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1. IIpaBuio kBaHTOBaHuUSA Bopa-3oMmmepdenbaa

[TpaBusio kBanToBanusi Bopa-3omMepdenbia MO3BOISIET HAUTH
CIIEKTD dHEPI'HHU CUCTEMbI, COBEPIIAIOIIEH IepUOIUIECKOE JIBHKEHHE,
JlanHoe mpaBuUJIo SIBJISIIOCH OCHOBHBIM MHCTPYMEHTOM KBAHTOBO Me-
XaQHUKKM Ha 9Tale ee CTaHOBJIEHUsl — KOIJIa JIJIs OIMCAHUS JIBHXKE-
HUsI CUCTEMbI UCIIOJIb30BAJIUCh (POPMYJIbI KJIACCUIECKO#H (DUBMKHU, HO
MIPU 9TOM Ha CaMo JIBVKEHWE HAKJIAIbIBAJIOCH YCIOBUE, MO CYTH PO~
THBOPEYAIee KIACCUIECKOMY TOJIXO/LY, & UMEHHO YCJIOBUE KBAHTOBA~
HUsI JIBUXKEHHSI, COJIACHO KOTOPOMY Pas3pelleHbl He BCE BO3MOXKHBIE
COCTOSIHUSI CUCTEMBbI, a TOJIbKO COOTBETCTBYIOIIME HEKOTOPOMY Ipa-
Bruty. OIHAKO, HECMOTPSI Ha MMEIOILYIOCS MapaJIOKCaJIbHOCTh — HC-
0JIb30BaHKe (POPMYII KIACCUICCKON DU3MKH JIJIsl OLUCAHKUS KBAHTO-
BaHHBIX CHCTEM, — IIpaBUJIO KBaHTOBaHUsI bopa-3omMepdenbia 1mo3-
BOJISIET IIOJIYYUTh IIPABUJIbHBIA OTBET JIJisi HEKOTOPbIX OCHOBHBIX 3a-
Jlay KBaAaHTOBOW MEXaHUKU.

st popMyaupoBKY paBuia KBaHToBaHUs Bopa-3oMmmepdennia
BCIIOMHMM OlIIpejiesieHne ajuadaniecKoro niBapuantTa [, — BeJuin-
HBI, KOTOPasi B CJIydae MePUOJINIECKOTO JIBUYKEHUST OCTAETCsT TTOCTO-
SIHHOW 1pu MejyieHHOM (a/mabajinueckoM) U3MEHEHUH MapaMeTpoB
CUCTEMbI:

I, = }I{Pq dq = const. (1.1)

31ech ¢ — 00001IeHHas KoopauHaTra, P, — COOTBETCTBYIONNA eit 0600~
» g

IIIEHHBII UMIIYJIbC, CBA3aHHBIA ¢ dpyHKIMel JIarpan>Ka jaHHO# 3a1a-

YU COOTHOIICHUEM:

o
o

Nnrerpuposanue B (1.1) NpOBOAXTCS 110 TIOJHOMY MEPHOJLY U3MEHEe-

P, (1.2)

HUsT KOOPJUHATHI (.

B kyaccuueckoil gpusnke nunBapuant /, MOKeT IPUHUMATD J1I00bIe
MOCTOSTHHBIE 3HAUYEHUsI. B KBAHTOBOII MeXaHUKe, COIJIACHO ITPaBUJLY
kBaHToBaHusa Bopa-3ommepdenbia, ajanabajmueckuit nnpapuant I,
KBAHTYETCsl U CIIEKTD ero 3HaueHuii onpeiessercs (popMyJIoii:

2

rie h = h/2m, h — nocrosuuas [lnanka, n — KBAHTOBOE YUCJIO, TIPH-

1
j{quq:Zﬂh n+ -1, (1.3)

HUMaloIIee TOJILKO Iejiouncaennble 3Hadenus: n = 0,1,2, ...
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Boipaxkenue st npasusia ksanropanus (1.3) cyliecrBeHHo yupo-
MAETCS B CJIydae OJHOMEPHOroO IepPHOIMIeCKOro IBIKennst. Paccmor-
PUM B KaueCcTBe NMPUMEPa TePUOINIECKOe IBUKEHNE TaCTUIHI MaCChI
M BJIOJIb OCU T C 4aCTOTON w.

B ciaydae ogHOMEPHOrO JIBUXKEHUS 110 OCH & B KadecTBe 0000ITEeH-
HOIl KOODJMHATHI y100HO BbIOparh Koopjauuary x. C yaerom (1.2)
HAXOJ/IMM COOTBETCTBYIONIHI eif 0000IEeHHBIT UMITYIbC P

oL 0 (ma? ,
Po=—-=—|——-Ux) ) =mz = p,, (1.4)
or 0t \ 2
rie U(x) — norennuaibhast sneprust dactuipl. Kak sugao u3 (1.4),
B JIAHHOM CJIydae ODOOIEHHBIH UMIYILC P, COBIAJAeT ¢ KUHETUUe-
CKHMM HMIIYJIbCOM TaCTHUIIBI P;:, KOTOPBIA MOXKET OBITH BBIPAXKEH Uepes
TOJIHYIO SHEPTHUIO YacTUIbl F U ee moreHnna bayto suepruo U(x):

E= % + U(x) - pe==EV2m(E -U(z)). (1.5

Puc. 1. ['pachuk noreHnua bHOM SHEPIUU TPUA OJHOMEPHOM
TePUOINIECKOM JIBUKEHWU BIOJb OCU X

[Torenimanbuas dHEPTUsi B Cjaydae MePUOIUIECKOTO JIBUYKEHUS
cxeMaTuiHO m300pakena Ha puc.l. Kak BujaHo us rpaduka, resio
COBEPIIACT MUKINIECKOEe JBUKEHNE B MOTEHIUAJIbHONI IMe ¢ IpaHu-
IaMHU, PACIOJOKEHHBIMA B TOUKaX T = X1 U T = 9. LOUKH T
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U Ty ABJLIOTCA TOYKAMU 11OBOPOTA, B KOTOPbIX CKOPOCTb TeJia paB-
HAa HYJIO W, CJIEJIOBATEJBHO, MOJHAA JHEPIrUd B ITUX TOYKAX PaBHA
MOTeHIMaIbHO. VIHTerpupoBanue 1o BceMy Mmepuojy M3MEeHEHUsT KO-
OPJIMHATHI & MOXKHO pas3bUTh Ha, JiBa dTala: OT X1 JIO Ty U B 00paTOM
HANPaBJICHUNA — OT T K Tq:

%deaﬁ:/dex-l—/dex. (1.6)

[Tosicrapasist Beipazkenue Jiist uMiyJibca (1.5) B mpaByto 4acThb Bbi-
paxkernus (1.6) u yuuTbIBasi, 9TO NPH JIBHKEHUH O OcH (T — T9)
IIPOEKIIUST UMITYJIbCA [TOJIOXKUTEJIbHAS, & TIPU JIBUXKEHUY TIPOTHB OCH
(9 — 1) — orpunaTebHAs, HOJYYAEM

/ Jam(E = U@))dz — / om(E = U(@))dz

T2

= 2/\/2m(E—U(:U))dx.

Z1

CnenoBareibHO, TpaBUjO KBaHTOBaHUs bBopa-3omMepdenbia
JIUIsl OJIHOMEPHOI'O [IEPUOUUECKOr0 JIBUKEHUS MOXKET ObITH 3aIlIUCAHO

B BHUJIEC:
€2

2/\/2m(E—U(:I:))da::27rh n+% : (1.7)

€1

rJie TOUYKU T U T OUPENEJIAOTCA U3 YCJAOBUL:

U(xl) = U(Iz) = k.

Cremyer ormerutsh, uto dopmysa (1.7) cipasesyiusa jijist JH0O0T0
MEPUOIMIECKOTO JBUKEHNS ¢ ITPOU3BOJILHOM TOTEHIINAILHOR SHEPIU-
eit U(x), koropasi onpejesisier xapakrep JIBUxKeHust. Y100C¢TBO JlaH-
HO# (DOPMYJIBI COCTOUT B TOM, UTO B Heil B sIBHOM BHJIE€ BblJieJIeHA
sHeprus F/, crieKTp Koropoit u Tpedbyercs HalTH.



3aganme 1.1. Hcunosib3ysi 1paBu/jio KBaHTOBaHUsi Dopa-
SomMepdenbia, HAlTH yPOBHU SHEPIUHM OJIHOMEPHOI'O TapMOHHYE-
CKOT'O OCIIMJLISITOPA.

Permenme
Y7066l TPOKBAHTOBATH JBUKEHUE OJHOMEPHOIO MapMOHUYECKOTO
OCIMJLISITOPA, HY»KHO nogcTasuTh B (opmyay (1.7) B kadecrse U(x)
IIOTEHIMAJIBHYIO SHEPIUIO B BUJIE:

U(z) = . (1.8)
B cuy Toro uro norentumasbuas sueprus (1.8) — qernas GyHkims

(U(x) = U(—=x)), npejeibl WHTErpaia B JIEBOH YaCTH BbIPAXKEHHsI
(1.7) OymyT cuMMETPUYIHBIMMU:

" 2.2
2/ 2m E_mwa: dr =2mh n+1
2 2
1 X
242 1
4/\/2m (E—m“;w )da::27rh <n+§>. (1.9)
0

Touky xq HalijieM U3 yCJIOBUS:

nJI

mw?a? 2K
o T =1\ —

E=U = )
(1) 2 mw?

Boraucienne unrerpasa B (1.9) TPpUBOIUT K CIIEYIOIIEMY PE3YIib-
TaTy:

OTKYda JJIsI SQHEPTETUIECKOI'O CIIEKTPpa OJHOMEPHOI'O 'apMOHMNYECKOI'O
OCIUJIJIATOPA OKOHYATEJIbHO I10JIy1a€M

EFE=FE,=hw (n—f—%) : (1.10)

rnen=20,1,....

Takum 00pa30M, B KBaAHTOBON MeXaHUKE SHEPIrusi OJJHOMEPHOIO
rapMOHUYECKOTO OCHUJIIATOPA MPUHUMAET JUCKPETHDLIN Pl 3HaUe-
auit (1.10), Torga Kak B KJIACCHIECKON (hU3UKE SHEPTUsT OCIIUILIATODA,
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MOXKET IPUHUMATH JIOOble 3HAYEHUsI, B TOM YHUCJE U CKOJIb yI'OJl-
HO Oyin3kue K Hy/i0. [Ipun 3TOM HU3IIEe SHEPreTUIeCKOe COCTOSHUE
KBAHTOBOI'O OCIHMJLJISTOPA HE sIBJISIECS COCTOSIHMEM IMOKOs, TaK Kak
HauMeHblas Heprus npu n = 0 OTJIMYHA OT HYJIsi U OIPEJIe/IseTCs
BbIpaXKeHNeM
Ey=—.
2

Samaame 1.2. Haiitu ypoBHU SHEPIUM YaCTUI[HI MACChl M C 3a-

PSIJIOM @, JIBUTAIONIENCS B IOCTOSTHHOM OJIHOPOJIHOM Mal'HUTHOM I10JI€.

Pemmenne

Bgejiem cucremy KOOpJMHAT TakK, 4TOOBI MAruTHOE 10Jie ObLJIO Ha-
IIPABJIEHO BJIOJIb OCH Z, IIPU 9TOM BEKTOD MHJLYKIIUK MArHUTHOTO 110~
Jist OyJIeT UMeTh BU/T B= (0,0, B), u BoIGEpEM BEKTODHBIii MOTEHITH-
ant MarauTHOro nons B Buge A = (0, Bz, 0).

B ojiHOpOIHOM MarHuTHOM T10J1e 10/ JieiicTBuem cuiibl JIopenna
3apsiPKeHHAs YaCTUIA JIBUXKETCS 10 BUHTOBO# JINHUW, HABUBAOITIEHCS
Ha JIMHUIO MArHUTHON WHJYKIIMUA. DTO BUHTOBOE JIBUXKEHHWE MOYKHO
paccMaTpuBaTh Kak CyMMY JIBYX ITPOCTBIX JIBUXKEHUIT: pABHOMEPHOTO
JIBUKEHsI BJIOJIb HATIPABJICHU 110J1s1 (B BBIODAHHOIT cucTeMe KOO/ [u-
HAT — BJIOJIb 2-OCH) U BPAIEHUsI 110 OKPYKHOCTH B TIOCKOCTH, TEp-
IEeHIUKY/TAPHON HATIPABICHUIO MATHUTHOTO T10J1st (110CKOCTh OY).

Cuuia Jlopentia, HampaBjieHHAs EPIEHIUKYJISIPHO K CKOPOCTHU Ya-

CTUILbI, COODIIAET €if HOpMaJibHOE YCKOPEHHE:

2
mv{ | q|
ML _lp

r c vy,

rje v — MepHeHIuKyIgpHasi K HAPABJICHUIO MOJISI COCTABJISIONASI
BEKTOPA CKOPOCTH YACTHIIBI, T — PAJUyC OKPY>KHOCTH TPHU JIBUXKE-
Huu B miockoctu Oy, ¢ — ckopocTh cBera. OTCroga MOXKHO TOJIY-
YUTH YACTOTY BPAIEHUsT YACTHUIIBI B ILJIOCKOCTH, MEPIIEH UK YIsIPHOI
HAIPABICHUIO MATHUTHOTO MOJIST:

v |gq|B
r mc
[TonHast SHEpPrusa 3apsXKeHHON YaCTUIBI B MATHUTHOM IIOJI€ CKJIa-

wp = (1.11)

JBIBACTCA N3 KUHETUYECKOU SHEPTUU PABHOMEPHOTO JIBUXKECHUSA BIIOJIb
OCH z ¥ dHeprum Bpallenus: B miockoct rOy:

2 2.2
D mwpr

E = 1.12
2m + 2 ( )



JIBu>keHne BJIOJIb HAIPABJICHUs MAIHUTHOI'O 10JisI MH(DUHUTHOE,
U IIPOEKIMsS MMIIYJIbCa P, MOXKET NPUHUMATL I[IPOU3BOJIbLHBLIC 3Ha-
gennsi. Bparenune ke B miockoctu xOy TMEPUOITIECKOR, U, CIIEII0-
BaTEJILHO, SHEPIUsl 9TOr0 JBMXKeHus KBaHTyercsi. Haiigem ypoBHu
SHEPI'UU YACTHUIIbI, Bpalafoleiicsa B maockocTu xOy, MOJIb3YsICh Mpa-
BUJIOM KBaHTOBaHU:A Bopa-3oMmmepderibia.

Bparlienue 4acTuibl MO0 OKPY:KHOCTH B ILIOCKOCTH (Y MOXKHO
OIMCATh JIBYMsI KOODJMHATaAMU, KOTOPbIE MEHSIIOTCA CO BpPEMEHEeM
O 3aKOHY:

T = Trcoswpt,

Yy = rsinwpgt,

rae yroa wgt mensercd or 0 o 27.
CiieioBaresibHO, MOXKHO IIOCTPOUTD JIBa a/1MadaInIeCKIX HHBAPH-
aHTa, COOTBETCTBYIOIIHME JIBYM KOOPJAMHATAM:

1
I, = fodx =2wh | n, + 5 ) (1.13)
1
I, = ]{Pydy =2rh | n, + 7)) (1.14)
3nec n, = 0,1,... un, =0,1,...— KBAaHTOBBIC YNCJIA, ONPEIECIAIO-

lMe CUEeKTp uHBapuanTos I, u I, coOTBeTCTBEHHO.

Ot mHTErpupoOBaHUs 10 JEKAPTOBLIM MEPEMEHHBIM B MHBAPUAH-
Tax [, u I, ynobHo nepeiiTu K MHTEIPUPOBAHUIO MO IEepeMeHHOI ¢,
HCIIOJIb3Ysl COOTHOIIEHUSI:

dx = —wpgr sinwpt dt,

dy = wpr coswpt dt.

[Ipu stom Boipakenus (1.13) u (1.14) npeobpasyiorcs K BUjy:

27 Jwp
1
I, = —wpgr / P.sinwgtdt = 2wh | n, + 5] (1.15)
27 Jwp .
I, =wpr / P, coswptdt =21h | n, + 5) (1.16)



Buast hyHkuo Jlarpamka 9acTUIbl ¢ 3apsijIoM ¢ B MAIHUTHOM
oJIe:
2
muv 9y M .0 2 .2 q .
L=—+-(VA)=—= @ +y +2°)+-yxB
o mpasuity (1.2) HaxoguMm 0OOOIEHHBIE UMITYJIBCHI, COOTBETCTBYIO-
e KOOpJInHATaM & U Y:

P, = mt = —mwprsinwpgt, (1-17)

P, = my+ 1.B= mwpgr cos wpt + 1.8 coswpt. (1.18)
c c

[Topcrasisist Boipaxkenue (1.17) B (1.15), BblYMCAUM HHBAPUAHT
1,:
o Jwp
1, = mw%ﬁ / sinwptdt = mwgr’ .
0
C npyroii cTOpoHbI, 110 IIpaBUIy KBaHTOBaHuA Bopa-3omMepderbia

mwBr?ﬂT:%rh nx+§ :

OTKY/JIa MOJIy4aeM, UTO, B OTJIMIHE OT KJIAaCCUUECKOM (pU3NKHU, B Mar-
HATHOM TIOJI€ YaCTHUIA MOXKET JBUTATHCS 10 OKPYXKHOCTH TOJIHKO
OIIPEJIEJIEHHOT'O PAJIuyca, CIEKTP 3HaUYEeHUNl KOTOPOI'O OlpeJiesisieTcst

dopmyoii:
2h 1
2
= :+=1. 1.19
" mwpg " +2 (1.19)

Kak nokasplBaloT BblYMC/ICHUsA HHBapuaHTa [,, OH paBeH HYJIIO
U, CJIeJIOBATEJILHO, HE JIAeT HUKAKOM JIONMOJHUTEILHOW NH(MOPMAIINH.
[Tosromy jagiee rnepeobo3HaINM KBAHTOBOE YUCJIO N, KaK 1N, TaK KakK
3aJ1a9a, CBeJIach K OJJTHOMY MHBApUAHTY [, KOTOPOMY COOTBETCTBYET
OJIHO KBAHTOBOE YHUCJIO.

[Togcrasisist pesyabrar (1.19) B dopmyny (1.12), noayvaem cie-
JYIOIee BbIpaxKeHue JJid YPOBHEH IHEPrum 3apPsAKEHHOU YaCTHUILbI
B OJ/ITHOPOJIHOM MAarHUTHOM IOJIE:

2
|
P hop (n+2), (1.20)

E, =
2m 2

rmen=20,1,....



[TepBoe caaraemoe B hopmydie (1.20) coorBercrByer paBHOMEPHO-
MY JIBU2KCHUIO BJIOJIb HAIpaB/IeHus 10Jist. Bropoe ciaraemoe onuchbl-
BACT JMCKPETHBIIl CIIEKTP SHEPrUy JIBUKECHUS B TJIOCKOCTH, TEPIICH-
JIMKYJIAPHOI HanpaBjeHuio Maruutnoro noss. Ciejlyer oTMeruTh,
470 110 (POPME OHO COBIIAJAACT C SHEPTUEl KBAHTOBOTO OJHOMEPHOTO
PapMOHUYECKOIO OCIUJLISITOPA, COBEPIIAIONIEro KoJjebanust ¢ 4acTo-
TOU wp.

Samanme 1.3. Haiitu crekTp sHepreTuyeckKux ypoBHeEi BOJIOPO-
Jlonoj1obHoro aroma. PaccMoTperh ciiydail S IUITHICCKIX OPOUT.

Perienue

[Tos BOJOPOIONOJOOHBIM ATOMOM HOHMMAETCS aTOM, B KOTOPOM
BOKDYT s1/[pa C 3apsJIOM Ze BPAIaeTcst OJIMH 3JIEKTPOH (¢ 3apsijioM
-¢). D10 MoxkeT ObITh Jubo arom Bojgopoia (Z = 1), subo noHu3u-
POBAHHBIN aToM resus (Z = 2) u T. .

JIprokenue 3J1eKTPoHa 110 JLIMIITHIECKUM OPOUTAM MOXKHO XapaK-
TEPU30BaATH JIByMs 000DIIEHHBIMKU KOOPJAMHATAMU P U ©, KOTOPbIE
CBSABAHDBI C JIEKAPTOBLIME KOODJMHATAMU T U Y CJIEIYIOIUMHU COOT-
HOTITCHUSAMMU:

T = pCosy,

Yy = psin .

Bripasum uepes mepeMeHHbIe p U ¢ KHHETHIECKYIO SHEPIUi0 Bpa-
[eHUsT BOKPYT siyipa, 1 W MOTEHIMAJBHYIO SHEPIUI0 KYJIOHOBCKOIO
uputsikerusi U

m . }
T = —(p* + p°¥°),

2
— 72
U = _67
p
u 3amuinem GyHKInio Jlarpanxa:
m, . , Ze?
£:T_U:§(P2+P2902)+7-

13 sroro Jlarpanxxkuana Haxojum o0OOIIEHHbIE UMITYJILChI, COOTBET-
CTBYIOIIIE KOOPJUHATAM P U (O



oL )
¥

HOCKOJIbe B rZI;&HHOI'/JI 3a/Jlade UMEIOTCA I1BE CTCIICHN CBO60,ZLI)I, MOZK-

HO IIOCTPOUTDL JBa a,ZLI/Ia6a,ZLI/I‘{eCKI/IX NHBapUaHTa, KOTOPbIE, COIJIaCHO

npaBu/y KBaHTOBaHusi Bopa-3omMmepdesibjia, UMET JIMCKPETHBIM

CIIEKTP:
1

I, = j{ﬂpd@:%ﬁi <n¢+§>, (1.21)
1

I, = %dep:%ﬂi (np—|—§), (1.22)

rien, =0,1,...un, =0,1,... KBAaHTOBLIC YUCJIA, OIPEACIIAIONIIEC

CIIEKTD MHBapPUAHTOB [, 1 I, COOTBETCTBEHHO.

Boruucium nepsbiit nnsapuant I,. Tak kax 000011enHas KOOP/1-
HATA (0 SBJISETCS MUKJIMIECKON (TOCKOJIBKY HE BXOJUT SIBHO B (DyHK-
nuio Jlarpamxa), COOTBETCTBYIONWI eif 0O0OIEHHBINH MMITYJIBC CO-
XPaHsIeTCs:

_ 2.
P, = mp“p = const.
C yueroM 3T0ro uHBapuaHT I, JIEIKO BbIYUC/IAETCS:

21

I, = P@/dgo = 27P,.

0

Yenosue kpanroBanust (1.21) IPUBOIUT K CJEIYIONIEMY DE3YJIbTATY:

P,=h (ngp + %) . (1.23)

st TOro 9TOOBI BBIYMCINTH MHBAPUAHT [, BBIPA3UM TIOJHYIO
9HEPI'MIO BJIEKTPOHA B aToMe depes 00001eHHble nMITYJILChbl P, n Py

7)2

E=T+U=-L17, : 1.24

+ 5 r1(p) (1.24)

r7ie BBeJleHa 3(pPeKTuBHAs IOTEHIIMAIbHAS SHEPI I
735 B Ze?
2mp*  p

Uers(p) = (1.25)

11



[Tepsoe caaraemoe B dopmyse (1.25) 00ycioBieHO HEHTPOOEK-
HBIMHU CUJIAMU, BTOPOE — KYJTOHOBCKUM IPUTSKEHUEM MEXKTy OTPH-
[ATEJHHO 3aPSIKEHHBIM 9JIEKTPOHOM U TTOJIOXKUTEIHHO 3aPSIKEHHBIM
sapoM. I'paduiaeckn norennuansuas sneprust Uesr(p) npejcrasiie-
Ha Ha puc. 2. Kax Bumamno uz sroro rpaduka, npu E > 0 d6apbep
crpaBa (p — 00) OTCYTCTBYET U JBUMKEHUE SJIEKTPOHA CTAHOBUTCS
HEOrPaHWIEHHBIM (KJIACCHYECKUil aHajor — runepbosinaeckue opou-
TbI). Cutyuait orpunaTe/bHON OJHOM IHEPIUU COOTBETCTBYET TI€PHU-
OJIMIECKOMY JIBUXKEHUIO 3JIEKTPOHA B OT'PAHUYEHHONH 00JIACTH BHYT-
pu aroma: ripu F = E3 opOuTOii 9JIEKTPOHA, SABJISETCSA OKPYKHOCTh,
pu [ > Fg 3JIeKTPOH JIBUXKETCS 110 DJLIUIICY.

Puc. 2. 9ddexkrupHas noTeHIMaIbHAS SHEPTUST JTEKTPOHA
B BOJIOPOJIOIIOIOOHOM aToMe KakK (DYHKIIHS PACCTOAHUS

Hac unrepecyer jgukenue 371eKTpoHa B 00JACTH, OPPAHUYEHHOI
¢ 00erX CTOPOH TOYKAMU p = p; U p = py. ToUKM p; U py — TOUKH
OBOPOTA, ONpejiestionaecst Kak kopun ypasuenust B = Ugrs(p).

Kak Bujio u3 Boipaxkenusi (1.24), 3ajaua cBesiach K OJ[HOMED-
HOIT 3a/1a1e 10 mepeMennoit p. [1oaToMy MOXKHO BOCTIONIHL30BATHCS pe-
3yJIbTATOM, MOJIyYEHHBIM paHee JJIsi OJIHOMEPHOTO MepPUOJNIeCcKOro
JBYKeHMsI B oreHmasibioM nojie U(z). Bomosnss B (1.7) 3ameny
x — p, U(x) = Ueps(p), mepermmmem dbopmyity (1.22) B Buje:

P2

1
Ip:2/ \/Qm(E—Ueff(p)) dp =21 h npt+g |- (1.26)

f1
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[Tojcrasum B unrerpan s I, pbipaxenue Juid 3hdEKTUBHOIM
noTeHIuaIbHOi sneprun (1.25):

P2
Ze? P2
]p:2\/2m/\/E+ < 302 dp
p o 2mp

U c/ieiaeM 3aMeHy llepeMeHHbIX:

1 d
- =u, de = — —'g
p p
B pesynbrare nogydaem
1/P1
2 x2
I, =2v2m E + Ze?x — Pe (1.27)
2m
1/P2

[Tocsie wHTErprpoBanus 1o YacTsiM Bbipaxkenue (1.27) npuBojur-

Csl K BUJLY:
1 1/p1
I, = 2\/2m<—5\/E—|—Z62 732x2/2m‘1/
P2
1/p1
.\ /pdgj Ze? — aP2/m ) (128
T 2, _ D2 .2 ' '
" 2\/E+Zex P2 x?/2m

[Tepsoe caaraemoe B (1.28) paBHO HyJIO, Tak Kak MOJKOPEHHOE
BbIPaXKEHHE 1IpejICcTaBisgeT cOO0N PA3HOCTh OJIHOM sHeprun F 1 a3d-
dbexTuBHOI NOTEHNUANBHOM sneprun U, sr B TOUKaX 110BOpoTa. BTo-
poe cJjiaraeMoe 1ocJjie npeobpaszoBaHuii MOXKET ObITH 3allMCaHO B (pOp-

Me
Ze V2 2P,
I, = V2m J, (1.29)
' (f v )
d
J = / P ,
Vo= p1)(p2 = p)
P1

rjie Bejieno € = —F > 0. /g Beraucyiennsd uHrerpajia J BblJIe M

B IOAKOPEHHOM Bblpa,}KeHI/II/I Pa3HOCTDb KBaJAPaTOB:

/ 2dp
V2= p)2 = 2p—p1— p2)?
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[Tocsie BBejieHMsT HOBOM 1IEPEMEHHONR MHTEIPUPOBAHUS T:
_2p—p1—p2
P2 — pP1

MHTErpaJ 1mpeodbpasyercs K Oojiee IpoOCTOMY BUJY U JIET'KO BBIUUCJISI-

t ) t(pl) =—1, t(p2) =1

eTCAd:
1

+1
= arcsint = T.

_/ dt
. V1—t2 ~1

Vcnosib3yst 10T pesysbrar, a takxke nojcrasiss (1.29) B npasuiio

J

kBauToBanus (1.26), momyaaem

Ze2 2 1
Vam \/Z—\C% m=2mh (n,+5 ). (1.30)

OTKYJ]A ¢ Y9€TOM KBAHTOBOIO 3HAUeHUsI Py, OUPEJE/IsIeMOro BbIPa-
xenmeM (1.23), naxonnum e:
mZ2et
~ 9n2 2"
2R%(n, +ny, + 1)

[l ist sHEPrUK BOLOPOIOII0I00HOI0 aTOMa BOAOPO/Ia OKOHIATEIHHO

£

(1.31)

MoJIyuaeM CJeJyIoIee BhIpaskKeHue:
Z%e*m
Copn2’
/e BBEJIEHO KBAHTOBOE YMCJIO 71, Ha3bIBAEMOE I'VJIABHBIM KBAHTOBBIM

E, = (1.32)

quciom, n = n, + n, + 1. Ciaexyer oTMeTuTb, 4TO, B OTINYNE
OT KBaHTOBBLIX YHCET 7, U Ny, IJIABHOE KBAHTOBOE YUCJIO M3MEH:-
ercst OT eJMHuIbl, N = 1,2, .. ..

SagaHnud IJ1d CAMOCTOSATETHBHOTO PEMIEHUS

1. IIpokBaHTOBATH JABHKEHUE TACTHUIBI MACCO# 1M, KOTOpast Bep-
TUKAJHHO MaJ[aeT Ha FOPU30HTAJBHYTO TTOBEPXHOCTD U YIPYTO OT Hee
orpaskaercsi. HaliTu criekTp SHEPIuu u JIOMYCTUMBIE BBICOTHI.

2. OnpejeuTh YPOBHU SHEPTUM YACTHIIHI, HAXOMAIEHCT B OJ-
HOMEpHO# MOTEHITHAJbHON siMe ¢ OECKOHEYHO BBICOKMMY CTEHKAMM,
pacrosoxkennbivu ipr ¢ = 0 n x = 1.

3. Haiiti ypoBHU 9HEPIrUN 9aCTHUIHI MACCHI M C 3aPsiJIOM ¢, JBUTA-
[oITelicd B MIOCTOSTHHOM OJTHOPOJIHOM MarHUTHOM ToJie. PaccMoTpeThb
JIBUKEHME JACTHUIbI B IJI0CKOCTU £y B MOJSPHBIX KOOP/IMHATAX.

14



4. Hajitu cuekTp sHEpreTudecKux ypOBHER BOJIOPOJIONOL00HOIO
aToMa B CJydae Kpyrobbix opouT. OLeHUTh pajuyc MepBoii OpOUTHI.

2. OmneparTopnl B KBAHTOBOII MeXaHUIKe.
Anrebpa omepaTropoB

Onepatopom A naspiBaercs IPABUJIO, IO KOTOPOMY KaxKJI0i (pyHK-
UK 1 U3 HEKOTOPOro KJjiacca (PYHKIMI CTABUTCH B COOTBETCTBUE
Apyras dyHKIMS @, olIpejle/ieHHast Ha TOM »Ke MHOYXKeCTBe (DyHKIIUIA,
w = Av.

OcHoBHAas wjest IpUMeHeHUs ONepaTopoB B KBAHTOBON MeXaHUKe
3aKJIIOTAETCS B TOM, 9TO Kaxk i0il (pusuveckoit Beqnanne A craput-
¢ B COOTBETCTBUE M300parKaloIuil ee onepaTop A. [Tpu sTom cpen-
Hee 3HaUYeHNe (PU3NIECKON BeJNIUHBI A B TPOU3BOJILHOM COCTOSTHUH,
OIMCHIBAEMOM BOJIHOBO# (DYHKIIMEH 1), ONpeiesIsieTCst BhIPaKeHNeM:

Z=/¢*<q)ﬁw<q> dg. (2.1)

YT00BI BBITOJIHAJICS IPUHITUI CYIIEPIO3UIUNA COCTOSHUMN, MCIIOJIb-
3yeMble B KBAHTOBOI MEXaHMKE OIePATOPHI JIOJ2KHbBI ObITH JINHEHHbI-
MH, TO €CTh JIOJI?KHBI yAOBJAETBOPATH YCJIOBUIO:

A(erthr + cotha) = e Ay + cr Ay, (2.2)

Ile ¢; U Cy — IPOM3BOJIbHBIE IMOCTOAHHBIC, 11 U Yy — (PYHKIINH,
Ha KOTOPBIX OIpeJeJIeH OIlepaTop.
Hanpumep, oneparop Bo3BejeHusi B KBaJApaT HEJMHEHHbI:

(1 +2)* # Y1 + 45, () # ey,
a oneparop JuddepeHunpoBaHus — JIMHEHHbIN:

diby
de

i(cl¢1 + cothy) = C1d

1
dx dx te

[Tpousseyienve nByX omnepaTopos AB O3HaYaeT, 9TO CHAJdaJIa
Ha (QYHKIMIO %) JieficTByeT ornepaTop B, B pe3yJibTaTe 3TOro Jieil-
CTBUS 10JIy4aeTcss HOBas (PYHKIUS @ = Bw, Ha KOTOPYIO 3aTeM
JieiicTByeT omnepaTop A B obIIleM ciiydae JieiicTBHE OllepaTopa AB

MOKeT He COBIIJATh ¢ JeiicTBueM omneparopa BA. Ecim pesynbrar
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JIeiCTBYS 1IPOUBBEJEHUs] OIIEPATOPOB HE 3aBUCUT OT LOPSAJIKA MHO-
xureneit AB = BA (umu AB — BA = 0), 10 oneparopsl HA3bIBAIOT
KOMMYTHUpYIOmuMu. Ecin AB #* BA TO TOBOPAT, YTO OMEPaTophI
He KOMMYTUPYIOT Mexy coGoil. Pasnocrs AB — BA nasbisaercs
KOMMYTATOPOM OIepatopo A u B 1 06o3HaTaeTes Kax

A A A A

[A, Bl = AB — BA. (2.3)

[TonsiTre KOMMyTATOPa B KBAHTOBOI MEXaHUKE UIPACT OUCHD BAK-
HYIO pOJIb. B "acTHOCTH, MOXKHO TOKa3aTh, YTO €CJIU JIBa OlepPaTopa
KOMMYTUDYIOT JIPYT' € APYI'OM, TO COOTBETCTBYIOIIME UM (DU3NICCKUE
BEJIMYUHLL MOI'YT OLITH OJIHOBPEMEHHO U3MEPEHDI, TO €CTh UMETh OJI-
HOBPEMEHHO OIpejiejieHHoe 3Hadenne. Hanporus, ecau onepaTophbl
HE KOMMYTHUPYIOT, TO COOTBETCTBYIOIIAE UM BEJIMYUHBI HE MOTYT UMETh
OJJHOBPEMEHHO OIpejIe/IeHHbIe 3HAYCHUSI U, CJIeI0OBATEILHO, HE MOTYT
OLITH OJHOBPEMEHHO M3MEPEHDI.

U3 ompenenenns (2.3) caeayer, 9T0 KOMMYTATOp OOJaaeT ciie-
JYIOIUMHA CBONCTBAMU:

1. [A,B] = —[B, A].

2. [A, A] =

A~

[c1A, coB] = c15]A, B, tie ¢1, ¢y — IpOU3BOJIbHbBIE MOCTOSTH-
HbBIE.

4. [A+C,B+ D] =[A,B|+[C,B]+[A,D]+[C, DJ.
B KBaHTOBOW MeXaHUKe UCIIOJIb3YIOTCS U BEKTOPHbIE OllepaTOpbI,

TPUMEPOM TAKOTO OllepaTopa sABJsgeTcs auddepeHImagbHbIi omepa-
Top Habual

- =

rjie ¢, J, k — eJiIMHUIHbIE BEKTOPbI, HAIIPABJIEHHbIE BJIOJIb OCEH KOOP -
nar. JleiicTBue oneparopa Habsa Ha GYHKIUIO (T, Y, Z) BhIpaXKaeTcs

(dopmyitoit

BarkHyio poJib B KBAHTOBOW MeXaHWKE UI'PAeT MOHSATHE SPMUTOBO
CONPsIKEHHOTO oneparopa. OrnepaTropoM, 3PMHUTOBO CONPSIKEHHBIM

o ymomrganmio MbI GyIeM HCHOIL30BATH JAEKAPTOBYIO CHCTEMY KOODIHHAT.
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A

K onepaTopy A, maspiBaercsa onepatop A, ynosaersopsiommuii cie-
JIYIOIIEMY PABEHCTBY:

/ G (A ) dV = / (An) V.,

* » o3HaYaeT KOMILIEKCHOE ColpsKeHnue, 1noj dV monu-

rje 3HaK <
MaeTCsl COBOKYIIHOCTDL BCEX MEPEMEHHBIX, OT KOTOPBIX 3aBUCAT pPac-
cMaTpuBaeMbie PYHKITUU.

Kak ciesyer u3 oupejiesieHusi, Oneparop, 3pMUTOBO CONPSIKEH-
HbI{i K cyMMe (Pa3HOCTH) OMEpaToOpoOB, paBeH cyMMme (pasHOCTH) ofie-

PATOPOB, 3PMUTOBO COINPSIKEHHBIX K JIAHHBIM
(AiBiC--~)+=A+iB+iC+---
Omnepatop, /111 KOTOPOro
AT = A,

HA3bIBAECTCSA CAMOCOTPSYKEHHBIM WM SPMUTOBLIM OMEpaToOpoM. Bcee
OIlepaTOPbl, COOTBETCTBYIONINE PEAJbHBIM (DUBUIECKUM BEJTUIUHAM,
SPMUTOBBI (OMEPATOPBI KOODMHATHI, UMITYJIbCA, MOMEHTA MMITYJib-
ca u T. J1.). D10 caejyer u3 TpeboBaHus BEIECTBEHHOCTH CPEJHEro
3HAYCHUSA U3MEPAEMOl BEJUYNHBI.

aganue 2.1. Haiitu _OIIepaTOp, SPMUTOBO COHpH}KeHHbH/I K olle-
paTopy IPOU3BECHMS AB. PesysibraTr BhIpasuTh depes At u Bt

Pemenne
CortacHO OIpPEeJICJCHNIO, SPMUTOBO COIPAKEHHBIM K IIPOU3BE/Ie-
HIIO omepaTopos AB Gymer omepaTop (A§)+, VJIOBJIETBOPSIIOIIIN i
PABEHCTBY:

/ U (AB ) dV = / (AB) )" i dV. (2.4)
Vuursisast, qro Ha GYHKIMIO ¥y CHATANA JACTBYET onepatop B,

B pe3yJibTaTe dero mnoJjydaercsd Hekas HoBas pyHkius Py, npeodbpa-
3yeM JIEBYIO 9aCTh 3TOTO BbIpaXKeHns K BUJLY:

[uic By = [ oy @aav = [(Ar iy (Bumav
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3/1€Ch Mbl BOCIIOJIb30BAJIMCH OLPEJIEACHUEM 3PMUTOBO COLPSIZKEHHOIO
oneparopa g oneparopa A. Obosnayag Aty = & n npumensas
TO Ke olpeJiesienne K oneparopy B, mojgydaem

/ (A% ) (Bun)dV = (2.5)

Dy
:/(Bwl)wzdv = /(B*Awl)wgdv.

CpaBHEUBas 9TOT PE3yIbTAT C IPABOIl YaCThIO paBeHcTBa (2.4), Haxo-
JIAM, 9ITO
(AB)*r = BT A+
AHaJOrIIHBIM 00pa30M MOXKHO IIOKA3aTh, UTO IIOJYyYeHHBIH pe-
3YJIbTAT CIPABEJIMB U Jijist OOJIBIIEIO YUC/Ia OIIEPATOPOB:

(AB.. . F)* = .. BYA*

3amaame 2.2. Haiitu ornepaTopbl, 3pMUTOBO COIPSI)KEHHbIE K
onepaTopaM dacTHoil npoussomnoit 0/dx, 0*/9xz%, 0" /0x".

Pemenue
[To onpejenennio 3pMUTOBO COIPSI?KEHHOI'O OllepaTopa,

JuiSzav= [ ((a%f zm)* v, (26)

rie dV = dxdydz, a uHTErpupoOBaHue BBIIOJHICTCA 110 Beeil 0biacTu
3HadeHuit koopauHat. [Ipeobpasyem nnTerpaJ, CTosIumii cieBa, K Br-
Jly, KOTJla ollepaTop IPOU3BOJIHOM JieiicTByeT Ha (PYHKIMIO 1)1, a He
Ha PYHKIUIO Vo, JIJIsT 9TOr0 IPOMHTErPUPYEM €ro IO YACTSIM IO Ie-
pEeMeHHoOu I:

Juige = [a il T- [ (5F) ] -
= —/ (%‘bl) Yo dV, (2.7)

TJIe YUTEHO, YTO BOJIHOBasT (PYHKIINS JIOJPKHA YOBIBATH Ha OECKOHEY-
noctu (P1(z — £00) = Po(x — +oo) = 0).
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[Ipunumasi Bo BHUMaHUe, 4TO Oneparop —0/0xr BEEeCTBEHHbIH,
HCXOJIHBIIA MHTErpaJ IPUBOJUTCS K BUILY:

/@/J{%de/(—%) ¢2dvz/(—%> Py dV. (2.8)

Cpasnubast pesysnbrar (2.8) ¢ oupejesenuem (2.6), nosydaem

oNT_ 0
or) Oz

TO €CTh OLEPATOP IIPOUBBOJIHON HE SIBJISIETCSI CAMOCOIPSI?KEHHBIM.

Jtst TOro 9T00BI HAMTH OEePATOp, SPMUTOBO COIPSI?KEHHDIHA K OITe-
paTopy BTOPO# MpomsBoAHON 02 /012, BOCIONB3YeMCsl Pe3yIbTATOM
IPEAbIYIIeA 3a/a4n:

(5 - (Ga) - @) () -85

AnajornaHo JJ1st TPOU3BOJIHOM N-T'0 MOPSIIKA,

() -@) (@) e

-~
n pas

Dopwmyaa (2.9) wtocrpupyer, uto oneparop 0"/0z" sipisiercs
SPMUTOBBIM, €CJIM 1L — YETHOE, ¥ HE SIBJISETCA TAKOBBIM I1PU HEYETHOM
n.

aganue 2.3. JlokazaTh 3pPMHUTOBOCTH OIEPATOPA
- 0o 1
A=—ih | —+—-).
(8r T)

Pemenue

Omnepatop AT OIIpesiesisieTCs paBEeHCTBOM
/w{fwg dV = /(A+¢1)*¢2 dv, (2.10)

rie dV = r?dr dQ) — siemenT obbema B chepHUECKOl cHCTeMe KO-
opaunart, d{2 = sinfdf dp — snement Tesecnoro yria. [lomcraBum
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SBHBII BUJT omepaTopa A B JieByto dacTh pasercTBa (2.10) u paso-
ObeM HCXOJIHBIM MHTErPaJl Ha CYMMY JIByX HMHTEI'DAJIOB:

0
/zbi‘ (—ih) (5 + %) P dV = (2.11)
oo 8 o0
:—ih/dQ /wik (%) ridr  + /@Df%%?ﬁdr :
0 0

Paccmorpum nepsbiit uarerpadi. st Toro 4rodbl nepeHecTu jiei-
CTBUE TPOM3BOJHON O/0r Ha (YHKIUIO 1)1, TPOUHTEIPHUPYEM €ro
1o JacTsM. [Ipu 97oM HEOOXOIMMO YUIECTh, UTO, B OTJINIHE OT IIPUMe-
pa, PacCMOTPEHHOI'O B IIPejbLLyIell 3ajilade, B JJAHHOM CJiydae dJie-
MeHT oO0beMa dV CofepKUT IepeMeHHYo 7', OT KOTOPOil 3aBUCUT Olle-
paTop U II0 KOTOPOil Oy/ieM BbIIOJHATH HHTEIPUPOBAHUE 110 JACTAM.

Hcnonns3yst bopMmy/ly HHTEIPUPOBAHUS 110 aCTSIM:

q2 q2

q2
uwdv=vu| — [ vdu,
q1
q1 q1
0003Ha4ad 3a o0
2
w=1ir?, dv=—"=dr,
or

1OJIy HaeM:

00 9 o 0 a

[ (%) T /< N )wzdr— (2.12)

0 0

= /(27“-!-7“ —> Yy Yadr = / ( ) ¢1] ¢27“2d7“-
0

0
Yro kacaercs BTOpOro mHTErpaJa B Bbipaxkenuu (2.11), To, MocKoIb-

Ky jieiictBue oneparopa 1/r Ha GYHKIMIO ¢ CBOJUTCS K Y MHOXKEHHTO
byHKIMK Y Ha BelecTBeHHY0 QYHKIMIO 1/7, ero MOXKHO cpasy Ie-
penucarsh B hopme:

/wik%@bg r?dr = / (%>* Yo r?dr. (2.13)
0 0
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[oacrasisst (2.12) u (2.13) B Boipaxxenue (2.11), nosydaem

Jrstm(2e2) o
af[(t 2o
:/ [(_m) (%+%>¢1]*¢2dv.

CpapHuBast 9TOT Pe3yJIbTAT C OlPe/Ie]eHneM (2.10), waxomum, uTo
At = A, 10 ectb oneparop A — caMoCONPsIKEHHDLL.

3amanue 2.4. DBplaucjnTh KOMMYTATOP [55(:3;2, a%]

Pemenue
[lepes BhIYUCIEHEEM JIAHHOIO KOMMYTaTOPa, YIPOCTUM €r0, KC-
110J1b3ys1 ¢BOMCTBO N 3 KOMMyTaTOpa:

[01121, CQB] = C1C2 [121, B]

Ho mpu 3ToM yuTeMm, 9TO BEIHOCHTH 38 KOMMYTATOP MOXKHO HE TOJIh-
KO YHCJia, HO U ONepaToOpbl, 3aBUCAIINAE OT HEKOTOPOW IepeMEeHHOI,
B CJIyYae eCJiy JIpyrue ornepaTopbl B KOMMYTATOPE HE 3aBUCUT OT TOW
nepeMeHHoil. B JlaHHOM cJiydae BbIHECTH MOXKHO OIIepaTop T, Tak
KaK OTHOCUTEJILHO OllepaTopa MPOU3BOJIHOM 8/ Oy mepeMentas & sB-
JsgeTcd MOCTOAHHOM:

{5xy2, (%} = bx [yQ, %} : (2.14)

PackpbiBas MOJyUIUBIIAICA KOMMYTATOP IO ONPEICJICHUIO U JIJId
HAIJISAIHOCTH YKa3bIBasi BOJHOBYIO (DYHKIIHIO, HA KOTOPYIO HEIIOCPE/I-
CTBEHHO JIECTBYIOT ONEPaTOPhI, TOJydaeM

0 01, _ (0 O _
[y’a_yw - ( dy dy >¢_
O Oyy) _ 5¢_¢ yé’zb
dy y dy y

B jlasibHeiiineM, Kak 9T0 U IPUHSATO, Mbl He OyjIeM YKa3biBATh sIBHO

.

BOJIHOBYIO  (DYHKIIMIO, Ha  KOTOPYIO JEHCTBYIOT  ONEpPaTOPHI,
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n 6YZL€M 3alluCblBaTb OTBET B BUJIE!:

[5:103/2, %} = —5z. (2.15)

3amanue 2.5. DBpranciantb KOMMYTATODBI [T, Pj], T/le NHIEKCDI
k, 7 npoberator 3HaveHus T, 1, 2.

Pemenne
3/1eCh U j1ajiee 1m0 YMOJIaHUIO B KAYECTBE MCXOIHOTO MIPEICTABIIe-
HUsI OyJIeM UCII0JIB30BATh KOOPAUHATHOE IIPEJICTaBIeHIE, KOIa BOJI-
HOBas (PYHKIUsI 3aBUCUT OT KOOPJUMHAT U BpeMmeHu. B aTom mpej-
CTaBJICHUHU OIePATOPHI KOOPJIMHATHI U UMITYJIbCA UMEIOT CJIEJ1Y Ot
BUJL:

X R L 0
Ty = Tk, pj = —ith—.
(%sj
[eiicTBrEe oniepaTopa KOOPAMHATHI Ha BOJHOBYIO (DYHKIIUIO B 9TOM
CJIydae CBOJIMTCS K YMHOXKEHUIO (DYHKIIMU HA KOOPJIMHATY X, I109TO-
My B JlaJbHefIeM 3HaK oleparopa Hall OleparopoM T OyjieM OIryc-
KaTh. [lojicTaB/isist sIBHBIA BUJI OIEPATOPOB B MCKOMbBIH KOMMYTATOD

U pacKpbiBas €ro 1o OlpeJieJIeHNI0, ToJIydaeM

. . 0 : 0 0
[xkapj] = —ih |:xk7 8_%} = —ih (xk 8_% — a—le‘k> .

B ciayuae korya k # § KOOpAMHATA Tj SIBJISIETCsT TTOCTOSIHHON Be-
JIMYUHOM OTHOCUTENBLHO TPOM3BOANOH 0/0x; M KOMMYTATOp paBeH

HYJTIO:
0 0
il =—ih w5 —ak5— ) =0.
[xk’pj])k#j ' <xk Oz T 8xj>
IIpu k = 7 BbIUMC/IEHNS TPUBOJISAT K CJIEYIONIEMY PE3yJIbTaTy:
0 0 0
B[] —in (L )
[xk pj])k::j i 3$k ‘ (xk &Tk 6xk ij>
0 0
= —ih — —zpy— — 1| =ih
' (xk (%ck Tk 833k > !
Nan
[, p.] = [y, By] = [2,p:] = ih. (2.16)
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B obiieM ciydae pe3yJibTar BbIUYUCJIEHUT MOXKET ObITh 3allucaH
qepe3 cuMBOJI Kponekepa 0y,

A : L, k=yj,
@k, Dj] = ihok;, O = 0. k4]

[Tosrydennbie pe3yabTaThl IIOKA3LIBAIOT, YTO KOOPJMHATA BJIOJID
OJIHOM M3 OCEil MOXKET MMETh OIPEACJCHHOE 3HAYCHUE OJIHOBPEMEHHO
¢ KOMIOHEHTAMKU MMILYJIbCa 110 JIBYM JIDYTUM OCsM. B TO ke BpeMst
HE CYNIECTBYET COCTOSHMI, B KOTOPLIX KOOPJUHATA U COIPSKCHHDII
eMy MMITYJILC UMEIOT OJHOBPEMEHHO ONpejieennoe 3nadenue. 1o cy-
11, coorHorenust (2.16) B oneparoproii (hopMme BbipaxKarmT COOT-
HOILEHKUE HEOIPeIeJeHHOCTH, ABJIsonieecs (pyHIaMeHTaJIbLHBIM J1JIs]
KBAaHTOBOU MEXaHUKU.

Baganue 2.6. Boruucauts kommyrtatop [z, p,], Tae n — memoe
HEOTPUIATEIHHOE THCIIO.

Pemenune
11 BBIYMCTIEHNS KOMMYTATOPa MOACTABAM B HEIO OIEpATOp MM-
yJIbCa,

&, pa] = —ih [x” %}. (2.17)

3aTeM, pacKpbiBas KOMMYTATOpP IO OIPEJIEICHUIO, Oy YaeM

0 0
n5l = —ih (2" — — = " 2.1
(2", Dy] ih | x 5 " a0 (2.18)
= —ih x"——naz”_l—x"g — ihna" !
ox ox

Bamanme 2.7. Boruncanrs kommyraTop [z, pl|, rae n — menoe
HEOTPULATENHHOE YUCJIO.

Permenne
Brraucienne jJaHHONO KOMMYyTaTOpa yaoOHee MPOBOJIWTHL B MM-
IyJIbCHOM IIPEJICTaBJICHUN, B KOTOPOM OIIEPATOPbHI KOOPIMHATHI U UM-
MyJIbCa UMEIOT CJICTYIOTTUiIl BT

T = ihvpza ﬁx = Pz,
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e V,, = 0/0py, a KOMMyTATOD 1IPE00PA3yeTCst K BUJLY:

[, ] = ih [ai’ Ak (2.19)
Da
[Tocko/IbKY B MMITYJILCHOM IPEJICTaBJICHUN OlePATOP UMITYJIHCA HE
COJIEPKUT TTPOUBBOJIHON U €10 JIefiCTBHE HA BOJHOBYIO (DYHKIIUIO CBO-
JINTCS K YMHOYKEHWIO JaHHON (DYHKIUU HA WMITYJIbC, TO, KAK BUJIHO
u3 (2.19), Mpu BBHIYKCIEHUH KOMMYTATOPA B UMITYJIbCHOM MPEJICTAB-
JIEHUW MbI 1IOJIyYUM HE ITPOU3BOJIHYIO N-T'0 MOPsiJiKa, a [ePEeMEeHHYTO
B M-CTEIeHN, KOTOPYIO HY>KHO IPoud pepeHnnpoBarh OJuH pas3. ITo
CYIIECTBEHHO YIIPOIaeT BLIYUCIEHTEe KOMMYTATOPA.
Bocnosibzyemcsi coiicTBoM Ne 1 KOMMYyTaTOPOB 1 MEPEIUIeM KOM-
myrarop (2.19) B dbopwme:

e = =i [p2 -] (2.20)
Da
Kommyrarop (2.20) MOKHO BBIYUCIIUTH 110 ONPEJICJICHHUIO, a MOXK-
HO BOCIIOJIb30BATbCs PE3YJAbTATOM, IOJYUYCHHBIM TPU PEIICHUN 3a-
nanus 2.6. eitcrBurenbro, ecin B BbipaxkeHun (2.17) BBITOJHUTH
CJIEJTYTOIYIO 3aMeHy:

0 0
— —_— 2.21

TO MOJIyYUM MCKOMBbIH KoMMyTaTop (2.20), jijisi KOTOPOro cpasy MOXK-
HO BBITTHCATH OTBET, Mpoussess 3ameny (2.21) B (2.18):

5] = i pl . (2.22)

Pesynbrar (2.22) crpaBeuinB Kax JIJIsl KMITYJIbCHOTO TIPEJICTABIIE-
HUdA, TaK U JjIsd KoopauHaTHOro. llpm mcmosb3oBanum JaHHOTO pe-
3yJIbTATa B MMIIYJIbCHOM IIPEJICTABICHUN HEOOXOINMO ITOMHUTDH, UTO
B KOODJUHATHOM MpEJCTaBICHUN UMIIYJILC SIBJISIETCS ONEepaTOpoOM U
HY>KHO MCIIOJIb30BaTh JIJIs HEro COOTBETCTBYIOIEEe BbipaXkKeHue,

pr = —th0/0x:

an—l
" = ihnpv = (—=1)" 1 n (i) =—. 2.23
o) = il = () ) A (223)
Jlerko mposeputh, uTo U3 (2.23) mpu n = 1 BOCIPOUBBOIUTCS

pesysbrar (2.16), nosydennsiii B 3aganun 2.5.
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Baganue 2.8. Boranciaurs kommyTtatopst [My, M|, e unex-
col k, [ npoberatoT 3HaYCHU X, Y, 2.

Pemenne
OnepaTop MOMEHTa, UMILYJIbCA OIPEJIEIseTCsl B KBAHTOBON MeXa-
HUKE TaK »Ke, KaK ¥ B KJIACCUIECKO (pU3KKe, HO B KAYeCTBEe KOOP/IH-
HAT U MMIIYJIbCOB TEIePhb MCIIOJIb3yeM H300Parkaloliue X ornepaTo-

Pbl:

A

M = [F x pl. (2.24)

B nmpoeknugax Ha ocH JEKAPTOBOH CUCTEMbI KOOPIMHAT KOMIIOHEH-
ThI OIlepaTOpa MOMEHTA UMITYJIbCA UMEIOT CJIEeYIONUA BUT:

M, = yp,— Zﬁgp
M, = zp, —xD., (2.25)

Boraucium kommyrarop (M, My, diist 9T0r0 HoaCTaBUM B KOM-
MyTATOp SIBHBIH BHJ KOMIIOHEHT BeKTopa n3 (2.25) U ucmosn3yem
CBOICTBa KOMMYTaTOPOB :

[Mx, My] = [yp: — 2Dy, 2Dy —TPs] = (2.26)
= [yf)zvzﬁx] - [yf)mxﬁz] - [Zf)yazﬁx] + [Zﬁyaxﬁz] =
= yﬁx [ﬁz;z] _yx[ﬁmﬁz] _ﬁyﬁx [Z7Z]+]5yx[zaﬁz]

[TockosbKy cam ¢ coboio orepaTop KOMMYTHUPYET, TO JiBa KOMMYTa-
TOpa paBHBI HYJIIO:

2, 2] = [p.,p.] = 0. (2.27)
OcraBimecss KOMMYTATOPbI MbI BBIYHCJISIIA PaHee B 3aJannu 2.5.:
[2,0:] = =[P, 2] = ih. (2.28)
[Togpcrasisist pesysbrarsl (2.27) u (2.28) B 2.26, nosyvyaem
(M., M,) = ili(xp, — yp.) = ihM..

Anasoruyno JJIZl KOMMYTaATOPOB MEXKAY APYI'MMHU KOMIIOHEHTaMU
BEKTOPa IIO0JIydacM

A~

[M,, M.] = ih(yp. — 2p,) = ihM,,
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(M, M, = —ih(zp, — xp,) = —ihM,,.

OObeIMHUTD BCE TPU PE3YJIbTaTa B OJHY 3aIMCh MOXKHO B CJIEIY-
torieit popme:

[Mk, Ml] = ihgklm Mm. (2.29)

311eChb € — TeH30p JleBu—YuBuTa, KOTOPBIA OIPEIEIISIeTCS CIe-

JIYIOIIAM 00pa30M: ero 3JeMEeHThbI paBHBI HYJIO, €CJIU XOTs Obl JIBa,

MHJIEKCA OJIMHAKOBDBL. DJIEMEHT €123(Eyy;) IPUHUMAETCS PABHBIM +1;

JlaJiee BCe 9JIeMEHTRI, UMeOIe KOMOMHAIINIO WHIEKCOB, TOJIyYaeMyIo

u3 123(zyz) 4eTHbIM YUCJIOM [IEPECTAHOBOK, paBHbL |1, a 1oJydae-
Mbl€ HEYeTHBIM UHUCJIOM IEePEeCTAHOBOK PaBHBI -1.

Kak Buyino u3 (2.29), onepaTtopbl, COOTBETCTBYOIINE PA3HBIM KOM-
[OHEHTAM BEKTOPa MOMEHTa, MMIIYJIbCa, HE KOMMYTHUDPYIOT JAPYT
¢ apyrom. CieoBaTebHO, pa3Hble IPOEKINA MOMEHTA UMITYJILCa He
MOTYT OBITh OJJHOBPEMEHHO U3MEPEHHI.

Bagaame 2.9. Boruncaurs kommyratop [V, (7 @)], toe d =
(ag,ay, a,) — MOCTOSHHLIN BEKTOP.

Permenne
[Ipu BbIUMCIIEHME KOMMYTATOPOB ¢ BEKTOPHBIMU OIIEPATOPAMU CHA~
qaJia, HeOOXOIMMO OIPEJIEIUTHCST ¢ TeM, Kakoii oneparop (dyHkius)
MOJIYIUTCSA B PE3YJIbTATe BHIUMCJICHUST KOMMYTATOPA — CKaJIAPHBIi
i BeKTOpHbIA. Tak, ecin oba oneparopa B KOMMYTATOPE BEKTOP-
HbIE, TO PE3yJIbTATOM BBLIUHCJICHUS KOMMYTATOpPa OyJIeT CKaJsipHbIi

ornepatop (byHKus):
AB—i B B i-e

Ecin e B KOMMyTarope OJMH U3 ONEpPaTOPOB BEKTOPHDII,
a JIPYroil CKaJApHBIA, TO PE3YIbTATOM BBIYMCJICHUS KOMMYTATOPA
OysieT BeKTOpHBI oneparop (dyHKIwst):

A B = AB-BA=C— (0,00,

B jlaHHOM ciiydae pe3yJibTaToOM BbIUKMCJICHUs KOMMyTaropa Oyjer
HEKUA BEKTOP:

[67 (F C—L))] = 5 = (Cxa Cy: Cz)

1

Uckatb BekTOp C' MOXKHO JIByMsI CIIOCOOAMU:
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1-1 cnoco6. Ilpu srom crocobe OyjieM HCIOJIBb30BATH BEKTOPHDIE
0003HAYEHUSX U BBIYUCJISTH [IOCJIE0BATEILHO BCE KOMIIOHEHTHI BEK-

topa Cy, Cy, C:

_8 . _’_
C, = _%,(r a)_,
_a S
Cy - a_y7< )_7
_8 S
C, = _&,(r a)_

BbraucainM KOMMYTaTOP, COOTBETCTBYIOIIMI T-ITPOEKIUN BEKTO-
y ) YIOL 11

pa. g sToro packpoeM CKaJsgpHOE IIPOU3BEICHNE BEKTOPOB B Jie-

KapTOBOIl cucTemMe KOOpJIMHAT:

(7 d) = zay + yay, + za,

" IIOJACTaBHM €0 B KOMMYTaTOD:

C, = [g,xax+yay+zaz] = a, [ 0 ,x} = a,.

ox ox

AHAJIOTUIHO JIJIST IBYX JPYTHX TPOEKIINH MOy IaeM

Cy = [%,xaz + ya, + zaz] = ay L%,y} = ay.

C, = [%,xam + ya, + zaz} =a, [%, z] = a,.

Takum 0Opa3oM, NCKOMBI KOMMYTATOP paBeH BEKTOPY a:

V,(7- @) = C = (a,,a,,a,) = d. (2.30)

2-1 cnocob. Ilpu aToM criocobe OyjieM UCIOJIH30BATH UHJIEKCHDBIE
0003HaYeHNUsI, B KOTOPHIX BEKTOPBHI M WX CKAJSIPHOE MTPOU3BEICHUE
UMEIOT BUJL:

v

—_—, r = Z;, c?:ah (f’@’):xza“ (231)

rJle UHJIEKC ¢ TPUHUMAaeT 3HAUYEeHUs 1 = &, Y, 2.
Mcnonb3oBanue MHAEKCHBIX O0OO3HAYEHHI II03BOJIsIET HAMHOI'O
ObICTPee BBIIOJHUTH HEOOXO/IMMbIE BLIYUCICHUS, TAK KaK BMECTO TPEX
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BbIPaKeHUI, COOTBETCTBYIOIIUX TPEM LIPOEKIMUAM BEKTOPOB B CJly-
qae BEKTOPHDLIX 0003HaTeHUil (CM. IEePBbIii COCOD PEIenusi), B 9TOM
cjlydae Mbl pabOTaeM C OJIHUM BBIDaXKE€HUEM, B KOTOPOM COJIEPXKUTCS
nudopMalys cpasy 0 BCeX TPeX MPOEKIUAX.

[ToscTaBisist BeIpaxkeHust it BEKTOPOB 13 (2.31) B MCKOMBIH KOM-
MyTaTOp U [OMH, YTO OJMH MHJICKC B BbIDaKCHUM He MOXKEeT BCTpe-
qaThCd DoJlee JBYX pa3, HoJIydaeM

V., (7 @) = [i,xk ak] = ay, {i,xk}
3Jiech 10 WHEKCY k T0/pasyMeBaeTcst CyMMUPOBAHME.
Boc110J1b30BaBIIICH PE3YIBTATOM BbIYUCJAECHHST KOMMYTaTOPa (CM.
perrierne 3aganus 2.5.)

EI

ALk
85@
1 BBITIOJIHSISE CYyMMUPOBAHKE 110 HHJIEKCY K, OKOHYATETHHO 110JIyYaeM
IV, (- a)] = a6, = a; = d, (2.32)
9TO B TOUYHOCTH BOCIPOM3BOUT pe3ynprar (2.30).

Bagaume 2.10. Borauciurs kommyrarop [V, [77 X dl], rtie d =
(ag,ay, a,) — HOCTOAHHBIN BEKTOP.

Pemenwne
Onpegenumcst co CTPYKTYPOit 00beKTa, KOTOPBIH Oy IUTCST B Pe-
3yJIbTaTe BbIUUCJIEHUS KOMMYTaTopa, — 9T0 OyjleT CKaJisipHas BeJiu-
JUHA, TaK KaK 00a oneparopa B KOMMYTATOPE ABJSIOTCS BEKTOPAMU:

V,[Fxad]=C.

JaHHbIT KOMMYTATOP 11€J1eCO00PA3HO BbIYUC/IATL C UCIOJIb30Ba-
HUEM MHJIEKCHBIX 0003HAUYEeHHII BEKTOPOB, TaK KaK IIPU KUCIOJIb30Ba-
HUU BEKTOPHBIX 0003HAYECHU I BHIUUCIICHUS OYJIyT CJAUIIKOM TPOMO3]I-
KUMMU.

B nHIeKCHBIX 0003HAUECHUAX BEKTOPHOE IIPOU3BEJICHUE 3AIIUCHIBaA-
eTCd B BUJIE:

—
7

[”I?X CL] = Eijk Tj ag.

3nech €55 — Tensop Jlesu—Husura.
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—

[logcraBnss BekTop V' M BEKTOpHOE IIPOU3BEICHHE BEKTOPOB T°
U d B MHAEKCHBIX 0003HAUEHUSIX B UCKOMBINA KOMMYTATOD, HOJIyIaeM

- 0
[V, [Fxd]= {%,szjk T, ak] (2.33)
(3
[Tocne BbIHECEHUS 3a 3HAK KOMMYTaTOpa BCEX TMOCTOTHHBIX BEJIH-
YUH KOMMYTATOP CBEJIETCS K BLIUNCIEHHOMY paHee:
0
Eijk Ok | 7> X5 | = Eijk Ak 51] (234)
6:1%-
Bripaxkenue (2.34) paBHO HYJIO, TaK KAK COJEPIKUT CBEPTKY CHM-
METPUTHOTO TCH30PA 0;; 1 AaHTHCUMMETPHIHOTO €;;. TakuM obpasom,

IV, [Fxal]=0.

Samanme 2.11. Haiitu oneparop TpaHCISIIIAN:
a) BJIOJIb OCH X Ha PACCTOSHUE @,
b) Ha NPOM3BOJILHBIIT BEKTOD d.

Pemenne
[eiicTB1E OllepaTopa TPaHCAAIME BIOJIb OCH T Ha BOJHOBYIO (OYHK-
IO OIIPEJICJISICTCs CJICIYIOIKUM 00Pa30M:

To(z,y,2) = ¥(z +a,y,2). (2.35)
Paznoxuwm dyukiwo ¥(z, y, 2) B psiji M0 CTEMEHIM
B oY a® 0% B
¢($+@ayaz) —¢(Jfay,z) + a%—i_gw_'_ -
o a® 0

Samedast, 9TO BbIpayKeHUE, CTOSIIEE B KB/ [PATHBIX CKOOKaX, IPe/I-
CTaBJIsIeT cO0Oi pa3yIoKeHue B PsiJl IKCIIOHEHTHI

0 a2 (92 - a” J" )
1 - — | = — = %oz
T T o nz::n!é?x” e
BOJIHOBaA (bYHK]_H/Iﬂ MO2KET 6bITb 3alliCaHa B BUJE:
Y+ a,y,z) =% Y(x,y, 2). (2.36)
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CpaBHuBasi 110JlydeHHbI pedysbrar ¢ oupejeienuem (2.35), naxo-
JIUM OTIEpaTOp TPAHCJAIUNA BJOJb OCU T Ha PACCTOSHUE @, KOTOPBI
MOXKeT ObITh BbIPAyKEH Uepe3 OIepaTop UMITYJIbCA:

~ F) A
Ta — ea% — e%apf

OrmepaTtop ciBUra Ha TIPOU3BOJIBHBINA BEKTOP @ = (a1, 4z, a3) ONpe-
JICJISIeTCS PABEHCTBOM

Tay(r) = ¢(r'+ a),
" JJ1s Hero aHaJIO'MYHbIM O6p&30M I[IoJIy1acM

T — o@V) _ i@,

3amaame 2.12. Haiitu oneparop, 3pPMUTOBO COIPsi>KEHHbII
K OMEpaToOpy TpaHcadAnuu 1g.

Pemenne
i+ .
OmnepaTop Ta’ OIIpeJIeSIeTCsI PABEHCTBOM:

[ fro@av = [ (T o) w@a s

PacemoTpuM  mpTerpaJ, Crosimuii  caeBa OT 3HAKa PAaBEHCTBA
B 91OM Bbipaxkenuu. [lojeitcreyem oneparopom Tz Ha dyHKIuUO 19 (7):

J- / ) T oo (7) AV = / () ol + @) AV
U TIPOU3BEJIEM 3aMEHy TepEeMEeHHOM:
Fd=7

Tax KaK MHTEIrPUPOBAHKE BEJIETCs 110 BCEMY ITPOCTPAHCTRY, MPEIesIbl
UHTEI'PUpOBaHus He uaMeHsitcs. [locse 3aMmenbl mosydaem

J:/¢wﬂ—m%wwmﬂ (2.38)

Oyukius ;] (r" — @) moxker ObITh NpejCTaBIeHa Kak (DyHKIMs]
Yi(7"), Ha KOTOPYIO HMOJIEHCTBOBAJ OIIEPATOD CJIBUTA HA BEKTOD —{:

U @) = Tg i) = (Taw@™) (239
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rjie yaTeHo, uTo omnepatop 1{_g) BEIECTBEHHLI U, CeJ0BATEIbHO,
He MEHAETCH IIPU KOMILJIEKCHOM conpsikenun. Ilogcrasiss pesysnbrar
(2.39) B bopmyury (2.38) u cpaBHUBasI C ONPEJIEICHUEM, TTOJLYIaeM

/ Ui (7) T to(F) dV = / (Trawa(®) va()av.

OTKY/1a HAXOJIUM
S
17 =T a-
OmnepaTop, SPMUTOBO COIPSIKEHHBI K OMEpPaTopy TPaAHCIANNN
Ha [POMU3BOJIbHBIA BEKTOP @, €CTh ONEPATOp CJIBUIA Ha TO XKE Pac-

CTOSIHUE | @ |, HO B HAIPABJIEHHUHU, TPOTUBOMOJIOKHOM HAMPABJICHHIO
BEKTODA, d.

3asaHus JJI9 CAMOCTOATEIBHOTO PENIeHU

1. dusiercst Jiu oneparop KOMILIEKCHOIO COIPSIYKEHUs a) JIMHEH-
HBIM; ) 9DMUTOBBIM !

2. BossecTn B KBaJipaT omepaTophi:

a) T+ 2, 6)y a%'

3. [lpu xKakux ycjaoBUsIX Ha Yucaa «, [, 7 omeparop

121_04—+,3 +zfy

SIBJISICTCS &) JIMHEHHBIM; 0) S5PMUTOBBIM 7

4. JlokazaTh caMOCOIPKEHHOCTb OIIEPATOPOB IIPOEKITUN UMITYJIb-
ca P, U MOMEHTa UMITYJIHCA M,.

5. Haiitu oneparop, SpMUTOBO COIPSIXKEHHbIN K OlEpaTopy
A=—ih (% + m) :

6. Haiitm omepaTop, SpMHUTOBO CONPSKEHHBIH K OIepaTopy
A=

7. JlokazaTb, YTO €CJIM JIBa SPMHUTOBBIX OIlEPATOPA Au B KOMMY-
THPYIOT, TO UX IPOU3BEJICHNE TOXKE SBJISIETCS SPMUTOBBIM OIIEPATO-
pom.

8. BripazuTh B ccbepﬂquKHX KOOPJIMHATAX ONMEpPaTOPhI MPOEKITHI
MOMEHTa UMIIY/IbCA Mx, My, M 1 OllepaTop KBaJipaTa MOMEHTa M-
yJIbCa M?2.

9. Bbrunciurh kommyraropbl (MHjeKkcH k,j = 1,2,3 Hymepy-
10T MIPOEKITNN BEKTOPHBIX OMEPATOPOB Ha JIEKAPTOBBI OCH KOODIMHAT

x? y? Z):
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a) [Mlﬂ MQ]? . R

6) [V, (F@), , [V,r%, [V, (pd)], [V,[pxdll, taed = (as,ay,a.)
— MOCTOSITHHBII BEKTOP.

B) [, H], [ps, H], tae H — oneparop sHeprun 0HOMEpPHOIO rap-
MOHHMYECKOTO OCITHJLISTOPA.

3. CoOCTBEeHHBbIE 3HAYEHNS U COOCTBEHHbIE
byHKIINT onepaTopoB

st TOro 4To0bl B COCTOSHUU, OITMCHIBAEMOM BOJIHOBON (DpyHKITUEH
v, BeJIMUMHA, M300parkaeMmas onepaTopoMm F', umesna eJuHCTBEHHOE
3HaYEHUE, He0OXOIUMO, YTOOBI BBIOJTHSIIOCH YCIOBUE

Fapy = foy (3.1)

BosinoBasi (hyHKIMA, YIOBJIETBOPSIONIAs STOMY YCJIOBHUIO, Ha3bl-
BaeTcst cOOCTBEHHOM pyHKIUEH onepaTopa F , YUCJIOBOM KO3 PpuIim-
eHT f Ha3bIBaeTCs COOCTBEHHBIM 3HAUYEHWEM OlepaTopa F. CriekTp
COOCTBEHHBIX 3HAYEHUN MOYKET OBbITh JMCKPETHBIM, HEIPEPBHIBHBIM
W CMEITaHHBIM.

B caydae AUCKPETHOrO CIIEKTPa, COCTOSIIErO W3 CUYETHOTO MHO-
YKECTBA 3HAYCHUI, KaXKJIOMy KOHKPETHOMY COOCTBEHHOMY 3HAYEHUIO
orneparopa fi, fo,..., fn COOTBETCTByeT oIlpejiejieHHAasl BOJIHOBaS
byt Yy, s . .., U, B 9T0M ciayvae ynobro ypasrenue (3.1) me-
penucaTh, UCIOJIb3ysl KBAHTOBBIE YNC/Ia — YNC/IA, HyMepyoIre co0-
CTBEHHbBIEC 3HAUEHUST U KBAHTOBDBIE COCTOSTHUS:

Faby, = fothy. (3.2)

CobcTBennbie (DYHKIUU 1, U U, SPMUTOBOTO OIEpPATOPA, COOT-
BETCTBYIOIIHME PA3HBIM COOCTBEHHBIM 3HAUCHUAM [, U f,, ABISIOTCS
OPTOHOPMHUPOBAHHBIMU:

[ i vndV =,

1€ Opm — CUMBOJI Kponekepa.
[Tpumepom ypaBHeHUs Ha COOCTBEHHbIE 3HAUEHUsI U COOCTBEHHbIE
byHknuu spjsgercs craiuoHapHoe ypasHenue [lpemunrepa. Ecin
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raMUJILTOHUAH CUCTEeMbl H He 3aBUCUAT sIBHO OT BpeMeHnun, To O6HI€€
pellenne nMeeT BU /I

(T, 1) = P (7) e Ent/h,

3nech Y, (T) — coberBennbie dbyHKIUN onepaTopa LaMuibToHa:
H Y, (1) = E, 1, (7),

rjie F, — cobcTBeHHbIE 3HAYEHHUsT OlepaTopa MOJHON dHEPrun. IDTo
ypaBHEHHe HA3bIBAIOT cTalmoOHApHBIM ypasHeHnuem Illpegunarepa.

Bamanue 3.1. Haiitn cobcTBennbie 3HaUeHnsT U COOCTBEHHBIE
dbyuknuu P(p) oneparopa M,.

Pemenwne
Hckarb cobcrBennbie (DyHKIMKU U COOCTBEHHbIE 3HAUEHUs Olepa-
topa M, OyneM u3 ypaBHEHUS

M. ®(p) = M. (). (3.3)

[Tojcrasisist B ypasuenue (3.3) oneparop M, B cepuieckoii cu-
cTeMe KOOPJIMHAT:

~ 0
M, = —ih —
z Zh 890’
oIy 4aeM
0
—th—® =M, D(p).
i () ()

Perienuem 3Toro ypaBHeHust sBJIsieTCs (DYyHKINS

d(p) = N =010, (3.4)
U3 ycinoBust 0IHOZHATHOCTH (DYHKIIAN

P(p) = (¢ + 27)
HaXOJUM CIIEKTDP COOCTBEHHBIX 3HaUeHuit M. :

NezMzgo/h _ NezMzgo/h ezMZQW/h - 1 = 62M227r/h

OTKY/JIa
M,=mh, m=0,41,4+2 ... (3.5)
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TaxuMm oOpa3oM, CIIEKTp 3HAUEHHUI omepaTopa M » — JJUCKPETHDINH,
npoeknus M, MeHsiercs ¢ marom, paBHbiM h. U KaxXj oMy 3HAUEHUIO
M, coorBercrByer onpepenentas dyakips P, (¢).

Y1o0b! BHIUMCAUTDL KO dunuenT N, BOCIOJB3YEMCsl YCIOBHEM
HOPMUPOBKU:

2
/ | By(i) 2 do = 1.
0

[Toncrasmsis B Hero dyukiwio (3.4), Haxoaum Ko3hQUITHEHT HOPMHE-
POBK:

2
NQ/ng:N227r:1 = N=——
0

KsanroBoe uncjio m Ha3bIBAIOT MArHATHLIM KBAHTOBBIM UHCJIOM.

amaame 3.2. Haiitu ypoBHM SHEprum u BOJHOBBIE (DYHKIUN
YJaCTUIbl MaCcCO m, HAXOAAIIEHCd B OJHOMEPHOW MOTEHIAAJIbHON
siMe ¢ OECKOHEUHO BBICOKMMHU CTEHKAMMU:

0, —l/2<z<1/2,

U= 0o, x < —1/2,x>1/2.

Pemenne
Sanurem craruonapHoe ypasaenne Ipeaunrepa st 1aHHOM cH-

CTEMBI:
Hi =Eqp,
rie H — oreparop ['amusibrona, paBHbIit
~2
T
2m

C ydeTroMm $BHOrO BHJa MOTEHITMAJbLHON SHEPTUH Ui O0JaCTH
BHYTPH TOTEHIMAJILHON siMbl ypaBHenue [IIpegunrepa nmeer Bu/I:

— +k* =0, (3.6)



3iech BBejien kKoabdumuent k* = 2mE/h? > 0.
O6mmmm perienrem juddepennnanibHoro ypasaenus (3.6) stpiisi-
ercs PyHKIMs

Y(x) = c1 e 4 cye kT, (3.7)

3J1ech mepBoe caaraeMoe OIUCHIBACT CBOOOHOE JIBUXKEHUE BJIOJTH OCH
X, a BTOpoe — MPOTHUB ocu . KBajparsl Mojy/ieil KoaddunuenTon
| ¢1 |2 n | co |? onpesenstior BepOATHOCTH OOGHAPYKUTH HACTHILY
B COOTBETCTBYIOIUX COCTOSTHUSIX.

[TockosIbKY 1O yCJIOBHIO 3aJa9d CTEHKH sAMbl OECKOHEYHO BBICO-
KHe, YaCTHUIA HE TPOHUKAET 32 MPEJIEJIbl SIMbI, TTO9TOMY BEPOSITHOCTH
ee OOHAPYKEHUs (& CJIeIOBATEIbHO, U BOJHOBas (DYHKIUST) 38 TIpejie-
JIAMW MBI paBHA HyJsf0. Ha rpanunax siMbl HepepbiBHAsT BOJTHOBAS
dyHKIMST TaK)Ke JoJKHA obpammaTrhest B Hysib. CrieoBaTesibHO, TPa-
HUYHBIE YCJIOBUS B JJAHHOM CJIydae UMEIOT BUJL:

Y (—4) =0,
Y (5) =0.

[loncrapiss B rpanudnble yenopust (3.8) BosiHOBYO byHKIHIO (3.7),

(3.8)

MOJIy9aeM CUCTeMY YPaBHEHUI, U3 KOTOPO# MOI'YyT ObITH HAMIEHbI KO-
sbPunmreHTol ¢y, Co:

¢ e 2 g, eikl/2 — ()

c1 €M/2 4 ey e=ikl/2 — (). (3.9)

Cucrema ypaBHEHUI Ha, TAPAMETPHI €1, Co — JIUHEHHAs U OJTHOPO/I-
Hasl, HEOOXOAUMbBIM U JIOCTATOUYHBIM YCJIOBHEM CYINECTBOBAHUSI JIJIsI
Hee HeHYJIEBOI'O PEIeHusl SIBJISIeTCsl PABEHCTBO HYJIIO OIMPEeIeTnTesl,
COCTaBJICHHOI'O U3 KOI(MDMUITMEHTOB IIPU C1, Co:

o—ikl/2 ikl
det oikl/2 p—ikl)2 = 0. (3.10)

PackpbiBasi onpejesuress (3.10), Haxogum

: . o ™

e M = 2sin(kl) =0 = k, = R (3.11)
rme n = 0,1,2,... — KBAaHTOBOE YNCJO, ONpejessiiee 3HadeHnst Ko-
s duruenta k.
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Tak kak k coorBercTBYyeT JUCKPETHBIA psiji 3Hadenuit, k — ky,
3HAYUT, U SHEPIHUsI ITOH CHCTEMDBI TOXKE MPUHUMAET JIUIIL OIpe]Ie-
JIEHHDbIE JTUCKPETHBIE 3HAUYEHUS, TO €CTh KBAHTYETCS:

B k2 h? B w2 h?
~Tom  omi

[TockosibKy Mbl PUPaBHSIM Olpejeuresb cucreMbl (3.9) K Hy-
JIIO, YpaBHEHUSI 9TOI CUCTEMBbI CTaJU JIMHEHHO 3aBUCUMBIMHU, a 3Ha-

Ly,

quT, HaliTH 0ba KodddunrenTa c; u ¢y He cMoxkeM. [lojicraBum Haii-
JIEHHOE BbIpazkenue Jyist k B nepBoe ypasaenue cucrembl (3.9) u Bbi-
pa3uM KO3MPUIUEHT €1 Uepes Co:

€= —cpe™ = —cy (—1)" = ¢y (—1)"T.
[Tosicraiisist 5101 pesysbrar B (3.7), 1oy daemM BOJTHOBYIO QyHKIHIO:
Un(2) = o ((=1)" (™" 4 7). (3.12)
Koadhdurment ¢y HaiijieM u3 ycjioBus HOPMUPOBKH:
12
[ 1@ de =1
_1/2

st JaabHeRIINX BhIUMC/IEHN YJI0OHO pacCMOTPETh JIBa CJIydasd,
COOTBETCTBYIOIINE YeTHOMY ¥ HEUETHOMY 3HAUYEHUSIM KBAHTOBOI'O UM C-
J1a n.

s geTHOrO N:X

Unor () = € (—eFn® 4 7 ihn?) (3.13)
= —2icysin(k,x) = N sin(k,z), N = —2ico.
st HeueTHOTO M-
Unyeuer (1) = co (€77 4 &77n7) (3.14)
= 2cycos(kpx) = N sin(k,z), N =2cs.

[Toscraiisist BostHoBbBIE dyHKIMHM (3.13) 1 (3.14) B ycioBre HOpMU-
POBKM M BbIIOJIHsSE HECJOKHOE MHTEIPUPOBAHKE OKOHYATEJIHLHO 110-
Jy4aeM

Vnger (T) = 7 sin (Tx) :

Ungeuer (T) = % cos <$az> .
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Saganue 3.3. Haiitu cobcrBennble 3HaYe€HUSI U COOCTBEHHDLIE
dbyHKIUEU oneparopa KsaJjpaTa MOMEHTa UMILyJabca M2,

Pemenne
CobcTBeHHbIE 3HaUEHNs U COOCTBEHHbIE (DYHKIINK OlIepaTOpa KBa/I-
paTa MOMEHTa MMITYJIhCa MOXKHO HAWTH U3 ypaBHEHUSI

MQYi,m(Qa 90) - szi,m(ea QO) (315)

3rech Y ,(0,¢) — cobcrBennas yHKIMS omepaTopa M?, naswia-
emasi cepudeckoin pyHKImeit, [ — opduTaJbHOE KBAHTOBOE UUCJIO,
[=0,1,2,..., m— maraurHoe kBantoBoe uncjo, m = 0, +1,..., +[.
Kpanrosoe uncsio m oupeje/sier IpOeKIuio BEKTOPpa MOMEHTa, UM-
yJbca Ha OCh z, a | — JUIMHY BEKTOpa MOMEHTA UMIIYJIbCA WJIUA €ro
kpajpar, M? = M?(l) — uMenHo 3Ty 3aKOHOMEPHOCTH MBI W XOTHUM
HAWTH.

Oyuknus Y, (0, ¢) 3aBuCAT TOIBKO OT yriioB ceputdeckoil cu-
CTEMBI KOOPJIMHAT, TIOCKOJIbKY onepatop M2 B cepuieckoii cucreme
KOOPJIMHAT COBIAJIAET ¢ TOUHOCTHIO J10 KO3 dunmenTa ¢ yriaoBoii ya-
cThio oreparopa Jlamnaca B chepuieckoit cucreMme KoOOpJuHaT U He
3aBUCHUT OT T°:

- 1 0 0 1 0?
M?*=—-RA :—hQ[——sinﬁ——l— —}
b0 sinf 00 00 ' sin6 02

C yueroMm siBHOrO BHja oneparopa M2 jerko y6eauTbest, 4To

B ypasHenun (3.15) pasjessiiorcst nepeMeHHble, a 3HauuT, chepu-

yeckas (PYHKIMSA MOXKET ObITh IpeJCTaB/IeHa B BUJIE IIPOU3BEICHMUSI
JIBYX (DYHKIIHIL:

Yim(0, ) = T1(0) Pr(ep). (3.16)

HeiicTBuresibHO, MOJCTaBsis B ypasHenue (3.15) siBHBIH Bu| Orte-

paropa M? u cdepuueckyto dbynkiuio B suge (3.16), nosyuaem jisa

ypaBHEHUSI:

0 0, M?
(st% Smﬁ%%—snfﬁﬁ) Ti(0) = NTi(0), (3.17)

———= Pp(p) = N Pp(e),

rie 3a A2 0bo3HAaUeHA [OCTOSHHAS Pa3/eJIeHHsl.
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Ypasuenue na Gynkiuio P, (@) nocse jomuoxkenus 0beux yacrei
Ha A2 MOXKET IPUBEJICHO K BUIY:
9\’ -
—ihg ) Pnle) = M @) = BN D).
To ectb dyukiws @, (@) saBiasgeTCST COOCTBEHHOI (DYHKIMEH OmepaTo-

pa M, (cm. 3aganue 3.1.) u cepuuaeckast HyHKIHS B OOIIEM CJTydae
nMeeT CJICAYIOANA BU/I;

Yim(0,0) = T(6) ™. (3.18)

Hasiee mbl He Oyjem pemarh ypashenue (3.17), a naitjem cob-
crBennble sHadenns M? u Gynknuu T(0), ucnonbsys cpoiicrsa,
B TOM YHCJI€ KOMMYTallMOHHbIE, HEKOTOPBIX OIIepaTOPOB.

[lj1s1 3TOro BBEJIEM IIOBBIIIAONINN OIIEPaTOD K* u nonmkarommii
orieparTop K~ st MoMenTa UMITYJIBCA:

Kt=M,+iM, K =M,—iM, (3.19)
KOTOPbIE KOMMYTUPYIOT JIPYI C JPYIOM IO CJIEAYIOIIEMY IIPDaBUILY:
(K, K] = 2hM.. (3.20)

Omepatopsl K 1 K~ HA3BIBAIOTCS TMOBBIITAONIM 1 TIOHAKAI-
UM COOTBETCTBEHHO, TaK KaK JIefiCTBIE JAHHDBIX OIIEPATOPOB Ha che-
pUHECKyT0 QYHKIHMIO, OMICBIBAIOILYIO HEKOTOPOE cocTostHne Yy (60, ¢),
IIPUBOJIAT K TOMY, YTO MbI [IOJIy4aeM HOBYIO (PYHKIIMIO, COOTBETCTBY-
FOIILY IO COCTOSIHUIO, B KOTOPOM KBAHTOBOE YHCJIO 1M, CTAHOBUTCS OOJIb-
e WM MeHbIIe Ha 1, 9To (pU3MYeCKNM 03HAYAeT yBEJNYCHWE WJIN
YMEHBIICHNe IIPOCKIMM MOMEeHTa Ha och 2z Ha h. JeiicTBue panHbIX
omepaTopoB Ha GYHKINIO Y, (6, ) onpesensercs COOTHOMEHUSIMU:

KYYiu(0,0) = BV +1) —m(m+1) Y10, 9),
K Yin0,0) = BVI(1+1) —m(m—1) Y 1(0,¢). (3.21)

I[Ipu sToM, eciu nozeiicrsoBarh oneparopaMu K u K~ na QyHk-
ITUH, OTUCHIBAIOIIIE (PU3NUECKUE COCTOSTHUSA ¢ MAKCUMAJIHLHBIM U MU-
HUMAJbHBIM 3HAUECHUAMEU TPOeKuu M, COOTBETCTBEHHO, MOJIyIUM
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HYJIb, TaK KaK B 393TOM CJIy4da€ IIOBbICUTb HJIM IIOHU3UTHL 3HAYECHUHE
KBaHTOI'O 9YHUCJIa 1 YK€ HEJIb34I:

[A(—’_Yi7m=mmax(07 90) — k+}/2,+l(97 90) - 07 (322)
KﬁYE,mzmmm(& 90) - KﬁYi,—l(ea 90) =0

Haiijiem BbIpakenue Jijisi oneparopa KBajpaTa MMIIYJIbCa depes
MOBBIIIAIONINI 1 TTOHUKAIOIINI ornepaTopbl. Kax ji1s 1100010 BeKTo-
pa, KBaJ[paT MOMEHTA HUMITYJIbCa OIpeNeIsdeTcs KaK CyMMa KBaJipa-
TOB €r0 KOMIIOHEHT:

M? = M2 + M + M?, (3.24)
rJie KoMIoHenTsl M, u My BhIpasnM 3 (3.19):

. 1 . . . SR .
My =5 (R*+K7), M= (K" = K7)

v nojicraBuM B (3.24):

. . . 1 . . .
M* = (KT + K7 = (K7 = K7+ M =

1
4

1 -~ 4 A A N
:§(K+K*+K*K+)+M§.

C yuerom kommyraropa (3.20) Bbipaskenue jijist oneparopa M?
MOKET ObITh 1E€PELUCAHO B JIBYX BApUAHTAX:

M? = K~ K*+hM,+ M?, (3.25)
M? = KYK~ —hM, + M?. (3.26)

[TockouibKy JI/IMHA BEKTOPa HE MEHSIETCs DU €10 BPAIEHUH B IIPO-
CTPAHCTBE, Mbl MOXKEM HMCKATbh JITUHY BEKTOPa MOMEHTa HMITYJIbCA
npu JI0O0M €ro OPUEHTAINE B MPOCTPAHCTBE (IIpH JIOOOM 3HATCHUNI
IIPOEKIIMK 9TOTO BEKTOPa Ha ochb z). Haiijem cobeTBeHHbIE 3HAYCHMST
orepaTopa, M? B COCTOSIHUU, TIPA KOTOPOM IIPOEKIINS BEKTOPa MO-
MEHTa Ha OCb 2 MaKCHUMaJibHasl, TO €CTh

M. = myu:h = +1h.
Banumem ypasuenue (3.15) st qanHOl (DU3MIECKON CUTYAITNN:
MQYL-H(97 <10) - M2Y2,+1(97 90) (327)
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u nozcrasuM B Hero M2 B Buge (3.25):
(K-K*+ RO+ M%) Yi(0,9) = M2Yia0,9).  (328)

HeiicTByeM B JIeBOIl WacTH paBeHcTBa oneparopamu KT m M,
¢ yaeroMm (3.22) u (3.5) COOTBETCTBEHHO M HAXOJUM, UTO

M?*=h*1(l+1). (3.29)

AHaJornIHBIA pe3yIbTAT MOYKHO MMOJYUINTE JJIsi COCTOSTHUS ¢ MU-
HUMAaJILHOM IIPOEKIKel MOMEHTa, Ha OCb 2, OIIMChIBAEMOM (DyHKIIUE
Yi—1(6, ). B atom cayuae mis M? yJI0OHO BOCIIOJIL30BATLCSI BBIPa-
xenneM (3.26), 9TOOBI TONYIUTHh HYJIb MPW JACHCTBAM Ha (DYHKIHIO
Y, (0, ¢) oneparopa K.

Haiitu chepuueckue pyHKIUU TAKXKE MOYXKHO C IIOMOIILIO IIOBbI-
MTAOIIero W TMOHUKaIero oneparopoB. CHOBa PaccMOTPUM KOH-
KPETHOE COCTOAHKE, HAIIPUMED ¢ MAKCUMaJILHOU IIPOEKIMEel MOMEHTa
Ha OCb 2, U U3 ypaBHeHus (3.22) HaiijgeM QYHKIUIO, OMUCHIBAIOILYIO
JlaHHOe coCcTosHNe, Y] 4.

J171s1 3TOTO BOCTIONIB3YyeMCsl BhIpaXKeHUEM JIJIs TTOBBIXKAIOIIEro OIe-
paTopa B cepuuecKoil cucreMe KOOpIMHAT:

. (0 0
KT =he* [ 4ictgd — .
he (89+Z ctg9&p> (3.30)

1, MOJICTaBIIsIA ero u cdepuaeckyio dyukiuo B Buae (3.18) B ypas-
nenue (3.22), mosydaem

) o .
he | = +ictgd—— ) Ti(0) ™ = 0. 3.31
e (80+zcg 8@) 1(0) e (3.31)
[Tocte muddepentmpoanus 1o yriy ¢ Boipaxkenue (3.31) ympora-
eTCsl ¥ CBOJUTCs K YPABHEHUIO 110 ITePEMEHHOM 6:

dT;(0) cos 0

=1 do
T,(0) sinf

MHTErpupyst Kotopoe Haxogum byukmio T;(6):
Ti(6) = N (sin#)’,

40



a 3HAYUT, U ChepruIecKyio PYHKIUIO, COOTBETCTBYOILYIO COCTOSIHUIO
C MAKCHMAJIbHON IPOEKIHell MOMEHTa Ha OCh 2 IIPH 3aTaHHoM M2
(3a/iaHHOM KBAaHTOBOM wmcJie [):

Yi11(0,0) = N (sin ) e’ (3.32)

31ecb N — HOPMUPOBOUHBIN KOI(DMHUITUEHT, KOTOPBIA OlpeeIsaeTcs
U3 YCJIOBUST HOPMUPOBKN:

/\Yzm ) |7 dr=1.

Bripaxkenne (3.32) mosBosister HaiiTu cdepudeckyo (HyHKIHIO
IIPU 3aJIaHHOM KBAHTOBOM YHCJE [ JIJI COCTOSIHUS C MaKCUMaJbHBIM
3HaveHreM m = +I.

Haitru cdepuueckue yHKIME, COOTBETCTBYIONIME (DUBNUECKUM
COCTOSIHUSIM C JIPYTUMU 3HAYCHUSIME KBAHTOBOTO 4HCJIa M (TP 3a-
AaHHoM [), MOXKHO 13 (3.32) ¢ MOMOIIBIO MTOHMKATOIIETO OMEPATOPA.
st a1oro Hy»>KHO JieiicTBoBaTh Ha QYHKIMIO (3.32) MOHMKAIOIIMM
ormepaTopoM 1o mpasuiy (3.21), mocjaeoBaTebHO MOHMKAas 3HAUE-
HUE KBaHTOBOI'O YMCJIA M JIO MUHUMAJbHOIO:

K Yu0,9) = BJIA+1D)—11—-1)Y_1(6, ),
R Yiabe) = WO = (=10 =2) Yieal0,9)

u T JI.

Hanmomuum, 9T0 ceKTp BO3MOXKHBIX 3HAUEHUI KBAHTOBOI'O UHCJIA
m TIPU 3aJIaHHOM [ OTIpEeJIeJIAeTCs YCIOBUEM

COOTBETCTBEHHO JIeiiCcTBOBATHL Ha ChepuiecKyto (PYHKIUIO OlepaTo-
poM K~ ¥ MOHW)KATh 3HAYEHWE KBAHTOBOI'O YHUCJ/Ia M MPHU 3aJaHHOM
[ MOXKHO JI0 T€X 10D, II0Ka OHO He CTaHeT PaBHBIM —I.

3agaHud AJid CAMOCTOATEIHHOTO pelleHus

1. HaiiTu Buji moHMKAIOIIETO onepaTopa KB cdepuueckoit cu-
cTeMe KOOPJAUHAT.

2. C noMoIIbIo MOHMXKAIOIIETO OlepaTopa K~ naiitu chepuue-
CKY10 (DYHKIHIO Y] _;, COOTBETCTBYIONLYIO COCTOSHUIO ¢ MUHUMAJIBLHOM
IPOEKIeil MOMEHTa UMIIYJIbCa, Ha OCb 2 IPU 3aJIaHHOM [.
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3. C 1noMomibio HOBBIMAIIIEIO U IIOHUXKAIOIIEI'O OIePaTOPOB
K™, K~ naiitn cdepniyeckue QyHKIMN, OTBEYAIONUE COCTOAHUAM
npu [ =1, 2.

4. llIpencraBjieHue omepaTopoB
B MaTpPpHUIHOIT popme

o cux mop MbI CTPOMJIN MaTeMaTHIECKHW anmapar KBaHTOBOI
MEXaHUKU C HOMOIIBIO JIMHEHHBIX OllePaTOpOB, u300parkaoliux Gu-
3UIEeCKUE BEJUINHBI. Ba3oBbIME omeparopaMu MpPU ITOM SIBJISTIOTCS
orrepaTop KOOPAWHATHI T° U OMEPATODP NMITYJIHCA, ﬁ, MPAKTUIECKN BCE
OCTaJIbHbIE HEOOXOJMMBbIE ONEePATOPhl (PU3NUECKUX BEJIWIUH MOTYT
ObITH Yepe3 HUX BbIparkeHbl. OJHAKO CYIIECTBYET aJbTepHATHBHBIH
crioco0d MOCTPOEHUsT KBAHTOBOW MEXaHWKH, B KOTOPOM OI€PaTOPbI
IPEJICTABJISIIOTCS B BHUAe MaTpull. Takoil criocod obsaiaer OoJibIieit
OOIIHOCTBIO (€CTh OlePATOPBI, HAIIPUMED OlIEPATOD CIIMHA, KOTOPbIE
MOTYT OBITH TPEJICTABJIEHBI TOJHKO B BUJIE MATPHUIILI), HO PU ITOM
SIBJIsIeTCsi OoJiee TPOMOBJIKMM U HHOTJIA, CO3JIaeT JIONOJHUTEIbHbIC
CJIOXKHOCTH TIPU PEIeHrr HEKOTOPhIX 3ajad. JBa amux moaxoja K
ONMCAHNIO KBAHTOBON MEXaHUKHU SIBJISIIOTCS 9KBHUBaJEHTHBIME. [Ipa-
BUJIA [IPEJICTABICHIS OIIEPATOPA B BUJIE MATPHUIILI U OY/IyT MOy Y€HbBI
B JIAHHOM pa3jesie.

[TycTh HAM JaH HEKOTOPBIH Omepatop F' ¢ JUCKPETHBIM CIEKTPOM
cOOCTBEHHBIX 3HAUEHWH f,, 1 HAOOpOM cODCTBEHHBIX (DyHKIWMIT Y, (q):

F%(Q) = fn %(Q)

A

Paccmorpum spyroit omeparop A, KOTOpDIi, JeiicTBys Ha (DYHK-
nuio X (q), M0 HEKOTOPOMY TIPABHIIY TIEPEBOJIUT €€ B (bYHKIHIO ©(q):

Ax(q) = ¢(q). (4.1)

Bysiem cuutarh, 4To oneparop A, dpyHkiun X(q) n ©(q) onpenenenb
Ha TEX XK€ TePEMEHHBIX, 9TO OIepaTop F' 1 ero coGerBeHHble dbyHK-
Y (q). )
[TockouibKy cucrema coOCTBEeHHBIX (DyHKIMI oreparTopa [ npej-
CTaBJjsieT cobOil TOJIHBIM HAOOP, cJiejloBaTe/IbHO, JI00YI0 (DYHKINIO,
OIIpe/Ie/ICHHYI0 Ha TOH 2Ke O0JIaCTU I[ePEeMEHHBIX, UTO U (PYHKIHH
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Un(q), MOXKHO Pa3JIOKUTH 110 3TUM (DYHKIMAM KAK 110 H6a3ucy:

o(q) =D eathu(@), x(@) =D buthu(q)-

n

[TogcraBum 9tn paznoxenus B (4.1):

A Z bn¢n(Q) = Z by, A¢n(Q) = Z ann(Q)' (4'2)

n

3/1ech Mbl BOCIIOJIL30BAJIKNCHL CBOWCTBOM JIMHEAHOCTH orneparopa A.
JloMHOXast 9TO PaBEHCTBO cyieBa Ha 17 (¢) W WHTErpupys 1o Beei
00J1aCTU U3MEHEHUS KOOPJAMHATDL T, MOJIY1aeM

St vl Ava@di=Y e, [Vl vn@de (43

YuurbiBas, 4T0 COOCTBEHHbIE (PYHKIMU OllepaTOpa C JIMCKPETHBIM
CTIEKTPOM SABJISTIOTCS OPTOHOPMUPOBAHHBIMU, WHTETPAJ B IPABO da-
CTH 9TOTO BBIPAXKEHUS JIETKO BBHIUUCIAETCH:

Z Cn / Uy (q) ¥n(q) dg = Z Cn Omn = Cm, (4.4)
u BhIpaxkenue (4.3) mpeobpasyercst K BUJLY:
Cn =Y Amn bn, (4.5)
rJe BBEJIEHO 0DO3HaueHNe:

Am=/%@ﬁ%@@. (4.6)

[Tockosibky HaOOpHI KO3 buiueHToB ¢, u b, onpeneynsor QyHK-
umu ©(q) u x(q) coorBercrBento, To pasencrso (4.5), kak u (4.1),
dbarTHIecKn 3a7aeT MpaBuUiIo mnepexona ot GyHknun Y (q) K GyHK-
n ©(q). DTOT MEPEXO; OCYMECTBISETCST ¢ MOMOIIBIO KoM hUIHeH-
TOB Ayp. TakuM 00pa3oM, MOXKHO OIPENEIUTh HaADOp BCeX BEJIUIHH
Ay Kak omepatop A B F-npencrasiaennn. COBOKYIHOCTD BEJTHTHH
A, MOXKET OBITH 3alliiCaHa B BUJIE MATPHUIDI

A A oo Ay,
A — Agr Ay ... Ay,
Al Ams .. Ao
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KOTODYIO HASBIBAIOT MaTpHIEH onepaTopa A B F-mpejcrapiennu. B
MPEJICTABICHUN UMEHHO F') TaK KaK MATPUYHbIC SJIEMEHTBI OlEPATO-
pa A (4.6) oupesensiorcs ¢ HoMOIIBIO COBCTBEHHbIX (yHKIIT Ore-
paropa E'. PazMepHOCTB 9TO# MATPHILI OIPE/IETISETCs] KOHKPETHO
3aj1a4eil.

3aganue 4.1. Jlokazarb, 4T0 B CBOEM COOCTBEHHOM IIPEJICTaB-
JIEHUW MAaTpHUIla OIlepaTopa JuaroHajibHas, IpPUUeM II0 JUATOHAJH
CTOSAT CODCTBEHHBIE 3HAUEHUS.
Permenmne
[Tycrs dynkimm 1, sABiasiorcs coOCTBEHHbIMU (DYHKIUSAMU Olle-
paTopa F' ¢ coBCTBeHHBIME 3HAYCHUAME fn:

F by = fnibn. (4.7)

Marpuunbie 3J1eMeHTBI 3TOI0 OIIepaTOPa B €r0 COOCTBEHHOM IIPE/I-
CTaBJICHUU ONPECJIAIOTCA BblpaXKeHUEM

ﬁm:/%@F%@d

Teiictsyst oneparopom F' na dynkumio ¥, (q) no npasuiy (4.7), na-
XOJM

l%z/ﬁ@h%@@zh/%@%@@zh%%

rjie Opm — CUMBOJI Kponekepa.

A~

Takum obpaszom, Marpuiia orneparopa F B CBOeM COOCTBEHHOM
IPEJICTABICHAN JIEHCTBATEILHO UMEET JINaroHaIbHBIA B/

fi 0 ... 0
o 0 fo ... 0 7
0o 0 ... f,
rne fi1, fo,... — cobCTBEeHHbIE 3HAUEHHUS OIIEPATOPA F.

3a,£|;aHI/Ie 4.2. Haiitu MaTpudHbIil 3JIeMEHT IPOU3BEJICHUS Olle-
paTopoB AB, eci U3BECTHBI MATPHUHBIE SJIEMEHTDI ONEpATOpOB A

n B,
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Pemenune
[Io onpeiesieHnI0 MATPUYIHOTO 3JIEMEHTa, OIIePaTOpa, (4.6) JIJISI TIPO-
M3BEJICHNsT OTIEPATOPOB 3AIUCHIBAEM

A~ A

Un(q)Alq) B(q)¥m(q) dg, (4.8)

1, MPUMEHSST ONpeIeeHHe SPMUTOBO COMPSKEHHOIO OllepaTopa K
orepaTopy A, mosyuaem

(AB) o = / (A* (q)n())* B(@)om(q) dg. (49)

«Pa3BejieM» B 9TOM BbIpaXeHUM IIEPEMEHHbIE MHTEI'PUPOBAHUS,
BB/l HOBYIO mepeMennyto ¢'. Jjist 3Toro BBejeM MoJ| MHTErpajoM

nenbra-byaknuo Hupaka 6(q — ¢'):

(AB) o = / (A (@ Yu(d)) B@)m(a) 6q — )dd dg.  (4.10)

OueBniHO, 9TO, UCTIOJIB3YsI CBONCTBO JesbTa-gyHkimn JInpaka

/f (z — a)dz = f(a),

rie D, — objacTb MHTErPUPOBAHUSI, BHYTPU KOTOPOH JIEXKUT TOUKA,
xr = a, u3 Beipaxkenus (4.10) mocie HHTErpUPOBAHUST IO TIEPEMEHHOI
¢ BocmpomsBojiuM Bhipaxkenue (4.9).

ajiee BOCIIOJIb3yeMCsi CBOMCTBOM TIOJTHOTBI JIJIsi BOJTHOBBIX (PYHK-
U JIMCKPETHOI'O CIEeKTPa:

0(q—4q) sz

¢ y4eToM KOToporo Beipaxkenue (4.10) moxer ObITh 3anucano B Gop-
Me:

(AB)uw = 3 / (A (@ )uld)) e (e) dg / U(q) B(g) () dg =
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TO €CTb

(AB)nm — Z Anl Blma
l

YTO COOTBETCTBYET IIPABUJY IepPEeMHOXKEHUs MaTpuil. Takum obpa-
30M, MaTpUIla TPOU3BEICHU OIEPATOPOB PaBHA IIPOU3BEJICHUIO MAT-
pUIl OTJIEJIbHBIX OIePaTOPOB.

3amaame 4.3. Haiitu marpuily oneparopa M, npu [ = 1.

Pemenne
Cormacho onpejesiennio (4.6), MATPUIHBIC JIEMEHTHI OTEepaTopa,
M, onpejessgoTes BhIpaXKeHueM:

(Mx)aﬁ = /Y;(ea 90) Ma: Yﬂ(ea 90) d2, (4'11)

rjie df) — 3JeMeHT TeJIeCHOTO yTJIa.

ITockonbKy cdepuueckne Gyuxnun Y, (0, ) onpenensiorcs aBy-
Msl KBAHTOBBLIMM YMcJaMu | ¥ m, B JaHHON 3ajade TOJ[ KarKIbIM
u3 uHJEeKcoB o u [ Hajo nonumarh muoxkecrso {I,m}. [lpu duk-
CHPOBAHHOM 3HAUYEHHH OpPOUTAJIHLHOIO KBAHTOBOI'O 4KCHa [ pazmep-
HOCTbH MATPHUIIbI OIIPEJIE/IsAeTCs KOJTUIECTBOM COOCTBEHHBIX 3HAUCHM I
KBaHTOBOIO 4mucija m. B cocrosiium [ = 1 KBaHTOBOE YKCJIO M MO-
)Ker npuHuMarh 3nadenus —1,0, +1, ciiegoBaresbHO, pa3MEPHOCTD
rCKOMO#t MaTputibl Oyser (3 X 3). st Toro arobsl mepedbpath Bee co-
CTOSTHUST TIPW 3aaHHOM [, XapaKTepU3yIOIrecs: pa3HbIMK 1M, YI00HO
MX BBIIUCATH U 3aT€M IIPOHYMEPOBATD:

a, B
1 |1 |1 (4.12)
m,m/| -1 1

Taknum obpazom MaTpuaHbIil 37eMenT (M, ),3 MOKHO TIEPENHCATD
B TEPMHMHAX KBAHTOBBIX unces | u m:

(Moos = [ Vin(00) Y0, )2 (413

IJle COOTBETCTBHE MEXKJy WHJEKCAMH v U (3, OIPEIesSIONUMU 10~
PSJIKOBBIN HOMED MATPUUHOIO 3JIEMEHTa, ¥ KBAHTOBBIMHU YUCIAMU [
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U M, OUPEACISIONUMU (PU3UICCKOE COCTOSHUE, 3a/1aeTCsi Tabjmieit

(4.12). Hampuwmep,

(M) — / Y7 1(6,0) M, Yia (6, 0)dS

(M) = [ Yio(6.0) ¥, ¥ia(0,)d0

Bhluuciene MATPUIHBIX 3JIEMEHTOB orepaTopa M, MOKHO Ipo-
BOJINTh, WCIOJIB3Yst onpejeenne (4.13), HO 910 He camblil yJ00HbIiT
crocoD, TakK KakK B 9TOM CJydae s KaxKJIOr0 KOHKPETHOI'O MaT-
PUUIHOTO dJIEMEHTa HEeOOXOIUMO IMOICTABJIATL B MHTErPAT KOHKPET-
nnte bynkimnn Y, (0, @), oneparop M, 1eficTBOBATL OMEpPATOPOM
Ha (PYHKIUIO U [OTOM BBIUKCJATH MHTErPAJ OT IOJYIEHHOIO MPO-
nU3BeJIeHus JBYX (PYHKINIA IO TeJgecHoMy yriy. Bee stn Borancienms
MOT'YT CTaTh JOCTATOYHO CJIOXKHBIMHE U TPOMO3JIKAMHU. 3a/ada CyIIe-
CTBEHHO YIPOIAETCsI, €CIIN M0/l MHTErpajioM B onepejesenn (4.13)
HE OCTAHETCsI OllepaTopa, a Oy/IyT CTOSATH TOJILKO chepruieckue PpyHK-
UK. DTO N30ABUT OT HEOOXOIUMOCTH BBIUKUCIATH UHTErPaJ, TaK KaK
B CHJTy OPTOHOPMUPOBaHHOCTH (byHKIHUIA Y], (6, @) unTerpan B aTom
cIydae CBeJleTcs K cuMBoJiaM KpoHekepa:

/  (0,0) Yo (0,0) 2 = 811 Sy (4.14)

robbl «yiiTn» or oneparopa M, B BbIpazKeHUH (4.13), BBIPA3UM
oleparop M, uepes NoBbINAIIAN 1 IoHUKAIONL orepaTopbl K+
u K~ . A
. Kt + K~
M, = — (4.15)

[Ipesncraniienne oneparopa M, B Takoit popme 1O3BOJIsIET CYIIe-
CTBEHHO YUPOCTUTH PACUETBL, HOCKOJIBLKY U3BECTEH PEsyJbrar jiefi-
crBust onepatopos KT n K~ na npoussosnuyio Gynkimmio Y m(0,):

K*Yu(0,¢) = N*(L,m)Yim(0,¢), (4.16)
NT(l,m) = h/II+1) —m(m+1), (4.17)
K Yim(®,0) = N™(I,m)Yim1(6,9), (4.18)
(IL,m) = hII+1)—m(m—1). (4.19)
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[Toncrasuss oneparop M, B Bugie (4.15) B bopmyiy (4.13) u geii-
crBys oneparopamn K+, K~ na ¢yukiuo Y] (0, @), nonyaaem

1 [ . N
(Mas = 5 [ Vinlbo0) (KT + K ) Vi (0.) 2 =
1
= 5 [ Yin0.0) N () Vi (6.0) a0 +
1
+ E / le(ea 90) Nﬁ(ln m/) Yz,m’—l(ea 90) df2.

[IpuHuMast BO BHUMaHWE CBOHCTBO OPTOHOPMHPOBAHHOCTH Che-
prudecknx dyukiwit (4.14), moaydaem obree BhIpayKeHUe s MPO-
U3BOJILHOI'O MaTPUYHOTO 3jieMeHTa orneparopa M,

(Mx)a,ﬂ — (Msc)lme’ — (NJr(la m/) 5m,m’+1 + N~ (l, m/) 5m,m’—1) .

N | —

[lopcrasngas B nociaepniown gopMyay | = 1 u m,m' = 1,2,3,
MOXKHO JIETKO BBIIUCATHL MaTpuIly omneparopa M,, KoTopas mmeer
BUJL:

M, = —
V2

o = O
—_ O
o = O

3aganue 4.4. Haiitu MaTpuiibl oeparopos M, u M? npul = 1.

Pemenne
Coracuo onpejesiennto (4.6), MATPUIHbBIE 3JIEMEHTHI OMEPATOPA,
M, onpesiesiTioTcs BhIPaXkKeHUEM:

(Mos= [ Y200 SLYs0.00d0, (420
rae d€) — 3JIeMEeHT TeJIECHOTO YTJIa, a JIJIS YCTAHOBJICHUS COOTBETCTBUS
MEXKy MHJEKCAMU ¢ U 3 ¥ KBAHTOBBIMHM HYHCJIAMU | U 1M MOMKHO
MCTIOIb30BaTh TabJuIly (4.12) npeblyero 3aanusi.

Tak Kak II0J] MHTErpPajioM CTOAT (DYHKIMU, KOTOPBIE SABJISIOTCS
COBCTBEHHBIME JLIst onepaTopa M, :

M. Y} (0, 0) = mhYi (0, ), (4.21)
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TO MHTEI'PaJ JIEFKO BblUMC/sieTcst B obieM Buje. JeiicTBuTesbHO,
nejicrByst Ha dynkuio Ys(6, ) oneparopom M, u yuuThiBast CBOii-
CTBO OPTOHOPMHUPOBAHHOCTHU Chepriecknx (PyHKIINH, TOIyIaeM

(Mz)aﬁ - /Yof(@; 90) Mz Y5(07 90) d§ = (4'22)
N / Lm0, 9) M, Vi (0, ) dS2 =

= m'h/Ylj‘m(@,gp) Y (6, 0) dQ =m" B .

Kak Bujro 3 (4.22), OTJIMIHBIMEA OT HYJIS 9JIEMEHTAMHI B MaTPH-
e Oy/yT TOJIBKO JMaroHaJbHbIE 3JIeMEHTHI, TPUYeM 10 JINarOHaJn
OyayT crosTh cobcTBeHHble 3Havdenust M, = mh, coorBercrBylolue
TpeM BO3MOXKHBIM 3HaUeHUsIM KBaHTOBOro uncia m = 1, 0, —1.

DTOT pesysbTaT UJIIOCTPUPYET YTBEPKICHUE, JOKA3aHHOE B 3a-
sannn 4.1, Tak Kak Marpulia oreparopa M, Gbuia HalljieHa UMEHHO
B COBCTBEHHOM TIPe/ICTABICHNN onepatopa M., Tak Kak UCTIOJIb3Yye-
Mble cpeprdeckue PyHKIMU SBJISIOTCS COOCTBEHHBIMHU JIJIST OTepaTO-
pa M.,.

[TockonbKy cdepuueckne QGYHKIUU SIBJISIOTCSI COOCTBEHHBIMU
u s oneparopa M2:

M?Y;0(0,0) = B21(1+ 1) Yin(6, ¢),

TO W MaTpHIA OIepPaToOpa, M? OyzeT olpejiejieHa B €ro coOCTBEH-
HOM IIPeJCTaBJICHUN, a 3HAYUT, OyIeT JUaroHaJbHO! ¢ COOCTBEHHbBI-
Mu 3Hadenusamu M2 1o juaronaiu. U upu | = 1 marTpuily MOXKHO
Cpa3y BBIKACATD:

3/1ech THAarOHAIBHBIE SIEMEHTBI COOTBETCTBYIOT COOCTBEHHOMY 3HA-
wenmio M2 = 21 (1 +1) npu [ = 1.
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3ajaHusd AJid CaAaMOCTOATEJIbHOTO PeIeHns

1. [TokazaThb, 9TO ecyiu orepaTop SPMUTOB, TO JUATOHAJLHBIE dJTe-
MEHTBI €I0 MaTPHUIIhI BEIECTBEHHDI.

2. Haiitu cBsi3b MeX/ly MaTpUuHbIMU dJ1eMeHTaMu A, 1 Apm,
eCJIA OTIePaToOp A SPMHUTOB.

3. Mcnonb3ys MOBBIIAIONHMI W MOHMKAIONIUN OIlepaTophl, HallTh
MaTPHUUIHbBIE SJIEMEHTbHI OIePATOPOB KOOPJIWHATHI & W MMIIYJIbCA Py
JIJIST OJJHOMEPHOI'O I'aPMOHUYECKOIO OCHMJLISITOPA.

4. /IokazaTb, 9TO MaTpuIla onepaTopa ['aMuIbTOHA I OTHOMED-
HOTO TAPMOHMIECKOTO OCIIILIATOpa nMeeT B, H,p,, = mw?(2?),,/2+
(pgz)mn/ 2m.

5. Haiitu maTpuiy oneparopa M B cocrostaun [ = 1.

6. Haiitm maTpuibl omeparopon Mx, M 1 M B COCTOSIHMU
[ =1/2.
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OTBeThI K 3aJaHUAM
JJI CAMOCTOSTEJIHbHOTO PelIeHN’s

Pazpgen 1. IIpaBuio kBantoBaHusa bopa-3ommepdesbaa
2/3
1. B, = <—2\3/§Q7Th\/m (n+ %) o (Mmaz)n = —ﬁg

YKazanue % pewenuio: paccmompems 08UNCEHUE YACNULDLL 6 TOAE
cunv, mascecmu, u(z) = mgz. 3a yposensv omeuema nomeHyUaNL-
HOU dHepeul 8vlOPaMs® NOBEPTHOCTIL, HA KOMOPYIO Nadaem meno.
1 (mh)?2 1)2

2. B =gy (F) (n+3)"
YKazanue ¥ pewenuro: y4ecmy, 4mo eHYympu nomeHuuarvHot Amol
0 < z < 1) nomenyuarvraa SHepeus “acmMuybl PasHa HYAO,
U(z) = 0.

3. By = £ + hwp (n+3).

2m 2

Yrazanue x peutenuto: oad onucarue 08UNCEHUA NO OKPYHCHOCTU 6
naockocmu xOyY nepeiimu 6 NOAAPHYIO cucmemy Koopdunam, 6 Ko-
Mopoti NP d8UNCENUL YACTULDL NO OKPYACHOCMAU OYdem MeHAMbCA
MoAbKo 00na K0opdunama — Y20 noeopoma p. 3anucamsv Gynryuo
Jlazpanoica wacmuyor 6 noaaproir xKoopdunamaz. Ilocmpoums u 6vi-
YUCAUMD 00UH UHBAPUAHM, COOMBEMCMEYIOWUT Nepemertiot ©.

4. B, = —%QEZPZ%, pajinyc nepsoit opoutsl ag ~ 0,5-107° cm.
YKazanue K pewenuto: yvecmn, wmo npu 08UNCEHUU N0 OKPYIHCHO-
cmu 3adava ceodumces x 3adaye ¢ 00HOT cMENnenbvro 60000l — Y2A0M
Y, mak Kakx 0bobuwennaa xoopdunama p = const, mo ecmv p = 0,
npu smom P, = mp = 0.

Paznaen 2. OnepaTopbl B KBaHTOBOI MexaHuKe. AJjiredpa
OIepaTopoB
1. a) He siBysieTcst; 6) HE SBJIACTCS.
2 o) 92 . K2 2 9%
2.a) 2%+ 205 + 1+ 5 0) Ya; TV 57
3.a) a, B,y — a0bble Yncia;
0) v — BelecTBeHHoe YucIio, 3, Y — MHUMbIE YUCJIA.
A+ = —ih (L —
5. {1 = —ih ( S )
6. At =2
e
YKazanue K pewenuo: sbuucierus nposodums 6 chepuieckots cu-
cmeme Koopdunam.

8. M, = ih (sin go% + cos g ctg 0%);
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~

M, = —ih (COS go% — sin @ ctg 9%); M, = —ih%;

N = =12 Doy = — 2| 5hy & sin 0 + o ).
Yrazanue x pewenuro: daa nepexoda % chepurueckoli cucmeme K0op-
JUHAM BOCTOAD30BAMBCA COOMHOULEHUAMU OAA KOOPOUHAMN.:
xr=rcospsinf, y =rsinpsinf, z = rcosb,

u onn npouseo@nfbw:

0
0 81"8_,_308 8_8r8+608_|_ v 0.

Ox ~ Oz Or Oz 00 + 356 3@’ dy Oy Or Oy 00 dy 0p’
0 _ 0rd + 90 0 +
0z — 9z or 0z 00 82 6

9.a) 0. 6)2d(r-ad); 2 F; 0; 0;
B) —%2%; —ihmw?z.

Pazgen 3. CobcTBeHHBIE 3HAYEHNS U COOCTBEHHBIE (DYHK-
1[UU OTIEPATOPOB

1. K~ = he ¥ (—% +1 Ctg9%> .

2. Y, (0,0) = N (sinf) e~
Yiasanue &  pewenuro: uckamov  ynkyuio u3 - ypasnenu
K_}/l,fl(a 90) =0.

3. 0nal=1:

Yi1(6, ) = y/sinfe’®; Y o(0,9) = 1/ cosb;
Vi 1(0, ) = /& sinfe¥;

das l =2

Yo2(0,¢) = 1/ 3= sin” 0e??; Y 1(0, o) = 1/ 52 sinf cos fe'?;
Ya0(0, ) = \/ 16%(3 cos” 0 — 1); Yo -1(0,) = \/é—isinecos fe=;

Yo 9(0, ) = 4/ 32 sin® fe 2

Pa3zpgen 4. IIpeacraBjieHne ornepaTopoB B MaTPUIHOI pop-
Me

1. Vrasanue x pewenuro: 3anucamsv 6uipastcenue oai ouazonans-
HO20 MAMPUYHO20 dnemenma Fy, u evivecms us Hezo KOMNAEKCHO
CONPAACENHOE BvIPAdNCENUE 0N IMOo20 oce anemenma F7 . IIpoana-
AUBUPOBAMD NOAYUEHHOE PABEHCMEBO, UCTOAL3YA Onepedesenue one-
PAMOPa, IPMUMOBO CONPAHCEHHO020 K ONEPAMOPY F.

2. VKkazanue K peutenuro: 3anucamo GuparHceHus Oai MampusHo-
20 anemenma Fy,, u onemenma F,,. Komnaiexcno conpass supastce-
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HUe ONA MAMPUYHO20 dAeMEHMA Flyy U 8blecmb €20 U3 6bpastcens
ons mampuunozo asremenma F,,. Ipoanarusuposams nosyuenmnoe
PABEHCMBO, UCTLOND3YA ONEPEIENEHUE ONEPATNOPA, IPMUMOBO CONPA-
IHCEHM020 K ONEPamopy F.

3. Ty = \/ %(\/ﬁ(sn,m—kl + \/m(sn,m—l);
_; [mwh
(px)nm = 14/ T(\/ﬁdn,m—kl - \/ﬁdn,m—l)-

Yrasanue x pewenuro: 3anucams 6vpasicenus 0Ai MAMPUYHOLT d4e-
MENMOE 0NEPAMOPA KOOPOUHATNDL Ty U ONEPATNOPA UMNYALCE (Dz ) rum
BUPAZUMD ONEPATNOPHL T U Py HEPE3 NOGLIUAIOUWUT U NOHUNCAIO-
wutd onepamopv das K6anmMo6020 ocyuaramopa. Ipu evuucaienuu
MAMPUY, 00PAMUMs GHUMAHUE, YO NOPAIKOGHLT HOMED INEMEHMOE
MAMPUY, (HOMEPA CMPOKY, U CMOAOUA) MENAIOMCA OM HYAA U JO bec-
KOHEUWHOCTU, MAK KAK KEANMOGOE YUCAO T 6 3a40aYe 0 KEAHMOGOM
OCUUNAAMOPE MEHAEMCA OM HYAA U O DECKOHEUHOCTL.

4. Yrasanue x pewenuto: 0 nazoscoenus Mampuyb, onepamo-
pa 2amusvmona Hy, natimu xeadpamor mamputy (22)pm v (p2)2,,,
UCNOAL3YA PE3YALMA 340aHUA 4.2., U 3a4MeM NoJCMABUMb 6 6oL~
orcenue dns mampuysi onepamopa Lamuavroma Hy,, = mw?(x?),,/2+
(P2)imn/2m. Y6edumvca, wmo no duazonasu cmosam cobcmeenmvie
anavenus onepamopa lamuavmona, onpedeasemvie 6vPatCEHUEM
E, = hw (n + %) )

5. mampuua onepamopa My oral =1:

0 -1 O

[
My=— |1 0 —1
V2o 1 o

6. MaAMPUYDL. ONEPAMOPOS NPOCKUUT MOMEWMA UMNYALCE OAA
[=1/2:

01 0 — 1 0

M, = 0 —1
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