CymecrsoBanue npenena Fx(xg—0) = lim OFX () crenyer u3
r—xro—
MOHOTOHHOCTH ¥ OTPAHMYEHHOCTH (DYHKINH Fx, MO3TOMY JOCTATOYHO
(Kax W TpW JOKA3aTENbCTBE CBOMCTBA 3) PACCMOTPETH MPOU3BOJILHYIO

HOIXOSANIYIO HOCTeI0BATENbHOCTD Ty — Lo — 0 (IpE n — 00) u ybe-
nurbes, uro Fx (x,) — Fx(zo).

Ilycte x, = x¢ — % Paccmorpum mocsienoBaTeibHOCTh OTIAPHO
1 1
HECOBMECTHBIX COOBITHIN A = {xo ) <X <z — T =

= {zr+1 € X < w1}, ux BepostHOCTH P = P(api1 < X < xy),
(&)

{zog —1< X <zo} = >, Ag. Hosromy
k=1

P(:EQ —1<X< .1'0) =P (iAk> = iP(Ak) = ipk.
k=1 k=1

k=1
oo
OTO CXOASIIMIACS P, TTOITOMY €r0 OCTATOK E pr cxomures k 0. Torma
k=n

Fx(l'o) — Fx({En) = P(l‘n < X < {L‘U) = Zpk — 07
k=n
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oTkyna cienyet, uto Fx (x,) — Fx(xg) mpu n — 00, 9T0 1 TpeGOBAIIOCH.

Omnpenenenne 3.16. Ciyuaiinas BeMIrHA HABBIBACTCH HENPEPHIEHOT,
€CJIN HeTPEePbhIBHA, €€ (DYHKINS paCIIpeIe/IeHuUs.

Hanpuwmep, ma puc. 3.3 uzobpaxken rpaduk QyHKIUH pacipeesre-
HHSI HEMPEPBIBHON CJIydYaiHON BeJIUYIUHBI /£, a TakxKe rpaduk QyHKImn
pactpeiesIeHns CIyvaitHoi BeTNIUHbBI Y, He ABJIAIONIEHCS HeMPEePbIBHOI.

5. Hus 11060it HenpepblBHON ciry4aiinoil Besumydunbl X u Jioboro x € R
BernosHeHo P(X = x) = 0.

ITocenree cBOMCTBO O3HAYMAET, UTO JIIOOOE CBOE 3HAYEHHE HETPEPHIB-
Has CAyYaiiHas BeJIMYWHA MPUHUMAET C HYJEBOH BEPOSTHOCTHIO. DTOT
dakT gBISETCS elne OIHOW NPUYMHON, MOYeMYy JJjIs HEKOTOPBIX CJIy-
JafHbIX BEJIMYUH HEIIPUEMJIIEM CITOCOD OMUCAHUS 3aKOHA PACIIPEIe/IeHUsT
B Bujie Tabimibl pacupezaesenus (T.e. B popMe lepeducjienust 3HadeHuii
U yKa3aHus BEPOSTHOCTEH, ¢ KOTOPbIMU 9TU 3HAYEHUs JOCTULAITCH).
Taxyke 71T HEMTPEPBIBHBIX CJYYANHBIX BEJIMYUH B CBOWCTBE 2 TDAHUIIBI
MIPOMEXKYTKOB MOYKHO ITPOM3BOJIBHO BKJIIOYATh WJIU HE BKJIOYATh B CO-
OTBETCTBYIOIIUN NHTEPBAJI:

Fx(xg)—FX(Qil) P( X<{,E2):
P(l’l < X )

P(.’El < X < 1'2)

Hoxazamensvcmeo. CsoiictBo 5 caepyer u3 GoJiee 00IIEro CBORCTBA IIPO-
U3BOJILHON CITyJaiHON BEJTMYWHBL: [IJIs JTF0O0TO IeHCTBUTEIHHOTO X

lim Fx({L‘) = Fx(.’L'0> + P(X = .’L'()).

rz—xo+0

lj1si 3TOro J0CTAaTOYHO AOKA3ATH, YTO

lim Pz < X <z)= lim (Fx(z)— Fx(z9)) =P(X = ).
z—xo+0 z—x0+0
CyrecTBOBaHME TIpeiesia ClIeAyeT U3 MOHOTOHHOCTH W OTPaHMIeHHO-
cru dyuknun Fx. [losromy, Kak u npu T0KA3aTEIHCTBE CBONCTB 3 U 4,
JIOCTATOYHO PACCMOTPETH MOIXOAANIYIO IOCIEA0BATEIbHOCTD Ty, — To+0
u JoKa3arh, 9410 P(rg < X < x,) = P(X = x).
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Bribepem xz,, = o + % W PacCMOTPUM TIOMAPHO HECOBMECTHBIE CO-

k+1 k
BEPOATHOCTU TPAIUIMOHHO 0003HauuM Kak pr = P(rpr1 < X < xp).

1 1
obTna A = {x0+<X<x0+} = {zp11 < X < ap}, ux

oo
Bamerum, uto {29 < X < xo+ 1} ={X =20} + ZAk, HO3TOMY
k=1

P((L’o<X<$0+1)_P<{X_£L'o}+iz4k> =

k=1

= P(X =m) + Y P(A) = P(X =20) + > pi-
k=1 k=1

Orcrona Zpk — 910 cxopanmiics (k P(zo < X < 29+1)—P(X = z0))

k=1
oo
Psi/I, IOTOMY €r0 OCTATOK E pr cxomures K 0. Tenepn ocranocs 3asep-
k=n

IIUTH JO0Ka3aTEJIbCTBO!:

Plzo< X <zp)=P ({X =z} + i{xk+1 <X < xk}> =

k=n

=P(X =x0) + Z Plagt1 < X < :L‘k) =
k=n

=P(X =x0)+ Y _pr— P(X =20) +0=P(X = x0).
k=n

s moka3aTeabCTBa UCXOTHOTO CBOWCTBA 5 JOCTATOYHO OTMETUTH,
q10 ecqim X — HEMpepbIBHAS CIydaiiHasd BEJIMIUHA, TO IO ONPEIETIEHUIO
Fx — nenpepoiBaas dyHkuus, nodromy lim  Fx(z) = Fx(xp), a To-

r—xo+0
rjia
P(X =x0) = lim Fx(z)— Fx(zo) = Fx(z0) — Fx(z9) = 0.
r—xo+0

OxkasbiBaercsi, CBOMCTB 3, 4 U CBOWCTBA MOHOTOHHOCTH JIOCTATOYHO
JIJIsE TOTO, YTOOBI COOTBETCTBYIOIIAst (DyHKINS OKa3aIach pyHKImeir pac-
npeliesleHud HEKOTOPO# CiydailHON BeJIWnYUHBI.
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Teopema 3.17. Qynryua F : R — R asasemca dynrxyuet pacnpede-
AEHUA HEKOMOPOT CAYUATUHOT BEAUNUHD, M02da U MOALKO Mmo2da, Koz2da
BUNOAHAIOMCA CAIYOULUE C80TUCTNBA:

1. F neyboi6a10uas na 6cel 4ucao80l 0cu.
2. F(4o00) =1, F(—00) =0.
3. F nenpepuiena caesa.

3agavya 68. OGparuM BHMUMAaHHE HA TO, 9TO TpadUK JAUCKPETHON CITy-
YaflHO! BeJIMYUHBL IPe/CTaBider COOO CTYNeHYaTyio JuHuio (CM. PUC.
3.2 u 3.3), e JJMHA CIYLIEHU DABHA PACCTOAHUIO MEXKJly COCEAHUMU
3HAYEHUAMHU CIYJYailHON BeTuanuHbl. [Ipr 3TOM Kpaiinue CTymeHn Ha pHC.
3.2 u 3.3 umeror Oeckoneunyio juny. IlompoOyiiTe mpuBecTu mpumMep
JUCKPETHON CJIy4YallHON BEJIWYHWHBI, BCE CTYIIEHW KOTOPOl MMEIT IJIu-
my 1.

3.7 IlmoTrHOCTBH pacrpeaesieHus

Omnpegenenne 3.18. Coyuaiinas Besnunna X HaA3bIBACTCI GOCOANTNHO
HenpepueHoti, eciu Haiimercs GyHKIUA fx Takas, ITO

Fx(z) = / fx()dt,  VoeR.

Ota dyHKIMA fx HA3BIBAETCI NAOMHOCTBLI0 PacnpedeseHus CIydaiHoi
BeImYnHBL X .

W3 onpenenenus ciemyer, 9To 71 aOCOTIOTHO HEMTPEPHIBHOM CITyIaii-
ot BesmumHbl X ee (yHKIMS pacmpenenenus Fx sBISeTCs KyCOIHO

muddepeHupyeMoit u

fx(z) = Fx(z)  nournm scromy*t.

HTepMuH «HOYTH BCIOAY» MOAPA3YyMEBAET, UTO JAHHOE PABEHCTBO BLIIOJIHIETCS
JUTST BCEX X, KPpOMe, OBITh MOYXKET, MHOXKeCTBa Touek Mepsl 0. Hanmpuwmep, momyctumo,
qTo6bl (byHKIUsT pacnpesenenus Obiia HeauddepeHIupyeMoil B HECKOJIBKAX TOYKAX
WIN JTaXKe B CUETHOM MHOXKECTBE TOYEK.
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Hasee 6ymem mob30BaThcs obo3nateneM f BMecTo fx, eCan u3 KOH-
TEKCTa sICHO, O KAKOW CJIyJaiiHON BEJIMYWHE UIET Pedb, UJIU BHIOOD CIIy-
YaliHOI BEJINYUHBI HE UMEET 3HAYECHUS.

3 ompenenenns MIOTHOCTH U U3 CBONCTB (DYHKITUU PACIIPEIeIeHNUsT
BBIBOJSATCS CBOMCTBA IJIOTHOCTH paclpeaeseHus:

1. f(x) > 0 nns Beex « € R.
T2
2. Play < X < 9) = /fX(a:) da.
x1

3. /f(x)dx: 1.

3.7.1 JlokajJgbHBI CMBICJ IIJIOTHOCTH

IIpuBenérHOE BBITIIE CBOMCTBO 2 TIJIOTHOCTH PACTIPEIETIEHUS CITydaii-
HOI BeJIMYUHBL JAE6T HaM BO3MOXKHOCTD BBIUUC/IATH BEPOATHOCTD IIOIIA/1a-
HES aOCOTIOTHO HEIPEPHIBHOM C/Iy9aiiHON BETMYINHDI B 33 IaHHBIN HHTEP-
Baut. s 3TOro OCTATOYHO B3ATHh MHTErPAJI OT IJIOTHOCTH PACIIPE/Iesie-
HUs [10 YTOMY MHTEpBaJly (MM, 4TO TO XK€ CAMOE, BbIYUCIUTH LJIOIA/Ib
noarpaduKa MIOTHOCTH PACTIPEIE/ICHNs Ha 33JaHHOM HHTEpBase). B 1o
2Ke BpeMs, CaMO 3Ha4ueHue IJIOTHOCTU pacupeesieHnd B KOHKPETHOR TO4-
K€ JIJIs HAC MOKa, HE HECET HUKAKOM CMbICJIOBOI HAIPY3KU (B CAMOM JeJie,
u3 coorHomeHnit fx (zg) = 10 mnu fx (xg) = 0,4 MBI MOKA HE MOXKEM Cie-
JlaTh HUKAaKUX BbiBOAOB). OTBET HA BOIPOC, KAKOIl 2Ke MaTeMaTu4ecKuil
CMBICJI HECET 3HAYEHME IJIOTHOCTU DPACHPEJIeJIEHUs B 3aJaHHON TOYKeE,
JAET ClIeIyIoNad TeopeMa O JOKAJIBbHOM CMBICJE IJIOTHOCTH.

Teopema 3.19. IIycmov X — abcortommo HENPEPHIBHAA CAYHATIHAA Be-
aunune, fx(x) — eé naommnocms pacnpedesenus, HENPEPHEHAA 6 MOwKe
xo. IHyemos maxorce As(z9) = {x : |z — 20| < §} — unmepsan ¢ yenmpom
6 mouke To (wupuna unmepsasa pasta |As(xo)| = 26). Toeda

i P(X € As(z0))
|[As(z0)|—0  |As(z0)]

= fx(xo).

HecmoTps Ha HECKOIBKO MyTAMONIYI0 (DOPMYIUPOBKY, ITO yTBEPIK,I€-
HIE MOXKeT OBITH epedOpPMYIUPOBAHO H60Iee MPOCTHIMHU CTOBAMU: TLJIOT-
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HOCTB PACIPEIETIEHNUS CIYIANHON BEJIUYNHBI B TOUKE — 3TO «IIPUOIU3H-
TeJbHO» OTHOIIEHWE BEPOATHOCTH IONAJAHUA CIYy4YalHOIl BEJIWYNHBI B
MaJIyl0 OKPEeCTHOCTH JAHHONW TOYKU K JJINHE 3To# oKpecTHOCTH. Tod-
HO TaKUM 2Ke 00pa30M Ompezessercs, HaIpuMep, JTOKAJIbHAS IJIOTHOCTH
HEO/IHOPOHOIO TeJIa — KaK OTHOIIEHHEe MACChl HEOOILIIOro pparMenTa
Tena K 00bEMy dToro dparmenTta. [Io3ToMy €I0BO «TJIOTHOCTH» B Ta-
KOM CITOCODE OTpeIe/IeHNs 3aKOHA PACIIPEIETIEHUs CIIyIaifHON BeTUIUHbBI
HECIy9afiHO U WMEET COBEPITIEHHO eCTECTBEHHBIN (DU3UIECKUIT CMBICI.

Joxasamesvcmeo. st omHoMepHO# (CKaIApHON) caydaitHON Bemndwn-
HBI MOZKHO BOCIIOJIB30BAThCA TAKUM MPOCTBIM PACCYZKIECHUEM:

P(X € As5(z0)) _ Fx(zo+6) = Fx(xo —9)
| As(z0)]| (zo 4 0) — (z0 — 0)

rje ¢ —HeKOTopas Todka Ha unrepBase As(xg) (mo Teopeme Jlarpamka
0 IPOMEKYTOYHOM 3HaueHuu). Eciu Tenepb ycrpeMuTh MIUPUHY UHTED-
Basa k 0, ro fx(c) = fx(zp) (u3 neupepbiBuocTu dyHkiMu fx B TOUKE
Zo), OTKYJIa U CIEYeT YTBEPKICHUE T€OPEMBI.

TakzKe MOKHO SIBHO BOCIIOJIb30BATLCS ONPEIETIEHUEM HEMPEPBIBHO-
cru dyuknuu fx: BeiOepem € > 0, Torma cymecrByer Takoe § > 0, 4To
st Beex x € As(o): |fx () — fx(20)| < € (nns ynoberBa MOXKeM oA~
rarb, 4ro 0 < £: €CJIU ITO HE TaK, TO OKPeCTHOCTb As(Zo) MOXKHO Cy3UTDH
JTO HY’KHO¥ THUPUHBI — 94TOOBI TIpH € — ) BBITOMHSIOCH 0 — 0).

Torma

P(X € A;) = / Fx(@)de = / fx (o) + / (fx(@) = fx(x0))dz =

= Fx(c) = fx (o),

As As As
= fx(w0)| As| + / (Fx (@) — fx(20))da.
As

Wcmomnp3yst ompeiesienne HEMPEPHIBHOCTH fx, OIEHUM BTOPOI MHTErPaJI:

(fx(x) = fx(zo))dz| < [ |fx(x) — fx(xo)|dz < [ edx = |As].
/ / /

5 As

Torma
IP(X € As) — fx(wo)|As|| < el As],
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9TO TOCTIe JesieHnst Ha |As| Tagr cieayroinee orpaHnydeHue:

IP(X € Ajp) Frlzo)| <
— — Jx(@o)| S €.
| As|
Tenepsb ycrpemnm & — 0, mpu 3T10oM Takke |As| — 0, OTKyJa mosydaem,
YTO TIOAMOYJIBHOE BBIPAsKEHNE CJIEBA CTPEMATCA K 0, 9TO 1 TPEGOBAIOCH.
OrmernM, 91O BTOPO# Crmocod [T0KA3aTe]bCTBA 0€3 M3MEHEHHH Iie-
PEHOCHTCA Ha CIydail abCOMIOTHO HEPEPLIBHBIX MHOTOMEPHBIX CJTydaii-
HBIX BEJIMIUH (B OKPECTHOCTSAX TOYEK, [JIE UX IIOTHOCTH PACTIPEIETCHUST
HETPEPHIBHA).

JlokazaHHast TeOpeMa MO3BOJISIET TIPOBOAUTD I'PYOYI0 BU3YATbHYIO OIEH-

Ky OCOOEHHOCTEH pACIpEIeIeHUs CJIyIaifHON BEIUYIUHBI IO rpaduky eé
ILUTOTHOCTH PACIPEIesIeHNs. Y TBEPXKIEHNE TeOPEMbl AT OIEHKY Bepo-
ATHOCTHU IIONAJIAHUA CJIyYailHOI BeJWYUHbl B MaJlblil UHTEPBAJI KaK 3Ha-
YeHHWe TIJIOTHOCTH PACTpPEeNeIeHns B TOYKe M3 3TOT0 WHTEPBaja, YMHO-
JKEeHHYIO Ha, JITMHY WHTepBasia. VlHade roBOps, ecii pacCMaTPUBATh Ma-
JIble MHTEPBAJIBI Ha YHMCJIOBON NMPAMOIi, TO BEPOATHOCTD IO/ IAHUS CJIy-
JafiHoOil BEeMMYMHBI B TAKON WHTEpPBAN Oyaer Tem OOmbiie, deM OOJbIe
3Ha4YeHUE IIJIOTHOCTU paCIpPele/IeHusd.

3.7.2 IIpumepbl aOCOJIOTHO HEIIPEPBIBHBIX
CJIydailHbIX BeJTUYNH

Cay4aitanas Besmanna X pacnpedenena pasromepho na ompeske [a, b],
€CIIM €e TUIOTHOCTh PACTIPENETIeHNsT TIOCTOSTHHA, HA JTAHHOM OTPe3Ke W
pasua mymo e ero. (Ciemosarenbio, X MOXKET IPUHAMATH 3HAUEHUST
TOJILKO U3 OTpE3Ka [a, b], T.e. a < X < b npu mobom ucxoze.)

ITpeanonoxum, uro X pacnpejeseHa paBHOMEPHO Ha OTPe3Ke [a, b
U ee IJIOTHOCTH PaBHA MOCTOAHHON ¢ HA 3TOM OTPE3Ke, TOr/Ia 3HAYCHUE ¢
OJIHO3HAYHO OIIPEJIEJIAETCA ¢ HOMOIIBIO CBOHCTBA 3. A MMEHHO, HHTErpaJt

400 a b 400 b
/fx(x)dx: /de—i—/cdx—i— / de:/cdx:c(b—a)
—00 — 00 a b a

J0ozKeH ObITh paseH equaune. OTkyna ¢ = ﬁ.
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Takum 00pa30M, MIOTHOCTD CJIYYAWHON BETMYNHBI, PABHOMEDHO PAaC-
IpeJieleHHol Ha oTpe3ke [a, b], onpenesnsiercst hopmyoit

fa) = {bla, npu x € [a,b],

0, WHaJe.

Haiinem obmuit Bunm fis QYHKIUKA PACIpPEIEeHUs CaydaiiHOl Be-
ananHbl X, PABHOMEPHO DACTpeiesIeHHol Ha oTpeske [a,b]. st sToro
pasbepeM Tpu Ciydasi:

1) ecnm z < a, 10 Fx(x) = P(X <) =0, Tak Kak X > a Bcerja,;
2) ecnmu x > b, o Fx(z) = P(X < z) =1, rak xak X < b Bcerna;

3) ecnu ke x € [a,b], To

Fx(z) = ]fx(t)dt jfx(t)dt+]fx(t)dt

r r dt r—a
= 0dt — = .
/ +/b—a b—a

Taxum obpa3zom,

0, mpu x < a,
Fx(z) = ¢ =%, npu z € [a,b],
1, npu x > b.

I'pacduku mrorHOCTH M QYHKIUN PACIPEIECTCHHUS 111 TAaKOH CyJaiHOMi
BEJIMYWHBI U300PaKeHbl HA puc. 3.4.

IIpusenem eme napy npuMepoB abCOIIOTHO HEIPEPBIBHBIX CJIydaii-
HBIX BEJTHIHH.

[ImoTHOCTL pacmpenesieHns CAy4YaiHOl BeJUIUHBI Y, pacnpedesen-
HOT MO MOKA3AMENbYHOMY 3aKOHY € napamempom o > 0, BBIpazKaeTCA
dopmymoit

ae” " mpuzx >0,
fr(z) = -

0, nHadJe.
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y = fx(z) G

o
=
—_

o] a b7 o] a b7

Puc. 3.4. l'paduku wiornoctn y = fx ()
u dyskumm y = Fx (x) pacupenesrenns mis ¢.B. X,
PAaBHOMEPHO PACIIPENETEHHO HA oTPe3ke [a,b]

(T.e. Y > 0 Bcerna.) CoorBercrBento, dpyukuus pacupezaesnenus Fy (x)
pasua myso npu < 0. Ecim xxe x > 0, To

T 0 T
Fy(x) = /fy(t)dt: /0dt+/ae*atdt:
—00 —o0 0
xz
=—e M =1-—e
0

)

x 0 ‘ x

Puc. 3.5. I'pacduku norHocTH 1 DyHKIMM pacipeneseHus
It €. B. Y, pacupeie/IeHHOH 10 T0KAa3aTeIbHOMY 3aKOHY
C mapamMerpoMm «

CryyaiiHasi BeuduHa Z HA3BIBETCS PACNPEOCAEHHOT N0 HOPMAALHO-

MY 3AKOHY C NAPAMEMPAMU @ U 02, €CIH ee IJIOTHOCTh PACIIPEIe/IeHIA

3agaercsa GopmyJIoit
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rie dyukims p(x) onpenensiercst popmymnoit (2.7) Ha c. 50. Tam e npu-
BOJISAATCS €€ OCHOBHBIE cBOMcTBa. Kpome Toro, corsiacHo onpeaenenuio 2.6,

Puc. 3.6. I'paduku mroraocTn 1 GyHKIMN pacIpese/eHus

O74 C. B. Z, pacIpeneeHHod T0 HOPMAJIbHOMY 3aKOHY

C mapaMeTpaMu a U o2

CootBercrBeHHO, DYHKIINS PACIPEIETICHNS C. B. Z DaBHA

Fz<x>=j;¢(t;“)

dt.
Crenaem 3ameny y = t?Ta (caepoBarenbho, dy = %) ¥ BOCIIOJIL3YEMCS
TeM, 9TO
z 0 z
/ e(y) dy = / e(y) dy + /@(y) dy =1/2 + ®(z),
—0o0 —o0 0

rue O(z) — dbyunxuusa Jlannaca. Honyuaem

x—a
o

P = [ eay=1/20(220).

— 00
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3.8 MaremaTun4deckKoe OXKUJIAHIE
1 JIACIIEPCUs HENPEPBIBHBIX
CJIyYalHbIX BeJIMIYUH

Onpenenenue 3.20. Mamemamuueckoe oscudarue abCOJIFOTHO HElpe-
PBIBHO# Ccity4daiiHoit BesimauHbl X BBIYUCIAETCH 0 (POpMyJIe

+oo
MX = /xfx(x)dac.

MaremaTmdeckoe OK1IaHNe CYIIECTBYET, €CJTU WHTETPAJI B IPABOMA JacTH
CXOJUTCS a0COIIOTHO.

Taxk, manpumep, ciaydaitHas BennauHa X , PABHOMEDPHO PaCIPEIeTeH-
Has HA OTPe3Ke [a,b], uMeer MIOTHOCTH

fa) = {bla, npu x € [a,b],

0, WHaJe.

A ee maremarmaeckoe OXKHJTaHUE PAaBHO

b
1 b% —a? b+a
MX: . = — .
/az b—adm 2(b—a) 2

Maremarn9yeckoe 0XKU/IaHNE HEPEPHIBHON CJIy9aifHON BeJIMYIuHbI 00-
najaeT TeMu ke cBoiicrBamu (cM. padznen 3.3.1 Ha c. 68), 4T0 M MaTeMa-
THUYECKOe OXKUJAHWE B JUCKPETHOM ciydvae. B gacraocTu,

+oo

M(g(X)) = / o) fx (x) da,

— 00

IpH YCIOBUH, 9TO HHTErPAT B IPABOi JAaCTH CyIIecTByeT 2,

12HaxoxeHne MaTeMaTHYeCKOTO OXKHIAHUA I8 (QYHKIUE OT ABYX CIy9afHBIX
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Zlucnepcus HEeTPEPBIBHOMW CIyYaiiHON BeMMUWHBI X BBITUCIAETCS MO
dopmyite

nin

DX =M(X?) - (MX)? = / 22 f(x) de — (M X)2.

B wacrHOCTH, mucnepcus ¢.B. X, paBHOMEPHO PaCIpeIe/IeHHON Ha
orpeske [a, b], paBHa

b
DX_/xzd:c b+a 2_b37a3 b+a 2_(b—a)2
) b—a 2 - 3(b—a) 2 12
A cpenHeKBazpATHYECKOE OTKIOHEHUE

b—a
cX=vDX = .
2V/3

IIpumep 69. Haiitu maremaTndeckoe O2KUJAHUE U JTUCIEPCHIO JJIsi CIIy-
JaiiHoOil BemuMHBI X, PACTPEEIEHHON TI0 TOKA3aTeIbHOMY 3aKOHY C
mapamerpom « > 0.

Pewenue. IlnorHoCTb pacupeaenenns BepogTHocTel ¢, B. X paBHa ae” 7

mpu x > 0 u pasua uHyao mpu x < 0. CoryiacHO OmpeneeHuio,

+oo
MX = / rae ““dr.
0

BEJIMYHMH, BOOOIIE TOBODs, IIPEANOJIAraeT BEIYUCIEHHE ABORHOIO HHTErPAJa
400 400
M(g(X,Y)) = / / o) f (2, y) dedy,
—0o0 — 00

rae f(x,y) —mnorHocTh pacupenesnenusi Bekropa (X,Y). Bosee moapo6uo sToT BO-
pOC PacCMaTpPUBAETCs, HanpuMmep, B [6] u [5].



3.8. M(X) u D(X) aist neupeppiroii ciyqaiinoii seuranupr 100
Bocrmosb3yemMcst METOIOM WHTEMPUPOBAHUS MO YACTSIM:
/xae“” dr = /xd(—e‘o‘”’) =—e x4 /(3_0“'c dr =
—Qxr 1
_ ey € _ ozt l/a.
CuteoBaTesibHO,
MXZ*IJFI/O[ +0<>: 0+1/a lim x+1/a _ l
e | e z—too T a
JeficTByst O aHAJIOIWH, HAXOINM
+oo “+oo
MX? = / r2ae” dy = / 2 d(—e™ ") =
0 0
oo T 2 2
= —e o%y? + / 2ze”dz =0+ -MX = —.
0 a a
0
CnenoBarespHoO,
2 1 1
DX=MX?-(MX)?== - — = O

a?  a?  a?

IIpumep 70. Haiitn maremMaTndeckoe OXKUIAHUE U JUCIEPCHIO [JIsI CIIy-
qafiHoil BeM4InHBI X, PACIPEIEIEHHON 10 HOPMAJbHOMY 3aKOHY C Ia-

paMeTpaMu a u 2.

Pewenue. 1110THOCTH pacTpesiesieHnsT TaKOi CIydaiiHON BETWYWHBI 3a-

JTAeTCs CaeAyoIei hopMyJIoi:

Haitnem mMaTemaTndeckoe OXXUIAHNE CIYIAHHON BeTUINHBI X :

+oo
MX = / xw(””‘“) iz —
g g
—co

+oo —+oo —+oo

_ /(at+a)<p(t)dt:a/tgo(t)dt—i—a/<p(t)dt.

— 00 — 00 — 00

Nl=

Bamena: t = *=
r=oct+a, dr=ocdt

z—a ’
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Bocmosnb3yemest coitctBamu dbyHkimu o(t) (cM. ¢. 50). Bo-mepBrix, sra
d)yHKuHﬂ yerHas, cne;LOBaTeano dyukuusa tp(t) — uwevernas. Torma

f t p(t) dt = 0. Bo-BrOpbIX, f z)dz = 1. Takum o6paszom,

MX=0-0+a-1=a.

HeiicTBYS MO aHAIOTHH, HAWJAEM TUCTIEPCHIO:

+oo “+o0 9

DX = /(x—MX)ZfX(m)dx: / (z—a) <p(“”‘a> do =
o o
— 00 — 00
_ Samena: t = £=2
r=oct+a, de =odt
+o0o 9 +o00
2,2 _ 2 —t%/2
= o tep(t)dt = — /t e dt.
[ i =——
— 00 — 00
[IpounTerpupyemM 10 4acTaM:
b o t, do=tet/2dt
2e=t/2 gt = / tote g =] LTH AT
/ du=dt, v=—et/?2
— 00 — 00
+oo +oo
= —te! /2‘+oo + / e 2qt =0 + / e~ t/2 gt
- — 00 — 00
CrenoBarepHO,
—+oo —+oo

Takum 06pa30oM, ecjii MBI TOBOPUM O CIYYaiHONW BeJIMYWHE, PACIPE-
JleJIEHHOM TI0 HOPMAJBHOMY 3aKOHY ¢ HapaMeTPaMH @ ¥ 02, TO IepBLIi n3
3THX NapaMeTPOB ABJIAETCd MATEMATHYCCKUM OXKUJIAHWUEM, & BTOPON —
JUCIEPCUeit 3TOi CIy4ailHON BEeJIUYUHBI. O
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3.9 IIpeobpa3oBaHmMe CyYalHBIX BEJIUYUH

3.9.1 3akon pacupeaejgeHnd
3aBUCHMOM CJIy4IalfHON BeJIMIYNHBI

IIpn paccMOTpeHNH BLIMUCIUTETHHBIX (GOPMYIT IJIsT pacieTa MaTeMa-
THYECKOT0 OXKHJIaHWS ObLIO YIOMSIHYTO, YTO €CJIM M3BECTEH 3aKOH Pac-
npeeseHus CaydaiHoi Bemanabl X u 331aHa (DyHKIIMOHATbHAS 3ABH-
CUMOCTb Cily4aiinoii Besnuunbl Y or X (T0 ecrb 3aBucumast ciydaiinas
Besmuunna ouucana kak Y = ¢g(X) ), TO 1iisl HAXOXK/JEHUs MATEMaTU4e-
CKOTO OYKUJIAHWS CIyIaRHON BEJIMUNHBI Y CYIIECTBYET JOCTATOYHO Y100~
Has BBIYMCIUTENbHAs dopmysna. B aTrom paznene Mbl paccMOTpUM, Ka-
KUM 00pa3oM He NPOCTO HAWTH YHCJIOBbIE XapAKTEPUCTUKHU 3aBUCUMOMN
C/Iy4aiHOHM BEJIMYUHBI, HO U OIHMCAThb 3aKOH ee Paclpe/eeHus.

Haumem ¢ paccMoTpeHmns BaXKHOTO 9aCTHOTO CIydas — JHHEHHON 3a-
BUCUMOCTU MEKJ1y CJlydYalHbIMU BeJIUYUHAMMU.

Teopema 3.21. IIycmov naommuocms pacnpedeserus CAYUaIHoT 6eAu-
wunot X pasua fx(x), a cayuatines seaununa Y aunelino 3asucum om
X:Y =aX+b (a+#0). Toeda naomnocmsv pacnpedeaenus caywaiinot
seaunurbl Y pasHa

r(e) = Fuxiole) = (T) . (3.14)
Zoxasameavcmeo. Obo3HAINM QYHKIIUN PACITPEIEICHUS CIIy IaiHBIX BE-
muaud X u Y uepes Fx(z) u Fy(x) cooTBeTCTBEHHO.

Paccmorpum aBa cydast.
1. a > 0. Boipasum dyukuuio pacupeienenus Fy () yepes dyukuuro
pacmpeiesienns Caydaitnoit Benananl X :

Fy(x)P(Y<x)P(aX+b<x)P(X<‘”a_b) = Fy <m;b>

s HAXOXKIEeHUS TIJIOTHOCTH pacipeaeienus: nponuddepeHmpyeM
HafiIeHay0 (DYHKIUIO PACIPEIEICHNS KAaK CIOKHYIO (DYHKIUIO:

fy(z) = (Fy(2)) = (FX (x‘ b)) -

a

() () - ()

ISH R
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2. a < 0. BoimosauM aHaIOrUYHBIE TTPEOOPA3OBAHUS C YIETOM TOTO,
9TO TIPH JeJIEHUH Ha, OTPUATETbHBIN KOI(DMUIINEHT ¢ 3HAK HEPABEHCTBA,
U3MEHHUTCA Ha IPOTHUBOIIOJIOXKHBIH:

Fy(x)ZP(Y<x):P(aX+b<x):P(X>xa—b):

:1—P<X<$_b>:1—FX(x_b).
a a

34€eCh MBI TAKIKE BOCIIOIB30BAIICH TeM (DAKTOM, ITO [ HENPEPBIBHOI

CoTy4aiinoil BeamauHbl X HECTPOrue HEPABEHCTBA MPU HEKOTOPBIX IIPe0d-

pa30BaHuAX MOKHO 3amMeHuTb Ha crporue: P(X <t) = P(X < t) = Fx(t).
Temeph HAfiEM TIIOTHOCTH PACTIPEIETCHUA CITy9aiHON BETMINHbI Y :

(R4@y:<1—Fx<x;b>y=
() () o ()

3ameTnM, 9TO B 000MX PACCMOTPEHHBLIX CIyYasdX HTOIOBOE BBIPAZKE-
uue s Fy () MOXKHO 3anucarh eJuHO00PA3HO:

fy (@) = faxu(z) = ifX (x a_ b) . O

lal

fy(z)

IIpumep 71. Ilycts caydaiinas Beqnunaa X PABHOMEPHO paclpeese-
Ha Ha orpe3ke [1,3]. Haiiure 3aKoH pacrpeesieHus CIy9aiHoi Besn-
quubl ¥ = 3X — 4.

Pewenue. TlnoTHOCTH pacmpemeieHus NCXOAHON CIy9aiiHON BETUIHHBL:
1
5, re€[l,3
frl) =43 TR
0, x¢][1,3]

Tax xak Y summeiino 3aBucuT oT X, TO [Jisd HAXOXKIEHUS ILJIOTHOCTH
fy (x) moxuO Bocuonb3oBarbca dopmydoit (3.14):

_1 e+ _ g5 1< <8,
f3X74($)—§ fX( 3 )—{07 o4 =

fy(z)
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Ilo wmaiineHHoOi MIOTHOCTH pachpeneTeHns MOXKHO CIeJIaTh BHIBOI, UTO
caydJaiiHas BeaWdWHa Y PaBHOMEPHO DAaclpejiejieHa Ha orpeske [—1,5].
[

3amevarue. Pe3ynbrar, HOMYyYEeHHBIH B IPEIbIIYINEM IPUMEPE HECTIOK-
HO 0600IITAETCS HA TIPOU3BOIBLHBIE PABHOMEDPHO PACIPEIETIEHHBIE CITy Yaii-
HbIEe BEJIMYMHBI: €CTN CIydaiinas BeqndnHa X paBHOMEPHO pacrpeiesie-
Ha Ha HEKOTOPOM OTpe3Ke [a,b], a ciydaiinas BenmunHa Y CcBsi3aHA C
ueil muHeitHo (yHKIMOHATBHOM 3aBucuMocTbio Y = kX + ¢, k # 0, To
Y Takike ABIE€TCS PABHOMEPHO PACIPEIETEHHON CIyIaiiHOM BETMIWHON
(na orpeske [ka + ¢, kb + ¢] upu k > 0 unun na orpeske [kb + ¢, ka + |
npu k < 0).

3amaua 72. Ilycrs ciyqaiinas senmnanaa X pacmpeaeneHa mo HOpMaib-
HoMy 3akony ¢ napamerpamu 0 u 1 (emandapmmnoe nopmasvroe pacnpede-
saenue). JJokaxkure, 4o ciaydaiinas Besmuuna Y = 0X +a pacipeeiena

MO HOPMAJILHOMY 3aKOHY C MapaMeTpPaMh a U o2,

3agaua 73. Ilycts caydaiinas Benmuuannaa X pacupeesieHa mo HOpMab-
HOMY 3aKOHY C IIapaMeTpaMu a U o2. JIoKaxKuTe, UTO caIyJaiiHasa BeJIndn-

a
Ha Y = ——— pacnpe/esieHa mo HOpMaJIbHOMY 3aKOHY C [apaMeTrpamMu
o

0 u 1 (10 ecrb uMeer CraHJapHOe HOPMAJILHOE PACIPEIEIEHHE).

3anaua 74. Ilycts caydaiinas Benmuannaa X pacupeesieHa mo HOpMab-
HOMY 3aKOHY C IIapaMeTpaMu a U o2. JIOKayKuTe, 9To CIydailHas BeJlm-
guna Y = kX + b (k # 0) Toxe pacupeesieHa mo HOpMaJbHOMY 3aKOHY.
Haitnure napamerpnl pacupeseienus seaudutbl Y. (nade rosops, mo-
KaxkKuTe, 9TO HOPMAJIbHOE pacupeesieHre OCTAETCA HOPMAaJIbHBIM IIPHU
JIMHEHHBIX TPeoOpa30BaHUAX, MEHAIOTCS JIUIh €r0 MAPaAMeTPhI).

Ilonygennoe cooTHOIIEHNE AJIA TJIOTHOCTU PACIPEIETEHUs CIIydaii-
HOW BEJIMYMHBI, TMHEHHO 3aBUCAIIEH OT 3aJaHHON BEJIMYUHBI X, MOXKET
OBITh HECTOXKHBIM 00Pa30M ODODIIEHO M Ha CAydail HEJTUHEHHBIX MOHO-
TOHHBIX (PYHKITHOHATHHBIX 3aBUCAMOCTEI.

Teopema 3.22. IIycmov naomuocms pacnpedeserus CAYUGUHOU 6eAu-
wunte X pasua fx(x), a pynkyus g : R = R monomonna. Tozda naom-
Hocmb pacnpedesenud cayuatinol eeaununo, Y = g(X) pasna

fr(@) = foo (@) = (g7 (@))'] fx (97" ()
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(3decw g~ (x) — dymnwyua, obpamnaa x g(z), a xosdduyuenm neped fx (g *(x))
npedcmasasem coboti Mooy npousdeodroti smoti 0bpammnol Pynryu.)

JlokazaTeabCTBO JAHHOTO YTBEPXKIEHUS B [IEJIOM aHAJIOTMIHO BBIBO-
JIy COOTBETCTBYIOIEr0 COOTHOIIEHUS [JIsi CJIydas JinHeiHo#i (byHKINO-
HAJILHON 3aBucuMocTu (1O ecTb Jid caydas g(xz) = ax + b), upu srom
OPUIETCS PACCMOTPETh JBa Caydad: 1) g — MOHOTOHHO BO3PACTAIONIAS
dbyukuus, 2) g — MOHOTOHHO yObIBarOIIasa (HOYHKIHS.

st HeMOHOTOHHBIX (DYHKIWI ¢ 3aKOH DPACIPENeseHus CIyJaiiHOMl
Besmaunbl Y = ¢(X) npujercs HaXOAUTh «BPYYHYIO», CBO/s (DYHKIIUIO
pacipeesieHnsa 3aBUCUMOI CIIy9afiHON BeJWYIWHBI K M3BECTHON (DyHK-
MW pachpesesienns 3aanHoi caydaiinoit Bemwmuannabl X . Paccmorpum
HECKOJIBKO ITPHUMEPOB.

IIpumep 75. Ilycrs caydaiinas Bemnanaa X PAaBHOMEPHO pacipemese-
Ha Ha orpeske [—1,3]. Haitaure 3akon pacupenesenus ciydailHON Besu-
ynabl Y = X2,

Pewenue. Bymem Boipakarsh (DyHKIUIO pacipeesieHns CJIydaifHol Be-
JuauHbl Y depe3 m3BeCTHYIO (DYHKIIUIO PACHpEIe/IeHns CJIydaifHol Be-
JIMIAHBL X :

0, T < —1,
Fx(z) =14 %%, ze[-1,3],
1, T > 3.

Ilo onpenenenuio: Fy (z) = P(Y < z) = P(X? < ). 3amerum, uTo
ciyvaiinas pemmunna Y = X2 MOXKeT IPUHUMATH TOTLKO HEOTPHIIATE b~
Hble 3Hadenus. Cnenosarensho, Fy (x) = 0 mpu z < 0.

Mg z > 0 BoionasgeM 1peodpa3oBaHms:

Fy (@) = P(—vz < X < V&) = Fx (/&) - Fx(~/a).

Ipu 0 < = < 9 BeprO HepapeHcTBO 0 < /T < 3, MOITOMY MOKEM

zamucarh, 9ro Fx(\/x) = #. IMpu z > 9 BLITOJHEHO HEPABEHCTBO
VT > 3, B atom cayqae Fx(y/r) = 1.

Amanormuno pasGupaem 3uadenust Fx (—,/T) B PA3HBIX JUATA30HAX
z: mpu 0 < z < 1 umeer mecto HepaercTBo —1 < —4/z < 0, mosTomy
Fx(—z) = #, anpu x > 1 BemonHeno —y/x < —1, cienoBarenn-
o Fx(—vz) = P(X < —y/z < —1) = 0. Takum obpa3soM, 3amuirem
BbIpaxkenue i Fy () npu pasHbIX 3HAYEHUSAX X
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1) ecm 0 <z < 1:

Fy(x) = Fx (V) - Fx(-vm) = YorL 2V/Edl_ Ve
2)ecin 1 <z <9

Fy () = Fx(va) - Fx(—v@) = YL o= ¥I 1

3) ecim x > 9:
Fy(z) = Fx(Vz) = Fx(=Va) =1-0=1.

Takum obpazom, DYHKIWS PACTIPEIETEHUs CJIyIaHON BeJIUIUHBL Y
MOXKET OBITh 3aIUCAHA CJIELYIOMAM 00pPa30M:

0, <0,

RvE z € (0,1]
Fy(z)={ 2’ b O
v(@ Vol e (1,9],

1, x> 9.

3amaua 76. Ilycrs cayuaitnas Benmanna X WMeeT CIAeAYIONyo pyHK-
[IUIO PACIpe/eIeHUs:

O2 z <0,
Fx(z)={ % zel0,2],
1, x>2.

Haitinure dbyukiun pacupesesienns CIyqaiiHbIX BEIUINH:
2

X X
) Vi=2X+1, 0)Yp="r, »)Y¥=|X-1], F)Y4:sin<4).

3.9.2 CymMupoBaHUE HE3aBUCUMbBIX
CJIydailHbIX BeJTUYUH

Temepp paccmoTpuM 3a7ady, B KOTOPOH HEOOXOMMMO HaifiTh 3aKOH
pacnpeiesieHna CIy9YaiiHOll BEeJIMYNHBI, DABHONH CyMMe JIBYX CJIyYaiiHbIX
BeIMYWH C M3BECTHBIMU 3aKOHAMWM pacupefenenusd. [gs Hadamga orMme-
THM, 9TO 0€3 JIONOJIHUTEJbHBIX YTOYHEHNI dTa 3a/a49a He MMEeeT OJIHO-
3HAYHOr'O PellleHUd.
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IIpumep 77. Ha orpeske AB mynuuoit 10 ciy4daiiHbIM 0Opa30M OTMede-
ubl A8e Toukn — C' u D. PaccMoTpum Takne ciay4gainble BeInanubl: X —
aymHa, orpeska AC, Y — nnuna orpeska BC, Z — njmna orpeska AD.
Ormerum, gTo ciaydaiiabie Beauaunabl X, Y u Z PaBHOMEDPHO PaCIIpe/ie-
nennl Ha orpeske [0, 10].

PaccMoTpuM cyMMBI HEKOTOPBIX U3 3TuX Beqmuwu: Wi = X + Y,
Wy = X + Z. Hecnoxkuo ybeauthcss B TOM, 9TO Beaudununa Wi Bcerma
npuauMaer 3Hadenue 10 (sro cymma orpeskos AC' u BC, 10 ectb jjiu-
Ha AB), a caydaiinas Besuuuna Wy MOXKET NPUHUMATH 3HAYEHUS U3
orpeska [0, 20].

B oboux ciydasix B IpUBEIEHHOM IPUMEPE Mbl CKJIIBIBAJIN JIBE CJIY-
vaiiHble BEJIMYMHBI, PABHOMEPHO pacipeesennbe Ha [0, 10], oqaako mno-
Jlydusiu pa3Hble pe3yabrarbl. 1l03ToMy 3HAHUS 3aKOHOB PaCIIPeIesIeHust
CJIATAE€MBIX HEeJOCTATOYHO JIJIsT TOTO, UTOOBI HANTH 3aKOH PACIIpeIe/IeHUsT
cymmbl. B TO ke Bpems eciiu 100ABUTH YCJIOBHE HE3ABUCUMOCTHU CJIa-
raeMbIX, TO 3Ta 3aJa9a CTAHOBUTCSA pa3pemmmoit. Tak, Hanmpumep, ajas
abCOJIIOTHO HEMPEPBIBHBIX HE3ABUCUMBIX CITyYAWHBIX BEJIUINH 3AKOH Pac-
[pe/iesieHns CyMMBbI MOXKeT ObITb IOJIy4Y€H B BHUE JOCTATOYHO YI0OHOIO
coortoienus (HOpMyJibl CBEPTKY).

Teopema 3.23 (bopmyina ceéprku). [fycms nesasucmvie HenpepvieHbLe
cayuatinoe seauvunve X u'Y umerom naomuocmu pacnpedeaenus, fx ()
u fy (x) coomsememesenno. Tozda naomuocms pacnpedeserus UL cymmot
MOXHCET, OB BLINUCAEHA CACOYOULUM 00PA3OM:

“+o00 “+ o0
frvle)= [ tx@fre-o)de= [ fxle-a)fv(e) da,
— 00 — 00
ITpumep 78. Ilycts X n Y — He3aBHUCHMBIE CIyYaifHbIe BEJIMYNHBI, PAC-
IIpe/ieJIeHHbIe 0 HOPMAaJIbHOMY 3aKOHY ¢ mapaMmerpavu 0 u 1. Jlokazars,
qT0 caydaiiHad BenuduHa 4 = X + Y pacnpeneneHa mo HOPMaJTbHOMY
3aKoHy ¢ mapamerpavu 0 u 2.

Lloxaszameavcmeo. I1I0THOCTL pacnpeiesieHnst CaAydaiiHbIX Beaunaud X
u Y, UMeroImnxX HOPMAaJbHBIM 3aKOH paclpejesieHus ¢ mapaMverpamu 0
u 1, 3amaercs caemyiorieit (hopMyIIoit:

Fx(@) = fy (2) = ——e 12,
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J1J151 HAXOKAEHUST JIOTHOCTH PACTPENEICHUST UX CYMMBI BOCTIOIB3YEMCS
dopmyitoit cBepTKY:

“+oo
F2(2) = fxav(z) = / (@) fy (z — 2) dz =
U e L e g,

——€
oo V2T V2T
1 oo e—:c2+3cz—z2/2 dr — i /+oo e—(;c—z/2)2—z2/4 dr —

o oo 2 )
_ ie_zz/zl +oo o=/ g Bawena: t =2 —2/2 | _
27 o x=1t+2/2, de =dt
1 , too WNurerpan iiepa-Ilyaccona:
_ 76_2 /4 e—t dt _ +o00 5 _
21 . / e Vdt =1
— 00
1 1 _

4

S

e = — ¢ 2.
Gy i

3aMeruM, YTO MOJJydYeHHAsT B pe3ysbrare (bYHKIWS SIBJISETCS ILJIOTHO-
CTBIO pachnpeliesleHus CAy4YalHOW BEJIWYUHBI, PACIpPeIeJeHHON MO HOP-
MaJIbHOMY 3aKony ¢ napamerpamu 0 u 2. OTciona HemoCPeACTBEHHO CJTe-
JyeT CIIpaBe/lJIMBOCTD JIOKA3bIBAEMOI'O yTBEP2KJICHUS. O

2

Ilo amamornm ¢ TOMBKO 9TO PA30OPAHHBIM TPUMEPOM MOMKET OBbITh
pelieHa caeaymomas

Bagaua 79. [Tycre X u Y — ne3aBucumbie ciaydaiinbie Besmannbl. Ciry-
JaiiHas BeaInduHa X MMeeT HOPMAaJIbHBIN 3aKOH pacipeneeHns ¢ mapa-
MeTpaMu a1 U 07, a cydaiiHas BeJuuuHa Y MMeeT HOpMaJbHbIH 3aKOH
pacrpe/ieJleHust ¢ apaMeTpaMu as 1 o3. JIoKaskuTe, 9TO crydaifHas Be-
mmanHa Z = X + Y pacnpesesneHa mo HOPMaIbHOMY 3aKOHY C TapaMeT-
pamu a1 + as 1 a% + a%.

3agadua 80. ITycre X u Y — ne3aBucumbie ciaydaiinbie Beuannbl. Ciry-
JaiiHad BeIuunHa X WMEeT PABHOMEDHBIN 3aKOH pacripegeeHus Ha OT-
pe3ke [0, 2], a ciydaiiHas BeJquunHA Y pacrpe/iesieHa Mo MoKa3aTelbHO-
My 3aKOHY ¢ mapameTrpoM 3. HalinuTe 3akoH pacmpeeneHns caydaifHoi
Benuunnbl £ = X + Y.
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3.9.3 T'eHnepupoBaHue CaOy4YaiiHbIX BEJIUYNH

Panee Ob1a paccMOTpeHa, 331a9a HAXOXKIEHUS 3aKOHA PACIpeese-
HUsI 3aBUCUMOI CIIy9IaiiHON BeJMYuHBI. A UMEHHO, M3BECTEH 3aKOH Pac-
MpeIesIeHus CIyJaiHON BenInHbl X, a TakxkKe (DyHKIMOHATbHAS 3aBH-
cumoctb Y = g(X); Tpebyerca HailTu 3aKOH paclpenesieHus BeJUYH-
HBI Y.

ITonpobyeM HECKOIBKO BHAOM3MEHUTH MAHHYIO 3a7ady. IlycTh u3se-
CTE€H 3aKOH PACIpEIE/eHUs UCXOAHON cirydaiinoil Bemanabl X, a Tak-
JKe 3aKOH pacrpeesennsi (DyHKIIMOHAIHHO 3aBUCHINEH OT Heé Cirydaii-
Ho#t Bemunnbl Y. Tpebyercs HaiiTu Bua GhyHKIINOHATIBHON 3aBUCHMOCTH
MeXK Ty 9TUMU BenndnHamu. VlHade roBopsi, TpeOyeTCss BbISCHUTD, KAKOH
dyHKIIHEN ¢ HEOOXOANMO MOAEHCTBOBATD HA CIAYYAWHYIO BeIUduHy X,
4106bl HOJIyYUBIIAACH CiydaiiHas Beauuduna Y = g(X) umesna rpebye-
MBIl 3aKOH pacCHpe/ieIeHunsd.

NTak, paccMOTPUM 3371a49y 2€HEPUPOBAHUA CAYUAUHOT BEAUNUHDL C
33/JAaHHBIM 3aKOHOM DAaCHpelesIeHus MO NCXOTHOU CIydYaifHOI BeJIn4YnHe
C U3BECTHBIM 3aKOHOM pacCIpeesIeHus.

Teopema 3.24. Ilycmbv cayuatinas seaunumna X umeem cmpozo MoHO-
monnylo Pynryuto pacnpedeaenus, Fx (x). Tozda cayuatinas seaununa
Y = Fx(X) pacnpedeaena pasrnomepro na ompesxke [0, 1].

Joxasamenvcmeo. 1o onpenenennio GyHKIMU pacipeIe/ieHus CIydaii-
Hoit BermumHbl YV: Fy (z) = P(Y < z) = P(Fx(X) < ).

Tak kak Fx(X) € [0,1] mo ceoiicrBy yHKIUM pacupenesieHus, TO
HepasencTBo Fx (X) < x ne Boimosnserca npu ¢ < 0 (3nauenue dbyHk-
MU PACHPENIEICHUsT HE MOXKET ObITh MeHbine () ¥ TapAHTUPOBAHHO BbI-
nosasiercst mpu ¢ > 1 (tak xak Fx(X) < 1, to Fx(X) < z mpu Bcex
x> 1). Ina x € (0,1] mpeobpasyem DyHKIMIO paCHDEIETIEHHs:

Fy(z) =P (Fx(X) <z) =P (X < Fy'(2)) = Fx (Fx'(2)) = .

Takum 06pa3oMm, bYHKIWS PACIPEIETEHUs CJIyIaitHONl BeJIUIUHbBL Y
3aIUCHIBAETCS CIAELYIONAM 0Opa30M:

0, =<0,
Fy(z)=4¢ z, z€(0,1],
1, =>1.
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Ho 310 dbyHukus pacnpenenenns caydaiiHOM BEJIMINHBI, PABHOMEDHO
pacrpesesieHHol Ha orpeske [0, 1], 9To u TpeGOBATIOCH TOKA3ATh. O

Jloka3aHHYO TEOpeMY MOXKHO IPOUHTEPTIIPETUPOBATH CJIELYOIINM 00-
pa3oM: TmpHW HEKOTOPBIX OTPAHNUYEHUSX HENPEPBIBHYIO CIYYalHyIO Be-
JIMIUHY € KaKAM-TH00 3aKOHOM pacIpeeseHns MOKHO ITpeodpa3oBaTh
B CJIy4aitHyIO BEJIMYMHY, PACHPEIEIEHHYIO 110 PABHOMEPHOMY 3aKOHY HA
orpe3ske [0, 1] (mpuuem B KadecTBe Mpeobpasyroei GhyHKIMN HCIOIb3Y-
erca PyHKIUS paCHpeIeIeHus UCXOIHON CIIyYaiiHON BeJIMInHbI).

3amevarue. s BHITOJHEHUS YTBEPKICHUS IPEIBIIYINEH TEOPEMBI 10~
cTaTo9HO, 9T00ObI pyHKIHU F'x OblIa cTpOro Bo3pacrarolieil He Ha Bcei
YUCJIOBOU NIPAMOM, & Ha MHOXKECTBE 3Ha4YeHUl, KOTOPble MOXKeT IIPUHU-
MaTh caydaitnas Benmanna X . Hanpumep, ecan ncxomgnas cayvaiinas Be-
JIMYAHA UMEET MOKA3aTeJIbHOEe PACIIPEE/ICHIEe, TO OHA IPUHUMAECT TOJIb-
KO IMOJIOXKWUTEJIbHBIE 3HAYEHNUs, & ee (DYHKIINS PACTPEIeICHIS

0, x <0,

Fx(w) = l—e ™ >0

CTPOrO BO3PACTAET HA MHOXKECTBE IIOJIOKUTEbHBIX YUCesl (T. €. Ha MHO-
JKecTBe 3HaueHuil ciydaiinoii sesmuaunbl X ). [losromy yrBepkaeHue reo-
PEMBL OCTAETCA BEPHBIM.

Temepb paccMOTPUM, KaK U3 CIYUARHON BETMIUHBI, PABHOMEDPHO PaC-
npesieienHol Ha orpeske [0, 1], MOMyYInTh CIyYaiiHyI0 BEJINYNHY C TPe-
OyeMbIM 3aKOHOM DACIPEICICHUS.

Teopema 3.25. IIycmb cayuaiinas eesununa X pacnpedesena no pae-
Homepromy 3axony na ompeske [0,1], a cmpozo monomonnas Pymrk-
yus F(x) obaadaem ecemu ceoticmeamu dynryuu pacnpedeserus. To-
2da cayuaiinas eeaununa Y = F~1(X) umeem dynryuro pacnpedeernus
Fy(z) = F(z).

Zloxazameavcmeo. ®akTHIECKH, 9TO OOPATHOE YTBEPKICHHUE K MIPEIbI-
JyIeit Teopeme: ecin Ciaydaiinas BeTMInHa ¢ (pyHKIHed pacipeaeaeHust
F nox, meficrBuem 3toit ke dpyukiun F' mpeobpasyercs K ciaydaiiHoit Be-
JIWYWHE, PACTIPe/IeJIeHHON 0 PABHOMEPHOMY 3aKOHY Ha oTpeske [0, 1], To
npuMeHeHneM o0parHoit dyukun F “lx CIIy4JaifHOI BeJM4YnHE, PABHO-
MEpHO pacipe/esienHoii Ha orpeske [0, 1], MOXKHO HOJIyYUTh CIydailHyo
BenumunHy ¢ (pyHKIMe# pacupenenennsa F. O
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3amevarue. AHAJIOrMYHO 3aMEUAHUIO K TPEIBIAYINEH Teopeme: IoCTa-
TO4YHO, YTOOBI hyHKIMS F ObLTa CTPOrO BO3PACTAIOINEH HE HA BCE YnC-
JIOBOM IPAMOI, & HA MHOXKECTBe 3HaUEeHUN, KOTOPBIE JTOJI?KHA IPUHUMATH
ciayJaiiHas BeudnHa Y .

IIpumenenne mpeobpa3oBaHmii, KOTOPHIE OBLIN ONUCAHBI B YTBEPIK 16~
HUSX JBYX HOCJEIHUX TEOPEM, [TO3BOJISET PEIIUTh 33/1a9y HAXOXKICHUS
Takoil byHKINNM g, 9To0l ciydaiinas Bennunua Y = g(X) mmena Tpe-
Oyemyto (DYHKITHIO pacmpenenenns F:

1. Cayuaiinas senuuuna Z = Fx (X) gBisercd paBHOMEPHO pacupe-
JlesieHHOM Ha orpeske [0, 1].

2. Ciyuaitnag senumuuna Y = F~1(Z) umeer dynkumio pacripesese-
aus F.

3. Takum 0Opa3oM, B Ka4eCTBE MUCKOMOW (DYHKIMHM ¢ MOXKHO B3STh
caenytomyio: g(r) = F~1(Fx(z)).

OnucanHbiit METOJ UMeeT, HAIPUMED, CJIEIYIONIee MPUIOKEHHEe: ec-
JIM TIPU MOJIEIMPOBAHUHE KAKHX-JIU00 IIPOIECCOB TPEOYyeTCs reHepupo-
BaTh (Pa3bITPHIBAT) MICEBIOCTYYARHBIE YUCIA, PACIPEIEICHIE KOTOPBIX
HOJYMHEHO HEKOTOPOMY 3aKOHy (Hampumep, TpeOyercs JaTduK YuCel,
PACTIPEIeJIEHHBIX MO MOKA3aTeJLHOMY 3aKOHY ¢ KAKAM-HUOY/Ib TTapaMeT-
POM), TO JJIsl TOrO He HYKHO CO3/JABATh CIElUaU3UPOBAHHDINA IaT9YuK
[ICEBAOCTYIafiHBIX UHUCEJT — JOCTATOYHO OOOMTHUCH CTAHIAPTHBIM JTATIHU-
KOM 9HCeJl, PABHOMEPHO PacpeneneHHbIx Ha orpeske [0, 1], Ho mpume-
HATH K TMOJIy9eHHBIM YHUCIAM COOTBETCTBYIONIYIO0 (DYHKIINIO, TPeodpasy-
IOIIYIO paBHOMEpHOE pactpesesenne Ha [0, 1] B cay9ailHy0 BeIUdIuHYy C
TpebyeMbIM PaCIPEIeTeHIEM.

IIpumep 81. Ilycrs ciyvaitnas BenmumHa X PABHOMEPHO pacIpee-
neHa Ha orpeske [0, 1]. Haiimure Takyio dyHKIMIO g, 9T00b ciyvaiiHas
pesnmunna Y = g(X) nMesa mokazaTebHBIN 3aKOH PACIPEENIEHHs C Ma-
PaMeTpoM «.

Pewenue. Tpebyemast pyHKIHS pacupemeeHus CIyIaiHONl BEeTHINHbI
Y umeer crmemyrommit BUI:

0, z <0,
x> 0.
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JlocTaTouHO PACCMOTPETh TOJBKO Ty 9acTh MyHKIUNU Fy , KOTOpas onpe-
JeeHa Ha MHOXKECTBE 3HAYEHWH CIyvaiiHOW BEeJMYWHBI Y, TO €CTh TpHu
x > 0. 9ro dyukuusa F(x) =1 — e ** x > 0. O6parHoii K Heil aBJis-
—1 _ 7l _ o
erca gynxmua F~'(z) = —- In(1 — z). CormacHo yTBep:KIeHIIo BTOPOi
JTIOKA3aHHOM TEOPEMbI, UMEHHO 3Ty (DYHKIUIO MOXKHO B3ATh B KAYECTBE
UCKOMOI¥A:
1
g(x) = ——In(1 — z). O
@
3ameuanue. B mpeabiayiem mpuMmepe IOKA3aHO cieayiomee: ecan X
paBHOMEDHO pacmpejeneHa Ha orpeske [0,1], To ciydaiiHas BeJUdIHHA

Y = ——In(1 — X)) pacupeuesena 110 10Ka3aTe/IbHOMY 3aKOHY C Llapa-
e

MerpoMm «. IIpu 3TOM HECT0:KHO 3aMEeTHTDh, 9TO mpeobpaszopanme 1 — X
MEPEBOUT CIAYYANHYIO BEJIUYUHY C PABHOMEDHBIM PACIPEIETCHIEeM Ha
[0,1] B cayuaitnyio Benrnuuny ¢ Takum ke (pasHomepubiM Ha [0, 1]) 3a-
KOHOM pACIpeJeieHrsi. 3HAYUT, BIOJHE MOXKHO O0ONTHCHL M 0e3 3TOoro
«JIUIITHET0» TPEOOPA30BAHNS W PACCMATPUBATH CIYYIANHYIO BEJIHIUHY

1
Y = ——In X — ona Toxe OyJeT pacrnpeaeeHa Mo MOKA3aTeIbHOMY 3a-
«

KOHY ¢ napameTrpom «. Ilosromy B KadecTBe nCKOMO# (DyHKIUU ¢ MOXKHO
B34Tb CJIeYyIOLYIO:

1
=——Inx.
gla) =~ Ina

IIpumep 82. Ilycth ciayuaiinas Benumumaa X HMeeT MMOKA3ATETbHBIH
3aKOH pacupezenenusi ¢ napamerpom 3. Haiinure takyio dbynkmmio g,
4106bI Catyuaiinasg Beanuuna Y = g(X) umesna GQyHKUUIO pacupeiesenus

0, x <0,
F(z)={ sin (%) . 2 €02,
1, x> 2.

Pewenue. Crauasia HaiijieM Takyio pyHKIUIO b, 9TOObL CJIydaifHast BEIu-
gnHa Z = h(X) wMena paBHOMEpHOe pachpenesenne Ha orpeske [0, 1].
Berme 0b110 OKa3aHO, YTO B KadecTBE h MOMXKHO BBIOpATH (DYHKITHIO
pacupe/esienus ciaydaitnoii ejuunnbl X (mpudeM Ha TOR 9UCII0BO 06-
JIACTH, HA KOTOPOU MPWHUMAET CBOW 3HAYEHHUs BesudnHa X, TO €CTh HA
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MHOKECTBE TOJIOKUTETHHBIX dnces). Tak Kak hyHKIMs pacupeeeHus
cayvaitHoi BeamanHbl X paBHA

0, z <0,
FX(x):{l_ei’w x>0

10 Z = 1 — e~3X paBHOMepHO pacmpenenena na orpeske [0, 1].

st TOro 9TOOBI MOMYYUTh CAYyYalHYI0 BeMWIuHy ¢ GYHKIHEH pac-
npenenenus F', nogeiicrByem yukmnmeit, ooparuoit K F', Ha ciaydaiHyo
BEJINYNHY 7, PAaBHOMEDHO pacrpejesennyo Ha orpeske [0,1]. Omsars
JK€ MOXKHO B3SITh OOpaTHYI0 (hyHKIMIO TOJHKO HA TOM MHOXKECTBE, Ha
KOTOPOM TIPHHAMAET 3HAYEHHS MPEINoIaraeMas CaydaiiHas BeTManHA.
ITo Buny dbyuknun F MOXKHO CIEIATHh BBIBOM, 9TO CAydYaiiHAS BETMYUHA
¢ takoil dpyHKnumel pacupegenenus OyJeT NPUHUMATH 3HAYEHUS TOJIb-
Ko Ha orpeske [0, 2] (HocTaTOUHO MPOCTO YOEAUTHCS, UTO HA ITOT OTPE-
30K COOTBETCTBYIOIIAA CIydaiiHast BEJIUUHUHA TIOMAJAET C BEPOSATHOCTHIO
F(2)—F(0) = 1). Ha orpeske [0, 2] dbyukuus, obparHas kK F', umeer Bu/I;:

Fl(z) = /8arcsin:n.
s

CienoBarTeIbHO, CiIydailHAA BeJIUIHHA

Y= Fl(7) = \/SarcsinZ _ \/Sarcsin(l — e—3X)

m s

numeer byHKINIO pacrpeaenenns F(x).
Takum o6pazom, nckomasi PYHKIMS ¢ MOXKET OBbITH 33IaHA TAK:

o(z) = \/8 arcsin(l — e—3~”ﬂ). 0

™

3.10 3akoH 0OJBIINX YMCEeJI

Pamee paccmorpennbie npubamkenabie gpopmysasl Ilyaccona m My-
aBpa—Jlamnaca 7718 OIEHKH BEPOATHOCTH KOJMYECTBA YCIEXOB B CEPUU
ucnbITannii BepHyIn SBISIOTCS TPUMEPOM TOTO, KaK B CEPUM MaCCO-
BBIX CJIy9aiiHbIX SBJIEHUII BO3HWKAIOT HOBBIE 3aKOHOMepHOCTH. DaKTH-
9eCKu, OBLIO TIOKA3aHO, YTO MIPHU BHIMTOJIHEHUY HEKOTOPBIX YCIOBUN OUHO-
MHUAJIBHBIN 3aKOH PACIPEIETEHUs] MOXKHO JTOCTATOYHO TOYHO TPUOTH3UTH
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3akoroM Ilyaccoma, a Tpu BBIMOJTHEHWHN APYTUX YCJIOBUI — IMOJIYYUTH B
KavecTBe npedeavHnozo pacnpedesenus, 3aKOH HOPMAJIHHOTO PAaCIpe/iese-
HUS BepoaTHOCTH. TakuM 00pa30M, MbI yKe CTAJKUBAJIUCH C TPUMEpa-
MU TaK HA3BIBAEMBIX NPEIEAbHBLL MEOPEM, B KOTOPBIX PACCMATPUBAUCH
3aKOHOMEPHOCTH, BO3HUKAIOIIME IPY MPOBEIEHUE OOJIBIIONO KOJTHIECTBA
WCTIBITAHWI (M Jaske TIPU JHCTIe UCTTHITAHWIA, CTPEMSIIEMCST K DECKOHEU-
HOCTH).

B sTOM pasziese Mbl PacCMOTPUM JIOCTATOYHO YHUBEDCAJbHBbIE (HE
MPUBSI3aHHBIE K KOHKPETHOMY BHJ/Y 3aKOHA PACIPEIETCHUs CJIyIaitHON
BEJIMYMHBI) 3AKOHOMEDPHOCTHU, BO3BHUKAIOIIUE [IPU [IPOBEJEHUM CEPUU U3
OOJIBIIIOTO KOJIMIECTBA, UCIBITAHUI, — pa3audHble POPMbBI 3a4KOHA O0NbL-
WUT wucen W CJIEJCTBUST U3 HETO.

s Havasa cchopMyIupyeM u J0KayKeM JBa BCIIOMOTaTeIbHBIX HEPar-

BEHCTBA, KOTophle HocaT uMd I1. JI. Yebprménal?.

3.10.1 HepaBeucrBa YebbimnéBa

IlepBoe U3 YIOMSHYTEIX HEPABEHCTB PACCMOTPHM B TOM BHJE, B KO-
TOpOM OHO ObLI0 cchopMyaEpoBano u gokazano A. A. Mapkosbiv!'? (mo-
3TOMY JIOCTATOYHO YaCTO MMEHYeTCs HepaBeHCTBOM MapKoBa).

Teopema 3.26 (nepasencrBo Mapkosa (mepBoe HepaBeHCTBO YeObIié-
Ba)). ITycmo M|X| < co. Tozda das mobozo t > 0 eepro Hepasencmeo:

M|X
P(|X|>t) < %

Zloxasameavcmeo. Boibepem npons3BosbHo t > 0. 1 BHIOpAHHOrO 3HA-
qeHusi t PACCMOTPUM BCIIOMOTATEBHYIO CIy9YaiiHyIO0 BeJIUIUHy Y , Ompe-
JICJIGHHYIO CJIELYIOIIUM O0DPa30M:

t, mpm |X| >t

0, wunadve.

Y =

Ouesuzno, Y < | X| Bcerma. CiesoBaresibHO,

M(Y) < MX].

BTaduyTuit JTeposwa Yebnmés (1821-1894) — pycckuii MATEMATHK I MEXAHUK.
M Anmpeit Annpeesny Mapkos (1856-1922) — pycckuit MaTeMaTuK.



115 InaBa 3. Ciyuaiinpie BeJimduHbl

C apyroit croponbl, MaremMarndeckoe oxunanne M(Y') paBHo
MY)=t-P(X|2t)+0-P(|X|<t)=t-P(X]|>1).
Takum obpaszom,
t-P(IX] > 1) = M(Y) < M|X].
Ocraercst pa3aeantb 0obe YacTu HepaBeHCTBa Ha ¢ > (. O

3ameTuM, 9TO B yCJIOBUSAX JJOKA3aHHON TEOPEMBI IIPaBast 4aCTh HEpa-
BercrBa crpemurcs K 0 npu t — 0o (tak kak M|X|— koncranra). O1-
CIOJTA TIOTIYUAEeM CJIEICTBHE:

Caencrue 3.27. ITycemo M |X| < co. Tozda das aobozo t > 0:
lim P(|X|>1¢) =0.
t—o0

9TO MOXKHO HHTEPIPETHPOBATD TAK: €CJIH CIyIailHas BEJIUIHHA HMe-
eT KOHeYHOe MaTeMaTHdecKoe OKHUIAHWe, TO Jist JIIoDOTO Hamepes 3a-
JIAHHOTO TI0JIOKUTEJILHOrO YUCIa € (Kak Obl MaJlo OHO HU ObLIO) BCEra
MOXKHO 3aKJIIOYUTh CJyYaiiHyI0 BEJIMYMHY B TAKOH (I0CTATOYHO GOJIb-
110#i) uHTEPBaJ, YTOObl OHA IPUHUMAJIA 3HAYEHUsI BHE STOIO UHTEPBAJIA
C BEPOATHOCTHIO MeHbIlE £ (TO eCTh MOXKHO C/eJIaTh TAK, YT00bL 9Ta Be-
POSITHOCTH ObLIa OBl CKOJIb YTOIHO OJIM3KA K HYJIIO).

Crenyroriee HEpaBeHCTBO ObLITO J0Ka3aHOo He3aBucuMmo I1.JI. HUebbr-

méebM u . Boemamve!®.

Teopema 3.28 (nepasencrso YeObnmésa-Bhensme (BTOpoe HEPABEHCTBO
Yeowmiésa)). ITyems M X2 < oo. Tozda daa aobozo t > 0 eepro nepa-
6eHCMB0:

DX

PIX —MX|>1) < —~.

[oxasameavcmeo. Ilpeasapurensuo 3amernm, 4ro npu ¢ > 0 HepaBeH-
crBo | X —M X| > t sxksuBanentro (X —M X)? > t2, Torna nokazaresib-
CTBO PACCMATPUBAEMOrO B T€OPEME YTBEPIKICHUS HECTIOXKHO IOy IAETCSI
C MOMOINBIO HepaBeHCTBA MapKoBa:

M(X-MX)2 DX
PIX-MX|>1t)=P(X-MX)? > %) < = =

15 1pens-Kronn Brensme (1796-1878) — bpaHIly3cKuit CTATHCTHK M aJMHHUCTDA-
TOD.

O
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YactabiM cydaem HepaBeHCTBA UeObINTERA sIBJISIETCST COOTHOITIEHNE,
HU3BECTHOE II0J] HA3BAHUEM <IIPABUJIO TPEX CUI'M>»:

Cnencrsue 3.29 (npasuso tpéx curm). Iycms D X = o2, Tozda

P(X —MX| > 30) <

Nl

Zloxaszameavcmeo. U3 nepapercrsa YeObIména:

DX 2
7 _ O

PlX-MX|230) — =—
( | %) (30)2 902 9

WNuorma «mpaBujio TpEX CUIM» TPUMEHSIETCST B TAKO HeCTporoii ¢hop-
MYJIIPOBKE: BEPOSATHOCTD TOTO, UTO CIIyJaiiHas BEIUINHA OTKJIOHUTCS OT
CBOEr0 MATEMATUYECKOTO OKUIaHNS OOJIbINE, 9eM HA, TPU CPEIHEKBAIPA-
TUYECKUX OTKJIOHEHHsI («TPH CHI'MbI» ), O4eHb Maja. IIpaBia, moka3aH-
HOE CJIeICTBUE IOKA3bIBAET, 9TO BEPOATHOCTH TAKOIO OTKJIOHEHU He IIpe-
BOCXOQJIUAT % (MOKHO JIM CUMUTATH 9TO «OYEHb MAJEHBKON BEJTUIHHON» —
OTBET HA JAHHBINA BOIPOC BeChbMa HeomHOo3HAUeH). OMHAKO 3aMEeTUM, U4TO
B (DOPMYIMPOBKE U [TOKA3ATE]IHCTBE HE ObLJIO YKA3aHUN HA KOHKPETHBIN
BHJ 3aKOHA DACHpPeIe/IeHns CJIy9ailHol BeauduHbl X, JOCTATOYHO ObI-
JIO TOJIBKO CyIIECTBOBaHUs KOHeuHOil jucuepcuu D X (uiau KoHedHOro
M X2). Tlosromy 3HaueHue % OyzeT yHUBEPCAJbHOM BepxHell rpanutei
JIJIST BEPOSITHOCTH YTIOMSIHYTOTO COOBITHS.

[To6ourbiM 3ddekToM TaKOi yHUBEPCATHLHOCTH SBJISETCA TO, UTO
OIIEHKA, SABJISETCS JOCTATOYHO TPYO0il — /IJIsi OTAETBHBIX CITy9aiiHbIX Be-
jruaus (€ yueroMm crenuduKu 3aKOHA MX PACIPEIEJIeHUs) MOXKHO Oy~
YUATH 3HAYUTEIbHO MEHbIILYIO OIEHKY JAHHONW BEPOATHOCTH.

IIpumep 83 (mpaBujio TPEX CUIM JIJIs HOPMAJIBHOTO PACHPEIETICHN).
IIycts cayuaitnas Beqmunna X pacrpeiesieHa Mo HOPMAJIbHOMY 3aKOHY
¢ mapamerpamu a u o2. Toraa

P(IX —a| > 30) = 28(3) ~ 0,0027.

3anaua 84. Ilycrs ciayuaiinas Besmunnaa X pacrnpeieeHa paBHOMEPHO
Ha [0, 1]. Berauciure 3uadenne o = /D X u naiigure P(|X—M X| > 30).

3apgaua 85. Ilycrs ciy4aitnas Benmannaa X pacrpeeieHa paBHOMEPHO
Ha [a, b]. Beranciure 3uavenne 0 = vD X n Haiigure P(| X —M X| > 30).
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3agaua 86. Ilycts ciayuaiinas BeanunHa X pacnpeaesena mo moKa3a-
TEJIbHOMY 3aKOHY C mapamMeTrpoMm «. Berauciaure 3uadvenue o = vVD X u
Hajigure P(| X — M X| > 30).

IIpumep 87. ABrobyc B cpeHeM ona3ablBaeT Ha 2 MUHYTHI. Bojee To-
ro, Oymem mpeamosararb, 9TO aBTOOYC HUKOTIA HE MPUXOIUAT PAHDINE
BpEMEHH, yKa3aHHOTO B pacnucanuu. C moMoIipio HepaBeHeTB JeObiiné-
Ba OLIEHUTE BEPOATHOCTDH TOI'O, 9TO OH OO031aeT Oosibine, yem Ha 10 mu-
HYT.

Pewenue. O6o3naunm yepe3 X Bpems ono3ganus aBrodyca (3a eIuHuUILy
BpeMenu Bbibepem ouy MunyTy). U3 ycnobus 3agadu M X =2u X > 0.
Tpebyerca naiitu BepoarHocTh cobbitusa {X > 10}.

Bocnosip3yemcst nepBbIM HEpaBeHCTBOM eOBIMERA, 7T 33, TAHHOM CIIy-
qaitnoit Bequunabl X w t = 10. Urak,

MX 2

PX>10)< —— = — =
( <35 =1

0,2. O

Ob6paraeM BHUMAHWE HA TO, YTO BTOPHIM HEPABEHCTBOM JeOBIIé-
Ba IIpU PEIICHUN Hpeﬂbmymeﬁ 3aJa491 MBI BOCIIOJIB30BATHCA HE CMOIJIN
ObI, TaK KaK [AWUCIEPCHS WA CPEeTHEKBAIPATHIECKOE OTKJIOHEHHWE HaM
He 6I)IJII/I HN3BECTHDBI (I/I BbIBECTH KX 3HAYECHHA, 3HAA TOJIbKO BEIUYIHUHY
MaTEeMaTU4eCKOrO O2KUJIAHUI, He.]'[b3ﬂ). B crenytomeit 3amade rakas 10-
MOTHUTE IbHAS WHMOPMAIU OyIeT MPeIOCTABIeHA.

ITpumep 88. B reuenwne qus B aBTobycax mpogaercs B cpegaem 20000 Ou-
seroB. CpelHeKkBaApaTuIeckoe OTKIOHeH e (pa36poc) KOJMIECTBA PO~
maaabix omneros cocrapisger 1000. C momompio HepaBeHcTs eOblnésa
OIIEHUTE BEPOATHOCTH TOTO, YTO KOJHIECTBO MPOJAHHBIX 32 JIEHb Omie-
TOB JIE?KUT B HHTEPBAJIE:

a) ot 18000 mo 22000,

6) or 17000 oo 23000,

B) ot 15000 0 25000.

Pewenue. O603naunm yepe3 X cirydallHy[O BEJUIUHY — KOJIUIECTBO OU-
JIeTOB, POJIaBaeMbIX B Teuenue aus. I1o yeaornio, M X = 20000, o(X) = 1000,
orkyna D X = (1000)% = 10°.

17151 OlleHKY BEpOSATHOCTEH yKA3aHHBIX COOBITHI BOCIOJIB3YEMCS BTO-
PBIM HepaBeHCTBOM 1eObIméBa.
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a) TIpeoGpa3yeMm HepaBeHCTBO, OMWCHIBAIOIIEE 3aAHHOE COOBITHE:

P(18000 < X < 22000) = P(—2000 < X — 20000 < 2000) =
= P(]X — 20000| < 2000).

[epeiimem K MPOTUBOIMOJIOKHOMY COOBITHIO U BOCIIOJIB3YEMCsSI BTOPBIM
HEpABEHCTBOM ebbIména:

P(]X — 20000| < 2000) = 1 — P(|X — 20000| > 2000) =

DX
—1-P(|X —MX]|>2000)>1— -
( | ) 20002
106 13
:1—7:1—7:7: .
20002 171707

Nrak, P(18000 < X < 22000) > 0,75.
6) AHAJIOIUYHO IPEAbLLYIIEMY CJYYAl0 HOJLyYaeM:

P(17000 < X < 23000) = 1 — P(|X — M X| > 3000)

S,ZLGCB MOXKHO 3aMETHUTb, YTO OIIEHKa HOC.HQ,ELHGI‘/‘I BEPOATHOCTHU — 3TO B
YUCTOM BHJE «IIPABHJIO TpéX CHUI'M>»

P(IX = MX| > 3000) = P(|X —MX| >30x) <

O =

OTciona 6BICTPO TIOSydaeM OTBET:
1
P(17000 < X < 23000) > 1 — 579

B) [IpeobpasoBanusiMu, aHAJIOIMYHBIMYU JBYM IIPEAbLAYIIMM CJLyda-
AM, TIOJTydaeM:

P(15000 < X < 25000) = 1 — P(|X — M X| > 5000) >

DX | 106 0.96 0

50002 50002 .
Eme pa3 ormeTnM, 9TO OIEHKN BEPOSITHOCTEH, TOJIyYeHHBIE B TTPEIhI-
ayieit 3a7a49e ¢ MOMOIIBI0 BTOPOTO HEPABEHCTBA 1eObINéBa, ABISIOTCS
JOCTATOYHO TPYOBIMU — OHU TOAXOAAT JIJIsI JTIOOBIX CJIYyYIalHBIX BETHINH
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¢ maremarudecknuM oxkuganneM 20000 1 cpeTHEKBAIPATHIHBIM OTKJIOHE-
areM 1000. Bosiee TOUHBIE ONEHKHN BEpOATHOCTEH TMOKA MBI OJYIUTH HE
MOIVIY, TaK KaK 3aKOH pacCIpeleJIeHus PAacCMaTPUBAECMON CIy4daifHOl Be-
smaunbl X He ObLT u3BecTeH (ObLIM U3BECTHBI TOJBKO HEKOTOPBIE €€ YHC-
JioBbIe xapakrepucruku). IIpu Hamyuuu JononHuTenbHoM undopmanuu
0 3aKOHE PACMpPEIETIeHNsT BeMMINHBI X MOXKHO TIOCTPOUTL 00JIee TOTHBLIE
OIIEHKW COOTBETCTBYIOIINX BEPOSTHOCTEN.

Hampuwmep, ecau B mpembiayieit 3aaade ObLIO ObI JOMOTHUTEILHO
M3BECTHO, UTO CIydJaiiHas BEJIMINHA PACIPEIe/IeHa TI0 HOPMATHHOMY 3a-
KOHY (C TeMu 2Ke 33JaHHbIMU MATEeMATHYECKUM OXKHUIAHUEM U CPeHe-
KBaIPATUYECKUM OTKJIOHEHHWEM ), TO BMECTO OLIEHOK BepositHocTeit 0,75,
8 ~ 0,889 1 0,96 Gbin GBI MOJIy9€HbI 3HAYUTEIHHO 00JIee TOYHBIE 3HA-

9
qenus — 0,955, 0,9973 u 0,9999994 cooTBETCTBEHHO.

3.10.2 3axoH OOJbLIINX YUCeJI

Kak yke ObL710 OTMEYEHO, OIEHKH BEPOSATHOCTEH, IOy YeHHBIE HEIIO-
CPEICTBEHHO C TIOMOIIBIO HEpABEHCTB UeOhINéRa, OKA3LIBAIOTCS HE OYEHD
TOYHBIMH, HO JOCTATOYHO YHUBEPCAJILHLIMU (TO €CTh NMPUMEHUMBIMHA K
JIOBOJILHO IIIUPOKOMY KJIACCYy pacipeesienuii). Bocnonb3yemcs JaHHbIMI
pe3yabTaTamMu JIJi U3yYEHUs CIYYalHbIX BEJTUYUH, ABJISIONINXCS YCPeI-
HEHUSIMHA HECKOJIbKUX HE3aBHUCHMbLIX CjydaiiHbix BejaunduH. CoorHole-
HHS, KOTOPbIE OyyT BbIBEJIEHDI B JJAHHOM Pa3/ie/ie, U3BECTHBI KAK 3aKO0H
borvwur wuces. dns wadama copMyaupyeM U IOKaXKeM 3aKOH 0O0JIb-
IIUX 9UCENI B JOCTATOYHO 00IIeil (hopme, a B JAJbLHEUIIEM MOJIYIUM W3
HEro psj, TIOOOIBITHBIX CJIEICTBHM.

Teopema 3.30 (3akon Gosbuiux uucen). ITycmo cayuatinoe 6eaunumbl
X1, Xo, ..., X, Heza6ucumst, 6 uT OUCNEPCUL 02PAHUMEHDL 8 COBOKYNHO-
emu (mo ecmub cywecmeyem makaa kowemanma C > 0, wmo D X; < C
ons 1 <i < n). Tozda das a106020 € > 0 6epHO HEPAGEHCNEO:

C
Z€e| S —-
ne

P(’X1+X2+--~+Xn_ MX, +MX;+---+MX,
n n

Zloxasameavcmeo. Beemem obo3naderue:

X1+ Xo+--+ X,
- .

X =
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Torma UMeeT MeCTO CIeAYIONIEe COOTHOIIEHNUE:

Xi+X+--+ X 1
MX:M( 1+ X+ + "):M(X1+X2+-~-+Xn):
n n
_MXi+MXy + -+ MX,
- .

OueHnM IUCITIEPCHIO BETUIUHBI X :

:ED(X1+X2+-~-+X,L).

DX:D<X1+X2+"'+X”> !
n

Tak Kak gucnepcust CyMMbI HE3aBUCUMBIX CTyYaHBIX BEJTUINH PABHA,
CyMMe UX JUCHEPCUi, IOIydaeM:

_DXi+DXy+---+DX, <C+C+~-~+C_@_C’
B n? = n? T on2 n

DX

C
Nrak, D X < —. Temepnb BoCmomb3yeMcsi BBEIEHHBIMEA OO03HATEHU -

25):

O

MU U MIPUMEHWM HEPABEHCTBO 1eObIména:

P(‘X1+X2+~--+Xn  MXi+MXo+--- +MX,
n n

:P(|X7MX|>5)<%<%.

HawnGonee vacTo paccMaTpuBaioTCs CpeIHre apudMeTHIecKue He IPo-
M3BOJIbHBIX HE3aBUCUMBIX CJIyYAWHBIX BEJIUYUH, & €€ U OJHOTHUIIHBIX,
OJIMHAKOBO PACHPEIETIEHHBIX (TO €CTh UMEIONINX OIWHAKOBLIE 3AKOHBI
pachpeiesieHusi U, KaK CJIEICTBUE, OJUHAKOBBIE YHCJIOBBIE XAPAKTEPU-
CTHKM — MaTeMaTu4ecKue OxKuanus u aucnepcun). Hanpumep, ¢ Takoii
cuTyalmeil MOyKHO CTOJIKHYThCS TP AHAJIN3€E XaPAKTePa PAaCIIpe e IeHnsT
cpemHero apudMeTnIecKoro Pe3yIbTaTOB CEPUH OJTHOTUIIHBIX HE3ABHUCH-
MbIX UCHbBITAHUN.

CuteacrBue 3.31 (3aKoH GOJIBIIUX YUCEJT /IS OJHOTHUIIHBIX CJIYIailHbIX
BesuauH). [Tyemos cayuatinve seaununvt X1, Xo, ..., X, nezasucumos



121 InaBa 3. Ciyuaiinpie BeJimduHbl

U 00UHAK060 pacnpedesetnl, UL mamemamuyeckue oxcudanua M X; = a,
ducnepcuu D X; = 02. Tozda das 4106020 € > 0 6epHO HEPABEHCTNEO:

(‘X1+X2+"'+Xn ‘
P —a

n ne

2
ag
> 5> < . (3.15)

Loxaszameavcmeo. g YKa3aHHBIX CYIANHBIX BETUIIH

MX 4 MXo 4+ MX,
n

B kauectBe xoHCTaHTbI (', OrDAHMYMBAIONIEH TUCTIEPCHN BCEX CJIyUaii-
HBIX BeJIMUMH X;, MO’KHO BBIOpaTh 3HA4YeHne 2. JIjis 3aBepIenns JoKa-
3aTeIbLCTBA OCTAJI0Ch TOJIBKO IOJACTABUTDH [JaHHbLIE 3HAYEHUs] B HEPABEH-
CTBO U3 3aKOHA OOJIbIIUX YuCe]a B OOIIEM BUJE. O

3amernM, 91O mpu (PUKCHPOBAHHOM 3HadeHwu ¢ > ( mpaBas 9acThb
HepasencTBa (3.15) crpemurcs Kk 0 npu n — 00. ITO MO3BOJILET 3allU-
caTb 3aKOH OOJIBIIMX YUCeJI JJIsi OLMHAKOBO PACIPEIEIEHHBIX CJIYYaHbIX
BesmunH B (pOpMe, KOTOPasi M3BECTHA KaK 34K0H O0ALWUTL Yuces debvi-
wéea:

Caeacrue 3.32 (3akon 6osbimux uncen B ¢popme Yebbmmésa). ITycmo
UMEETNCA NOCAEJOBAMENLHOCTID HE3ABUCUMBL U 00UHAK0OB0 pacnpede-
AEHHOLL CAYHaAUHOT eeaudurn X1, Xo, ..., Xn, ..., Mamemamuueckue
oorcudanus komopwx M X, = a (dasn e6cex i), a ducnepcuu KoneuHb.
Tozda das aw0b020 € > 0

P(‘X1+X2+---+Xn

—a
n

>€>—>O npu n — 0.

Menee cTpoOro 3ToT pe3y/abTar MOMKHO IPOMHTEPIPETUPOBATL CJie-
JYIONUM O0pa30M: B CEPUU HE3ABUCUMBIX OIHOTHUITHBIX UCIBITAHUN Be-
POSITHOCTH JayKe HeOOIBIINX OTKJIOHEHHH CpeaHero apu@MeTHIecKoro
3HAYEHWH CAyIalHbIX BETUINH OT MATEMATHIECKOTO OKUIAHUS ITUX Be-
JIUYUH cTpeMuTcsd K 0 ¢ pOCTOM KOJIMYeCTBA MPOBEIEHHBIX UCIIBITAHUMN.
WNuate roBopst, npu GOJBIIOM KOJUYIECTBE HCIBITAHUI CpeaHee 3Hade-
HUE PE3yJIbTATOB UCIBITAHUN BemeT cedsi JOBOJBHO MPEACKA3YEMO, MAJIO
OTKJIOHAACHh OT MAaTEMAaTUYECKOTO OXKUJAHUA.

OpHuM U3 yCaoBuil TOKA3AHHOW TEOPEMBI U CJIEJACTBUN U3 HEE SBJIs-
ercs KoHevHOCTh aucnepcuii D X; (uiam, 410 TO Ke camoe, KOHEYHOCTD
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M XZQ) Oxka3bIBaeTCs, 9TO 3aKOH OOJILINX uncea B (popme UeObIména
(cnencrBue 3.32) mmeer MecTo gaxke 6€3 TAKOrO OrpAHUYEHUS — MOJIY-

YEHHOE yTBEPZKACHNE HOCUT HA3BAHUE MEOPEeMbL XUHHUHG}G.

Teopema 3.33 (3akon Gosbiiux uucen B dopme Xunumua). [Tycmo
UMEENCA NOCALI0BAMEADHOCTND HE3ABUCUMBE U 00UHAKOBO pacnpede-
NEHHBLE cAydatinorr seaudur X1, Xo, ..., Xn, .., MAMEMAMUYECKUE
ootcudanua Komopur M X; = a (das ecex i). Tozda das a06020 € > 0

(‘X1+X2+"'+Xn
P —a

n

25)—)0 npu n — Q.

JIoKa3bIBATH 9TO YTBEPKIEHNE MBI HE OyIeM, HO OTMETUM, U4TO JTOKa-
3aTeIHCTBO MPHUIIIOCH ObI TPOBOAUTD APYTUMU CPEICTBAMU, — PAHEE MbI
TOJTF30BAJINCh BTOPBIM HEpaBEHCTBOM eObiméBa, a B HEM TpeOOBaHue
KOHEYHOCTH JIUCIEPCHUIl SIBIISETCS KJTIOYEBbIM.

3akon Gosbiux 4nces B popme HebbimiéBa uin B ¢popme XUHITHA
TakzKe 0OOOCHOBBIBAIOT BO3MOXKHOCTH CTATUCTUYECKOIO OIPE/ITICHUs Ma-
TEeMATHYECKOTO OYKUJAHWS: B KAYECTBE OIEHKN MATEMATUIECKOTO OXKU-
JaHUs CIy9aiiHON BEIUYNHBI MOXKHO PACCMATPUBATH CpeaHee apudme-
THUYECKOE 3HAYCHWI STOI BEJIMYMHBI B CEPUM HE3ABUCHMBIX OJHOTHUITHBIX
UCIBITAHWI — BEPOITHOCTH TOTO, YTO ITOT MPUOJUIKEHHBI pe3yabrar
Oyser CUIbHO OTKJIOHSTHCS OT PEAJHHOIO 3HAYEHHS MATEMATHYECKOrO
OXKHUJIAHUS, Oy/IeT JTOCTATOTHO HUIKOW TIPU OOJIBIITOM KOJIMYECTBE TTPOBE-
JIEHHBIX WCIBITAHUI.

Emé onarM nHTEPECHBIM CIEICTBUEM W3 3aKOHA OOJIBINNX 9HUCENT [IJIsT
OJ/IHOTHITHBIX UCIIBITAHUMN SIBJISIETCA 3aK0H boavwur wucen 6 gopme Bep-
HYANU.

Cuieacrue 3.34 (3akon Gosbinux uuces B popme Bepuymnu). ITycmo
nposodamcs n ucnvimanuli Bepuyaiu ¢ sepoamuocmuio yenexa p 0as
Kaotcdozo ucnvimanus 6 omadeavnocmu. Ilyemov S, — Korunecmseo ucnoi-
manutll, 3aKoRUBWUTCA ycnerom. T1oz0a dasn awbozo € > 0

(|5 o 5e) <2152,

~X
n ne?
16 Anexcannp SIxoBesny Xumuun (1894-1959) — coBeTcKuit MaTeMaTHK.
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oxasameavcmeo. Ilycth X; —9nucyio ycrexoB B i-M HCHBITAaHUW (OHO
moxker 6biTh paBuo 0 wiu 1), 4 =1,...,n. Torma

Sy _ Xi+Xo -+ Xy

)

n n

Kpowme Toro, Herpyauo Bbrancants M X; = pu DX, = p(1 — p).

Cornacuo yciioBuio, ciaydaiiubie Bemmanabl Xp, Xo, ..., X, HE3aBHU-
cumbl. Bocrionp3oBasmuch ciegacreuem 3.31, mosryguaem:
S, DX, p(1-p
P(|I=—p|>¢c] < 72’ = (72) |
n ne ne

Caeacrue 3.35 (3akon Gonbinux unces Bepuynmm B mpeensHoii dpop-
me). ITycmo nposodamca n ucnomanut Bepryasu ¢ eeposmmocmoio
yenexra p 6 kascdom ucnvimaruu. Ilyems S, — Kosunecmeo ucnwvima-
HUT, 3aKOHNUBWULCA Yycnexom. Toz0a das a1w06020 &€ > 0

°(

n
PaCCMOTpeHHOQ B JaHHOM YTBEP2KJ/ICHHUM OTHOILICHHUE — ABJIdeTCA

Sn
— —pl=z2e) =0 npu n — oQ.
n

OMHOCUMENLHOT 4acMOMOT, 9UC/Ia YCIEX0B B N UCHbITaHUSIX beprysiim.
Takum obpas3om, 3ak0oH Oosbmux uncesn B (opme Bepuysmin dakrude-
CKH SIBJIAETCSA OOOCHOBAHMEM CTATHCTHUIECKOTO OMPEILTICHNST BEPOATHO-
CTH: €CJIA TIPOBECTH OOJBIIOE KOJMHMIECTBO HCIBITAHU, TO BEPOITHOCTD
OOJIBINIUX OTKJIOHEHWH OTHOCHUTE/IHHOM JacTOTHI YUCJIA YCIIEXOB OT Jeii-
CTBUTEJIbHOIO 3HAYEHUs BEPOATHOCTU ycnexa crpemurcd K 0 ¢ pocrom
KOJINYECTBA, UCTBITAHUN (M YBEJIMYEHUEM KOJTUYECTBA UCILITAHUNA MOXK-
HO JI00MTHCS CHUYKEHUS MOTPEITHOCTH TP OLIEHKE BEPOSITHOCTH YCIIEXa).

IIpumep 89. Chyuaiinas sesmauna X — cpeanee apudmernydeckoe 1000
HE3ABUCUMBIX CIYyYANHBIX BEJIMYWH, DABHOMEPHO PACIPEIEIEHHBIX Ha,
orpeske [0,1]. OnennTe BEPOSTHOCTH TOTO, YTO CIydvaiiHas BeanmdnHa X
okaxketrcs B jguanasone ot 0,45 mo 0,55.

Pewenue. Tlycrb Xy, Xo, ..., X1000 — PABHOMEDPHO pacipeiesieHHbIe (Ha
orpeske [0,1]) ciyuaiinble Besuuunbl u3 yciaosus 3anadu. Hecioxuo ycra-

HOBUTH, a0 M X; = 2 DX, = T OTTa, BOCIIOJIH3YEMCSI 3aKOHOM
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OOJIBINNX YUCEJI IJIA OJHOTUITHBIX Cﬂy‘laf/’IHbIX BEJINYMNH:

X X 1
P(048 < X <0,52) =1—P (‘ s 10(;6 1000 _ 2‘ > 0,05) >
510X _, 11z _, 1
- 1000 - (0,05)2 25 30

Wrak, moiyunin, 9To yKa3aHHAS CIyYalHas BEININHA TPAKTUIECKHT
JIOCTOBEPHO OKA3bIBAETCS B 33/IAHHON Y3KOl OKPECTHOCTU CBOETO MATe-
MaTUYECKOTO OKHIAHUSA. L]
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TIPUJIOXKEHUE 1

1 *502

V2r

Tabnuna sHaveHunii GyHkumm o(x) =

0,00 | 001 ] 0,02 | 003 | 0,04 | 0,05| 0,06 | 0,07 | 0,08 ]| 0,09

0,3989 | 3989 | 3989 | 3988 | 3986 | 3984 | 3982 | 3980 | 3977 | 3973
3970 | 3965 | 3961 | 3956 | 3951 | 3945 | 3939 | 3932 | 3925 | 3918
3910 | 3902 | 3894 | 3885 | 3876 | 3867 | 3857 | 3847 | 3836 | 3825
3814 | 3802 | 3790 | 3778 | 3765 | 3752 | 3739 | 3726 | 3712 | 3697
3683 | 3668 | 3652 | 3637 | 3621 | 3605 | 3589 | 3572 | 3555 | 3538
3521 | 3503 | 3485 | 3467 | 3448 | 3429 | 3410 | 3391 | 3372 | 3352
3332 | 3312 | 3292 | 3271 | 3251 | 3230 | 3209 | 3187 | 3166 | 3144
3123 | 3101 | 3079 | 3056 | 3034 | 3011 | 2989 | 2966 | 2943 | 2920

WLRLWWWWWWWW DINIDNNNNDN HRERREEEEs 0000000000
LoNOUIRWLIRD VoNoURWLRD VoNoULRWwLRD bo~NoIrwRO




TIPUJIOXKEHUE 2

T
1 —t2
Tabnuua suavennit byakuun O(z) = — /eT dt
V2
"o

0,00 | 0,01 | 0,02 003 | 0,04 | 0,05| 0,06 | 0,07 | 0,08]| 0,09

LoNouUrwMRDO VowNouUuRrwWLRDO VoNoURwWORO

OCOOOOOOOOO

U I T W U S W U gy

NRONNNNDNNNDNN

0,0000 | 0040 | 0080 | 0120 | 0160 | 0199 | 0239 | 0279 | 0319 | 0359
0398 | 0438 | 0478 | 0517 | 0557 | 0596 | 0636 | 0675 | 0714 | 0753
0793 | 0832 | 0871 | 0910 | 0948 | 0987 | 1026 | 1064 | 1103 | 1141
1179 | 1217 | 1255 | 1293 | 1331 | 1368 | 1406 | 1443 | 1480 | 1517
1554 | 1591 | 1628 | 1664 | 1700 | 1736 | 1772 | 1808 | 1844 | 1879
1915 | 1950 | 1985 | 2019 | 2054 | 2088 | 2123 | 2157 | 2190 | 2224
2257 | 2291 | 2324 | 2357 | 2389 | 2422 | 2454 | 2486 | 2517 | 2549
2580 | 2611 | 2642 | 2673 | 2703 | 2734 | 2764 | 2794 | 2823 | 2852
2881 | 2910 | 2939 | 2967 | 2995 | 3023 | 3051 | 3078 | 3106 | 3133
3159 | 3186 | 3212 | 3238 | 3264 | 3289 | 3315 | 3340 | 3365 | 3389

0,3413 | 3438 | 3461 | 3485 | 3508 | 3531 | 3554 | 3577 | 3599 | 3621
3643 | 3665 | 3680 | 3708 | 3729 | 3749 | 3770 | 3790 | 3810 | 3830
3849 | 3869 | 3883 | 3907 | 3925 | 3944 | 3962 | 3980 | 3997 | 4015
4032 | 4049 | 4066 | 4082 | 4099 | 4115 | 4131 | 4147 | 4162 | 4177
4192 | 4207 | 4222 | 4230 | 4251 | 4265 | 4279 | 4292 | 4305 | 4319
4332 | 4345 | 4357 | 4370 | 4382 | 4394 | 4406 | 4418 | 4429 | 4441
4452 | 4463 | 4474 | 4484 | 4405 | 4505 | 4515 | 4525 | 4535 | 4545
4554 | 4564 | 4573 | 4582 | 45901 | 4599 | 4608 | 4616 | 4625 | 4633
4641 | 4649 | 4656 | 4664 | 4671 | 4678 | 4686 | 4693 | 4699 | 4706
4713 | 4719 | 4726 | 4732 | 4738 | 4744 | 4750 | 4756 | 4761 | 4767

0,4773 | 4778 | 4783 | 4788 | 4793 | 4798 | 4803 | 4808 | 4812 | 4817
4821 | 4826 | 4830 | 4834 | 4838 | 4842 | 4846 | 4850 | 4854 | 4857
4861 | 4865 | 4868 | 4871 | 4875 | 4878 | 4881 | 4884 | 4887 | 4890
4893 | 4896 | 4898 | 4901 | 4904 | 4906 | 4909 | 4911 | 4913 | 4916
4918 | 4920 | 4922 | 4925 | 4927 | 4929 | 4931 | 4932 | 4934 | 4936
4038 | 4940 | 4941 | 4943 | 4945 | 4046 | 4948 | 4949 | 4951 | 4952
4953 | 4955 | 4956 | 4957 | 4959 | 4960 | 4961 | 4962 | 4963 | 4964
4965 | 4966 | 4967 | 4968 | 4969 | 4970 | 4971 | 4972 | 4973 | 4974
4974 | 4975 | 4976 | 4977 | 4977 | 4978 | 4979 | 4980 | 4980 | 4981
4081 | 4982 | 4983 | 4984 | 4984 | 4984 | 4985 | 4985 | 4986 | 4986

®(3,0) = 0,49865;  ®(3,2) = 0,49931;  B(3,4) = 0,49966;
®(3,6) = 0,499841;  &(3,8) = 0,499928;  B(4,0) = 0,499968;
®(4,5) = 0,499997;  &(5,0) = 0,4999997.
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