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BBeaenue

CrpaTernuecknuM HaIMpaBICHHEM MOJEPHU3AINH W ONTHMH3a-
MW BBICIIETO0 00pa30BaHMs SBISIETCS YBEITUYCHHE BPEMEHHU Ha ca-
MOCTOSITENIbHYIO pa0OTy CTy/A€HTOB. [ 3TO MOHATHO: COBpEMEHHBIE
YCJIOBHS JUKTYIOT HEOOXOJUMOCTHh HETPEpPBIBHOTO 00pa3oBaHMS,
KOT/Ia OT CTY/ICHTOB W B JIaJbHEHIIEM OT BBIITYCKHUKOB YHUBEPCH-
TeTa TpeOyeTcs MOCTOSTHHOE COBEPIIIEHCTBOBAHNE 3HAHWH. BhITyck-
HUK JIOJDKEeH OBITh OPMEHTHPOBAH HA WHHUIIMATHBY M CAMOCTOSTENb-
HOCTB, 00JIaIaTh CIIOCOOHOCTHIO pabOTaTh B Pa3THMYHBIX PabOUNX
KOMaH/IaX, IMETh BHICOKYIO MOTHBAITHIO K ITepeo0yICHHIO.

OmHUM W3 OCHOBHBIX (haKTOpOB, obecrieunBaOmMuX P HEeKTHB-
HOCTH TIporiecca 00y4eHHUs U MO3BOJISIONINX JOCTUTHYTH 00jiee BhI-
COKOTO KadyecTBa 00yUeHHs, SIBISAETCS COKpaIleHNe ay TMTOPHOHN Ha-
T'PY3KH, 3aMeHa TTAaCCHBHOTO CITYIIaHUA JEKIIUHA BO3pACTaHUEM JIOJH
CaMOCTOSTeNTEHONW pPaboTHl CcTynmeHToB. OOBEM CaMOCTOSATEIBHOU
paboter ctyaeHToB omnpenensercs OI'OC u yuyeOHBIM TUIAaHOM Ha-
npasienust noAaroroBku 01.03.02 «IlpukiagHas maTeMaTuKa U WUH-
hopmaTukay.

Hucunmnna «KoMIIIEeKCHBIM aHaIu3» OTHOCUTCS K MaTeMaTH-
YEeCKOMY W €CTECTBEHHO-HAYYHOMY ITUKIy, K BapHaTHBHOW YacTH
OIl GakamaBpmaTa, untaercs B 4 ceMmecTpe. Ha m3ydenme mucnm-
InHB 0TBOUTCS 180 YacoB, U3 KOTOPHIX 36 4acOB JIEKIIMOHHBIX
u 72 gaca mpaKTHUECKUX 3aHATHH. OcTalbHBIC Yachl TaK WIIH MHAYC
CBSI3aHBI C CaMOCTOSITEILHON MOAToTOBKOH. OOBeM WH(MOpMaIUu
10 ATOW TUCIUIUTMHE (ITOJHBIA HAOOp BOMPOCOB MPHUBEACH B MPH-
JIOKEHNN) BechMa 3HauuTeneH. OTCIo/1a COBEPIICHHO €CTECTBEHHO
ciemyer, 9To OONbImas 9acTh pabOTHI MEPEHOCHUTCS HA CaMOCTOS-
TEJIHHYIO TIOJITOTOBKY.

B mpemmaraemom mocoOwm MaHbl METOJUYECKHE MaTepHallbI
10 YKa3aHHOM ITUCIUTIINHE: IS KaXKIOW TeMBI TPUBEJIEHBI HE00X0-
JTUMBIE TEOPETUYECKUE CBEJICHUS M MPUMEPHI PEIIeHUs 3aa4, CITH-
COK DK3aMEHAIIMOHHBIX BOTPOCOB, & TaKXKe MPEJCTaBICHB BapHaH-
ThI KOHTPOJBHBIX 33laHUi. Bce 3Tn MaTepuabl Mpru3BaHbl OKa3aTh
ITOMOIIb 0 OPTaHM3AIMN CaMOCTOSITENHHONW pPabOThI, OOJIErdnuTh
Y ONITHMH3WPOBATHh BHEAYIUTOPHYIO CAMOCTOATEIBHYIO PabOTYy.



KomniekcHble ynuc/ia U GyHKIUHU

3ausamue 1. KomniekcHble yucaa. Aaze6pauyeckasi,
mpu2oHOMempu4ecKkas u nokazameavHas ghopma
3anucu. Apugpmemuueckue delicmausi ¢ KOMN/AEKCHbIMU
yucaamu. bopmyaa Myaepa - /lanaaca.

Almz

v=Im z Z=X+Hiy

2]

argz

2 Re Z

KommnekcHoe uncno z = x + iy OpeacTaBisieTcs] TOYKOH KOM-
IDIEKCHON TUTOCKOCTH C JIEKapTOBBIMH KOOpAHMHATamMu (X, )). OTO
anrebOpamdeckas (opma 3amucy KOMIDIEKCHOTO 4Hcia. TpuroHome-
TprdecKkas (opma 3alrCH HCIONB3YEeT TaKhe XapaKTePUCTHUKH, Kak
MOJYJIb U apryMEHT KOMITJIEKCHOTO 4mcia. Momynb omnpeaesnseTcs
KaK pacCTOSHUE OT TOYKH JI0 Hayalla KOOPAWHAT. APTYMEHT — yToJ
MEXTy IEeHTPAIBHBIM JIYIOM, IIPOXOJSAIIAM Yepe3 TOUKY Z, U IOJIO-
JKUTENbHBIM HAaIPABICHUEM ACHCTBUTENBHOU OcH. 11010KUTENBHBIM
CUHTAETCS HAIpaBJICHNE TPOTUB YaCOBOM CTPEIKH, OTPULIATEIbHBIM —
o yacoBoii crpenke. [Ipumenus hopmysy Diinepa e = cosp + ising,
MOJTyYUM W TIOKa3aTeNbHYI0 (HOpMy 3alUCH KOMIUIEKCHOTO YHCIIA:
z = |z| cos argz + i|z| sin argz = |z| (cos argz + i sin argz) = |z|-e"*¥.
ApPryMeHT KOMIUIEKCHOTO YHMCJIa OTIPEIEISAeTCS C TOYHOCTHIO JI0 Be-
TUYWHEL 27k. Arg z — arg z — 2nk, k € Z. B mpaBoii yactu (opMyIIsI

— TJIaBHOE 3HAYEeHHE apryMeHTa (ITUIIETCS C MaJIeHbKOW OYKBBHI).



D10 3HaUEHHE apryMeHTa, IpUHaaIexKalee mpoMexyTky (-, z]. Ja-
Jiee IPUBOUTCS CXeMa BBIYHCIIEHHS TJIABHOTO 3HAYEHUS apryMEHTa.

Alm z

gy +arctg vix arctg y\x

v

- E{F +arctg y\x arctg y\x

CrnoxeHne KOMILIEKCHBIX YUCEN: Z, + 2, =X, — X, + (¥, T 1,).

Bbrauranue: z, —z, =x, —x, + (¥, = y,).

YMHOXEHHE U AEJICHUE MOXKET ObITh NPOM3BEICHO KaK B are-
OpanueckoH, Tak 1 okazaTenbHol popmax. [IpuBeném coorBeTcTBY-
rorue GopMyJIbl:

202, =0 =) (G =) =X X, =Yy, R X, -y )

z, -z, =z| - [z| - e

z_z-z, _(x +in)- (0 —in) _G - +ilyy -, =% -3,)
2 20z (n+)(n-8) X+ '
i :E . pEa Az

Z |Zz|

CornpspkeHIe KOMIUIEKCHOTO YUCHA: Z = X — Y.

Bo3Benenne KOMIUIEKCHOTO YUCIIA B CTEIIEHb (n € N):

Zh = |Z|n . ez

®dopmyira Myaspa — Jlamaca: (cosg + ising)" = cosng + isinng.

3anaua 1.1. IIpenctaButh uncio z = 1 B moka3aTeIbHOW M TPH-
TOHOMETPHYECKOH (popmax.
Pemenue:

z=x+p =1+i-0=]- " =41’ +0’ @0 = 27M = cos 2k +isin 2 7wk



3anaua 1.2. TIpencTaBuTh 9KCIO Z = ~1+i4/3 B mOKa3aTenbHOM

U TPUTOHOMETPUIECKOH (hopmax.
Pemenue:
Touka, cOOTBETCTBYIOIIAs YUCITY, HaXOAUTCA BO 2- 4eTBEPTH
KOMIIJIEKCHOM TJIIOCKOCTH,
2

= arg (—1+i\/§)=ﬂ+arctg_£?=7

—1+i\/§:\/m-ei[%”ﬂﬂkj = 2-ei(%ﬂ+m] :2(c052§+isin2?ﬂ],

3anaua 1.3. [lomyunts hopMyTy KOCHHYCa TPOWHOTO apryMeEH-
Ta, UCIonb3ys Gpopmyiy Myaspa — Jlamnaca.
Pemenue:
CoctaBum hopmyry Myaspa — Jlanmaca st n = 3:

. . 3 . .
(cosqo+ isin go) =cos3p+isin3p =
=cos’ @+3icos’ ¢-singp—3cosp-sin’ p—isin’ @
HpI/IpaBHI/IBaH ,HeflCTBHTeHLHBIe YaCTU BBIPAXKCHUS, MOJTyHaCM:

c0s3¢ = cos” p—3cosg-sin’ ¢

1-i) -li++/3
3agaya 1.3. Beruncnuth 3HaUY€HUE BHIPAKEHHUS M

1

Pemenne:
[IpencraBum yuciia B okazaTeibHOU (opMme:

N\ z
/ 4 6
2-e 2-e , iz E
2" e

(1-i)f (i+ﬁ) ( 2" e Pef

i ) =
e 2 e

LU ,2r i
2(376:2“’ e’ =20 -(cosz?:[+isin2;j=29'(i\/§—1)




3adaHus 05 camocmossmenbHoU pabombl

3apnaua 1.4. IlpenctaBuTh CIEIYIONINE KOMIUIEKCHBIC YHCIIA
B 1I0KA3aTEJILHOW U TPUTOHOMETPUYECKON (hopMax.

a)z=-2 6)z=i B)z=-3i T)z=-i—+3.
(—l+i\/§)7-(1+i)8'

3anaua 1.5. BeraucauTh 3HAUCHNUE BBIPAKEHUS
1-2i

n

3agaya 1.6. [loka3aTe paBeHCTBO ‘Z"‘ = |Z

3aHamue 2. MHOJ#cecmea 8 KOMNJeKCHOU n1ockocmu.
OcHogHble onpedesieHUs

£-OKPECTHOCTBIO TOYKH Z, HA3bIBAETCS MHOMKECTBO TOYEK KOM-
IJIEKCHOHN TIOCKOCTH, YIAIEHHBIX OT He€ Ha PACCTOSIHHE MEHBIIE E.
Hcrnonp3ys CBOMCTBO MOy pa3HOCTH JIBYX YHCEI KaK PACCTOSTHHUS
MEKly HUMH, MOKHO 3anucats: O (z)) = {z :[z—z | < &}.

OTKpBITBIM HA3bIBAETCSI MHOMKECTBO, COCTOSIIEE TOJIBKO
13 BHYTPEHHHUX TOYEK.

I'panuneii MHOXKECTBa Ha3bIBAETCS COBOKYITHOCTh BCEX TPaHMY-
HBIX TOYEK MHOYKECTBA.

CBA3HBIM Ha3BIBAETCSI MHOXKECTBO, Y KOTOPOTO JBE JIFO0OBIE TOU-
KH MOTYT OBITh COEIMHEHBI HETIPEPHIBHON KPUBOM, pUHAIJIEKAIICH
MHOJKECTRBY.

0O06J1acTh — 3TO OTKPBITOE, CBA3HOE MHOKECTBO. O0IaCTh C IpH-
COCTMHEHHON TpaHuUIleH Ha3bIBACTCS CBSI3HOM 00JIACTHIO.

O0utacTh Ha3bIBaeTCA OAHOCBA3ZHOI, JUTS IF000# 3aMKHYTOH KpH-
BOM, IpHHAJIS)KAIIEH 00J1aCTH, TOYKA MHOYKECTBA, TPAHHUIIEH KOTO-
poro SBISIETCS KpHUBas, Tak)Ke MPHHAIekKAT o0macTu. B mpotuBHOM
ciydae 00J1acTh MHOTOCBsI3HAs. MHOTOCBsI3HAs 0071aCTh Ha3bIBAETCS
N-CBA3HOM, eciii €€ TpaHuIla COCTOUT U3 N CBA3HBIX KOMITOHEHT.

PaccmoTpum mpuMeps! pa3nuuHbIX objacTeit. OO0X0 TpaHUITBI
yKazaH CTpeIKaMH.



n=3

PaccMmoTpuM 3amaHue KpUBOH B KOMIIJIEKCHOM IUIOCKOCTH C IO-
MOIIBI0 KOMIUIEKCHO3HAYHOW (D)YHKLIHHU JIEHCTBUTENBHON NEepeMeH-
Hoi. [lycTh KpuBast B IeKapTOBOM cHUCTEME KOOPAUHAT 3a1aéTCsl CH-
CTEMOIi uepe3 napamerp:

x=olt)
y=y()
CocTaBuM ypaBHEHHE OKPYKHOCTH:
X=Xx,+R-cost
{y =y, +R-sint

a<t<b =z(t)=x+i =olt)+ip()

0<t<2rx :>z(t)=x0+R-cost+i(y0+R-sint)=
=z,+R-¢".

3anaua 2.1. 300pa3uTh B KOMIUIEKCHOH MIJIOCKOCTH MHOYKECTBO
TOYEK, Y/IOBJIETBOPSIONINX HEPABEHCTBY |z—2i| <|z+ 2|.

Pemenne:

Bocronp3yemMcsi TEOMETPHYISCKAM CMBICJIOM MOJIYJISI  Pa3HO-
CTH JIBYX YHCENI KaK PacCTOSHHS MEXIy HUMHU. HepaBeHCTBO 3amaért
MHOKECTBO TOYEK, HAXOMMIINXCS OJIMKE K TOUKE 27, YeM K TOUKe —2.



MHOXECTBO SIBIISIETCS OTKPBITBIM. FpaHHHCﬁ MHOXXECCTBA SABJISACTCA
MHO>KECTBO TOYCK, paBHOYZ[aJ'IéHHLIX OT HHUX.

.

3agaua 2.2. Haiitu 1 onucatb MHOKECTBO TOUYEK KOMIUIEKCHON

1 1
IJIOCKOCTH, 3a1aBaCMOC YPaBHCHUCM Re — = E .
=

Pemienne:

Ilepeitném Kk nekapTOBOM cUCTEME KOOPAUHAT:

1 1 —i 1 [
Re—=Re— =Re32C Iy2= 2x z== = x2+y2—2x=(} = I,x—l_l2+y2=1.
z x+iy L S S A )

Takum 06pa3oM, MOITYyIEHO KAHOHUYECKOE YPaBHEHHE OKPYKHO-
CTH C HEHTpoM B Touke 1 u pagmycom 1.

3agaya 2.3. 3amaTh ¢ MOMOIIBIO KOMIUIEKCHO3HAYHOHN (DyHKITHH

OTPE30K, COeNUHSIONINI TOuKH 1 1 i.
Pemenue:

X
A
ra

0
JlaHHBI OTpE30K SBJISETCS YYacTKOM mpsMon ) =1 —x,
mpu x € [0;1]. CocTaBuM mapaMeTpUUECKYIO CUCTEMY, B3SB B Kade-

CTBE IIapaMeTpa HE3aBUCUMYIO IIEPEMEHHYIO X!
x=t

I 2)=t+i(1-1) teo]]
y=1-t



3adaHus 05 camocmossmenbHoU pabombl

3anaua 2.4. 1300pa3uTh B KOMIUIEKCHOM MIIOCKOCTH MHOYKECTBO
TOYEK, yIOBIETBOPSIONINX HEPABEHCTBY |z | > 2 + Rez.

3agaya 2.5. 3a71aTh ¢ MOMOIIBI0 KOMIUIEKCHO3HAYHBIX (DYHKITHIH
COBOKYIHOCTb IpsiMbIX Rez = ¢ u Imz = c.

3ansmue 3. PYHKYuu KOMN/AeKCHO20 nepemMeHHO020

OcHoBHas Kiaccupukanys (GyHKIHH KOMITIEKCHOTO TIEPEMEHHOTO

(I)}'HKI.IHH KOMILI€KCHOTO nepeMeHHOr 0

OJHO3HaAYHbIC MHOTO03HAY1HBIE

OTHOTHCTHBIE MHOTQJIHCTHRI

Paccmotpum mipencTaBiieHHEe KOMIUIEKCHOW (YHKIIMU B BHUJIC
JEHCTBUTEIBHON U MHUMOI Yactel f(z) — flx+iy) — u(x,y) + iv(x,y).

ODYHKIUYU ABYX TIEPEMEHHBIX U U V Ha3bIBAIOTCSI COOTBETCTBEHHO
JEeMCTBUTEIBHON 1 MHUMOM YacTIMU (GYHKLIUM KOMIUIEKCHOTO iepe-
MEHHOTO.

OyHKIUSA HA3bIBAETCA OAHO3ZHAYHOM, €CIIM OJJHOMY 3HAUYEHUIO
apryMeHTa COOTBETCTBYET OJIHO U TOJILKO OJHO 3HaueHHE (yHKIIUH.
B npotuBHOM citydae — pyHKIIMS MHOTO3HAYHAS.

Eciu moboe 3HaueHne QyHKIIMU W JIOCTUTACTCS Ha OJTHOM 3Ha-
YCHHH apTyMEHTa, TO (DYHKI[US HA3bIBACTCS O/THOJIMCTHOM, B IPOTHB-
HOM CIly4ae — MHOTOJINCTHOM.

10



PaccMmoTpuM HEKOTOpBIE CBOMCTBA U BBIUMUCICHUE 3HAUCHUN HE-
KOTOPBIX KOMITJICKCHBIX (DYHKIIUH.
Kopennb n-ii cTeneHu U3 KOMILIEKCHOTO YUCIa
v n .
f (Z)= Nz sBnserca o6partHOi Kk pynkuuu f (z): z" . E¢ 3na-

YEHHUs1 ONPEIEIAIOTCS KAK KOPHU YPaBHEHHUS " = W
iargz+2ﬂk

Wz=zze 7, k=012n—L

OyHKIMA SBIAETCS N-3HAYHOW. 3HAUeHUs (PYHKIUU HAXOMSATCA
B BEpUIMHAX IPABWIBHOIO N-yTOJIbHUKA, BIMCAHHOTO B OKPYXKHOCTb

paanyca A |Z| C LIEHTPOM B Hadaje koopauHar. OOparHas K Hel
bynkuus f(z) = z" ABIAETCSA N-TUCTHOM.

KoMmiiekcHasi 3KCIIOHEHTA
flz)=e" =e'V = e ' =¢ - (cos y + i sin y). KommnekcHas
OKCIIOHEHTA SIBIIICTCS OSCKOHEUHONMCTHOM (yHKImen. Jlokaxem,
4TO e€ MepHoOM SABIsieTC MHUMOe uncio 1 =2zk, k € Z.
ek = rHirth) — o . g2 = 0¥ (cos (y + 27k) +isin (v + 27k)) = e = &,
Takum 00pa3oM, MHOXKECTBOM OJHOJMCTHOCTH OSKCITOHEHTHI
(MHOXECTBO Ha KOTOPOM (DYHKITHSI OJTHOJIMCTHA) SIBIISIETCS JIF00ast TO-
pHU3OHTAIBHAS 1T0JIOCA, IIMPUHA KOTOPOH HE TPEBHIMIACT 27.
ze{z:y+2mk<Ilmz<y+2mk+1),keZ

KoMmmuiekcHblii Jiorapugm

fz)=Lnz=Ln|z| +iArgz OyHxuus apnsiercs 00paTHON K KOM-
IJICKCHOM AKCIIOHEHTE M, CJIeIOBATEIIbHO, OCCKOHEUHO3HAYHOM.

flz) =Inz =1n |z| + i arg z Ha3pIBaeTCs IIaBHBIM 3HAUYCHHEM
KOMIUIEKCHOT'O JIoTapuQma.

OcHOBHOE JTOTapuUPMHUIECKOE TOKIECTBO [T KOMIUIEKCHOTO JIO-
rapugma: ez = eheltiarez = glnlz . ginrgz= || . giarez = 7

Tpuronomerpuyeckne M rumepOoINYecKHe KOMILIEKCHbIE
bynkunu
. el-e e
Beraucnutensusie GopMyIsl: sing = —— cosz =
k4 4 k4 ==

et —e e —e
ShZ:T’ chz =

11



HecmoxHO MpOBEpUTH, YTO TaK ke, KAk ¥ TPUTOHOMETPUUESCKHE
(GYHKIMU ACHCTBUTENBHOTO TMEPEMEHHOTO, KOMIUICKCHBIC CHHYC
U KOCHHYC SIBISIOTCS 27 — meproandeckumu yrkimsmu. Ho, B oT-
JWYHE OT HHX, HE SBISIOTCS OTPaHUYCHHBIMH. Bce aTH (QyHKIUH
OECKOHEYHOJIUCTHEIE.

O0paTHble TPUTOHOMETPUYECKUE U TUIepOoInYecKre KOM-
IUIeKCHBbIe GyHKIUN

Oynknus Aresin z onpenenseTcs Kak MHO)KECTBO PELIeHHA ypaB-
HEeHUs z = sin w = w = Arcsin z:

1] —i1 ; y
e —e s a4 _ ) 1 7 |
z=—— = &2z do1=0 = P=ig+fl+( = @=--Dhiz+1-2% ],
I 1 :
AHaNOTHYHBIM 00pa30M MOTYT OBITH MOJYYEHBI BHIYHCIUTEIh-
HbIE GOPMYIIBI M 1T APYTUX QYHKITAA:

Arceosz==--Inlz+~Z -1];  Arshz= Lnlz4+Z+1];  Archz=Inlz++Z 1]
;o : :

i 14z, 1 14z
Arctgz=-=In— | Arthz ==In—o0-.
2 1-iz 2 l-z
Bce ¢pyHKIIMYT SBASIOTCS OECKOHEYHO3HAYHBIMH.
CreneHHo-nIOKa3aTebHAsA QyHKIUA
Kax Bo3BecTH KOMILIEKCHOE YHCIIO B KOMIUIEKCHYIO CTETICHD?
lez — ezzblnz1

3amaua 3.1. Brruucauts Ln 2i.
Pemienue:

In2i= 1n|2.u:" +idrg 2i=1In2+1 ?—;+ 2k

3axaua 3.2. Beruncnurs 7'
Pemienue:
1'[]r12+1'[£+2)ﬁcD L
2 9.0 2

3HavueHUsT (PYHKITUU SBJISIOTCS JIEHCTBUTEIHHBIMH U 00pa3yroT
reOMETPHUYECKYIO IIPOTPECCHIO.

] — E?:'-I.m'

I =&

12



3anaua 3.3. [lokaszats, yto ¢popmyna Diinepa e =cos z + i sin z
CTpaBeJINBa U Il KOMIUIEKCHOTO apryMeHTa.
Pemenue:

s . e e g¥ g™ 2%
¢f = cosz+ising= ——+i == —¢

3anaua 3.4. Haittu Re(zg 7).

Pemenne:
toi sini e’ —e™™ 2 Cet-1
= = . =]~ p— T
&1 cosi 2i et 4 e ! e2+1  Re g =o.
Re (tg i) =0.

3apaua 3.5. BerancanTs 1 n300pa3uTh B KOMITIEKCHOH TTIIOCKO-
CTH 3HAYEHUs KOMIUIEKCHOTO KOpHS ¥—1 .

Pemenne: [IpencraBum uncno —1 B mokazaTtensHOU (hopme
i(r+21k) i

. L 1
—1 =™ =4[ 1=41.e ¢ .Ipm k=0 momxyuaem zg=e“=f+iﬁ.

Hpuk=1z :ei[%+§j - _%"‘i% dlpuk=2 =z, = ej[%”] =

1 1
- E —1I E .
_ G5 _1 1
Npuk=3 z;=e = 5 i ek N300pa3um mnosry4eHHbIC 3HAYCHUS
KOpHEM B KOMIUIEKCHOW TIOCKOCTH. OHU HaXOJATCS B BEpIIMHAX
MIPaBUIILHOTO YETHIPEXYTONBHNKA (KBaJIpaTa), BIUCAHHOTO B OKPYXK-
HOCTB C TIEHTPOM B Hauaje KOOpAWHAT, 1 paanyca 1.

Im z
1

. ’({ .§rez

13



3agaya 3.6. Berurcnuth 1 n300pa3uTh B KOMIICKCHOMW IJIOCKO-
CTU 3HAUE€HUSI KOMIUIEKCHOTO KOPHSI /8i .
Pemenune:

i[‘-’+2=ﬁ]
ITpencraBum umcino 8i B MOKasaTeabHOH (opme & = 8z 2 =
i %+2;sz i

V8i=Y8-e * .Mpuk=0 HonyqaeMZ():ze?:\/g”.
7 27

| (7 Az
[lpu k = 121:2e1(6+3):—\/§+i.Hpmk:222=2e(6 3j=—2i.

W300pa3uM mnonyyeHHbIC 3HAYCHUSI KOPHEH B KOMIICKCHOM IJIOCKO-
cti. OHM HaXOJATCA B BEPILIMHAX PABHOCTOPOHHETO TPEYTOJIbHHKA,
BIIMCAHHOTO B OKPY’KHOCTB C LICHTPOM B HYJIE, U paauyca 2.

Im z
AE

Z
1 /-_\ZU
~
2 o 0. - 2 Rez
o
r

3adaHus a5 camocmossmeibHOU pabombl

3apaua 3.7. HaliTh MHOXECTBO OTHOJUCTHOCTH I (HYHKIINH
flz) = cos2z.

3angaua 3.8. Haiitu Re(f(z)) u Im(f(2)), fiz) = &~.
3anaua 3.9. Pemmth ypaBHEeHHE Sin z = i.

3anaua 3.10. BeraucauTs 1 n1300pa3uTh B KOMITICKCHOH ITIIOCKO-
CTH 3HAYEHUS KOMILIEKCHOTO KOPHS 5/64 .
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3ansimue 4. [Ipou3800HaAsA KOMN/IEKCHOU (OyHKYUU.
Ceoiicmea dughgpepeHyupyemuvix hyHKyuil

[Ipow3BoaHAS KOMITJIEKCHOH (DYHKIIMH B TOUKE OTIPEIEISICTCS TaK
Ke, KaK U TTPOU3BOIHAS (PYHKITUH TEHCTBUTEIHLHOTO TIEPEMEHHOTO:
o Mz) . fla+Az)-£lz)
lim— - =lim—" = 1(z,).
oo Az Az—0 Az

[onx muddepentrpyeMocThio PYHKIINN B TOUKE TOHUMAETCS CY-
IIECTBOBAHNE M KOHEYHOCTh YKa3aHHOTO mpenena. Mcxons n3 aToro
MOYHO yTBEp)KIATh, YTO NMpaBuiIa U GopMyItsl AudhepeHIIpoOBaHus,
M3BECTHBIE M3 Kypca MaTeMaTHYECKOTO aHAIIN3a, CIPABEUTUBBI TAKKe
U JUTS KOMITIEKCHBIX (DYHKIIHH.

Ycnosus nuddepennupyemoctu GpyHkuumii

[Mycts f(z) = fix+iy) = u(x,y) + iv(x,y). Mexay cBoiicTBamu qud-
(bepeHIMpyeMOCTH QYHKIIMH KOMIUIEKCHOT'O IEPEMEHHOT0 KaK (yHK-
LUH TOYKH IUTOCKOCTH ¥ U PEPEeHIINPYEMOCTBIO €€ IeCTBUTEIBHOM
W MHAMOU YacTel Kak QYHKUUH IBYX JICHCTBUTEIHHBIX TIEPEMEHHBIX
CYILIECTBYET TECHASI CBS3b.

CripaBeiJIMBHI CIIEIYIONINE YTBEPKACHUA:

1. Ecin dbynkuus f(z) nuddepennppyema B Touke, TO B 3TOH TOU-
K€ CYIIECTBYIOT YacCTHbIE NMPOU3BOJHBIE €€ NEeHCTBUTEIHHOU u(X,))
¥ MHUMOH v(x,)) 4acTeil u BeimosHsAtoTcs yciaoBus Komm—Pumana:

"o .
ux—vy,
r_
Z/ly— V..

2. Eciu ¢ynkumu u(x,y) u v(x,y) auddepeHnupyemMbl B TOUKE
(X,Y,) ¥ B OTOH TOYKE BBINOJHAIOTCS ycioBus Komwn-Pumana, 10
Gynxums f(z) = u(x,y) + iv(x,y) mudpdepenumpyema B TOUKe z, = X+, .

3. [IpousBosHas nuddepeHnnpyeMoil pyHKIMHU MOXKET ObITh 3a-
nucana no oxHoi us gopmyit: f(z) =u’ +iv’ =u’ +iu L=V R
=v’ tiu’,

3anaua 4.1. UccnenoBars Ha nuddepeHInpyeMOoCcTh (PYHKITUIO
flz)=¢.

Pemenue:

Haiiném neiicTBUTENbHYO M MHUMYFO YacTH (DYHKIIUH.
flzl=e"=e™ =¢" ¥ =¢"-[cogy +isiny | = ulx,y)=¢"-cosy, vir,yl=¢"-siny.

15



Haiiném yactHbIe TPON3BOAHBIE ICHCTBUTENHHON 1 MHUMOMW YacTe:
t X t_ LR t_ A t_ gk,
H,=e -Ccosy , U,=-€ smy, y,=g g0y, v, =€ - COosy.
uy=e"-cosy=v,=e'-cosy
CocraBum cHCTEMy ypaBHEHHT | ’
R e
u,=—e -siny=-v =—e -smy
OueBHIHO, YTO MHOXECTBOM pEIICHHI cHUCTeMbl siBiseTcs R’ Ta-

KUM 00pa3oM, PYHKITUS sSBIsIeTCs quddepeHImpyeMoii BO BCeil KoM-
IIJIEKCHOH TIOCKOCTH.

3anaua 4.2. Uccnenosars Ha nuddepeHIIpPyeMOCTh (PYHKITUIO
flz)=2".

Pemienune:

Haiiném neiicTBUTEIbHYI0 1 MHUMYIO 9acTH (PYHKITHH
flz)= 74 =(x- 1'y]“2 =x- 2xy:’—y2 = ulx,yl= x* —y2, vix,y)=-2yx .

u
Venosus Komm—Pumana * 7 . BBIITOJIHSIFOTCS
U, ==2y=—v.=2y

v

ToJIbKO B Touke z = 0. CiiezjoBarenbHO, PyHKIUS U hepeHupyema
TOJBKO B OJTHOM TOUKE.

3anaua 4.3. Haiitn Moayb npou3BoAHON QyHKUNU f (z) == -.
z+1
Pemenue:
Fle= =R i
z+t1 zh z+1 Haiiném npousBoimyo,
ncronb3ys popmyiy auhepeHITpoBaHNs CTETICHHON (PYHKIINH:
: f . n

A el i \ 1

fr[ZJ:',_l—I[Z-l-I_I1_]:—__2 = ‘ff[z_l|: H = — -
Clz4i) +if x4+
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3adaHus 05 camocmossmenbHoU pabombl

3anaua 4.4. BpigenuTs JCHCTBUTENBHYIO W MHUMYIO YacTH
(GyHKIMH, COCTaBUTh yciaoBus Kommm—Pumana, Haiitu Touku audde-

pennupyemocT hyskmmn f(z)= 1 .
z

3anaua 4.5. Vccinenosars Ha AuddepeHIMPyeMOCTh (YHKIIHIO

@)=z

3agaya 4.6. Haiitu Moayns UM apryMeHT MPOU3BOJHON B TOUKE
z =i nust Gyukuun f(z) = 2%

3ansimue 5. AHaaumu4eckue hyHKyuu u ux ceolicmaa.
Fapmonuyeckue oyHkyuu. YpasHeHue Jlanaaca

Jlanum HeCKOJBbKO OIpeaeNIeHH aHATUTHYECKON (DYHKIIUH:

1) GyHKIMS Ha3bIBAETCSA AHAJIUTHYECKOH B TOYKE Z,, €CIIM OHA
muddepenuupyeMa B Hell 1 HEKOTOPOH €€ OKPECTHOCTH;

2) dbyHKUUS ABISIETCS] aHATTUTUYECKOM B 00J1aCTH, €CIIM OHA SIBJIS-
€TCs HENPEPhIBHON U BHIMONHSIOTCA ycnoBus Komm—Pumana B kax-
JOH TOUKEe 00JIacTH;

3) ananmuTnueckas (GyHKus sBusieTcss 6eckoHeuHo auddepen-
LUPYEMOM;

4) byHKIUS SABISIETCS aHAIWTHYECKOH B oOrnactu, ecnu ¢op-
MaJIBHO MOCTPOEHHBIN pan Teinopa cXoquTces K 3HAUEHUIO (QYHKIIUH
B K10 TOUKE O0IACTH.

VY aHanuTH4YecKoM (YHKUUM ACHCTBUTENIbHAS U MHHMMAs 4acTH
o0xamaroT ocoObiMu cBoiicTBamu. f(z) = flx+iy) = u(x,y) + iv(x,p).
Oynkunu u(x,y) u v(x,y) apastorcs audepeHIpyeMbIMH, T. €. UMe-
10T HEMPEePBIBHBIE YaCTHBIE TPOU3BOAHBIE JIF000T0 nopsinka. U, kpome
TOTO, SIBJISIFOTCSI TAPMOHMYECKUMHU, T. €. YAOBJICTBOPSIOIIUMHU B 00-

o’u  d'u

JIACTH aHAIMTUYHOCTH ypaBHeHuto Jlamaca: PR 0.
X y

17



[Mycte pyHKumm u(x,y) 1 v(x,y) ABIAIOTCS TApMOHUYECKUMH, T. €.
yIOBIETBOPAIOT ypaBHeHHIO Jlamaca.

Ecnu nBe rapmoHuueckne (YHKUUH yIOBIETBOPSET yCIOBUSIM
Komn—Pumana, To OHHM Ha3bIBAIOTCSI TAPMOHUYECKHU CONPSIKEHHBI-
Mu. HecnoxxHo mokasath u oOpatHoe: ecnu QyHKIUH u(X,y) U V(X,))
yIOBIETBOPAIOT ycloBusM Komr—PuMaHa, TO OHHM YAOBIETBOPSIOT
u ypaBaenwuto Jlammnaca. [Ipoanddepenipyem ypaBHeHUS U3 YCIOBUHA

’ ’

=y

Komu—Pumana ): y” CJIEAYIOIUM 06pa30M: MEPBOC YpaBHECHUE
uy =% " " .
u, = Vy 5

— I10 X, BTOPOEC — 110 ). HOHy‘IaCM " " - CKJ'Ia,I[BIBaeM moJry-
y

YECHHBIC YPaBHEHUS: 1" + u"y = (0. AHaJIOTHYHBIE PACCYkKIECHUSI MOXK-
HO MPOBECTH U T PyHKIHH V(X, V). s aToro HykHO npoauddpepeH-
LMpPOBaTh NepBoe ypaBHeHue ycnoBuit Komm—Pumana no y, a BTopoe
— 110 X ¥ BBIYECTh OJTHO U3 APYTOTO.

Taxum 00pazom, yrnopsiioueHHas apa rapMOHUYECKH COMPSIKEH-
HBIX (YHKIHI 00pa3yeT aHATUTHYECKY0 QYHKIHIO u(x,y) + iv(x,)).

Ecnu cymectByer rapMoHuueckasi yHKLUS, TO Beerna s Heé
MOKHO HaWTH TapMOHUYECKH COMPSKEHHYIO, MCIIONIB3Ysl YCIOBHA
Komm—Pumana. Ota onepanus Ha3blBaeTCs BOCCTAHOBJIEHUE aHAJIH-
TUYECKOW QYHKIUH 1O e€ NeCTBUTEIBHON WIIM MHUMOMW YaCTSIM.

BeiBoa:

B cocraB ananutuueckoil QyHKINN B KauecTBe €€ JeliCTBUTEb-
HOM MJIM MHHMMOHM 4YacTell MOXET BXOJWUTH TOJBKO FapMOHHYECKas
¢byHKUUS.

3agaya S.1. lccrmenmoBaTh Ha aHATUTHYHOCTH  (PYHKIIHIO
f(Z) — eif )

Pemenue:

Brigenum eficTBUTENBHYIO U MHAMYIO 9acTH (DYHKIIUU:

fz)=e“=et N =¢"-e"=¢-(cosx +isinx) = u(x,y)==e"- cos x,
v(x,y) = €”- sin x. Haiiném yacTHbIE IPOU3BOIHBIE M COCTABUM YCIIO-

Busi Kom—Pumana. u’ = - sinx , uy =¢e'-cosx, v = e cosx,

_ u, =—e’ -sinx=v, =e”-sinx;
v, = €. sinx =

. B kauectBe
u,=e’-cosx=-v, =—e’ -cosx
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sinx=0
pELIECHHUS TTOJTy4aeM { 0 IIyCTOE MHOYKECTBO, TaK KaK CHCTEMa
CoSx =

HecoBMecTHA. CienoBarensHo, (PYHKITHS BCIOY HEAHATUTHIECCKASI.

3agauya 5.2. lccrmemoBaTh Ha aHATUTHYHOCTH (DYHKIIHIO
flz)=sinz.

Pemenue:

Bbinenum neficTBUTENbHYI0 M MHUMYIO YacTH ¢GyHKuuu. Boc-
noJsb3yeMcsi (OpMyJIaMH CBSI3M MEXKIY KOMIUIEKCHBIMH TPHUTOHO-
METPUYECKUMHM M T'HIEPOOIMYECKUMU (QYHKLUMSIMU cOsiy = chy
usiniy =ishy

fz)=sinz =flz)=sin (x +y)=f{z)=sinx " cos y +cos x "siny =
=sinx - chy+icosx shy= u(x,y)=sinxchy,v(x,y)=cosx " shy.

Haxonum 4acTHBIC IPOU3BOAHBIC: U’ = COSX " chy,u’ =sinx-
chy, v =-sinx chy; v’ =cosx:chy.llonydnM BCIOy BEPHYIO

f

Hy=cosx-chy=v,=cosx-chy,
CHCTEMY ypaBHEHWH: § , . OyHKIMA
H,=sinx-shy=-v, =335y
fz) = sinz gBnseTcs aHaIUTHYECKOW BO BCEM KOMILICKCHOM
IUIOCKOCTH.

1 .

h " 2 2
3agaya 5.3. Moxer qu ¢yHKmms ilx, ¥ |= E]n[_x +y°| 6BITH
JEHCTBUTEIHHON YaCThI0 HEKOTOPOU aHAINTUIECKON (QyHKINN?

Pemienune:
[IpoBepuM (QyHKITHIO HA TAPMOHHYHOCTH. BBIUMCINM OTHOPOI-
HBIE TIPOU3BOHBIC BTOPOTO MTOPSIIKA:

T Xy -ex pEexE
) B Ik
Y |x"+y" | lx* 4+ |
2 2 ] 2
oY e xXeyteayy  xeyt
] I m 7] - FRE
x4y lx* + 37 ] x4yt

1 2 2 2
D e S S
W

—+ - —=0,
fa,ooad (a2
|,_JC ty ..l Il_x ty ..l

it
CocraBuM ypaBHenue Jlammaca: &, + U

OHO BBITIONHACTCS U1 BCEX TOUEK 00JIaCTH OmpeaeneHus QyHKITHH.
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1 |
) 2, .2 N
OyHKIUA ilx, V| = 5111 |x“+y"| aBasercs rapMoHMUECKOH U MOXKET

OBITH NEHCTBUTEIHPHON JACThIO AHATUTUISCKON (QYHKITHH.

3agaya 5.4. Moxer nmu QyHKIUSA v(x, y)zZ OBITH MHUMOU
X

4acThIO HEKOTOPOU aHAIMTUIECKON QPyHKIIUN?

Pemenue:

[IpoBepuM (QyHKIMIO Ha TapMOHMYHOCTb. BBIYHCINM OIHO-
OJIHbIE TIPOM3BOJHbIE BTOPOro MOpsika: v/ = —-= . 3 _1
p it p it p p i\ . Vx - ? - »r y
v _ v =1 -
W X3 w

Ly i 2’.}{.
Pemennem ypasuenust Jlammaca v, +v, =—-=0 sBusiercsa

x
MHOXkeCTBO X = 0, y = 0. T0 AeCTBUTENBbHAS OCh C BBIKOJIOTOM TOY-

kol 0. JlaHHOE MHOKECTBO HE SIBJIETCSI 00J1aCThIO, CIEAOBATEIbHO,
(GyHKUUS HE SIBIISIETCS TAPMOHUYECKOIN U HE MOXKET BXOJIUTh B COCTAB
AQHATMTUYECKON (DYHKLUH.

3anaya 5.5. BocctaHOBUTH aHAMUTHYECKYIO QYHKIMIO f{Z) 110 €&
JEeUCTBUTEIBHOM YacTH u(X,)) = X - ), YAOBJIECTBOPSIOLIYIO YCIOBHIO

A0)=0.
Pemenne:
[IpoBepum dyHKIMIO U(X,)) = X - ¥ HA TADMOHUYHOCTD:
w o =y,u, =x,u" =0,u" =0 Takum obpazoMm, QyHKuMs

SIBJISIETCSL TApMOHUYECKOH, yIOBJEeTBOpseT YypaBHeHus Jlamaca
u" +u" =0.Haiiném rapMOHHYECKH CONPSUKEHHYIO K HEHl.
Bocnonb3yemcs nepsbiM ypaBHeHueM ycinoBuit Komn—Pumana:
2

wi=y=v, = v=[dyr=[yd="-=gls] . Haien
Gynkmio ¢(x) u3 BTOpOro ypaBHeHus ycnosud Komm—Pumana:
2 1
[ o ¥ Fo _ ' foh | _ X
W, =x=-V, = —?—gznl,x,l =@ = g:l,xJ_Jl,—x,lafx——?Jrc_

20



2 2
y —=x
CrenoBaTenbHO, v(x, y) =2———+¢. CocraBUM aHATUTUICCKYIO

2.2
; . -X

Gyrkumio x4y =u+iv=x-y+1 yT+ ¢|. HaigéMm koH-

cranty ¢ u3 ycnosus f{0) =0 =i - ¢ = ¢ = 0. CoctaBuM QPyHKIHIO

OT KOMITJIEKCHOTO apryMeHTa Z:
/02 2000

R [y -x

f(‘x+zy)=x-y+.t‘y ] ‘ (nyz+x - )=—(x i) ——z = 12)

\ /

3adaHus 015 camocmosimebHoOU pabomol

3agaua 5.6. lcciepmoBaTh Ha aHAIUTHYHOCTH (YHKIHUIO

3amaua 5.7. VcciieioBarh Ha aHATMTHYHOCTD GYHKIHIO f(2) = |z[*.
3agaya 5.8. lccrenoBarh Ha aHAIUTHYHOCTD  (PYHKIIHMIO

flzy=chz.
3apaua 5.9. fnpgerca au QyHKOHMS ABYX MEPEMEHHBIX u(X,))
AQHAJINTHYECKOH?

3agauya 5.10. Moxer nu ¢yHKUIUS u(x, y):arctgl OBITH
y

JeCTBUTEIBHON YaCThIO0 HEKOTOPOH aHATTMTUYECKOH (DyHKIHN?

3agaya 5.11. Moxer mu QyHKUUs v(x, y) = cosZ GbITH MHUMOIT
X
4acThIO HEKOTOPOU aHAIMTUIECKON QyHKIINN?
3agaua 5.12. BocCTaHOBUTH aHAIUTUYECKYIO (QYHKIUIO f(Z)

no eé muumoil wactH y(x,y)= ———— YAOBJIETBOPAIONLYIO
X"+
ycnoBuio f{i) =—1. Y
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3ansamue 6. Yucs1o08vie KoMNn/aeKCcHble
nocaedosamesibHOCMU

YucaoBoil KOMIUJIEKCHOM MOCJIE0BATEIbHOCTHIO Ha3bIBAETCA HY-
MEpOBaHHOE MHOKECTBO KOMITJICKCHBIX YHCEN, I (QYHKITHS, OTpe-
NENEHHAs Ha MHOXKECTBE HATypalbHBIX uucen z, = f(n).

ITocnenoBaTeNbHOCTD HA3BIBAETCSI CXOAIIEHCS, €CIIM OHA UMEET

KOHEUHBIN npenen: Limz, =z, & Ve:0 N, ¥a:N, }Zn - zu| <8,
M=

HOCHCHOB&TGJ’ILHOCTL Ha3bIBAETCS OECKOHEYHO 60HBH.IOI>1, €ClIn
OHA SIBIIIETCSI OCCKOHEUHO OOJIBIION 10 MOIYJIIO:

Limz,=w < ¥e>0 IN, Vn=N, [z|>¢

CrnpaBeJIUBBI CIAEAYIOLINE YTBEPKIACHUS:
l)ecmu Limz = Limlx +iy, =2, = Eﬁ X =Rez u .Eﬁ y,=Imz,

N N

0

CrpaBeuTiBO 1 00paTHOE YTBEPIKICHHUE;

2) nuis GeCKOHEYHO OOJBINIOI MOCIEeI0BATEILHOCTH CIIpaBeIIH-
BO JIMIIIb 0OpaTHOE yTBepXKAcHUE. Ecnu meiicTBUTENbHAS U MHAMAs
YaCTH TIOCIICIOBATEIIBHOCTH SIBIITIOTCS OSCKOHEYHO OOJBITUMHU, TO
U KOMIUIEKCHAsI TOCJIEIOBATEIHLHOCTh TOXKE OECKOHEYHO OObIasl.
MosHO TIpUBECTH TIpUMep OECKOHEYHO OONBIION KOMIUIEKCHOM IT0-
CJIEZIOBATEIbHOCTH, JIEUCTBUTEIbHAA WIM MHUMAasl 4acTU KOTOPOW He
ABJISIOTCS OECKOHEUHO OONBUINMU: Z = arcig n+1i- n.

[TocnenoBaTenbHOCTD, IMEIOIIAs KOHSUHBIHN MTPEIes, Ha3hIBACTCS
CXOJISIIIeICs, B TPOTUBHOM clly4yae — pacxojsiieiics. B wactHocTH,
PacCXOIAIIEHCS TOCIENOBATEIFHOCTRIO SBIISIETCS JTF00Aast HEOTpaHU-
YeHHAs TIOCIIE0BATEILHOCTh, B TOM YHCIIe U OECKOHEUHO OOJIbIIas.

3apaua 6.1. [lokaszarh, 4TO BTOpPOH 3aMeYaTENbHBIN Ipee

»
o o . z
CIIpaBCJIMB U U1 KOMIIJICKCHOU IEPEMEHHON le(l +—J =g",
M= »

Pemienune:
Bo3Beném BbIpak€HHE B n-10 CTEIEHb, NMPEICTABUB OCHOBAaHHE
B ITOKa3aTeIbHOU (hopMe.
n . n
Ls’m[l+£j = Li’m[lJr x+iy] = Lim

n—aw ¥ nra ¥ n—3w

n MgL
e n+a
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Brerauciaum oTaensHO Opeacibl MOAYJIS U apryMEHTa KaK Npeac-
JIbIL (I)yHKLII/IOHaIILHLIX MOCJIEOBATEIbHOCTEH C JEeHCTBUTEIbHBIMU
nmapamMeTpaMu.
b v
2 a2y R
¥ 2 Tipp = 2

. ax % : -
=lhm | l+—+ 5+ | =70 *  =¢;
[ » # b

lim#n- e::.rnsfgL = lim——=y.

Aoy ntx meR+x

ny

- e
) z ;
Takum oO6pazom Lsm| 1+— ‘ =gt-g¥ =g

S
n—2ni
3anaua 6.2. Haiftu npezaen nocieoBaTebHOCTH Z,, = i

n+ 2
Pemienne:

Brigenum feiicTBUTENBHYIO0 1 MHUMYTO YacTH ITOCJIEI0BATEIHHO-

CTH | MPEJCTaBUM OCHOBAHHE B ITOKa3aTCIILHOMN (hopMe.

. i RY, Y] . n
1-2:Y ((1-2)3-1) -7 17,

= Bl eyl Bl =,z ¢, rme apry-
"ol 3+ (3+113-1] 10 2 ¢ apry
MeHT ocHOBaHKs. OUeBUIHO, BEIMYNHA SIBIIETCS OECKOHEYHO MajIoi
KaK MpPOU3BEICHNUE OTPAHHMUYCHHON U OECKOHEUHO MaJioi mociieoBa-

TenpHOCTel M Z, =0
H— |

y -
3anaua 6.3. Haiftu ipeen mocne0BaTeIbHOCTH Z, = ( 70 |
+I

. oon-2ni . nmll-2§) ,
Pemenne: iz = lim = lim =1-2i

e msw g4 2 e [ 2]
nl+—
1
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3adaHus 05 camocmossmenbHoU pabombl

I
1 m=
3anaua 6.4. Haiftu ipeen mocie0BaTeIbHOCTH Z,=—-8 4
Fl
3anaua 6.5. Hailitu ycnoBue, npu KOTOPOM MOCIEN0BATENbHOCTh
z = Z" CXOIUTCH.
3amaua 6.6. [lanoz =a - e a € R,b € R, a > 0. Ilpu xa-
n n n n n
KMX XapaKTEPUCTHKAX a, U b TOCIIEI0BATENBHOCTD Z, ABJIAETCA:
a) OTpaHHYeHHON
0) HEeOTpaHUYEHHOH
B) CTPEMSALIEHCS K YUCIY Z,
') 0ECKOHEYHO MaJIOH
1) 66CKOHEYHO OOJIBIIIOH?
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Bapuanm KoHmpo/sHoll pa6ombvl no meme:
«KomnsiekcHeole yucaa u hyHkyuu»

1. IlpeacTaBUTh KOMILIEKCHOE YMCIIO B TIOKA3aTEIbHOM U TPUTO-
HOMETpHUECKOH (popmax ¥ M300pa3uTh TOUYKOH B KOMIUIEKCHOM TIIO-

CKOCTH. Q) z=-1-i\3 ;0)z=2-15i,

(i-3) -7
2. HaiiTn 3HaueHne BBIpAKEHUS =

341
3. Haiitu 3HadeHusT KOMIUIEKCHBIX KOpHEH, H300pasuTh WX
B KOMILIEKCHOM TUIOCKOCTH A/ — 8 =
4. M1300pa3uTh MHOKECTBO TOUYEK KOMIUIEKCHOW IUIOCKOCTH,
J’Rez >2

YAOBJIETBOPSIONINX CHCTEME HEPABEHCTB “ | A
2| L

5. M300pa3uTh MHOXECTBO TOYECK KOMILIEKCHOW IJIOCKOCTH,
YJIOBJICTBOPSIFOIIUX HEPABEHCTBY |z — 2i| < |z + 4i].
6. Halitu MHOXECTBO TOYEK KOMIUIEKCHOU TIOCKOCTH, YJOBJIET-

i i L { 2 "
BOPAIOLIMX HepaBeHCTBY RelZ-(z +1 )| =Imlz* |-

Rez
7. Beruvcante 3HaueHus (yHkumii: a) Ln(—€®) ; 0) (1)
37
B) ch—.
p

8. Hatitn Toukm muddepeHIUpyeMOCTH W aHAJTUTHYHOCTH
byukunn  flz|=z (z+ 2.

cos2x . .
9. Moxer nu QyHKuMs u=-——— OBbITb JCHCTBUTENBHON

e
YacThIO aHATUTHYECKON QYHKIUH?

10. IIpoBeputh GyHkuuio v = 2x — 3y +2 Ha rapMOHUYHOCTb.
BoccraHOBUTH aHaIMTHYECKYIO (YHKLIUIO MO €€ MHUMOH 4YacTH,
yIOBJIETBOPsIFOIYO yeiaoButo f0) = i.
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KoMnieKkcHble MHTerpaJibl ¥ psJbl

3anamue 7. HHmezpuposaHue hyHKyuil
KOMN/1eKCHO20 nepeMeHHO020 N0 Kpuegoli

[lycte omno3HauyHas ¢yHKUMS f(z) onpeaeieHa W HempepbiBHA
B obmactu D, a C — KycouHO-TNIaikasi 3aMKHYTasi WM HE3aMKHYTast
OpPHEHTHpOBaHHAsl KpHBas, Jexamas B D. MHTerpaiabHble CyMMBI
KOMILJIEKCHOTO MHTETpajia COCTABISIOTCS CICAYIOMINM 00pa3oM:

Sn :if(é:i)'AZi

rjae ¢ — MPOM3BOJIbHAS TOYKA KPUBOMW, NPUHAUIEKAWIAS -y
y4acTky pasbuenus, a Az, = z_ — z. Takum obpasom, z = x + iy,
f2) = ulx,y) + iv(x,y), Az, = Ax, + iy,, dz = dx + idy. Beiienum neid-
CTBUTEJIBHYIO U MHUMYIO YacTH KOMIJIEKCHOTO MHTErpaa:

[fl(zjlafz = r(u+ v + dy | = [uaﬂx—vdy+ i [vcfx +iedy

Takum 00pa3oM, KOMIUICKCHBIH MHTErpai Mo KPUBOH CBOAMTCS

K JIByM KpuBonMHEHHBIM uHTerpanam Il poma. CocraBuM ycioBue

HE3aBUCUMOCTH KpHUBOJMHENHHOro uHTerpana II poxa ot mytu uHTe-

TPUPOBaHUS I JCHCTBUTEIBHON U MHUMOM 4acTEil KOMIUIEKCHOTO
nHrerpana. [Tonyuum

’

ux

’

y

o
u,=-—-v,

HE 4TO MHOe, Kak ycioBus Komm—Pumana aHaTMTHYHOCTH TTOIBIHTE-
rpanbHON (yHKIMK. Takum 00pa3oM, ecin NOAbIHTerpabHast QyHK-
UL SIBJISICTCS QHAIMTHYECKOM, TO 3HaYeHHE KOMIUIEKCHOTO MHTETpa-
Jla He 3aBUCHT OT (pOPMBI KPUBOW WHTETPUPOBAHUS, & OIPEIENAeTCS
TOJIBKO HAayaJbHOM M KOHEYHOW TOYKaMH HMHTerpupoBaHms. Vmeer
mecto (hopmyna Herotona-Jleiioanma:

[£le)dz= | flz)dz = [ flekz = F(B)-Fl4),
rae F'(z) = f(z).
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B cnyuae ecnu monpiHTerpanbHas (GyHKUIUS HE SBISETCS aHAJM-
THUYECKOW, MHTETPaj MOKET ObITh BHIYMCIICH HEMOCPEACTBEHHBIM MH-
TErpUPOBAHKM 110 KPUBOH cieayromum oopazom. [lycts kpusas C 3a-
JlaHa apaMeTPUYECKUMHU YPaBHEHUSIMHU, a MMPOMEKYTOK M3MEHEHHS
napamMeTpa COOTBETCTBYET HauaJIbHOW M KOHEYHOH TOUYKaM MHTErpH-
poBanus kpusoii C.

x=o(t)
y=ylr)
BBI'-H/IC.HeHI/Ie KOMIIJIICKCHOI'O I/IHTerpaJla 110 KpHBOf/i CBOOUTCA

K BBIYHCIIEHHIO onpez[eﬂéHHoro I/IHTeraJIa 10 mapameTpy f:

| Fle)dz = - | Fzt)-z'@ar

a<t<b =z(t)=x+i =plt)+ip(t).

3agaya 7.1. Beraucante uHTETpan |(1 +1+ 2E)afz 10 OTPE3KY,
coeauHsIONIeMy Touku 0 n 1+i. e

Pemenue:

[MogpiaTerpanbHas QyHKOUS SBISCTCS HEaHATUTHYECKOH, IMO-
9TOMY BOCHOJIb3yeMcs (OPMYJIOi HEITOCPEICTBEHHOT'O HHTETPUPOBa-
HUS 110 KPUBOH. 3a/1aTUM OTPE30K HHTETPUPOBAHUSA B BUIE KOMILIEK-
CHO3HAYHOU ()YHKIIUH:

{;_; O<t=l =zty=t+it = z)=t-it, dz{t)=(1+i)dx

CocrtaBuM onpeaesiEHHbIN HHTETpall:
1

(422 )z = (1) [ Q+i-2(—it))dt =

1]

=+ .:')-j’(1+ P—2t(- it = @i+ i) - - .:')-32)0 =242

3agaua 7.2. Boluncnuth uHTErpai f(zz + z- E)af'z no Jyre
okpyxkHocTH |z| = 1 (0 < arg z < 7). @
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Pemienue:

[lonpiaTerpanbHas (QyHKIUS SBISETCS HEAHAIUTHYECKOH, I0-
ATOMY BOCHOJIB3YyeMCs (hOpMYIION HEMOCPEACTBEHHOTO UHTETPUPOBA-
HUS 10 KpUBOH. 3a/1a M TTOTYOKPY>KHOCTh MHTETPHPOBAHUS B BUJIE

KOMIUIEKCHO3HAYHON (DYHKIIHU: z((p): ¢’ = z=e", dz=i-¢’dp.

CocraBuM onpenenéHHbli HHTErpa:

N — AT . . . . T . .
|(22+2-z)dz :ilu (€2w+€w_€ “’T’)-ewdq):zh (93’¢’+ew)dg0:
! L L

¢ e e\|e (% 5

(e &%\m (e L7 8
=.z‘—.+—. =|—+e ‘ =——

|3 i) 3 ) 3

3agaya 7.3. BeIUMCINTh KOMIUIEKCHBIA MHTETpasl O 3aMKHYTOH
KpUBOM (OKpYyXHOCTH pajuyca 1, C IICHTPOM B TOUKe z,), mpoberae-
MOH IIPOTUB YaCOBOMH CTPEIIKU {; % ne N.

« LE=Ip
==z [=1
Pemenne:
_ OprmHopTL MHTETPUPOBAHHUS 3a1aETCS ypaBHEHUEM (@) =z, +

e” = dz =1i- e"dp. CoctaBuM OnpeIeIEHHBIN HHTETPAT:

a2
npu no=1, |D ide=2ni

{) IA2JT iefdp .
J .U s.‘p.'.-

fz-
== F1

‘- ot

s2 .
lnpu n=l, luﬂj-ewﬂ_”)dgo: — - 0
; f

3agaya 7.4. BeIuMCcIuTh KOMIUIEKCHBIN HHTETpall 10 KPUBOH, CO-

1

Y

enuusomer Touku 0 u i
0

Z-coszdz .

Pemenne:

[lonpraTErpanbHast (QYHKIUS SBISETCS aHATUTHYECKOH B KOM-
IJIEKCHON TUIOCKOCTH, TIOATOMY 3HAa4Y€HHE WHTETpasia He 3aBUCHT OT
(hopMBI KPHBOI MHTETPUPOBAHUS, YTO OTPAXKEHO B (hOpMeE 3aICH UH-

terpaina. [Ipumennm hopMyry HHTErPHPOBAHHUSA MO YACTAM, TOJIY4YUM

PR N A . i l-e
dz=|z{sinz) dz=(zsinz 0" |sinzdz=i-sini+cosz| =— |
0 0

i

!»
| ZCO8
0 e
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3adaHus 05 camocmossmenbHoU pabombl

3agaya 7.5. BIYuCIuTh KOMITJIEKCHBIH MHTErpaji MO BepXHEH
MOJIOBUHE OKPYKHOCTH |z| = 1 (-7 < arg z < () B HaIIpaBIeHUH 110 Ya-
N3 ¥ - 4-2 -
COBOM CTpeJIKe l z-Imz°dz.
lel=L

3agaua 7.6. BeruuciauTh KOMIUIEKCHBIA UHTErpal | Rezdz, roe

[
¢ JoMaHas, cocTosmas u3z orpeska [0,2] nelHCTBUTEIBHOM OCH U OT-
pe3Ka, COETMHSAIOIIETO TOUKH Z, =2 n z, =2 + 1.

1

3agaya 7.7. BeluMcIuTh KOMIUIEKCHBIN HHTErpall | (z —g')- g dz
i

3agaya 7.8. BeIUMCINTE KOMIUIEKCHBIN HHTETpAI I % 10 BEPX-
&

*

4
HEH MOJIOBUHE OKPYXHOCTH |z| = 1. BriOupaeTcs Ta BeTBb (yHKIHH
f(z)= \/;, JUTSL KOTOPOM \/I =1.

. | a
3apaua 7.9. BeraucinTh KOMIUIEKCHBIA HHTETPAI l T‘Z 110 To-

[
nyokpyxHocTH |z| = 1, Rez > 0 BriOupaercst Ta BeTBb ()yHKIIHH

f(z) = \/;, I KOTOPOIi J-i= (1 —i)g )

3anamue 8. Teopema u ghopmyaa Kowu.
HumezpaivHoe npedcmaeieHue npou3800HbIX
aHaaumu4eckol (hyHKyuu

Teopema Komm 1iisi 01HOCBA3HOH 001acTH: TYCTh (QYHKLUS
f(z) ananutnyna B 00nactu D u Ha e€ rpanuiie 0D — Toraa crpaBeiii-

BO CJICIYIOIIEE YTBEPIKICHUE: ci: F (z :Iafz = (. Wnu uaTerpan ot aHa-

. ]
JUTHYECKON (PYHKIWHU IO JTF0O0MY 3aMKHYTOMY KOHTYPY, IpUHAIJIe-
xKareMy e€ 00IacTH aHATMTHYHOCTH, PaBEH HYIIIO.
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Teopema Komm st MHOTrocBsI3HOM 00/acTH: MyCTh (QyHK-
uus f(z) aHAMUTUYHA B MHOTOCBSI3HOW 0oOnacTth D W Ha e€ rpaHuie
0D — Torza cripaBeIMBO CIeAYyIoIee YTBEPKACHUE: CyMMapHbId WH-
Terpaj Mo rpaHulle aHAJIUTUYHOCTH paBeH Hymo. IIpu 3ToM opuen-
TalMs KOHTYPOB, 00pa3yIOMIUX TPaHHUILy, ONPEACISIEeTCS MO IpaBUy
JIeBOH pyKH: Ipu 00X0Je KOHTYpa paccMaTpuBaeMas 00JIacTb aHaH-

THYHOCTHU JOJIKHA OCTaBaThCs CJICBA. Z j:f(z)dz ={.
cedl ¢

PaccmoTtpum Teopemy Ut TpEXCBSI3HOM 00JIACTH.

Almz

CortacHo Teopeme Komm yist MHOTOCBSI3HOHM 001acTH

Y $re)dz=0= ff()cfz+i>f( Jaz+§ fle)az=

CEBDC o e

f(z)dz—ff(z)dz—§f(z)cfz = #f()afz pre)az+ 1)z,

o} of ot

I
T e,

Takum 00pa3om, JIIsi MHOTOCBA3HON 00JIaCTH CTIpaBeIUBO Clie-
JyIollee YTBepKICHHE: HHTETPajl 10 BHEITHEMY KOHTYPY PaBeH CyM-
Me MHTErpajioB M0 BHYTPEHHUM KOHTYpaMm. OpHeHTaIHs BCeX KOHTY-
POB TIOJIOKHUTENBHASL.

Hurerpanbnas ¢popmysna Komm: ecnn pynkuus f{z) ssisiercs
AHATUTHYECKONW B OJHOCBSI3HOW obOmactu D m Ha e€ rpanuie C, TO
CIIpaBeINBa I/IHTeraJII)HaH (1)opMyJIa KOHH/I

Z Z()

TJI€ TOYKa zZ, IPUHAIEKUT obmactu D, a koutyp C o6xoauTes
TakK, 4To 00y1acTh DD ocTaércs cieBa.
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[Tpu Tex ke caMbIX YCIOBHUSX clipaBe/iuBa (opMyna, KOTOPYIO
emé Ha3bIBAlOT MHTETPAJIBHBIM MPEACTABICHUEM TIPOU3BOIHBIX aHa-
JUTUYECKOH (QYHKINU:

f(n)(zo)zl! f( ) dz.

2l oz,

3apaua 8.1. C momompo HHTErpambHON (Gopmynsl Komu BbI-

zZ

e
YUCIUTh UHTErpa § ————dz. OpueHTaLMsT KOHTYpa — MPOTUB
i Z +2z

4acoBOH CTPCJIKHU.

Pemenue:
plmz Y noxpsIHTErpabHON (YHKIMK JIBE
TOYKM  HeaHaTHYHOCTH  Z, =0
v z, = 2. BHyTpu koutypa |z| = 1 Ha-
/'\ xomuTest TONbKO z, = 0. Takum 00pa-
)]

_2: 1\-/ ;z 30M, QyHKIMS f(z):

AQHATUTUYECKON BHYTPU KOHTYpa MH-
TErpUPOBAHMUSL.

SBJICTCA

[Mpumenum dopmyy Korm:
¢ cof - 12) . g

d = d = d =lv . O =2- W —= '.
Z= ; z.(z+2) ’ t(z+l) e f() " 0+2 m

Fmi—,

1Z +12z

|z

|z

3agaya 8.2. C moMo1sto HHTErpanbHoi hopmyisl Ko Beramc-

JUTH WHTETpal d z . OpueHTanus KOHTypa — MPOTHUB Yaco-

|o]=4 Z

BOU CTPEJIKH.

Pemenue:
n: VY noapiHTErpanbHOl QyHKIMU ABE
_ TOYKHM HEAHAIMTHYHOCTH: Zz, = 2i W Z,
) /g PN = —2i. O6e HAaXOATCSA BHYTPU KOHTYpa
MHTETPUPOBAHMUS.
Bocnonszyemest Teopemoit Ko
TSI MHOT'O3HAYHOM 00J1aCTH:
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$f(z)dz= §f(z)d=+ fflz)d=
=4 €34 c_g
BbrancnuM WHTETpaNbl 10 KOHTYpPaM, OXBATHIBAIOIIMM TOYKH
z, = 2i v z,= —2i. BHYTpH KaXXJ1I0T0 U3 HUX HAXOAMUTCS TOJBKO OJTHA
TOYKA HEAHAJTMTHYHOCTH TMOABIHTErpanbHON QyHKuu. 1o Gpopmye
Komm nmeem:

: oz : z .z
b——dz= §—————=dz=27i =i
nZ+4 S lz+2i0z-2) z+2ilz=2
:z : z z .
p5—dz=$ - dz=27i =7
Szt +4 oAz +2ifiz-121) z—2ilz==2%

Takum o6pazom, § dz=2m.

z"+4

‘z‘:4

3amaua 8.3. C nomompro uHTErpanbHoil Qopmyner Komm

¢ gin iz
BBIYUCINUTh HMHTETpall {: ——=d z OpueHrauus KOHTypa —

dhs 2= 21

IIPOTHUB YaCOBOM CTPEJIKU.

Pemenue:
nz Y  monpplHTETpanbHOW  (QYHKIHNH

OJIHa TOYKA HEAHAJIMTUYHOCTH — Z, = 21,
HaXOJSIMIAsCs BHYTPU KOHTypa HHTe-

; ; - TpupoBaHus. Bocnonbsyemcs Qopmy-
Kj ot Kommwm 11t MHTErpalibHOrO Mpe-

CTaBIICHUS TTPOM3BOMHEIX. CocTaBuM €€

man =2 ( )
RN N SVA I
S (Zo) 27 ) (2_20)3 z.
Takum 00pa3om, Tosrydaem:

—=dz=mi -(sin .t'z)"

_q; =mi-siniz =27 -sin2.
z=2i

(z 2f )3

*; sin iz
|s]=2
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3anaua 8.4. C nmomo1upio nHTErpanbHoii popmyssl Komm Berumc-

JIUTh UHTErpal . OpueHTanust KOHTypa — MPOTUB YACOBOMU

|=[=2

3 - 2
z —1z

CTPEJKH.

Pemenue:

v MO/IBIHTErPATIbHOU
(GYHKIMU B TOYKH HeaHa-
mutugHocT: z, = 0 Mz, = |,
HaxoJsIuecsl BHYTPH KOH-
Typa HHTerpupoBaHus. Boc-
0 2 nonb3yemcsi Gopmynoi Komm

JUIE MHOTO3HAYHOM 00J1acTH:

$7(z d'—§f(-)d'+§f z)dz.
=2
BeruncnanM uWHTETpasbl MO KOHTYpPaM, OXBATHIBAIOIINM TOYKH
z, = 0wz, =i. BHYTpH Ka)/I0r0 U3 HUX HAXOJUTCS TOJIBKO OJIHA TOYKA
HEAHAJIMTUYHOCTHU MOABIHTET paibHON (PyHKIMU. MIHTErpas 1o KOHTYy-
py, OXBaTbIBaKOLIEMY TOUKY z, = 0, OyJeM BBIMUCIATEL 1O (HOpMyIIe
WHTETPaIbHOTO npeJICTaBneHm npomBoz[me aHAINTHYECKOH (QyHK-

s n =1 J Zg)_—{? -
(Z_ u)
: codz 1
Io popmyne Koum mveem: * - =+ ———=m-—| =g,
co-izt 2 z-) z*|z= '
: c dz 10 1
= =2m- = _2m. =7
;:23—.{22 :{:zzz—i) " ‘\z—i;‘ e (z-if |z=0 &
Takum oGpazom, §3d—Z.=O.
z'—iz
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3adaHus 05 camocmossmenbHoU pabombl

C momoripio MHTErpaibHON Gopmynsl Komm BeYHUCIUTH clie-
JIYIOIINE WHTETpalbl (BCe OKPYKHOCTH OOXOIATCS MPOTHB YacOBOM
CTPEIKH):

R
3anaua 8.5. i’ 5 .
ik Z +1
coszdz
3amaua 8.6. it; —
4=t 2
sin-dz

3agaua 8.7. _—
ey ey

zdz

3amaua 8.8. _ .
|z-3=6 (Z - 2)3 (Z + 4)

3anamue 9. Yucs08vle KomMnaeKcHble psidbl

00
KOMIUIEKCHBI 4YHMCIIOBOM psf Zzn =A CcXOomMTCid K YHUCIY
n=1

A e C, €CJIN CXOAUTCA ITOCICA0BATCIIBHOCTD €I'0 N-X YaCTUYHBIX CYMM

n
Sn = Zzi — A. OHpCZ{eHGHI/Ie CXOAUMOCTHU HaA SI3bIKC KBAHTOPOB:
i=1

Ve>0 dn, Vn>n, |A—S”

<&

KoMImiekcHBIN YHCIOBOM s Ha3bIBa€TCS AOCOJIOTHO CXOJIS-
IIUMCS, €CITH CXOJIUTCS Psi/l, COCTABJICHHBIA U3 MOJIYJIEH CllaraeMpIX

>

n=1

z

nl -
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pacxoauTcs,
n=l1 n=1
TO TaKOH PpAA HA3bIBACTCA YCJIIOBHO CXOAAIIINUMCH.
V KOMIUIEKCHOTO YHCJIOBOTO pdgaa MOXHO BBIACIUTH €ro ,Eleﬁ—
CTBUTCJIIbHYIO U MHUMYIO YaCTH:

iz Z(x +iy,)= ZX +12yn

n=1

CdopmynupyeM OCHOBHBIE NPHU3HAKH CXOIUMOCTH KOMILIEKC-
HBIX YHCJIOBBIX PSI0B:

1. HeoOxonumoe yciaoBUE CXOIUMOCTH psiaa. Y CXOASLIErocs
YHCIIOBOTIO psifia OOLIMH YJIeH psAAa M0 MOIYJIIO SIBJISIETCS 6eCK0Heq—

HO MaJIOH [0CJIE€0BAaTEIbHOCTBIO, WIIH, €CIIN 11m|z |¢ 0, psn ZZ
pacxoaurcs;

2. KOMITIIEKCHBIN 9UCIIOBON PSI CXOMUTCS, €CIIA CXOMSITCSI €ro
0

00
JIECHCTBUTEIbHAS an 1 MHHAMast Z v, 4actu. CnpaBemuBo u 00-
n=l1 n=1
paTHOE yTBEPKIICHUE;
3. IlpusHaku cpaBHeHUsA. Eciy MOJ0OKUTENBHBIN YUCIOBOU Psijl

w

ZC CXOJIUTCS ¥ BBINOJIHAECTCS HEPABEHCTBO |z| < ¢ Juist BCEX n, Ha-
Bl
YHHAST C HEKOTOPOTO, TO PSII Zz TaK)Ke SABISETCS CXOMSIIAMCS.

n=1

w

Ecnu monoXKuTeaIbHBIA YUCIIOBOM pAan Zc,e pacxoauTcCsa U BBIIIOJIHA-
H=l
€TCA HEPABCHCTBO |Z| > c, JUIA BCEX N, HAYMHAsA C HCKOTOPOIo, TO Psia
o0

z Z, TaKXe SIBJISIETCs] PacXOIUMCS;
n=1

4. Ilpusnaxu Janamoepa u Komm cxonuMocTH KOMIUIEKCHOTO
4yHiCcI0BOro psfa. Ecinu cymecTByer npenen nociaenoBareasHocTH [la-

n+l

nambepa lim | ||—A, To nipu A<l psin ZZ,, cxonutes , mpu A>1
n—>0 Z n=1
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pAa paCXoauTcCs, IMpu A=1 PAA MOKET OKa3aTbCA KaK CXOAAIMIUMCH,
TaK U pacxoOdanumces.

Ecimu cymectByet npejien nocenopareabaoctd Konm lim 2
n—»o0

zZ =A,

o0
To ipu A<1 psig z z, cxoaures , ipu A>1 psan pacxoaures, npu A = 1
n=1
PAA MOKET OKa3aThCsl KaK CXOJALIMMCS, TaK U PacXOIAIIUMCS.
w i
e
3anaua 9.1. MccnenoBaTh Ha CXOAUMOCTD PSiZ T —.

-
n=l

Pemienune:
[IpoBepuM  HEOOXOIMMOE  YCIOBHE  CXOAWMOCTH  psija:
i

. |e .1 .
lim—{=lim—=0 BepHO. BblieauM JEHCTBUTENBbHYIO U MHHUMYIO

n—»90 n n—>0 n

= g ® cosn+tisina ©osin K

o
COSM 4
wactH psga ) —= =7 T i Z— O6a
el P il P P
psna SBISIOTCS CXOMSIIUMUCS 110 Tipu3HaKy Jupuxite. CrnegoBarens-
in

HO, psiJ Z_ CXOOUTCA.
n=l I

2 1+in
3anaua 9.2. MccnenoBaTh Ha CXOAUMOCTD PSIZT 7‘
_1P’I
Pemenue:
Tak >xe, Kak WU B TpeAbIAyUIed 3ajaye, BbIIEIUM I[CI\/'ICTBI/I-
- .
1+in
TEIBHYI0O M MHHUMYIO 4YacTH psaa Z w
S ni-i Slnt—i]-n* +1]
n
w |2 S TR ® 3.1
[n —n]+1[n +1] H -1 n+
=Z : — -'=Z 1 24— CocTtaBUM CTENCHHEIC
ol o+l on +1 = +1

SKBHBAJICHTHI ITPH /1 —> 00 JIJIs1 OOIIHX CIaraeMbIX TIOJTYUYEHHBIX PSIOB:
nt-n 1 nr+l 1

3 ~—

i+l 7 o'+l om

Takum o6pa3oM, eHCTBUTENbHAS YacTh SBISETCS CXOJSAIIMMCS
psaaoM (o = 2 > 1), a MEMMas — pacxoadummes (a = 1 <1).

36



2 1+in

Psn Y

. paCxXoauTCs, TaK KaK paCXOoAUuTCA €ro MHUMas 4aCThb.

[1+:]"
3agaua 9.3. MccrenoBaTh Ha CXOAMMOCTb Pl z e
Pemenue:
Bocnonbsyemest npusnakoM Komm  him » <1

|1+1|"
Cnie10BaTeNbHO , ps Z 7y - ABIACTCS CXOAIMMCS.

=1

3anaua 9.4. UccnenoBath Ha CXOAUMOCTD Psifl
Pemienue:
Bocnons3yemes npusHakom Jlanambepa
A ‘I':_l ~2i™ (i +1j|‘ An+lll -2 (n+1)
lim = lim——8k——— = lm——————=10<1,
R |Zn| n-3m |ﬁ+2.|[ (1-2: f’|P’I nio (ﬂ-l' 2)}1

= 1-2:)"

CHG}Z[OBaTeJIBHO paa Zﬁ ABIISICTCS CXOOAAIIIUMCH.
| 72 |
n=1

3adaHus 015 camocmosimenbHoOU pabomol

o SN ‘ n+— ‘
3agaya 9.5. VccnenoBars Ha CXOUMOCTD PAJT Y‘

n—l

nt —2i

3anaua 9.6. MccnenoBaTh Ha CXOAUMOCTD PSII Y‘ 27
+in?

1+: 1
3apaua 9.7. MccnenoBaTh Ha CXOIUMOCTE PSIT Z( % TSI —
i l-2i
ez’n 'P’Ij
3amaua 9.8. MccienoBars Ha CXOIUMOCTD PSIJT Z—z T
M=l l +1]
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3aHaTue 10. DyHKIIMOHA/IbHbIE KOMILJIEKCHBIE PSAJbI.
CX0AMMOCTb U paBHOMEpPHas CXO0AUMOCTh

0
(DyHK]_[I/IOHaJ'IBHLIM KOMIUJICKCHBIM PAAOM an(Z) Ha3bIBACTCA
n=1

pAan, CyMMI/II)YIOH_II/Iﬁ (bYHKLU/II/I KOMILJICKCHOT'O MEPEMEHHOTO. (DYHK—
LIHOHaJ'ILHLIfI PAA HA3BIBACTCH CXOASAIIUMCS B TOUKC 2 €CJIN CXOauT-

Csl YMCIIOBOM psift Z f,,(zo). Ecnu ¢yHKUMOHANBHBIN Pl CXOIUTCS

B K&KIOM TOYKE I\ZﬁOX(eCTBa E, To OH Ha3BIBAETCSA CXOIAILIMMCS
Ha MHOKeCTBE E.

OyHKIMOHATBHBIA PsAJT PABHOMEPHO CXOJUTCS Ha MHOXECTBE
E, ecnu mocienoBaTenbHOCTh €0 YaCTUYHBIX CYMM SIBJISIETCS paB-
HOMEpPHO CXOAsIIeics (YHKIIMOHAIBHON MOCIEI0BATEILHOCTHIO

i £(z)=5,(z)= S(z) nmm ocratok psaa paBHOMEpHO cxomutes K O
i=1

i fl(z) =r, (z) =0.

i=n+l

Heobxooumvim ycnosuem pagnomeprou cxooumocmu (HyHKIH-
OHAJILHOTO psiia SIBJSICTCS PABHOMEPHOE CTPEMIICHHE K HYJIIO €ro
obmiero unena: u (x) = 0.

Ipusnax Beviepwimpacca pasnomepHoil cxooumocmu HyHKIHO-

0

HaJLHOTO Psia: eclu sl GyHKIIMOHAIBHOTO psiaa z f (z) MO>KHO

n=1

yKa3aTh TAaKOW CXOJAIIMICS YUCIOBOM JI€MCTBUTENbHBINA IOIOKHU-
0

TEJIbHBIA Psij Zan , 4TO I BCEX 1 > n, U IJI BCEX zZ € E BbIIION-
n=1

HSETCS HEPABEHCTRBO |f (2)| < @, TO PAJL ABISETCS PABHOMEPHO CXOIs-

TIAMCSI.

3apaua 10.1. HaiiTh MHOKECTBO CXOIUMOCTH (PYHKITOHATLHO-

me

o psiaa Z —.

1=1

38



Pemenne:
Bocnonb3yemcs npusnakom Komu:

)‘-’m‘ L= )

Takum oOpa3om, psa cxonuTcss Ha MHokecTBe Imz>0, T. e.
B BepxHeil nmomyruiockoctd. OTHAKO TOYKH CXOJIUMOCTH MOTYT OKa-
3aTbCs U 7S 3HAYCHUH MepeMEeHHO, TIPY KOTOPBIX IMpesien paBeH 1.
Hccnenyem ux otaenpHo. Umeem mipu y = 0

1
=—=<1 = &>1 = y=0
a*

ez’x

z'x—y|_

=

i & %’, COSHX + [ SINHY %. cosnx %. Sin 72
- - IVIHHM&H
d Ly —I'
n=l I n=l K n=l F n=

4acTh psja CXOAWTCS TP JHOOBIX 3HAYCHUSAX X, a JCHCTBHUTEIbHAS
— IIpH BceX X # 27k, k € Z. MHOXeCcTBO CXOaUMOCTH psina: Re z > 0,
z#2nk, k € Z.

3agaua 10.2. HaliTi MHOXXECTBO CXOAMMOCTH (DYHKLIMOHAIBHO-

ro psjga Z(ZJrij

n=1

Pemenne:
BOCHOJILSyeMCﬂ npusnakom Kormu:

Hcnonp3yst cMBICT MOAYMSI pa3HOCTH JIBYX YHCEN KaK paccTosi-
HUS MEXIy HUMH, JAaHHOE HEPABEHCTBO MOYKHO MHTEPIIPETHPOBATH
KaK MHOKECTBO TOYEK, PAaCIOJIOKEHHBIX OJIMKe K TOUKe —i, YeM K 1.
MHOKeCTBO TOUEK, pABHOYAAIEHHBIX OT HUX, — 3TO CEPEINHHBIN Iep-
MEHANKYJIISIP, TO €CTh IpsiMas ¥ = —x. MHOECTBO CXOJNMOCTH psiaa
Im z < —Re z, HWXKHSIS TONYIIJIOCKOCTD C TPaHULIEH y = —X.

3adanust 0415 camocmosimeibHOU pabomul

3agauya 10.3. Haiitu MHOXECTBO CXOUMOCTH (DYHKIIMOHATBHO-

0 efn +z
ropma
n=l1
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3anaua 10.4. HaliTi MHOKECTBO CXOAMMOCTH (DYHKLIMOHAIBHO-

TO pAna i( 27l j .

T\ 2z+1

3anssmue 11. CmeneHHble KOMNJ1EeKCHble psidbl.
Cxodumocmob u pagHoMepHAs1 CX00UMOCMb.
IlounenHoe dudhhepeHyuposaHue u uHmMez2puposaHue
CmeneHHbIX ps1d08

(v vy > /1

CreneHHOH psig — 3TO PYHKIIMOHAIBHBIN PsiJ] BUIA Zc,, (z-z)",
n=l1
IJIE€ ¢,— 9TO YMCIIOBAs KOMIUIEKCHAs MOCJIEI0BATENILHOCTD, HA3bIBae-
Mast O0IIMM YJIEHOM CTENEHHOTO PANA, Z, € R — LEHTP CTENEHHOTO
psaza. O61acTh CXOMMOCTH CTENICHHOTO Psijia UMEET BUA |z — Z [< R,
r7ie R — paanyc CXOAMMOCTH, 3HAaY€HIE KOTOPOTO MOKET OBITh BBIYHUC-
Jeno 1o gopmyie Komn—Anamapa R = lim 1lle,,| mma o dop-
n—»o0

C
MyJl€e R = |im —2
n—o0|Cn+l1
csi abCOMOTHO M paBHOMEPHO. Psin MokHO mowsieHHO auddepeHtu-

. B ykazaHHo#1 0061acTH CTETIEHHOM Psi/i CXOIMT-

o0
. ] _ n—1
poBaThb 0ECKOHEYHOE KOIHUYECTBO pas: f (Z) = E Cn . I’Z(Z - ZO)
n=l

W UHTETPHUPOBATH IO JTFOOON KPUBOH, MMPUHAIICKAIICH 007acTH CXO-
- w '
- : .
mamoctH: | flz iz =2y | (z-z,dz.
I I

Hal

3apaua 11.1. Haiftu MHOKECTBO CXOAMMOCTU CTEHEHHOIO psia
©, (z-1f
n=l ’j-’; 2;!

Pewmenue: ¢, =

1
n
-2 ,Z,= 1.

_ 1 1
Haxomum paguyc cxomumoctu: R Y= Jim p T = R=2.
n—>o0 \/; -2 2
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O0nacThI0 CXOJUMOCTH PsiAa SIBISAETCS KPYT € LIEHTPOM B 1 1 pa-
auycoM |z — 1]< 2. TOYKM CXOAMMOCTH MOTYT HaXOAUTHCS TaKKe
u Ha Tpanuue obnactu. [IpoBeaém mccienoBaHue CXOOUMOCTH psaa
Ha OKpY>XHOCTH z(p) = 1 + 2% pe [O;27r]. Nmeem:

© (z(g)-1]" (2¢' T
P Dl 5 DV )

?d-l H=1

oot .:;m sin .:;m

Z

MHHMas 4acTh CXOJMTCS M0 MPU3HAKY Z[I/Ipnxne IIpH BCEX 3Ha-
qeHUAX napametpa g€ [0;2x]; melicTBUTEIbHAS YaCTh CXOAUTCS TIPH
3HaueHUsIX ¢ # 0, ¢ # 27, 94T0 cooTBeTCTBYET Touke z(0) = 1 + 2¢ = 3,

Takum o0pazom, psaa cxoautes pu z€ {|z — 1| < 2\3}.

3adanust 0415 camocmosimebHOU pabomul
3amaua 11.2. Haiitu MHO)KGCTBO CXOJIMMOCTH CTETIEHHBIX PAIOB:

0 3y 2 )Z

o
nl 8

3n+l

3ansamue 12. Psadvl no yes1bimM cmeneHsM.
MHodcecmeo cxodumocmu

Psin mo uenbiM cTemeHsIM — 3TO psiA BUAa ch-(z—zo)", neZ

n=

b

1€ ¢, — 9TO YMCJIOBas KOMILUIEKCHAs TOCIEN0BATENbHOCTD, Ha3bIBa-
emasi O0LIMM YIEHOM CTENEHHOro psna, z, € C — LEHTP CTENEHHO-
ro psaga. Beyienum mpaBHIBHYRO (TIO0 TTOJOXKHUTEIHHBIM CTEIICHSIM)
1 TJIaBHYO (ITO OTPHUIIATEILHBIM CTETICHSIM) YaCTH PsJia:
@ w0 w
ch-(z—zojf’=ch-(z—zujf’+20_n-(z—zu Zc [z zuf"+$‘
Nt n=0 n=1 ( _ZU
MHOKECTBO CXOIUMOCTH Psijia MO IEJIBIM CTEIICHAM OIpe/eIIsIeT-
Cs1 KaK MepecevYeHne MHOXKECTB CXOMMOCTH €ro MPaBUILHOU U Ii1aB-
HOH wacTeil. O6MacTh CXOMMMOCTH TPABUILHOW YacTH MMEET BHJ
|z — z,|< R, tie R — paanyc CXOJMMOCTH, 3HAYEHHE KOTOPOTO MOKET

-1 .
OBITH BeIYMCIEHO 10 hopmyie Komu-Anamapa: R~ = lim ¥c,|.
n—»o
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Hatiném o6macTh CXOMUMOCTH TJIaBHOW 4acTH (psi MO OTpHUIIA-

> C
TEJIBHBIM CTETICHSM) Z;”n C OMOIIBIO 3aMEHBI ! =t =
n=1 (Z_Zo) Z_ZO
=1 o =]
Z%:Zcﬂ, -t" pan cxomurcs npu  |f| <R, ! <R
n=1 Il_Z_Zg ,-'Pz n=l ‘Z_ZO‘

wm - zy|> % =r =]im ¥k - B 3aBucuMOCTH OT COOTHOWIEH S a-

R=w

JINYCOB CXOAMMOCTH IPABUIILHON U IJIABHOU 4acTe BO3MOXKHBI ClIe-
IYIOIUE BAPUAHTHI:

Imz I.Ecim R >r — MHOXe-
CTBOM CXOOUMOCTHU ABJIISACTCA
KOIbIO 7 < |z — z|< R. Takxke
TOYKHU CXOJIUMOCTHU psAla MOTYT
HaXoOWUTbBCAd Ha OKPYXHOCTAX
lz—z|=Rulz—z]|=r;

2. Ecmu R = r — TOYKH cXO-
JUMOCTU MOT'YT HaXOAWUTHCH
JMIIb HAa OKPYKHOCTH |z — z | =
=R = r. O1o0 TpeOyeT MpOBEPKH;

3. Eciu R < r, MHOXECTBO CXOJIMMOCTH IYCTO.

Crnemyet 3aMeTHUTb, UTO 3HAYEHUS R ¥ 7 MOTYT OBITh PaBHBI HYITIO
ni 6eCKOHEYHOCTH. Torma 00JacThi0 CXOOUMOCTH MOTYT OBIThH Ta-
KM€ MHOXECTBa, KaK KPYT C BBIKOJIOTBIM IIEHTPOM, TUIOCKOCTh C BbI-
KOJIOTOW TOYKOH HMJIM BHEITHOCTH Kpyra. Bce aTu MHOXecTBa Oyaem
YCIIOBHO Ha3bIBaTh KOJIBIIAMHU.

3agaua 12.1. HaiftTt MHOKECTBO CXOIUMOCTH PsiIa IO IIEIBIM

3 (z=i)
CTETICHSIM pa PEPTa

Penienue:
@ | Rt ] . o | en
z-if' _&lz-if | & lz—i] . 1 o

—_ 1 Z—I 0, = — ' [ —
>3 D i Al . ca=r.
P _2?? nan F 2?9 nml 11 2 " ! nﬂ_zﬂ " Hz

HaXO,Z[I/IM paanyc CXOAUMOCTHU psijida IO HOJOKUTCIIBHBIM CTCICHAM:
o
R =lims 5= === R=2.
limy =5 =5
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Haxomum paanyc CXOAUMOCTHU psAa MO OTPULATCIbHBIM CTCIIC-

n

M 7 =limyf ) =2
n—0
ToYKM CXOAUMOCTH MOTYT HaXOJUThCS HA OKPYIKHOCTH |z — i| = 2
[Tposepum Touku: z(p) =i + % ¢ € [0;2m].
; Ciem i .
ilfz—s':f’ e Z x+2€"’—sr [2[1+2e“’v ] ie’ i e
T an R v -
PERL 2 na1 11 2 wn M _2:4 n=1 n=ll H =l H

— HOJIYUYCHHBIC PAABbI ABJISIFOTCA CXO,Z[HI]_II/IMI/ICSI JJI1 BCEX 3HAYCHHUI

- )n

3. n CXOITCA pHu lz—i] =2

napameTpa. Takum oOpaszom, psia Z

n=

3apaua 12.2. HaifTu MHOXXKECTBO CXOIUMOCTH DPsiia IO IEIBIM
(z+1)"
1+3"

CTCIICHAM Z

Pemienune:
i{zﬂl” ilZHFLi[ZHjn ilz+1f’ = 3"
1+37 143" & 1437 1+3° <1+3") z+1

Hlom

ZD=_1: CNZ 1 . C_H= 3
1+3 1+3

Haxogum paauyc cXOoAMMOCTM NpPaBUIBHOM YacTU psjla:
1

= 1 -=—=R=3.

e V143" 3

Haxogum pammyc cXoguMocTH TJIaBHOM  4acTu — psja:

n

1 3)1

r=lim:/——=1 =1 OO6nacTei0 CXOIUMOCTH psifa SBISAETCS KOJIBLO

n—ow

1<lz+1i] <3.

Hccnenyem moBeneHue psifa Ha TPaHUIE KOJbIA CXOJUMOCTH.
['panuniamu  SBISFOTCST  OKPY)KHOCTH, BHYTpeHHAS z(p)=-—1 + e*
@ € [0;2n] w BHemHSS z(@) = —1 + 3e¥ ¢ € [0;2n]. YpaBHEHUE BHY-
TPEHHEH OKPY>KHOCTH MOZACTABIISEM B INIABHYIO YacThb Psizia, a BHELI-
HEH — B MPaBUIIBHYIO.
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==} 3?! ?1 ==} 3?!
E (1437 (z+1" E 1+3. f 1+&° +1r” o 1+30 ™
Psn, oueBuaHO, ABISIETCA PACXOIAILIMMCS MPU BCEX 3HAYEHHUSAX Ma-
pameTpa, Tak KaKk MOJIYJb OOIIIEro cIaraéMoro psijia CTpeMHUTCs K 1, T. e.
HC BBITTIOJIHSCTCA HGO6XOI[I/IMOG yCJIOBI/Ie CXOAUMOCTH YUCJIOBOI'O psma.
i (z+41] & [143.6741] is” &
1+3" o 1+37 1+3"

n= n

Pﬂ,ﬂ SABJIACTCA pacCXoAdIIUMCA IMPU BCEX 3HAUCHUAX IapaMeTpa

10 TEM KC NIpUYUuHaM, UYTO U Hpeﬂblﬂyml/ﬂ\/i. Cf[eﬂOBaTefH)HO, MHOXC-

2 (z+l)"

CTBOM CXOJUMOCTH psijia Z 73"
+

n=s

SBISIETCS KOJBIO 1 <|z +i| < 3.

3adanust 041 camocmosimeibHOU pabomul

3anaua 12.3. HaliTu MHOXKECTBO CXOAMMOCTH PSJIOB IO LETBIM

CTCIICHAM:
n’-z" z+2i+2Y
DAS D]

3anamue 13. P50 Teiinopa. Pa3oxceHue KOMN/AeKCcHOU
dyHKYyuu 8 cmeneHHOll psid 8 OKpeCmHOCMU MoYKu
aHaaumuyHocmu

Teopema Teiimopa. Ilycte ¢dynkmus f(z) aHanuTHd-

Ha BTOYKE Zz, U HEKoTopoil e okpectHocTH. Torma QyHkius

f(z) mpencraBnsiercss cTeneHHBIM psnoMm (psgom Teitmopa) Buma

0

flz)= 2.6, -(z—zo)", KO3()ULUEHTBI KOTOPOI'O  BBIUHMCIISIOTCS
(z ldz

+1 >
I

KY Z, ¥ IPUHAIEKUT 06naCTH AHATUTHUYHOCTH f(z). YUUTHIBas HHTE-

rpanbHy0 opmyny Komm npencTaBieHHs MpOU3BOIHBIX aHAIUTH-
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quKOP'I (byHK]_II/II/I, HOJ‘Iy‘-II/IM N3BECTHOC BLIpa)KeHI/Ie JIJIA BBIYUCJIICHUA
Mz,

| . O0actp CXOOUMOCTH TAKOI'0
Ml

koad¢urmenton Teinopa ¢, =

psijia ONPENIENSETCS KaK PACCTOSIHUE OT Z, /10 OJMKaNIIei TOYKU He-
AQHAJIMTUYHOCTH f(2).

PaznoxeHust OCHOBHBIX dlieMEeHTapHbIX (GyHKUMH B psin Teinopa
B OKpecTHOCTH TOUKH 0:

zZ
n!

n=1

1. TTokasarensHas GpyHKLIUS: € =

2. TpHFOHOMeTqueCKHe cbyHKum/I'

J! 2x ?é 2r+l

COSd_Z—[—r Suld_ZW

3. Funep6onnqe01<ue (byHKuI/H/I

2ﬂ+1
Z[En]!= shz= _.:[_2?3+1_]! :

=0
b

4. Jlorapudpmuueckas GyHKius (TJaBHAS BETBb KOMIUIEKCHOTO
Jorapugma):
k]

In(1+z)= Zﬁ 7('1):12
n=1

Zamaua 13.1. Pasnoxute Qynkimo f(z) = € B psag Teinopa
B OKPECTHOCTH TOYKH Z, =1.

Pemenue:

CremaeM 3aMeHy TEPEMEHHON M BOCIIOJB3YEeMCSl CTaHIapTHBIM

pasnokerreM Tetmopa B 0 11 TOKa3aTeIbHOW (DYHKITHH:
t=z—zy=2z—-1= z=:i+1.

=

2r _ L) _ o3 _ 2 2 2 ? (25} j‘ c2" 3R =

=4
rz=U !

-3y
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o 1
3anaua 13.2. Pasnoxuth B cTenennoi psan GyHkuuo f(z)=—
B OKPECTHOCTH TOUKHM Z, = —2 z

Pemenue:
Bocnonbs3zyemcst  MeTOZOM  MOWICHHOTO AU depeHIupoBa-

HUS psga Lz:_[l] a). PaznoxxuM B cremeHHON psn (yHKIIHIO
z z

f(Z)z_l’ UCTONB3Ys (HOPMYIy CyMMBI T€OMETPUYECKOM mporpec-

z

cuu 1L = Zal -q", n 0) nosry4eHHbIH psiz npoaudepeHupyem:

- n=0

1 -1 iy | [z+2] i [z+2]
a:] T - _ x+2 Z_ Z n+1 el
= [Z+ 2] 1 n-U n=0 P
1 (&ze2l ) aflz+2l ) an(ze2]”
o)—= h E = k) El =
)ZQ ; 2n+1 HZ-D‘( 2n+1 nz_;( 2n+1

ITo Teopeme Teinopa paauyc cxoaguMocTtu psga R = 2.

3anaua 13.3. Pa3ioXuTh B CTETIEHHOH psi PYHKITHIO f(2) = arctg z
B OKPECTHOCTH TOUKH ().
Pemenue:
Bocnonpzyemcst METOZOM TOYJIEHHOTO WHTETPUPOBAHUS CTe-
z

. 1Ipu pa3noxeHUH MOABIHTErPATbHON

¥]
5 1+¢

(DyHKIIMHM B CTETIEHHOW Psi/I BOCHOIB3yeMcsl OPMYIOH CyMMEBI T€0-
METPUYECKOIN TPOrPECCHU:

oo [£4] oo
T oapgh=—l = L __ 1 _5 1.(-tP = Z(=1)£2n,
—0 1-g 1462 1-[-£2) 2 '

[IpounTerpupyem no4jaeHHO MOJyYEHHbIN CTEIIEHHON PS/I;

Zntl F
arc:gz—]{Zl if- IQ"}:}.’I—ZI if- |rz”a’r Zl—ll’{zr ]

0 se=0 n+1 0
1y -z 2z Z
—7'}—=z——+———+
= 2+l 3 5 7
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. i 1+4iz
C y4é€ToM TOro, 4to Arctgz = _ELHI—" HAaXOJUM pajgnuyc CXo-
—iz
JTUMOCTH KaK pacCcTOSHUE JI0 OMMKaUIINX TOYEK HeaHATUTHIHOCTH Z
=+, R=1

3adaHus 015 camocmosimebHOU pabomol

3anaua 13.4. Paznoxuts QyHKIuIo f(z) B psia Teiinopa B okpecT-

HOCTH TOYKH z: &) f(z) = cos2iz, z, =i, 0) fz)= %, z,=0.
(22 +4)

3ansmue 14. Psd JlopaHna. Pa303ceHue KOMN/aeKCHOU
dyHKYuu 8 psid no yeaslmM cmeneHsaM 8 OKpecmHocmu
MoOYKU HeaHaIUMuU4YHOCMU u/u 8 KoJisye

Teopema Jlopana. [lycts ¢yHKuus f{z) aHanuTUYHA B KOJIBIE
C LIEHTPOM B TOUKe z, Buaa » < | z — z | < R . Torna Qpynkuus f(z)
MPECTABIISIETCS PSAOM TIO HeNbIM cTeneHs M (psimoM JlopaHa) Buia

N (Z)Z e, (z-2 ", Ko>dUIMEHTE KOTOPOTO BHUUCIAIOTCS 110 GOp-

it
i
1 .7 (zf,lafz .
Myne ¢, =-——-$-—""""— | THe KOHTyp C' OXBaThIBaeT TOUKY Z,
1m }(Z—zuf

¥ IIPUHAJUIEKUT KOJbILy 7 < |z —z | <R.

IIpaBuiia pasio:xkenus ¢pyukuun B psg Jlopana
MpaBuao 1 ang cymmer ¢ynkuuii. [Ipumensercst as ciaydas,
KOT/Ia TOYKA Z, SBJISETCSA TOYKOH aHAIMTUIHOCTH f(2).
Iz [ycth dyHKIUIO f{z) MOXKHO TIpen-
CTaBUTHh B BUJE CyMMBI JBYX (DyHKIHIT
fz) = fi(z) + f(z) Takum obGpaszom, 4TO
/,(z) ananutuYHa BHYTpH Kpyra | z — Z, |
< R, a f)(z) aHaIMTHYHA BO BHENIHOCTH
kpyra r <|z—z,|. B atom ciyqae QyHk-
uus f(z) pacKiaabIBacTCs MO IOJIOKH-
TENIBHBIM CTENEHSM Z — Z, 1 00pa3yeT NpaBuIIbHYIO YacTh psja Jlopa-
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Ha, a f,(z) — M0 OTPUIATENLHBIM CTENEHSM Z — Z, U 00pa3yeT IIIaBHyo
yacTh psjaa Jlopana.

IpaBuo 2 st npousseaeHus pyHxuid. [lpumensiercs s ciy-
Jasi, KOr/Jla TO4YKa z, ABJAETCS TOUKOH HEAHATMTUIHOCTH f(Z).

[Tycth QyHKIHIO f{z) MOKHO TIPEICTABUTH B BHJIC TPOU3BEACHUS
nByx GyHkumii f{z) = f () - f,(z) Takum 06pa3zom, 4To f,(z) aHAIMTHYHA
BHYTPH KpyTa | z — z, | < R, a f(z) aHanmuTM4YHa BO BHENIHOCTU Kpyra
r<|z-z|. Bortom ciy4ae GpyHkums f (z) pacKIaabIBa€TCs Mo MoJo-
JKUTENBHBIM CTETEHIM Z — 2, a f,(2) — TI0 OTPUIATENLHBIM CTETEHSM
z -z, Pe3ynbTathl pasnoKeHUi EPEMHOKAIOTCS.

3angaua 14.1. Haiitu u omucate Bce 00JacTH aHAJIUTUYHOCTH

1
¢byaknuu f (z) =

IIEHHOH PsJl B KAXKJI0M U3 HUX.
Pemenue:

C LIEHTPOM B TOYKE Z, = [ M PA3JIOKUTh B CTE-

1) =

Y dyHKIIMH 22 +4 \oxHO BBIZIEJINATH 3 00JIacTH aHaJIH-
trnaHocTh: L. |z — 1| < 1. IL. 1 <|z—i| < 3.1IL |z — i| < 3 (Puc. Hmxke.)
L. |z —i| < I Tak xak T0O4Ka z, = i ABJIAETCS TOYKON aHAJIUTUIHO-
CTH (PYHKITHH, CIICIOBATEIHHO, B 00IacTH |z —i| > 1 hyHKIIHIO MOKHO

1)

o 2
pasnoxuts B pax Teinopa. [Ipencrasum z°+4 B Bune cyMMEI,
T. €. pa3JIoKUM Ha MPOCTHIE IPoou:
- 1 1 A B
4 I = _ — = = + =

Paznoxum kaxmyto u3 qpo0eit B CTETICHHOU PSIT TT0 TTOTOKUTETb-
HBbIM CTEIECHSM z — i, UCHIOJB3YsI POPMYJIY CYyMMBI T€OMETPHUCCKOM
a,

nporpeccuun: zal . qn = ﬁ . CILCJIaeM 3aMCHY HGpCMGHHOI‘/’I z—I=t
n=0 -
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B utore nmeem

e W 13- L& i

A2 1< ~

z-2% z+2i 4 ; i 4i g( ) g el
1< —1J ) (z—i)

:Z;' 1+(3”+? (;—)

Paaunyc cxogumocTu nosyueHHoro psjga R = 1.

II. 1 <|z—i| > 3. PaccMOoTpuM 00J1aCTH aHATUTHIHOCTH KaXKIOTO
U3 CIIaraeMbIX:
Vi

1E)= A A=

1
Oyukuys f, (z)= . f’zl

J0BaTCJIbHO, OHA AOOJI’)KHa OBITH npeacTaBjcHa pAaaAOM IO OTpuUlla-

1

A.

TEJNBHBIM CTeTeHsIM. DyHKIHS fl(z) = 12 aHAJIMTUYHA B 00JaCTH
z+2i

|z—1i| > 3, creoBaTeNbHO, OHA JIOJDKHA OBITh MPEJICTABICHA PSIOM 110

TTOJIOKHUTCJIbHBIM CTCIICHSM.

|7
Paznoxum f, (z) = AIZ 10 OTpULIATEIbHBIM CcTeNeHsIM. Crenaem
z—2i

aHAJIMTUYHA B o0jactu |z — i| > 1, cie-

3aMeHy NEepEMEHHON z — [ = £

11y &g _52
z-2 i—i 1-i =i (2

i 52‘ i
_i)n+1 _n_=1r (Z—i)n .

i

Panuyc cxomumoctu psina r = 1. OyHkuus fz(z): yKe

NS
N

MpEJCTaBICHA PSIIOM MO MOJOKUTEIBHBIM CTEIEHSIM Ha MPEIbIAY-
IeM Iare.
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B pesynbTate umeem

Yar Yai 1 & i 1 & » (=)
o=t ALy -n‘—-z(‘l)%:

III. |z — i| > 3. B 3ot o0nactu 006e GpyHKIHUN
Ve Ve
A’ A’ JIOJDKHBI  OBITH  TIPEJICTABIICHBI
z

f(Z):](I(Z)-i-fZ(Z):_—m_m
Jai

pPAAOM IO OTPpULATCIIbHBIM CTCIICHSIM. fi(Z ): 5
z—

- y>K€ MPeJICTaB-
i

JICHA pAAOM II0 OTPULATCIBHBIM CTCIICHAM Ha NPCAbIAYIIEM IHare.
)’
T

Pa3noxum 1o oTpunaTenbHbIM cTeneHsam f,(z -
z+2i .
1 1Y _§1( 3;:]” “( 1y 3”1
R T2y vl B ) S s
Z+2i (430 143 il i o (z-if

an-1 an-l
- 3?1 _In

=i(—1) W

B pe3ynbTaTe nonyyaem
N %1- B %1- _l o J_En—l _i = - 3?:—1_1?:—1 _
f(‘)_z—zi T2 4 ;(z—i)” 4i ;f( ) (z-if
.n-2

£

by

Pannyc cxonumoctu psina r = 3.

3amaua 14.2. Haiitu u ommcars Bce O0JACTH AHAIUTHYHOCTH

1 .
¢byskmn  f (z): T4 C LEHTPOM B TOYKE z, = 2i U Pa3JIOKUTh
z7+

B CTEIIEHHOU Pl B KAXKJOU U3 HUX.
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Pemenne:
1

Z —
2
VY dynkiumn z" +4 MOXHO BBIIEINTH 2 0GIACTH aHAIH-

TUYHOCTH C LICHTPOM B TOYUKE Z, = 2i. L.0<|z—2i 2i| >
4 (Puc. amke.)

= L 0<|z—2i] > 4. Touka z, = 2i

SIBJIIETCS TOYKOM HEAHAIIMTUYHOCTH

(byHKINU.

CanenoBatenbHo, B obsact 0 < |z
— 2i| > 4 QyHKuMs OpeacTaBiseTcs
panom Jlopana mo cremeHaMm z — 2i.
Bocmnionb3yemcest mpaBuiioM Jjist Ipou3-
BejieHus IBYX QyHKuuid. [Ipencrapum
f(z) B BUie IPOU3BEICHUSI:

11
f@)=16) L@

N

Dynkums f, (z) =

- aHanuTU4Ha B oosactu 0 < |z — 2i|. Ce-
i

JIOBAaTEIbHO, OHA JOJDKHA OBITH TPEACTABIICHA PSIIOM IO OTPHUIIATEIh-
HBIM CTENEeHM z — 2i, HO OHa cama 1o cebe yxke siBisiercs (-1)-i cre-
MIEHBIO Z — 21, TIOATOMY He HY)KIAaeTCs B JOMOIHUTEIHHBIX TTPeodpa3o-

1
BaHUsX. DyHKIUSA f2(z)= Y aHAJIMTUYHA B o0JyacTu |z — 2i| > 4.
i

CrenoBaTenbHO OHA JIOJDKHA OBITH MPENICTABICHA PSAOM I10 MOJIOKH-
TENbHBIM CTENeHAM z — 2i. CrenaeM 3aMeHy NEepeMEHHON z — 2i = £

| 11 Y § ”_§(_1)n (z—2i)’
ZRESE Ui te4 L+L Sail4) =0 g

Panuyc cxonumocTu nonyueHHoro psana R = 4. [lepeMHoxkum mo-
JIyYEeHHBIE Pa3NoKeHus: | (Z } = i

51



n=0 47 41Iz 2] m 4n+1 i 41":_2 - 2i) ’
= z-2if S — 2
;(—I)W%—M +HZ=D,( 1y %

I1. |z — 2i| > 4 B stoii 061actn 00e GyHKIIMH-MHOKUTEIHN JTOJIK-
HBI OBITB NPEJICTABIICHBI PSIaMH 110 OTPUIATEIBHBIM CTETICHSIM Z — 21.

Ocranoch  (QyHKIHIO ﬁ(z):% MPEJICTaBUTh  PSIIOM
+2i

110 OTPHUIATEIBHBIM CTeTeHIM z — 2i. Crenmaem 3aMeHy IepeMeHHON
z=2i=t

- ; - Sy
z+2i t+4 1+3F Ot - (4—21}

n=l

_ f‘( )n ) Sn 1 an-1
T LN W . IlepeMHOX&HUM MOJTy4E€HHBIE PA3JIOKEHUS

w . 3?1—1 -n-1 @ - Sn—l_-n—l
N e DN S

Z—2 pal (Z—i)n el (z—i)“l

Jlz)=

3adaHus a5 camocmossmenbHOU pabombl

3agaya 14.3. Beigenuts B 00J1aCTH aHATUTHYHOCTH (DYHKITNY f(2)
C LIEHTPOM B TOUKE Z, U PA3JIOKHUTh B K&XI0M U3 HUX B psijt Jlopana:

1 |
a) f(z)= oa) z6)f()m,zo=0.
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BapuaHm KoHmpo/bHOl pa6omsl no meme
«KomnsekcHble uHmezpaasl u psadsvl»

1. Beriuncnuth UHTETpal no oTpe3ky AB |(Z + l)d z, A=0,B=1.

2. BBIUMCIHATH KOHTYPHBI HHTETPAT f WCTIOTB3YSl UH-
[ ;

3.2
z
Terpaibayto Gpopmyny Ko .

3. HccrmenoBaTh Ha CXOMUMOCTH YHCIOBOW KOMIUICKCHBIA PSIT
4+

w0

—in+nt

n=l

4. HaiiT MHOECTBO CXOAUMOCTH (PYHKIIMOHAIEHOTO KOMITIEKC-
w _dnz

HOT'O psAga Z _— .
7l

n=1
5. HaliTh MHO>KECTBO CXOJMMOCTH CTEIEHHOIO0 KOMIUIEKCHOI'O
PAt]
(z-1)

nt. 2"

pana Z
n=1

6. HaiiTn MHOKECTBO CXOJMMOCTH KOMILUIEKCHOTO psia IO Iie-

[=x] n

z

JIBIM CTETIEHAM Z .
nemd T4

7. Paznmoxkuts B psin Teitnmopa dyaknuto f(z) = In(z — 3i) B okpect-
HOCTH TOYKH z, — 2I.

1
8. Paznoxkute B psg Jlopana ¢ynkumio f (z) =—
z(z + 41)
B KomeIte 1 < |z + | <3.
9. Pasnoxkuts B psin Jlopana QyHkumio f (Z): Z.sin 1
zZ4+1—

B OKPECTHOCTHU TOYKHU Z, = [ — .

10. Haiitu £ 7(0) mst pyHKImH f(z) = 2° - €3, NCIOB3Ys pasjioxKe-
Hue B psf Teitnopa.
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