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IIpeauciosue

B Teopernueckoii busnke Ha IMPOTIKEHUH BCErO IIEPHOJIA €€ Pa3BH-
THS METOJIbl TEOPUN I'PYIII HAXOST YCIIeIIHOe IIPUMeHeHIe IIPU 1IPOBe-
JEHUUN UCCJIeJIOBAHUIA.

OcobeHHO BaKHYIO pPOJib I'PYIIIOBbIE METOJIbl UI'PAIOT B KBAHTOBOI
TEOPUN TOJIA U (PUBKKE JIEMEHTAPHBIX YACTHUIL, TJi€ TPUHIIUITBI CUMMET-
PHUH IMEIOT IIePBOCTEIIeHHOe 3HAUeHNe. 3/1eCh 3a/[aH1e HCXOAHON IPYIIIbI
CHMMEeTPHUHU B 3HAUNTEILHOI cTelleHn ompe/ie/isieT (hpU3UKY OIIChIBAEMbIX
sipjeHuil. JloctaTouHO HAIIOMHUTB, YTO IIPeJCKa3aHus KBapKOB, IJIIO-
onos, W*-, Z°- 6030108 1 H-6030Ha Xurrca ObLII OCHOBAHbLI Ha OIpe-
JIeJIEHHBIX T'PYIIIaX CUMMETPUH U B HACTOSIIIIEe BpeMsi UMeIoT OJiecTsIne
9KCIIepUMeHTa IbHbIe 110ATBep K feHus. CoBpeMeHHbIe TeOPEeTUIECKIE MC-
cae0BaHnd (DyHJIAMEHTAIbHBIX B3aUMOJCHCTBUII B OCHOBE CBOEI MCXO-
JIAT U3 TPEJIIOJIOXKEHNsT O CYIIECTBOBAHUU B IPUPOJE OIPEJIe/IeHHBIX
CHMMEeTPUIl, OIICHIBAEMbIX HEKOTOPBIMU I'pyIamu JIu, ¢ 1mociepyommm
aHa/In30M (PU3NIECKUX CJICJICTBUN STUX CUMMETPHUI U SKCIIePUMEHTAIb-
HBIMHI [TOMCKAMI X BO3MOXKHBIX IPOABJIEHNI. VIMelonnecs ycrexu jgaiT
OCHOBaHHUs TI0JIaraTh, 9TO U B OYJIyIIeM I'PYIIIOBbIE METOIbLI OYIYT WI-
paTh BayKHYIO POJIb B TEOPETUUIECKON (PU3HKe.

B 9r0ii cBsI3u M3yUueHne OCHOB Teopuu Ipyiil JIu gB/isiercs: BayKHbIM
9JIEMEHTOM IIOJATIOTOBKU COBPeMeHHOIo busnka-TeopeTuka. [Ipu sTom
€CTh IMOTPEOHOCTh B Y4eOHOM ITOCOOMHU, KOTOPOE JaBaJjo Obl BO3MOK-
HOCTh HaYMHAIONIEMY (DU3NKY-TEOPETUKY CPaBHUTEIbHO OBICTPO OCBO-
UTh Te pPe3yjbTaTbl U MeTOjbl Teopun rpyii JIu, Koropble nHaubdosiee
HEOOXOIMMBI JIJIsT U3YUeHUs] TeOPETUUeCKOil (PU3NKM, B YaCTHOCTH CO-
BPEMEHHOII KBaHTOBOI TeOpUU 10JIsT 1 (PU3UKU SJIEMEHTaAPHbBIX YaCTHII,

B nactosiieM 1mocobun M3J1araloTcs OCHOBHBIE pPe3yJIbTaThl TEOPUU
rpyui JIu, Hanbosiee MIMPOKO UCIOIb3yeMble B KBAHTOBOI TEOPUI I10JIsI
U 3JIeMeHTapHbIX YaCTUIl 1 B JPYIUX pasjesax TeopPeTudecKoin pusnKi.
st mocobust XapaKTepHbI THIATEIbHBIIN 0TOOD MaTepuaJia, MpejcTaB-
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JleHne KOHEUYHbIX Pe3yIbTaToB B (popMe U 00O3HAYEHUTX, NPUHATHIX B
TeopeTuIecKoil (hu3mKe, 9T0 00JIerIaeT UX JajabHelllnee NCIOIb30BAHIIE
B (pUBNUIECKUX MPUIOKEHUIX.

BBojgaTcsa ocHOBHBIE TTOHATUA TEOPUN TPV JIu, mcmoib3yercs sKc-
HoHeHInabHasd PopMa 3JEMEHTOB I'PYIIILI JI 1 COOTBETCTBYIOIMINX UM
MaTPUIL INHEHAHOTO IpeACTaBIeHNIs IPYIIIILI, IIPOCICKNBACTC CBA3b MEZK-
Jly CTPYKTYPHBIMU KOHCTaHTaMu TPyHIbl JIu m 3aKOHOM YyMHOXKEHUs
B Hell ¢ ucnoib3oBanueM ypasHenmit Maypepa — Kaprana, BBOIUTCS
MOHSATHE MHBAPUAHTHOIO MHTerpupoBaHus B rpytite JIu, paccmarpuba-
foTcs rpynmsl JIn mpeobpaszoBanuii n cBA3aHHbIE ¢ HUMU TMOHATHSI.

BBoJigTCst OCHOBHBIE OIIpe/Ie/IeHUs 1 IIOHATHs Teopun ajaredp JIu B nx
CBS3U C COOTBETCTBYIOMIUMM TTOHATUAMU Teopwuu rpyni JIu, paccmarpn-
BalOTCs MHBapWaHTHas OuyinHeitHas dopma B ajrebpe JIu m ee cBoii-
CTBa B TPOCTOIl M KOMITAKTHOI ajredpax JIum, ¢ mcrnonbzoBanmeMm WH-
BapUaHTHON OMJIMHEIHON (POpPMbI yCTaHABIMBACTCA O0INasi CTPYKTYpPa
KOMITAKTHOI aarebpbl 1 COTBETCTBYIONIEH eif KOMIAKTHOW rpymnmbl JIu.
[IpuBoauTcst pe3ynbTar KjaaccuuKaIlun MTPOCTBIX KOMITAKTHLIX aaredp
n rpynn JIm u ucenemytorcs obiime CBOWCTBa TeHepaTOPOB IMPOCTHIX
KOMTAKTHBIX Tpytit JIu.

HaeTcst 0630p Kaaccuaeckux rpytil JIn n ¢cBOficTB COOTBETCTBYIONTIX
M YHUTAPHBIX, OPTOrOHAJBHBIX 1 CUMIIEKTUICCKUX MaTPUIl U reHepa-
TOPOB, DOJIEe TTOAPOOHO PACCMOTPEHbI CBOMCTBA YHUTAPHBIX MATPHII.

Teoperuvecknit MaTepuas JOMOJHEH NPUIOKEHUEM C 3aJadaMy 1
YyIPayKHEHUSIMHI, CIIOCOOCTBYIONUMI YCBOEHUIO MaTepuaJia, Wil YacTHI-
HO JOIOJIHATOIUMHA €ro.

[Tocobue nHanucano Ha OCHOBE JIEKIIMOHHOT'O crienkypca « Teopus rpy
JIm», auTaeMoro cTyienTaM, o0yJalonmMcs B MArucTpaType 1o HalpaB-
nernio «Pusnkas MO0 MarncTepcknM mporpammam « Teoperndeckast (hu-
3ukay 1 «PengTuBucrckas acTpodu3nKay, U MpeiHa3HaueHo Jjid CTY-
JIEHTOB, CIENUAJTM3UPYIONINXCS 110 TeOPETUYecKoil (pusnke m u3ydaro-
X KBAHTOBYIO TECOPUIO, TEOPHUIO JJIEMEHTAPHBIX YaCTHUIL U €€ IIPUMeHe-
HUS B acTPOMU3UKE.



I'maBa 1

I'pynmnsr JIn

1.1. Onpenesenne rpynnsbl JInm 1 oCHOBHbIE IOHSATHUSA

Kax u3BectHo, rpymmoit G Ha3bIBAETCA MHOYKECTBO 9JIEMEHTOB, B KO-
TOPOM BBejicHa OMHapHast ollepalis I'PYIIIOBOI0 YMHOYKEHUSI, OIIPe/1eIs-
IoIIas JIIsd KaykJIoi mapbl 9JIeMEeHTOB 9TOro MHOXKecTBa g1 € G, g9 € G
UX [IPOU3BEJIEHUE ]G CO CJIEAYIONUMU CBOICTBAMU:

1) 3aMKHYTOCTH IPYIIIOBOTO YMHOXKEHHsI

9192 = g3 € G, (1.1.1)

2) cymecrBoBarue B (G eJIUHUTHOIO 3JIEMEHTA €, TAKOIO UTO st
moboro g € G uMeeT MeCcTo paBEeHCTBO

eg=ge =g, (1.1.2)

3) cymecrBoBanne B G it KayKjioro sjaementa g € (G, 00paTHOro K
HeMmy sjieMeHTa g+ € G, TaKoro uTo

g lg=g9 " =e, (1.1.3)

4) accoIUAaTUBHOCTD IPYMIIOBONO YMHOKEHUS

91(9293) = (9192)93) (1.1.4)

JIOOBIX Tpex aaeMeHToB: g1 € G, gs € G, g3 € G.

['pynma G nasbiBaeTcs rpyiinoii JIu, eciim Kaxkapiii ee sjieMenT g € G
OIIpeJIeIsIeTCs 3HAUEHUSIMI P He3aBUCUMBIX BEIIECTBEHHBIX MTapaMeTPOB
al,a?, ..., o, HenpephIBHO M3MEHSIONXCs B HEKOTOPOil 00JIACTH OIpe-

nenenns R:
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MakcumaJibHOe Y1CJI0 He3aBUCUMbIX BEIIECTBEHHDBIX [IAPaMeTPOB P, HE0D-
XOJIUMBIX ISl 3aJIaHUsI TTPOU3BOJILHOTO dJIeMeHTa Ipymibl JIu, Ha3biBa-
eTcsl TOPSIJIKOM TPYIIIbL JIu.

[lepeunciiennblie BhINIEe CBONCTBA T'PYIIIOBOIO YMHOKEHUS B CJIydae
rpynibl JIn MOXKHO 1IpeJIcTaBUTDh B CJIEIYIONIEM BUJIE:

1. 3aMKHYTOCTH I'PYIIIOBOTO yMHOYKEHUSI

glat,a®,..a?) g(BY B2, ... B7) = g(v', 77, 2P), (1.1.5)

g(a) g(B) = g9(7), (1.1.6)

rjie apaMeTpbl ITPOU3BEICHUS SABJISIOTCA HEIPEPBIBHBIMU (DYHKIIUSAME
nmapaMeTpoB COMHOXKUTEIe:

= gpi(al,QQ, Lol gl B2, . BP) = gpi(a,ﬁ), i=1,2,...,p. (1.1.7)

2. CymiecTBoBanue euHuaHOro sjaementa e = g(ag, ad, ..., ab) upu

HEKOTOPBIX 3HAYEHUAX MApaMeTpoB af, &F, ..., ah. Bes norepu obmuimo-
CTH 3HAYEHUsT KayKJIOro U3 MapaMeTpoB eJMHUIHOTO SJIEMEHTa MOXKHO
IPUHSTH PABHBIME HYJIIO, T. . cuantarh , 410 e = ¢(0,0,...,0) = ¢(0).

Torna yemosue (1.1.2) mpumer Bu

9(0) g(a) = g(a) g(0) = g(a). (1.1.8)

©'(0,0,...,0;a%, 02, ..., af) = p'(al, a?, ..., a”;0,0,...,0) = a'.(1.1.9)

3. CymiectBoBanue Jjis KazKJIoro 3J1eMeHTa 9(a La?, ..., af) = g(a)
obparHoro K nemy siementa (g(at,a?; ..., a?))"! = g(at, _2 Lo al) =
g(@) ¢ napamerpamu @', &%, ..., &P, Takoro uTo

9(@) g(a) = gla) g(@) = e (1.1.10)

ol(a,a?,...,a"al a? . of) =
= Spi(CVl,CV2’ L ob; 071,542’ ,.,,@P) =0,71=1,2,....p <1.1_11>



1.2. IIpumepsr! rpytin JIu, ucroib3yeMbiX B (PU3HKE 9

IS HAXOzKJIeHusl apaMeTpos &' obpaTHoro sjementa (g(a)) ™! = g(a)
kax bynxmuit @' = a'(al,a?,...,a?) = a'(a) napaMeTpoB HCXOIHOIO
syemenTa g(q).

4. AcconmaTuBHOCTD TPYIIIOBOIO YMHOYKEHHUST

g(a) (9(B) g(v)) = (g(a) g(B)) g(7) (1.1.12)

ozHavaet, 910 GyHKIuu @' (o, 5) JTOMKHBL YIOBJIECTBOPSITH YPABHEHUSIM

gpi(a’ @(677)) - QDZ(SO(O"B)?’Y% 1=1,2,..,p (1113)

TOXKIECTBEHHO 10 IIePEMEHHBIM (v, (3, 7 BO BCeil 00J1acTH UX OIIPe e IeHII.

['pynna JIu G HazbiBaeTCs KOMIIAKTHO, ec/ii 00J1acThb ee mapaMeTpoB
R orpanunvena m BKJIIOYaeT B cebsi Ipejie/ibHbIe 3HAUYCHUs TapaMeTpPOB,
1 HEKOMITAKTHON — B IIPOTHUBHOM CJIy4Yae.

['pynna JIu G HazbiBaeTcs CBI3HOI, €C/IH JII0ObIE JIBa ee 3JIeMEeHTa MO-
I'yT ObITHb IepeBeAeHbl JAPYT B APYTa HEIIPEPhIBHBIM M3MEHEHHEM CBOMX
napaMeTpoB B objiactu RR.

Ipynma Jlu G HazbiBaeTCs OJHOCBIA3HOM, ecjii JII000NH 3aMKHYTHIN
IyTh B Heil MOYKET ObITh HEIPEPBIBHLIM 00Pa30M CTSIHYT B TOUKY.

[I'pynna JIu G nasbiBaeTcst JIBYCBA3HOI, ec/i B HEll ecThb JiBa 3aMKHY-
TBIX IIyTH, KOTOPbIE HE MOT'YT OBITH HEIIPEPBIBHBIM 00PA30M TIePEeBEICHbI
ApYT B ApyTa.

I'pynna JIu G HazbIBaeTCs N-CBA3HOI, €CJIM B HEll eCTh 1 3aMKHYTHIX
myTeil, KOTOpble He MOT'YT ObITh HENMPEPLIBHLIM 00Pa3oM IepeBeIeHbI

APYT B Apyra.

1.2. IIpumeps! rpynn JIu, ncnojib3yeMbix B (pusuke

[Tepeuncum B KadecTBe MPUMEPOB HEKOTOpbIE rpymibl JIn, ucmoib-
3yeMmble B (pU3HKe.
1. Tpymma Bpamenuii B IJIOCKOCTH 1, 2, KOTOPBIE MOZKHO IPe/ICTa-

BUTDL B BUJEC

v — 2 = R(p)z, (1.2.14)

r = ( i; ) (1.2.15)

rje
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— JIBYXKOMIIOHEHTHBIIT BEKTOD, a

B cosp siny
R(p) = ( S COW) (1.2.16)

— MaTpulla oBOpOTa Ha yroa ¢, —2m < ¢ < 2.
[Ipeobpazosanns (1.2.14), (1.2.16) ocTaBisiioT HHBAPUAHTHBIM CKa-
JISIPHOE [IPON3BEJICHIIE

(M) + (9% = inv.. (1.2.17)

2. Ppynmna SO(3) Bpaiennii B TpeXMEPHOM TTPOCTPAHCTBE, KOTOPbIE
MOZKHO IIPEJICTABUTL B BUJIE

o=t = gt (1.2.18)
rie 2', i = 1,2,3 — KoOpAHHATBEI TOYKH TPEXMEPHOI'O IPOCTPANCTBA,
a g — MaTpHulla TPeXMepHbLIX BpallleHneil, Koropas MOKeT ObITh 3alla-
paMeTpr30BaHa TpeMsl YIJIaMH, HaIpuMmep yriaamu ditaepa ¢, 0, 1,
9= g(@v 0, ¢)

[Ipeobpasosanus (1.2.18) ocTaB/istioT HHBAPUAHTHBIM CKAJISIPHOE TTPO-
n3BejleHne

(M2 + () + (2*)* = inv.. (1.2.19)

3. I'pymma npeobpasosanmuii Jlopenna BoIb ocl !

r— 2 = Aa)z, (1.2.20)
JIBYMEPHOI'O BEKTOPA
x:(i?>, (1.2.21)
rie ) = ¢t — BpeMeHHAsI KOOD/UHATA, OCTAB/ISIONINX NHBAPHAHTHBIM
BbIpazkKeHune
(2")? — (2')* = inv.. (1.2.22)

Marpuna A(a) B (1.2.20) MoKeT OBITH HPEJICTABICHA B BIIC

M@:( cha _%“>, (1.2.23)

—sha cha
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rJie (v —[apaMeTp MHIepOOINIecKoro IpeodpasoBams, —oo < a < +00.
[Tocste 3amernnbl mapameTpa o Ha napaMerp V' ¢ HOMOIIBIO COOTHOIIIE-
g tha = V/e, rae ¢ — ckopocts cseta, Marpura (1.2.23) npunnmaer

BILJI
1 —V/e
1-V2/c? 1-V2/¢?
A(V) = “_V/C/ v T (1.2.24)

\/1—1/2/02 \/1—1/2/02

rie V' — CKOpOCTb OJIHOI cHUCTeMbI OTCHeTa OTHOCUTEILHO JIPYTOI,
—c <V < +c.

Ormernm, aro npeobpasosanus Jlopenma (1.2.20), (1.2.23), (1.2.24),
B orymane oT Bparenuit (1.2.14), (1.2.16), HeKOMIIAKTHBI.

4. I'pymma Jlopenna A mpeodbpazoBamuit

e A G (1.2.25)

koopjiuHaT ¥, = 0,1, 2,3 yeTblpexMepHOTo IPOCTPAHCTBa~BPEMEHN,
OCTABJIAIONINX MHBAPUAHTHBIM YeThIPEXMEPHBII KBa/IpaT BEKTOPa BUIA

(%)% — (2')? — () — (%) = inv.. (1.2.26)

NuBapnaHTHOCTH OTHOCHTE/IBLHO IIpeobpasoBanuii (1.2.25) orpazkaeT cBoii-
CTBO PEJIATUBUCTCKON MHBAPUAHTHOCTH (DU3NUYECKUX IHPOLECCOB U I'eo-
METPUYECKOE CBOIICTBO M30TPOIHOCTH YETBIPEXMEPHOIO IPOCTPAHCTBA
BPEMEH.

5. I'pynna Ilyankape npeodpazoBanmii

ot — 't = A 2¥ + at, (1.2.27)

cocTosiiast U3 mpeobpasoBannii rpymib! Jlopera A u TpaHCcsIIi Ha
JeTeIpexMepublii BekTop at, u = 0,1,2,3. NaBapnanTHOCTL OTHOCH-
TesIbHO 1peobpaszoBanmii (1.2.27) oTpazkaeT CBOWCTBA M30TPONHOCTH 1
OJTHOPOJTHOCTH YETHIPEXMEPHOI'0 MPOCTPAHCTBA-BPEMEHN.

6. I'py1a KoHpOpMHBIX I1peobpa30BaHmil YeThIPEXMEPHOr0 IPOCTPaH-
CTBa—BPEMCHU

ot + alz?
A )
1+ 2(ax) + a?x?

ot — 't = (1.2.28)
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rjle A — napameTp MacmirabHoro npeodopasoBanusd, a ot yu = 0,1,2,3
— 4-BeKTOp MapaMeTpoB CIeHaJIbHbIX KOH(MOPMHBIX IIPeodpa3sOBaHMIl.
[Tpu mpeobpazoBanmsix (1.2.28) deTbipexMepHbIil KBaJIpaT 3JIeMeHTa [T~
HbI ds? npeobpasyeTcs Kak

)\2

2 2 _ 2
ds” — ds'® = 1T 2(a7) + o272 ds®. (1.2.29)

['pyrma ipeobpasosanuii (1.2.28) siBjisieTcst TpynIoil TOUHO cCUMMeTpIT
PEIATUBUCTCKUX ITOJIEBBIX YPaBHEHMIT /110 0€3MaCCOBBIX YACTHUIL, a TaK-
JKe€ MOXKET BBICTYIATh B KadecTBE I'PYIILI TPUOIMKEHHON CUMMETPUN
[IpU OIIMCAHUU ITPOIECCOB CTOJKHOBEHUIT MACCUBHBIX dJIeMEHTAPHBIX Ha-
CTHUIL B Ipejiesie OOJIbIITIX SHEPIUil, 3HAYUTE/IbHO ITPEBBIIAIONTIX MaCCh
JACTHIL, YIaCTBYIOIINX B 9TUX IIPOIECCaX.

[IpuBeentbie BBINIE TPYIIILI ONMUCHIBAIOT FeOMETPUYIECKIe CBONCTBA
[IPOCTPAHCTBa—BPEMEHU, U COOTBETCTBYIOIINE CUMMETPUU NPUHATO Ha-
3bIBATH reoMeTpudeckuMu cuMmmerpusmu. O gHako cuMMeTpun B (pU3nKe
HEe MCUYEPIIBIBAIOTCA TOJILKO TeoMeTpudecKnMu. VMeercs 3HaUnTE/IHHOE
YUCJI0 CUMMETPHil, UHJYIUPYEMbIX HEe reoMeTpueil npocTpaHCcTBa—Bpe-
MeHH, a crenrmduKoil B3auMoieiicTBs JyacTull, uin moJjeit. Takue cum-
MeTPHUHU OOBIYHO HA3BIBAIOT BHYTPEHHUME WU JUHAMUIECKIMU CUMMET-
PUSAMU.

[IpuBeem npumepbl TPYIIT BHYTPEHHUX CUMMETPUIL, TTPOSABIAIONIIX
cebst B (pusnke pyHIaMeHTaIbHBIX B3aUMOIEHCTBHIL.

7. Ppynmna SU(2) nzoronndeckoit ”HBAPUAHTHOCTH $1/IEPHBIX B3aMMO-
JIeiiCTBUIl OTHOCUTEIbHO IIPpeodPa30BaHMil

N = N =UN, (1.2.30)
rie
(N _ (%
N={n)={u ) (1.2.31)

Yy , ¥y, — BoJIHOBBIE (DYHKIUK IIPOTOHA 1 HeliTpona, a U — 2 X 2-ynnrapHas
marputia ¢ det U = 1. SU(2)-usorornmyeckast "HBAPUAHTHOCTD T1POSIB-
JIIETCST HE TOJIBKO B (PU3UKE HYKJIOHOB, HO U B (PU3UKE BCEX OCTAJBHBIX
aJIPOHOB.
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8. I'pymma SU f(3)-CHMMeTpHH aJIPOHOB OTHOCUTEJILHO apoOMaTOBBIX
11peobpa30BaHmil, KOTOPbIE JIJIsl IIPeICKA3aHHbIX JJaHHOI CUMMeTpueil KBap-
KOB MMEIOT BUJT

¢ —q"" =U}q" (1.2.32)

rie ¢' — Bosmosas byHKIMs i-T0 KBapKa, apOMaTOBLI HHeKC i = 1,2, 3
HYMepYeT 4 -, d -, § - KBApKI cooTBeTcTBeHHO, a U/ — 3 X 3-ynurapnas
marpuna ¢ det U = 1. SUf(3)-cummMerpust siBjIsieTCsl HapyIEeHHOI I IIPH-
BOJUT K PACIIEIIeHNIO Macc aApoHoB BHYTpu SUjf(3)-My/IbTHILIETOB.
Cummerpust rpyusl SUp(3) MoxKeT ObITb €CTECTBEHHO PACIIUPEHa JI0
rpynusl SUp(ny), yanreisatomeii ksapkn ¢’y i = 1,2, ..., ny Beex us-
BECTHBIX K HACTOSIIEMY BpeMeHU Ny = 6 apOMaToB.

9. I'pymmra SU,(3)-11BeTOBOIT cMMETPUT KBADKOB OTHOCUHTEIBHO TIpe-
obpa3oBaHuii

Qo= a0 =Uss 45, (1.2.33)

rie «, f = 1,2, 3 — 1BeToBbIe HHIEKCH KBAPKOB, a U ¢ — 3 X 3-yHurapHas
MaTpHIla 1BeTOBbIX mpeobpazosanuii ¢ det U = 1. I'pynna SU.(3) siB-
JISIeTCsl TPYIIOi TOYHO! KaJnbpoBOUYHOI (T. €. ¢ mapaMeTpaMu Ipeod-
pasosanuii (1.2.33), TPOU3BOJBHO 3aBUCAIIUME OT KOOPJUHAT TOUKN
IeTBIPEXMEPHOTO TIPOCTPAHCTBA—BPEMEHN) CHMMETPU.

10. I'pynnia Gy = SUL(2) x U(1)-kambpoBOYHO CHMMETPUI 3JICK-
TPOCIA00T0 B3AUMOJIEHCTBHUS, B KOTOPOIi JieBble (IIpaBble) KBAPKU U JieTl-
TOHBI ABJIAIOTCsT jtyOeramu (cunriaerami) rpymisl SUL(2) ¢ moaxois-
v U (1)-runiepsapstiavu. ['pynna Ggy ClIOHTaAHHO HapyIIeHa ¢ TO0-
MOIIBIO XUTTCOBCKOIO MEXaHU3Ma HapYyIIeHHs] CHMMETDH.

11. Ipymma Ggyr = SUL(3) x SUL(2) x U(1)-kagmnbpoBoIHOi cuM-
metpun crangaprHoit Mojgesn (CM) sekrpociaboro u CuIbHOTO B3au-
MoJIeficTBIil KBApKOB 1 JienToHOB. ['pyrina Ggyy NpejcKa3biBaeT CyIie-
cTBoBanne (hbOTOHA, BOCHMHI GE3MACCOBBIX IVIIOOHOB, MACCHBHBIX WE-,
ZY-6030n08 1 H-6030na Xurrca. [Ipeackazanus CM 10ATBepIK 1AI0TC
SKCIepuMeHTaIbHO, n rpynna (Ggpy HAXOAUTCA B OCHOBE COBPEMEHHOI
TEOPHUH JICKTPOCJIA00r0 M CUJIBHOIO B3aUMOJICHCTBHII.

12. I'pynna GL(n, C') obuux JuHelHbIX Mpeobpa3oBaHiuil

o=t = L 2" (1.2.34)
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koopauHatr x', i = 1,2, ...,n KOMILIEKCHOI'O BEKTOPHOI'O 1IPOCTPAHCTBA
npu det L # 0.

13. I'pymmia S L(n, C') ciermaibibix (T. €. npu det L = 1) JuHeiHbIX
npeobpazoBanuii Buga (1.2.34).

14. T'pynna SU(n) yaurapusix n X n - marpui U ¢ det U = 1.

15. I'pymma SO(n, R) BenecTBeHHBIX OPTONOHAJBHBIX 1 X 1L - MaT-
pui; O ¢ det O = 1.

16. I'pyma Sp(n) CUMIUIEKTHYIECKUX 1 X 1 - MATPUILL TIPH 9€THOM 7.

1.3. OmHonapamerpuyecKue NOArPYIIIbI
11 TeHepaToOpbl. JKCIIOHEHITTPOBAHNE

Bakubivu B Teopun rpymi JIn gaBagroTcs monaTusd ojHonapaMeTpu-
YeCKIX TOJIPYIIT U COOTBETCTBYIONINX UM TeHepaTopoB. PaccMoTpnM B
rpynre JIu G ogHOnapaMaTpuieckoe MoJIMHOKECTBO 9JIEMEHTOB BI/IA

glat(t), (), ....,a?(t)) = g(alt)) = g(t), (1.3.35)

rapaMeTpbl KOTOPBIX SIBJISIOTCS (PYHKITMIMU OJIHOI'O BEIIECTBEHHOIO I1a-
pamerpa t:

o' =a'(t), a'(0)=0, i=1,2,..,p. (1.3.36)

[eomerputdeckn rpymiy JIlu G MOXKHO HPEJCTABATH KakK P - MepHOE
IPOCTPAHCTBO ¢ KoopAmHartamu o', i = 1,2,....p (rpymmoBoe mpo-
crparcTBO). Torma KayKJiblil 9/IeMeHT Pyl H300pazKkaeTcs: TOUYKOil B
9TOM TIPOCTPAHCTBE, & MHOZKecTBO s71eMeHToB (1.3.35), (1.3.36) obpasyer
KPHUBYIO B 9TOM HPOCTPAHCTBE, IIPOXOJISIIYIO depe3 HATAI0 KOOPJMHAT
(eIMHIIHBIIT 9JIEMEHT €).

MuozkecTBo sementos (1.3.35), (1.3.36) GyseT Ha3BIBATHCS OTHOIIA-
PAMETPUYIECKOl MOArPYIIOf, eI Jijid JIIOOBIX JIBYX 9JEMEHTOB 9TOrO
MHOKecTBa ¢(t1) 1 g(ty) UX MPOM3BEIEHNEe TAKXKe MPUHAJJIEKUT STOMY
MHOKECTBY, T. €.

g(t1) g(t2) = g(t3), (1.3.37)

rJie apaMeTp IMPoOu3BeJIeHNs T3 sIBISETCsT HEKOTOPO PyHKITHEt

t3 = T(tl, tg) <1338>
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rnapaMeTpoB t1 u to, IPU 3TOM
7(t,0) = 7(0,t) = t. (1.3.39)
[TapameTp ¢ Ha3bIBaeTCSH KAHOHUYECKUM, €CJIN
T(t1,t2) = t1 + 1o, (1.3.40)
T. €. eCJId
g9(t1) g(t2) = g(t1 + t2). (1.3.41)

[Tokaxkem, 9TO B OJHOIApAMETPUUIECKON IOJAIPYIIIE BCEraa MOXKHO
BBECTH KAHOHIYECKUIT TapaMeTp. 3arnuiiem pasjiozxkenne byakimn 7(t, 0t)
IIpU MaJIbIX 3HAYEHHUSIX ITapaMeTpa 0t B psij 110 0t B BHUJE

7(t,6t) ~ t + u(t)dt + ..., (1.3.42)
riae
67’(?5, tg)
t) = ——= ) 1.3.43
u(t) 9y | ( )

Haitjem muddepennnanbioe ypaBHeHe, KOTOPOMY B ODINEM CJIydae
JOJIZKHA YIO0BIETBOPATH (byHKIWs T (L1, to). st 9TOr0 Bemonib3yem yeio-
BIe aCCOIMATUBHOCTH IPYIIoBoro ymuoxenus (1.1.12) B ogHonapamer-
PUUIECKOIT HOATPYIIIIEe B BU/IE

g(t1) (9(t2) 9(t3)) = (9(t1) 9(t2)) 9(t3), (1.3.44)

rie g(t1), g(t2), g(t3) — Tpu TPOU3BOIBHBIX SJIEMEHTA O/ IHOAPAMETDH-
deckoil moprpymmsl. Yeiaosue (1.3.44) osnauaer, aro dynkims 7(tq, t2)
JIOJIZKHA, YJIOBJIETBOPSITH YPABHEHHIO

T(tl, T(tg, t3)) = T(T(tl, tg), t3) (1345)

TOKJIECTBEHHO 110 IIepeMeHHbIM t1,t9, t3 BO Bceil 00/1acTu UX Olipejeie-
HIUS.

Pacemorpum ypasrenne (1.3.45) B ciiydae, Korjia TpeTuii sjeMeHT
OJIHOIIAPAMETPUUIECKOI MOATPYIIILI OJIN30K K €IUHUIHOMY, B BHJIE

T(tl, T(tQ, 5t)) = T(T(tl, tg), (5t) <1346>
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Pasyiaras npasyto u jieByio dactu cootHomenust (1.3.46) mo majgomy
mapamerpy o0t, u3 (1.3.46) B mepBoM mopsijike 1o 0t moJydaeM COOTHO-
IeHe

8T(t1, tg)
Oty

113 KOTOpPOro cjeayer auddepenimaibioe ypaBaenne st 7(ty, to) Kak
dyHKIMEM mapamerpa ty B BUJEC

@T(tl, tg) _ U(T(tl, tg))
8t2 u(tg) .

u(tz) = U(T(tl, tg)), (1347)

(1.3.48)

[Iepeitem Tenepsb oT napamerpa t K HOBOMY HapaMeTpy t'c [HOMOIIIBIO
COOTHOIIIEHU T

t'=ft), t=f({t), f0)=0, f(0)=0. (1.3.49)

C momorpio coornomrennit (1.3.49), (1.3.38) ma mapamerpa th mosty-
qaeM, 4To

ty = 7'(t), 15), (1.3.50)
riae dyuxims 7' (8], t) onpeensgercs BhIpazKeHueM

T'(th, 1) = F(r(f(t1) [(12))) (1.3.51)
1npu
(', 0)=7'(0,t) =t (1.3.52)
Banucas passoxkenue dbyuxiun 7' (¢, 0t") o 6t' B Bue
(', 6t) =t +u(t)ot' + ..., (1.3.53)
e
U () = %t/jl?) . (1.3.54)

1 Boinosss anagornamnbie (1.3.45) — (1.3.48) BoIk/aaku, /it GyHKIpn
7'(t], t5) mosydaem ypaBHeHue
Or'(th, 1) _ u'(7'(th,15))

= : 1.3.
ot (1)) (13.55)
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Oyuxrms (1.3.54) ¢ momormpio (1.3.51), (1.3.49), (1.3.43) MoxkeT ObITH
IPUBE/ICHA K BHULY

u'(th) = [M u(t)] k, (1.3.56)
dt t=F(t")
rie depe3 k obo3HaUeHa KOHCTAHTA,
k= 6f(t/2) . (1.3.57)
Oty y—g

Oyuxrmio f(t) nmepexoma (1.3.49) x HOBOMY mapamerpy t' MOKHO
BBIOpATD yI0BJIETBOPSAIONIEit nuddepennnaibHOMy yPaBHEHHIIO

d f(t) _
— () k= 1. (1.3.58)

[Ipu yemosin (1.3.58) dymkims (1.3.56) cTaHOBUTCS KOHCTAHTON, paB-
HOI eJiuHuIe:

u'(th) =1, (1.3.59)
1 ypasaenue (1.3.55) mpuHUMAET MPOCTOMN BT
O7'(th, 1)
—= = 1. 1.3.60
ot} ( )
Pemenne ypasuenusi (1.3.60) ¢ yaerom ycsosus (1.3.52) umeer Buj
Tt 1) = 1] + 15, (1.3.61)

T. e. napamerp t'; onpejensiembiii corsacuo (1.3.49) dyuknueit f(t),
yiioBJierBopsitonieit muddepenimanibaomy ypashennio (1.3.58); sipyisier-
Csl KAHOHUYIECKIM.

Takum o6pazoM, Mbl [OKA3a/Id, YTO B OJHOIAPAMETPUIECKO 110/I-
IpyIIle BCeraa MOXKHO BBECTH KAHOHMYECKU IapaMeTp.

Kanonnueckue napamerpbl Haubosiee yiao0HbL JIJIst OIMUCAHN 9IeMeH-
TOB I'PyIILL JIu 1 OyLyT IUPOKO UCIIOIL30BATLCA B JajIbHeineM n3J10-
JKEHIN.

Pacemorpum ssiement g(dt) ogHOIApAMETPUIECKOI TTOIIPYIIIIbL, OJIH3-
KUl K IUHIYIHOMY 3JIEMEHTY (515 — MaJIbIii HapaMeTp), 1 Pa3JjI0zKIUM ero
B PsiJl 110 MaJIOMy HapaMerpy Ot B BHjIE

dg(t)

g(ot) = g(0) + o t+..=e+adt+.., (1.3.62)
t=0
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rjie

a = dil—(tt) (1.3.63)
t=0
Ha3bIBAETCsl T'€HEPATOPOM OJIHOIIapaMeTPUIeCcKOll MOJrPYIIIbl, COOTBET-
CTBYIOIIUI apameTpy .
B ciiyuae KaHOHIYECKOTo mapamMeTpa t COOTBETCTBYIONINI eMy TreHe-
parop (1.3.63) onpe/ie/iseT U KOHEUHBII 3JIEMEHT OJTHOAPAMETPUIECKOT
norpymibl. [eficrBurenbho, sammiiem pasenctso (1.3.41) mis cydas,

Kor'Zia BTOpOfI COMHOZKHUTEJIb 6JII/ISOK K e IMHUYIHOMY 3JIEMEHTY, B BHUJIC
g(t) g(6t) = g(t + 8t). (1.3.64)

Pasaras npaByto udacth paBeHcTBa (1.3.64) B psaj 10 0t U WCIHOJIb-

3ys1 passoxkenue (1.3.62), u3 4wieHOB epBOro mopsijika 1Mo 0t paBeHCTBa

(1.3.64) nosmyuaaem nuddepennnaibioe ypasaerne s ¢(t) B Buje
dg(t)

— = g(t)a. (1.3.65)

Pemenne ypasaenus (1.3.65), Kak JIErKO IPOBEPUTH, MOKET OBITH TIPE/I-

CTaBJIEHO B BUJIE Psijia

t?2a®  t3a?
g(t) = et tat o+ o e (1.3.66)

Taxnm oOpaszoM, KOHEIHBIH 9/IEMEHT OIHOTIapaMeTPUIECKON MO PYIIIIbI

g(t) onpejesisiercst 3HaYeHEM KAHOHMYECKOIO MapaMeTpa t 1 coOTBeT-
CTBYIOIIIM €My TeHepaTOpOM @ B BUJjie IKCIOHEHTHI (1.3.66).

Ucnonbsys (1.3.35) u (1.3.63), reneparop a oHONAPAMETPUIECKOIT
HOJrPYIIbL §(t) MOXKHO IPEJICTABUTD B BHJIE

a=Ea, (1.3.67)
rie
- da'(t)
i 1.3.
¢ i (1.3.68)

— BEIIIECTBECHHBLIEC YUCJIa, a

dglat,a?, ..., aP)

datt

(1.3.69)

a; =

ol=a?=..=aP=0
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Ha3bIBAIOTCsI reHepaTopamu rpyimbl JIu. B (1.3.67) u gasee no mosro-
PATOIINMCS BEPXHIM W HIZKHIM WHIEKCAM T0JIPa3yMeBaeTCs CyMMUPO-
BaHIe.

I3 (1.3.66) u (1.3.67) mosy1aaem, 9ro
g(t) = '€ (1.3.70)
Ompegiensst st siementa (1.3.70) ero HOBbIE TApAMETPBI B BHJIE
ol =t€, i=1,2,..,p, (1.3.71)

koHeuHblii 3jeMenT (1.3.70) rpymmbl G MOYXKHO MPEJICTABUTD B BHUJIE
gla , o ...,af) = e* %, (1.3.72)

[Tapamerpsr (1.3.71) siBJISIFOTCST HE3ABUCHMBIMIE, U KazKJbIil 13 HUX, KaK

JIETKO BUJIETD, SIBJETCd KaHOHMYecKNM. [IpecTaBienne KOHETHOTO 31e-

menta g(at, a2, ..., a?) rpymnnl G Kax QyHKIUIN ero KaHOHMYECKIX I1a-

pameTpoB o, o, ..., a” 1 COOTBETCTBYIONINX HM TeHEPATOPOB B BHIE IKC-

noHeHThl (1.3.72) MMpoKo UCto/b3yercst B (DU3MIECKUX TTPIJIOKEHHUSIX.

1.4. KomMyTaTop reHepaTopoB U CTPYKTYPHbBIE
KOHCTAHTBI I'PYyIHIbI JIn

['eneparopnt a;, ¢ = 1,2,...,p rpynin! JIn y1oBIeTBOPAIOT OIpe/ie-
JIEHHBIM COOTHOIIEHUSIM. LI ToJTydeHrsd 9TUX COOTHOIIEHU PacCMOT-
pUM 3JIeMeHT rpynnsl JIu Buma

et el e et = ¢ (1.4.73)
rjie

a=aa, b=pa c=+"a;, (1.4.74)

o', (', ' — napameTpbl paccMaTPUBAEMBIX 3JIeMEHTOB PYIIIIbL.
Byaem cuntarh napamerpbl o, 3 MajabiMu (IIpH 9TOM HapaMeTphbl
7! ByIyT TaKKe MaJIbIMU) U Pa3JIozKIM JIeByIo d4acTh pasencTsa (1.4.73)
B DsiJI 110 3TUM [apaMerpaM JI0 MePBOro MOC/Ie eJINHUIHONO 3JIeMeHTa
HEMCYe3at0IIero dieHa (J1jist 9TOro B pas3JjiozKeHnn COMHOKUTE el Hy KHO
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YAepzKHUBaTb 4YJleHbl JO BTOPOI'O IIOPAAKa MaJIOCTHU BKJHO‘IHTGJH)HO). B
pe3yJjibTaTre H€O6XO,ZLI/IMbIX BBIKJIQ/IOK IIOJIydaeM, 9TO

e e lretab—ba+ ... =
=e+ o' (aa; — a;a;) + ... (1.4.75)
AmnajiorndHoe pasyioyKeHne mpaBoit Yactu paBercTsa (1.4.73) numeer BuI
eCxetcet..=e+ap+ ... (1.4.76)

U3 cpasuenus (1.4.75) u (1.4.76) ciaemyer, 970 KOMMYTaTOP T€HEPATOPOB
B (1.4.75) nmosken ObITH HEKOTOPOIl JIMHEHHON KOMOUHAIE] TeHepaTo-
POB, T. €.

la;, a;] = ¢ ay., (1.4.77)

rae KOHCTaHTDbI ij Ha3bIBalOTCA CTPYKTYPHBIMM KOHCTaHTaMW I'DYIIIIbI

Jlu G (31ech u jasee Jjisi KOMMYTATOpa MbI HCIOJIB3YeM 0003HAUEHIE
ab— ba = [a, b]), upu aToM Masibie TapameTpsl sjiemenTa (1.4.73) nmeror
BTOPOI MOPSAI0OK MAJIOCTH U B 9TOM TIPUO/IUKEHUN DABHbI

VB + (1.4.78)

CTpyKTypHBIE KOHCTAHTHI I'PYIIIbI JI NrpafoT BaxKHYIO POJib B TEOPUN
rpyun JIu u ee npuioXKeHusx.

1.5. IlocTpoenue rpyiibl JIu 1Mo ee CTPYKTYPHBIM
KoHcTaHTaM. Y paBHenus Maypepa — Kaprana

CTpyKTypHble KOHCTAHTBHI T'PYIIBLI JIn, BBOJUMBIE 1IPU PacCMOTPE-
HUW 9JIEMEHTOB TPYIIIbl, OJU3KNX K €INHUIHOMY, U HAXOKIEHUN KOM-
MyTaTopa I'eHepaTOpPOB I'PYIIILI, KAK OKA3bIBAECTCs, ONPEJIC/IAI0T 3aKOH
VMHOZKEeHHsT KOHEUHBIX 9JIEMEHTOB I'PYIIIBI B HEKOTOPOii (Heobs3aTe IhHO
MaJIoit) OKPECTHOCTH eJIMHUTHOTO 3JIeMEeHTA, JAPYTHMHI CJIOBAMIE, OIpe-
nenstor g gyukiuit (1.1.7) (o, 8), i = 1,2, ..., p, 33JaI0111X 3aKOH
yMHOKeHust B rpyiie JIu.

JJist toKazaTe IbCcTBa 9TOT0 YTBEPKICHUsT PACCMOTPUM CHava 18 Dy HK-
nnn @' (o, 03) Ipu MaJIbIX 3HAUEHUAX HapaMeTpoB 0 1 UX pasjiozKeHue
B psil 110 03 B BUJIE

©'(a, 6B) = o' + u§(oz) 6B+ ..., (1.5.79)
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rje

_ 9¢'(e, )

u'(a '
j( ) 85] Bl=32=..=Fr=0

(1.5.80)
OupeienM MaTpUILy v}(a), 00paTHYIO K MATPHLIE u?(a), C IIOMOIIBIO
COOTHOIICHNSI

v,i(oz)uf(oz) =0’ (1.5.81)

Marprma () maeer obparnyio, T. K. det(u}(a)) # 0 B cuy ompese-
nerns (1.5.80) u mezaBucumoctn cucreMbl Gynknnit ¢'(a, ).

PacemoTrpum Terepnb yesioBue acconuaTuBHOCTH YMHOKEHUS B IPYIIIIE
Jlu (1.1.13) B ciyuae, Korja TpeTHil 3JJeMEHT B HeM OJIN30K K eJIMHIY-
HOMY, B BUJIE

QDZ(OQ 90(57 57)) - QDZ(SO(O" 6)7 57)7 1=1,2,..,p. (1582)

Pasjiaras npaByio u JieByto dactu cootHomenust (1.5.82) 1o Masbim
mapamerpam 07, u3 (1.5.82) B mepBoM Hopsijike M0 07y MOJTyIaeM COOT-
HOIICHUSI

200 () = o' ) (15.8)

13 KOTOPLIX IIOCJIe YMHOXKEHH:A Ha ’Ulk

(8) ¢ yuerom (1.5.81) mosyuaem
cucremy JuddepenuaibHbX ypasienuit i1t o' (a, 3) kax QyHKIumii
mapameTpoB 3 B Buje
8S0i(&7 6) ]
—— = Un(p(a, B)) v (). (1.5.84)
op
Ye10BrsT COBMECTHOCTH cucTeMbl ypasuenuil (1.5.84) MoxKHO mpeji-
CTaBUTh B BHJIE

9 (agpi(a,5)> ) (W(a,ﬁ)) —0. (1.5.85)

AN )L 9B\ 9Bk

Pagenctsa (1.5.85) mocsie OACTAHOBKI B HUX PEIIEHU{T CHCTEMbI Y PaB-
weruit (1.5.84) ( . e. mocsie BBIYUC/IEHUS POU3BOJHBIX OT (byHKIHUIL
¢'(av, ) no nepemennbiM 3 ¢ ucnojbzosanuem ypagshenuit (1.5.84) )
JIOJIZKHBI BBITOJTHATHCST TOZKIECTBEHHO 110 BCEM apryMeHTaM «, [3.
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Borancias sxoasiue B (1.5.85) npoussojubie ot dynxuuii o' (o, )
10 TIEPEMEHHBIM (3 U HUCIHOJIB3ysi pu 9ToM ypashernus (1.5.84) ), u3
(1.5.85) mostydaem TOXKIECTBA BH/IA,

2l o) (k9 (9) - (D)3 ) +

O™
() (&g;(f) - 8”5;5)) =0.  (1.5.86)

[Tapamerpbl @ BxogaT B (1.5.86) ToJbKO 1epe3 mocpecTBO (byHKITH
©'(r, ), IO3TOMY TOXKIECTBEHHOCTD BbiloJHeHns pasencTs (1.5.86) 1o
mapaMerpaM (¢ O3HAYAeT TOYKJIECTBEHHOCTb UX BBIIOJHEHHs 110 apry-
MEHTaM (.

Toxkecta (1.5.86) nomyckaioT pas/ie/ieHre mepeMenHbix. JJoMHOKasT
(1.5.86) ma v’ (p) u]lg(ﬁ) u’;(ﬁ) 1 CYMMUDYsI 110 OBTOPSIIOMINMCS UHJIEK-
caMm, ¢ yaerom cootromennit (1.5.81) u3 (1.5.86) mosydaem ToXKIecTBa

B BUJIE

o o’ :
(B2 i)~ 2 i)Yot +

O™
ol (B)  Owl(B
- ( 81[;) — gﬁ(l )> ub(B) us(B) =0, (1.5.87)
OTKY/la B CIJTy HE3aBUCUMOCTH TIePEMEHHBIX ¢ 1 [ CJIeyeT, 9To
Quy() Aug(e) - g
(o2 o) - S0 ) el =~ (1588)
ovl(B)  ovl(B y
(Z ~ 2 ) i) ut) = (1580
rje Eg)q = —N{]'p — KOHCTAHTBI pPa3jiesieHns lepeMeHHbIX.

Homnozkas (1.5.88) na uf(p), a (1.5.89) —na v}, (8) vi(8), n3 (1.5.88),

(1.5.89) ¢ yuerom (1.5.81) mostyaaem cucremy muddepeHImagbHbX ypas-
wenuit aist pyukiwit u(p) u v(F)) B BUIE

duy () dug(p)

D Uy (p) — o up (@) = —&, uj(p), (1.5.90)
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v vl .
w0 s

Ypasuenust (1.5.90), (1.5.91) nassiBatorcst ypasaerusimu Maypepa—Kaprana.

Mozkno moxasarsb, aro Bxoggmue B (1.5.90), (1.5.91) koncrantsi ¢,
COBIIAJIAIOT CO CTPYKTYPHBIMI KOHCTAHTAMU IPYIIILI JI1, ompeie/iseMbl-
MU KOMMYTAIIMOHHBIMU cooTHOMeHusiMu (1.4.77), T. e.

& =dd (1.5.92)

pqa — “pg-

HeiicrBurenbho, u3 (1.5.90) npu ¢ = 0 ¢ yuerom, 910

u’(0) = 05, (1.5.93)
IOy 9aeM
Cpg = Qpg — Qs (1.5.94)
riae
WA GOT) (1.5.95)

pq aap a/Bq a1:a2:.“:ap:0'
Bl=p2=...=pP=0

C Jpyroit CTOPOHBI, BbIUMCIsis Napamerpbl djementa (1.4.73) mpu
MaJIbIX 3HAYECHUAX BXOJMAIINX B HETO ITapaMeTPOB, MOKHO IM0KA3aTh, YTO
C TOYHOCTBIO JIO BTOPOI'O HOPSJIKa MaJIOCTH

= (p(a, B), pla, B) = (af, — k) a B+ .., (1.5.96)
oTKy/la npu cparennuc ¢ (1.4.78) cieyer, 4ro

& =af —ak, (1.5.97)

m m

Jist ostyaennst npubiizkeHHoro paserctsa B (1.5.96) HeobxoauMO
BOCIIOJIb30BATHCSI TPUOJIMKEHHBIMI ¢ TOYHOCTBIO JI0 BTOPOIO MOPSIIKA
MAJIOCTH COOTHOIIEHUSIMU:

O, B)=a' + B +a ,ampF+ .., (1.5.98)

o +a +a amak . x0, (1.5.99)
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a'~—al Fa, ot al £ (1.5.100)

N3 (1.5.94), (1.5.97) u caeayer copnagerue Koncrant (1.5.92).

Ypasuennst (1.5.90) 10 3a1aHHBIM CTPYKTYPHBIM KOHCTAHTAM U IIPU
HavdaIbHBIX yesoBusx (1.5.93) onpegensior dyuknuu (1.5.80), koropsie,
B CBOIO 04epejib, ¢ TIOMOIIbI0 ypasHenuii (1.5.83) u onpenessitor (yHK-
min o' (v, 8), 3ajaomue 3aK0H YMHOKeHHA B Ipylie JIu B HeKoTopoii
CBSI3HOI 00JIaCTU TIApaMETPOB, BKJIOYAIONIEll B cedsl eJIMHUYIHbIN dJ1e-
MeHT rpyiibl. COOTBETCTBYIONIYIO 00JIACTH 3JIEMEHTOB I'PYIIILI HA3biBa-
10T JIOKaJIbHOM rpymmoit JIn.

B cBsi31 €O cKasaHHBIM OTMETHM, YTO JIB€ IpyHIbl JIu, umeromniue
OJMHAKOBbIE CTPYKTYPHbIE KOHCTAHTLI, OYIyT UMETh OJUHAKOBLIH 3a-
KOH YMHOKEHHsI B CBOMX CBAZHBIX OOJIACTAX, BKIIOUAIOMINX €JIUHIIHbIE
9JIEMEHTBI, U [I09TOMY TakKie JIBe I'PYIIIbl Ha3bIBAIOTCS JIOKAJILHO H30-
MOP(HBIMU.

B sax/niouenue Jjisi WLIOCTPALUMU CAEJAHHOIO B HadaJje maparpada
VTBep:K/JIeHIs puBeieM (0e3 JT0Ka3aTeIbCTBa) BhIPDAKEHNE JIJIsT TPOI3-
BeJCHUsI JABYX 9JIEMEHTOB I'PYIIIL! JI1 HEloCpejICcTBEeHHO B BUJE SKCIIO-
HEHTDI

et ed = el b, (1.5.101)

rjie 9JeMenT ¢(a, b) Ipe/ICTaBIsIeTes B BUJIE PsJia

cla,b) = cula,b), (1.5.102)
n=1
IIEPBBIIl 4JIeH KOTOPOro paBeH
c1(a,b) = a+b, (1.5.103)

a Iocjieayromue 9JI€Hbl OIIPEeAe/IAI0TCA PEKYPPEHTHBIM COOTHOIIIEHUEM

1 1
o (a,b) = n—|—1(§ la —b,cn(a,b)] +

2p<n B mi+...+mop=n
+) -~ > emlad), [ [chP(a,b),a+b}...]])g1.5.104)
p>1 (2]9)' Mmi,...,M2p>0

rje Ba, — yncia bepnysm.
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Py (1.5.102), wienbl kKoroporo ompeessttorest (popmystamu (1.5.103),
(1.5.104), npencrapsier coboil JTUHEHHYI0 KOMOMHAIMIO 9JIEMEHTOB @, b
1 KPATHBIX KOMMYTATOPOB 3THUX 9JIEMEHTOB, TaK 9TO KarKbIil YIeH 3To-
ro psja dBJseTcd JuHelHoit komOunarueil reHepaTopoB IpyIIibl. Ko-
9 DULIMEeHTHl 3TOi JIMHEHHON! KOMOMHAINN SIBJIAIOTCS (DYHKIUSIME Ka-
HOHIMYECKNX IapameTpoB comHoxkuteneii B (1.5.101) u ompeesnsores
CTPYKTYPHBIMEI KOoHCTanTamu rpytnst JIu. Beckoneunstit ps (1.5.102)—
(1.5.104) maswiBaetcst psiom Kemmbenia—Xaycaopda.

C nomorpio dopmyr (1.5.103), (1.5.104) jerko HaiiTu mepBble Tpu
aena psiyia (1.5.102). Pesynbrar MOKHO TIPEJICTABUTH B BH/IE

c(a,) = atb -+ sla, W ([a, o B 410, [b.a)) 43 ea(a,5)(1.5.105)

n=4
1.6. MluBapuanTHOe MHTEerpupoBaHue B rpynne JIu

B Teopunm KOHEYHBIX TPYII YaCTO BCTPEUAIOTCS HEKOTOPbLIE UNC/IO-
Boie (pyHKINN f(g) 3/IeMEHTOB ¢ KOHETHOM I'PYIIIIBL, TP 9TOM BO3HUKA-
eT HeoOXOIMMOCTb CYMMUPOBAHNS TaKUX (DYHKIUI IO BCEM dJIeMEHTaM
CPYIHIIbL, T. €. PACCMOTPEHUs CYMM BH/IA

> fd). (1.6.106)

Cymma (1.6.106) obsajaer 0YeBUIAHBIM Jijist KOHETHON TIPYIIIBI CBOM-
CTBOM

> flad) =D fldg) =D fd) (1.6.107)

JUUIst JII000r0 (PUKCHUPOBAHHOIO 3JIEMEHTa ¢ T'PYIIIbL. Takoe cyMMUPOBa-
HITE€ JIOCTATOYHO, B YaCTHOCTH, /IS JOKA3ATEIHLCTBA COOTHOMIEHNN Op-
TOMOHAJIBHOCTH MATPUYIHBIX 9JIEMEHTOB HEIIPUBOJINMBIX IIPE/ICTAB/ICHI
KOHETHOIT TPYTIIbI U SKBUBAJEHTHOCTH €€ TIPeJICTaBJIeHNN YHUTAPHBIM.

O000IIIM HIpOLEyPY CYMMIPOBAHUS 110 dJIeMeHTaM KOHeUHO I'PYII-
ol Bugga (1.6.106), (1.6.107) ma cayqait rpymn Jlu. [ag sToro Beegem
MOHSITHEe WHTerpaja oT 4ucjaoBoit yukiuuu f(g) or smemeHToB g(a)
rpymnst JIn o Beeit rpyiime B Buje

/f(g) dg = /F(oz) pla) da, (1.6.108)
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rie F(a) = F(al,a?,...,aP) — dynkuus napamerpos sjementa (o),
coorserctytomas bynxmun f(g), da = datda?...do? — npoussenenne
nuddepeniuanos napamerpos aaementa g(a), pla) = p(at,a?, ..., aP)
— HEKOTOpasi BecoBasi (DYHKIINS apaMeTpoB sjeMenTa (), omnpeieis-
formast Mepy B unrerpaje (1.6.108).

Becosyto dyHKINIO p(a) MOKHO OIPEIE/IUTH TaK, YTOOBI 06€CIIeUnTh
YCJIOBHE JIEBOMHBAPUAHTHOCTH

/ F(909) dg = / 1(9) dg (1.6.109)

WJIM IIpaBONMHBapUaHTHOCTHU

/ F(990) dg = / f(9) dg (1.6.110)

unrerpasa (1.6.108) mpu npousBobHOM (DUKCHPOBAHHOM 3JIEMEHTE ) =
g(c) rpymms Jlm.

B nasbHeiiienm jjist Onpeie/IeHHOCTH Mbl OYJIeM HCIOJIb30BATh YCJI0-
Bre sieonaBapuanTaoctn (1.6.109) urrerpasa (1.6.108). [Tokazkem, ato
TOJIXO/SAIIINM BBIOOPOM BecoBOi (byHKIN p(cr) MOKHO 0OECIEINTH BbI-
nosirerne yesosus (1.6.109). Yemosue (1.6.109) ¢ ydeTom ompeeserust
mirerpasa (1.6.108) npumnnMaer Bu

/F(go(ozo, a)) pla) da = /F(cv) pla) da, (1.6.111)

e ag = {af, a3, ..., ab} — napaMeTpbl IPONU3BOILHOrO (PUKCHPOBAHHOIO
ssiemenTa gy = g(ap).
[Tepeobo3HaunB repeMeHHble HHTErprpoBatus B ipaBoit yactu (1.6.111),

nepenniiem coornomienne (1.6.111) B Buze

/F(w(ozo,oz))p(oz) da = /F(v) p(y) dv. (1.6.112)

[Tepeitiem B (1.6.112) or nepeMeHHbIX UHTEIPUPOBAHIS Y K HOBBIM I1e-
pPEMEHHBIM (v ¢ ITOMOIIHIO COOTHOIIEHU

1

7' = ' (o, ), (1.6.113)

dyldy?...dyP = J(ap, ) da'da?...do? (1.6.114)



1.6. NuBapuanTHOE HHTErpUpOBaHue B rpyiie Jln 27

rjie

J(a, ) =

8§0i(&07 Oé)

— sikobuan mepexoyia (1.6.113) or mepeMeHHbIX 7y K [epeMeHHBIM (.

Torma coornomenne (1.6.112) mepennmiercst B Buje

[ Foyot@)da= [ F@) pletan,a) Jana)da, - (16.116)
OTKY/Ia CJIeJlyeT ypaBHeHUe Jiist BecoBoit dbyHKImm p(v)

pla) = p(p(ao, a)) J(ao, @), (1.6.117)

KOTOpO€ HOJIZKHO BBIIIOJIHATBHCA TO2KAECTBCHHO 110 (r 1 ().

[Ipu o = 0 ypasuenue (1.6.117) npunumaer Buj

p(0) = plag) J(a,0), (1.6.118)

OTKYy/Ia HojtydaeM jijis byHKIun p() BbIpayKeHue

_ p0) p(0)
plag) = T(a0.0) ’det(awgzg’a))‘azo' (1.6.119)

Ormernm, aro dyukims (1.6.119) sBiiseTcst MONT0KUTETBHO OTPE/IeTeH-
HOM (HOPMUPOBOUHDIH MHOKHUTETH P(0) eCTECTBEHHO BBIOPATH MOJIOKI-
TEJIBHDBIM ).

[Tokazkem, aro dyuximst (1.6.119) ynosiersopsier ypasuenuto (1.6.117)
[pU POU3BOJIbHBIX (v U . Vlcmonb3yst (1.6.119), myst mpaBoit gactu
ypasrerus (1.6.117) mmeem BbIpazKkenue

p(0)
J(@(&Oa C“) ) O)

plp(ag, @) J(ap, ) = J (o, ). (1.6.120)

Buamenaresb Boipazkerust (1.6.120) MOKHO MpeoOpasoBaTh CJIEYOIIM
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o0Opa3oM:
J(p(ag, a),0) = det(agp plag. a ) —  (1.6.121)
0 ) 8’)/] 0 0.
- det<a%0 040,90 ) —  (1.6.122)
v=0
830 (&Oa

= |det( 5o ) T (1.6.123)

. 890%040733) o
_‘det< o )M det ( 87] )7_0— (1.6.124)

8302.(&07 Oé)
= ‘det (—8ak )

OrmeTnM, 9To pu moJIyUdeHnn Boipakenus (1.6.122) 6b110 HCHOIb30BA~

d( P ) —  (1.6.125)
= J(ap, ) Jza 0). (1.6.126)

HO CBOWCTBO aCcCOMUATUBHOCTH TPYIIIOBOro ymHoxkenust (1.1.12).

[Tocste mopcranosku B (1.6.120) Bmecto sikobuana J(@(ag, a), 0) ero
Boipazkerns (1.6.126) npasasg qactsb coornomenns (1.6.120) okasbBaet-
Csd paBHOIL

p(0)
J(a, 0)

= p(a), (1.6.127)

T. e. pynknust (1.6.119) geficTBUTENBHO SABJISETCS PEIIeHNeM YPaBHEHUs
(1.6.117) tpu mpOU3BOJIBHBIX (v 1 (.

Takum obpasom, B rpytie Jlu Beeryia MOXKHO BBECTH HHBAPUAHTHOE
MHTErpupoBaHne coryiacho orpejenennto (1.6.108), (1.6.109), (1.6.111).
B ciaywae kommaxTroi rpymme: JIn nnrerpasst (1.6.108), (1.6.109), (1.6.111)
OT orpanvIeHHbX byHknii F(«) apistrorest exosmmincs. Besencrsue
9TOr0 JI0KA3ATELCTBO COOTHOIIEHNU{T OPTOrOHAIBHOCTH MATPIUIHbIX JJT€-
MEHTOB HEIPUBOIUMBIX IPEJICTABICHIUI KOHEIHOI I'DYIIbI 1 SKBUBA-
JIEHTHOCTH €€ TIPEJICTABJICHUH YHUTAPHBIM MOMKET OBITH IIyTEM 3aMe-
upl cymm Brga (1.6.106), (1.6.107) wa unrerpass (1.6.108), (1.6.109),
(1.6.111) obobrmeHo u Ha cjrydaii KOMIAKTHON rpytibl JI.

MpbI mOKa3aMm BO3MOXKHOCTH BBeJeHNs B rpyime Jlu jgeBonnBapu-
antioro narerpasa (1.6.108), (1.6.109). AnasormaabiM 06pa3oM MOKHO
MoKa3aTh BO3MOKHOCTH BBeJIeHNs B rpyiire JIu n mpaBonHBapHAHTHOIO
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mirerpasa (1.6.108), (1.6.110). B teopun rpymm Jlu mokazano, 910 B
C/Iydae KOMITAKTHOH rpymisl JIn JieBonHBAPHAHTHBIN U IPABOMHBAPH-
AHTHBIN HHTErPAJIbI COBIAJIAIOT.

1.7. IlpencraBaenns rpynn JIu. I'eneparopsbl
pe/icTaBjieHns: Tpymiibl JIu 1 ux cBoiicTBa

Kak n3BecTHO, JIMHEITHBIM ITPeICTaBIeHIEM I'PYIIIILI Ha3bIBACTCS 0TOO-
pakeHue

g— 1T, (1.7.128)

9JIEMEHTOB I'PYIIIIBI B TPYIIITY JIMHEHHBIX IIpeobpa30BaHmil, COXpaHsIoliee
3aKOH I'PYIIIIOBOIO YMHOYKEHUSI:

G = Lo g2 — T, (1.7.129)
9192 — Tglg2 - TngQQ- (17130)

YKazanuble Tpeodpa30BaHnsl OCYIIECTBIIIOTCS JUHEHHBIMI OllepaTOpar-
mu Ty, jeficTBYIOMUMEI B HEKOTOPOM JIMHEIIHOM BEKTOPHOM IIPOCTpaH-
crse L. IIpn Beibpannom B L 6asuce onepaTopbl Ty OIMCHIBAIOTCS COOT-
BETCTBYIONIUMI UM MaTPUIAMHU.

B cayyae rpymmst JIu ee simHeitHOE TIpejicTaB/IeHne 3a/1aeTCst 0TOOpa-
JKeHneM

g(a) = Ty = T(a) = T(a', o’ ....a") (1.7.131)

9JIEMEHTOB TPYIIbl g((v) B IpyIIly JIMHEHHbIX onieparopoB T'(«r), 3aBu-
CSAIIUX OT [APAMeTpPoOB djieMeHTa (), TIPH 9TOM

9(@) g(B) = g(e(a, B)) = Tyygp) = Tp(e, B)),  (1.7.132)

rie o(«, ) — dyHKIWN, 3a/1a5011e 3aKOH YMHOKeHUsT B rpyie JIu.
[Ipu masbix mapamerpax « omepatopbl (1.7.131) MOXKHO pasIoKuThH

B P/l

T(a',a? ..,a") = T+a' A+ ..., (1.7.133)
rjie
oT(al, a?, ..., aP)
A = o 1.7.134
9 ( )
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HA3BLIBAIOTCA DeHepaTOPaAMU [IPeJCTaBICHUs] IPYIILL J1n.
asee, moBropsisi paccyKienns maparpada (1.2), MOKHO
qTO

g(Ck) = g(@ ! ,--.,Oép) _ eaiai -

1 2 LA;
— Tyoy =T(a,a”,...,af) = e* ¥,

rjae ' — KaHOHMYecKne rnapamMeTpbl TPy JIu.
AHaJIOrmaHO, paccMaTpuBasi 3JIEMEHT IPYIIIIbI BHIA

rje

a=a'a;, b=pa c=7"a,

OKa3aTh,

(1.7.135)

(1.7.136)

(1.7.137)

(1.7.138)

o', ', 7' — mapamMeTpbl pacCMaTPUBAEMbBIX 9JIEMEHTOB IPYIIIbI, MOYKHO

[IOKa3aTh, 9TO

a b _—a —b

etel e et =t seteP e e =0

e e e T =e,
rje
A=a'A;, B=pA C=+4,

edePe e BT+ AB—BA+ ... =

(1.7.139)

(1.7.140)

(1.7.141)

AnasiornaHoe pasjioykeHue 1npasoit qactu paserctsa (1.7.139) maer

eI+ C+. =T+ A+ . mI+a' B A+ ..., (1.7.142)

rae OBbLIO yuTeHO mpubJimkeHHoe paBeHcTBO (1.4.78).

13 cpasuenns (1.7.139) u (1.7.142) nosytdaem, 910 TeHEPATOPDI TIPE/I-

CTaBJIeHHsI TPYIIIbI YI0BIETBOPAIOT aHaJ0ruIHbIM (1.4.77) KoMMyTaIu-

OHHBIM COOTHOIIICHUAM
[A;, Aj] =cF A
79 ] Zj ks

rie cfj — CTPYKTYpHbIe KOHCTAHTBI IPYIIIbI JI1.

(1.7.143)
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BazKkHbIM KJ1acCOM IIPeACTaBIeHU IPYIIILI IBISIOTCA YHUTAPHBIE ITPE/I-
CTaBJICHUS, OIIEPATOPBI KOTOPBIX YAOBJIETBOPAIOT YCJIOBUIO YHUTAPHOCTHU

(T(2))" T(a) = T(a) (T())" =1, (1.7.144)

+ .
rje (T(a)) — OTIePaTop, PMUTOBO COMPSZKEeHHBIH K orepatopy 1'(«).
Ucnonbays paznoxenue (1.7.133), u3 (1.7.144) serko nosyduTh, 9T0
[PU BEIIECTBEHHBIX MapamMerpax IPyIibl

(4)" = -4, (1.7.145)

T. €. COOTBETCTBYIOIIME BEIIECTBEHHLIM IlapaMeTpaM IeHepaTOpbl YHU-
TapHbIX IPEJICTaBIeHUI TPYIILI JI gBISAI0TCI aHTUIPMUTOBBIMU OIle-
paTopamu.

1.8. I'pymmbr JIm mpeobpa3oBaHmii.
Nudunuresnmanbibie ITpeodpa3oBaHUs
11 reHepaTopHble (PYyHKINN

B dusnueckux NnpuiokKeHusIx 9acTo paccMaTPUBAIOTCS IIPeodpa3o-
BaHWA HEKOTOPBIX (PU3NYECKUX BEJMUNH, 00pasyloliue Ty W WHYIO
rpymny JIn npeodpaszoBanmii. [Ipu 9ToM 1peodpasyommecs BeJTMIHHbI
MOTYT UMETb CAMbIH pa3IndHbIi (pusndeckuii cMbic/i. B KagecTBe TaKmnx
BEJIMYUH MOTYT BBICTYIIATh, HaIlPUMepP, KOOPAMHATLI YeThIPEXMEpPHOro
TPOCTPAHCTBA-BPEMEHN, BOJHOBBIE (DYHKITMH YaCTHIL, COAEPKAIINXCI B
paccMarpuBaeMoil Teopun, n T. 1. Hajgmdme cuMMeTpun OTHOCUTETb-
HO paccMaTpUBaeMbIX IPeoOPa30BaHmii MPUBOJUT K BayKHbIM (usnte-
CKHUM CJICJICTBUAM, TAaKINM KaK 3aKOHbLI COXPaHeHNsl, BBIPOXKICHIE YPOB-
Hell SHeprum KBAHTOBOIW CUCTEMBI, CIIEKTP MaCC YacTHUIl, IpaBuaa oTbopa
n ap. B nmamnom naparpade BBeseM OCHOBHBbIE TIOHATUS TEOPUN TPYIII
JIm npeobpazoBaHmi.

Bynem paccmaTpuBaTh (pusndecKrne BeJIUINHBI & = {xl, 22 .o } B
KavdecTBe KOOPJNHAT HEKOTOporo N -MepHOro npocTpancTsa. Pacecmorpum
B 9TOM IPOCTPAHCTBE HEIPEPLIBHBIE TTPEOOPA30BAHNS BI/IA

" M x/“ — f,LL(xl’ $2, s xNJ Oél, Oéz? Tt Ckp) - flu(x7 Ck)’ <18146)
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2

saBHCAIIIe OT p HapaMerpos a = {al, a?, ..., o}, ¢ HauaIbLHBIME yCIIO-

BUAMN

fH(z; ) =z (1.8.147)
al=a?=..=aP=0
[Iycrs Hapsity ¢ mpeobpasoanusivu (1.8.146) mmeroTcst aHAIOTHIHBIE
npeobpasosanus ¢ napamerpamu 3 = {8, 5%, ..., P}

o 2O g — (e B) (1.8.148)

11 OIIPEeJIe UM TIPOU3BejieHne JByX Ipeodpasosanuii (1.8.146), (1.8.148)
KaK IIpeodpa3oBaHue

o T = P(flaa) B) = frlapl(enB), (18149)
rje 3aJatollie Ipou3BejieHne IByX npeobpasoBanuii Gyukinu (o, )
VJIOBJIETBOPSAIOT TepedncyieHHbiM B maparpade (1.1) rpymnmnoBbiM cBoii-
CTBAM.

Byaem roBopuTh, UTO B IpOCTpaHCTBE 3ajiaHa Ipynna Jlu mpeod-
pas30oBaHuii, ecju B HeM 3aJaHbl HelIPepLIBHbIE IPeo0Pa30BaHusl BUIA
(1.8.146) co cpoiicrsan (1.8.147), (1.8.148), (1.8.149).

[Ipeobpazosannst (1.8.146) MOXKHO TIPeICTABUTH B MH(DUHATEINMAJb-
HOM (T. €. TIPU MAJIBIX [lapaMeTpax) BHje

A iz 00) ~ ot + S M (x) + ..., (1.8.150)
rjie PYHKIIN
o f*(a;
N(z) = w p=1,2,.. Nii=1,2,...p(18151)
O{l

al=a?=...=aP=0
OyJjieM Ha3bIBATH T'eHEPATOPHBIMI (PYHKITUSMI.

[Iycrs @() — HekoTOpast GyHKIHsT KOOPOMHAT . BBemem npeobpa-
soBaHust pyHKINH () COrIACHO OIPeIeIeHIO

o(z) Y @' () = d(a') = D(f(2;0)) = T(a) D(z).  (1.8.152)

[IpeobpasoBannst (1.8.152) MOXKHO TIPeICTABUTH B MH(DUHUTEINMAb-
HOM BHJIE

() = O(f(x;0a)) = T(6a)P(x) ~ (1.8.153)

+ ... =®(x)+ 0’ A; B(x) + ..., (1.8.154)
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rjie

A; = N(2) % (1.8.155)
— nH(MUHATE3UMAILHBIE OLEPATOPLL.

PaccmarpuBast oHOIAPAMETPUYECKYIO HOAPYIILY IIPpeobpasoBaHuii
suyia (1.8.146), mapameTpbl KOTOpPbIX siBjsgioTcst pyukinnsgmu (1.3.36)
KaHOHUYECKOTO IapaMeTpa t, JJisl IPOU3BEeIeHIs ABYX TaKuX Ipeodpa-

30BaHUIl IMeeM pPaBeHCTBA

» g<a<t1)>g<a(t2>>I,M:fu(ﬂx; a(t); alts)) = f*(z; a(t + t2)), (1.8.156)

g9(a(t1))g(a(t2))
Plx)  —— D(f(f(zaltr)); alt))) =D(f (z; ats + t2))). (1.8.157)
[Tonoxkus B (1.8.157) t; = t,to = Ot, paznokuM obe JacTu MoJIy-
aeMOI0 PaBEHCTBA 110 0. YUuTbhIBasg, UTO JUHEHHOe 110 dt ciaraeMoe B
PABOIl 4aCTH TOI0 PABEHCTBA sIBJIsieTCs pupalienneM dyakiun @(x')
B IPOU3BOJIBbHOM TOUKe ¢ Koopjmuatamu z'# = fH(x;a(t)), momyaaem
ypaBHenue
dd(x)
dt

rje A; - OIepaTophbl, ompejiessieMbie BoipazkerueM (1.8.155) npu 3amene

= A0 (2), (1.8.158)

B Hem ' — V', Pemenne ypasuenns (1.8.158) MOXKHO IpencTaBuTh B
BIJIE

(' t) = e P(2)), (1.8.159)
rJie BBeJIeHbl KaHOHMYIeCcKHe IapaMeTpbl o corsacto dopmyie (1.3.71).
B nambueiimem mrpux B dopmynax (1.8.158), (1.8.159) moxkHO OI1y-
CTUTb.

MozkHo oKazaTh, 1o Juddepenimaibibe onepatopsl (1.8.155) yio-
BJIETBOPATOT KOMMYTAITHOHHBIM COOTHOIIEHUSAM

A,’Aj — 121]121, = [1212, A]] = Ci-gjzzlk, (18160)
rje cfj — CTPYKTYpHbIE KOHCTAHTHI I'PyHIbI JIu mpeodpazoBanmii.
3 (1.8.160) cienyror ypaBHeHUs JIiJis TeHEPATOPHBIX (DYHKITHIL:

oy O, ON ()
M () 8ny — N(z) o = dj; M (). (1.8.161)

Ypasuenns (1.8.161) M0oKHO paccMaTpuBaTh Kak cucremy uddepeH-
IMUAJIBLHBIX YPABHEHHI [I/I HAXOXK/ICHUsT FeHepATOPHBIX (DYHKIIMI 110 3a-
JIAHHBIM CTPYKTYPHBIM KOHCTAHTAM I'PYIIIL! JIu npeobpasoBamuii.



I'maBa 11

Anrebpsr JIn

2.1. I'pynna JIn u ee anaredopa JIu. Ilomaarebpa,
MHBapMaHTHas IogaJjireopa. Anreopsr Jlu
IIPOCTHIE U TMOJIYIIPOCTLIE

Kax ObL710 10Ka3aHO B HpeJbLIyIeil IyiaBe, 3JieMeHThbl rpymibl JIn
MOTYT OBITH BhIpazKeHbI Uepe3 reHepaTopbl TPYIIIIHI @;, HAIIpUMep, B BUJIe
9KCIIOHEHT OT I'€HEPATOPOB, CBEPHYTHIX C COOTBETCTBYIONMIUMHI UM KaHO-
Hudecknmu mapamerpamiu. Kak mokazano B naparpadax (1.2), (1.3),
rerepaTopsl (1.3.69) rpyrmbt JIu yiaoBIeTBOPSIOT KOMMYTAIIHOHHBIM CO-
OTHOTIIEHUSIM

lai, a;] = cfj a, (2.1.1)
e cfj ~ CTPYKTypHbIe KoHCTaHThl Ipymmbl Jlu. IIpu srom, kak 510
nmokaszano B maparpade (1.4), cTpyKTypHbIE KOHCTAHTHI cfj olpe/iesIs-
I0T 3aKOH YMHOKEHHsI KOHEUHBIX 9JIEMEHTOB I'pymiibl JIu B HEeKoTopoit
CBABHOI 00/1acTH, cojlepKalieil e IMHIIHBII 371eMeHT TPYIIIIbI.
Takum 06paz3oM, u3ydenue CBOCTB rpyibl JIu MoxKeT ObITh CBEeHO
K M3YUYEHUIO CBOMCTB ee reHepaTopoB, UX KOMMYTAIMOHHLIX COOTHOIIE-
HUH 1 COOTBETCTBYIOMIUX UM CTPYKTYPHBIX KOHCTAHT.
KoHKperHblil BUJ| reHepaTropoB 3aBUCUT OT BbLIOOpa HapaMerpoB B
rpymie JIn. Ecim or napamerpos o = {at, o2, ..., o} nepeiiti K HOBBIM

2, ..., a’”} o dopmysiam

=a? = .. =a"?) =ad(d), (2.1.2)

napamerpam o = {al, o/

o = (ot

TO HOBDLIE T€HEPATOPDI, OIPEJEICHHBIC 10 OTHOIICHNIO K HOBBLIM Hapa-
MerpaM o Kak

| dgla(a)

P = : : (2.1.3)
oo/ —0
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OyIIyT CBS3aHbI C FeHepaTOPaM @; JUHEHHBIMUI COOTHOIICHUSIMUI
I ],
a; = & aj, (2.1.4)
J 1.5.99
rje MaTpulia nepexoja & oupejesgerca coorHomennaMu (1.5. KaK

. 0dd ()

=1 7 . 2.1.
&= "0 215)

Taxmm 06pa30M, eCTEeCTBEHHO BOBHUKAET HEOOXOUMOCTH PAcCMOTPE-
HIST HAPSILy ¢ TeHepaToOpaMi a; MHOXKeCTBa A X JTMHeTHBIX KOMOMHAIINT
Buga a = £ a;, rie £ — BelecTBEHHBIC WJIH, /T OOJIbIIEH OOITHOCTH,
KOMILJIEKCHBIE 4nciia. Kak n3BecTHO, MHOYKECTBO, JI/Isl 9JIEMEHTOB KOTO-
POro BBEJICHBI Ollepalliil YMHOXKEHUST Ha YNCJIa U CJI0KEHNEe, Ha3bIBACTCS
JINHENHBIM BEKTOPHBIM IIPOCTPAHCTBOM. TakuM 00pa3oM, reHepaTophl a;
I X BCEBO3MOXKHBIE JIMHEHHbIe KOMOMHAIINN BHa a = &' a; 00pa3yioT
JINHEIHOe BEKTOPHOE IIPOCTPAHCTBO, B KOTOPOM I'€HEPATOPHI @; UTPAIOT
poJib Dasuca.

[Ipu sTOM U151 J1I000I#T TTAPHI 3JIEMEHTOB

a=Ea, b:njaj, a€ A be A, (2.1.6)
rie £, 1) — KOMIIEKCHBIE UHCIIa, ONpeJeseHa Ollepalis BLIYICICHI
KOMMYTATOPA,

la,b] = ab — ba (2.1.7)
KaK

[a,b] = [fi ai, aj] = &y lai, a;] = 74 cfjak €A, (2.1.8)

KOTOPBIiT B cumity coorHomenuit (2.1.1) Tak:ke MPUHAJIEKUT MHOZXKE-
cTBY A:

[a,b] =€ A. (2.1.9)
I3 onpegienennst (2.1.7) cieayer, 9T0 UMEIOT MECTO COOTHOIIEHMUST

la,b] = —[b, ], (2.1.10)

la, [b, c]] + [b, [c, a]] + [¢, [a,b]] =0 (2.1.11)
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JIJIs1 JIIOOBIX 3JIEMEHTOB
a=¢&a, b=1aj c=Cay, acAbeA ceA (2112

e € n?, (¥ — BemecTBeHHBIE MM KOMIIJIEKCHBIE YICIIA.

Coornorrerne (2.1.10) orpazkaeT aHTHCHMMETPHYHOCTH OIIEPAIIN BbI-
qUCJIeHIsT KOMMYTaTopa, a coorrorerue (2.1.11) orpakaer HeaccoIma-
TUBHOCTb BBIYUCJIEHUST JIBOITHOIO KOMMYTaTOpa U HOCUT HA3BAHUE TOXK-
nectBa AxKoon.

13 coornomenmit (2.1.10) u (2.1.11) caeaytoT cOOTBETCTBYIOIIIE CO-
OTHOIIIEHHUsI JIJIsT CTPYKTYPHBIX KOHCTAHT

o ==, (2.1.13)
i il + cfm e cii =0, (2.1.14)

IepBOE M3 KOTOPBIX OTParKaeT aHTHCUMMETPHIHOCTh CTPYKTYPHBIX KOH-
CTAHT 10 HUYKHIM HHJIEKCAM, & BTOPOE HOCUT Ha3BaHUe TOXK 1ecTBa Koo
JIUISE CTPYKTYPHBIX KOHCTAHT.

B pesyiabraTe Mbl IpuxoanM K moHaTHio aaredpsr Jln. Asiareopoii JIn
Ha3bIBAETCSI JIMHEHHOE BEKTOPHOE IPOCTPAHCTBO A, B KOTOPOM JIJIsT JTFO-
60it mapbl as1eMeHToB @ € A, b € A onpeneniera OuHapHasi Olepalnst Bbl-
qucaeHnst KoMMmyTaropa [a, b] co ceoiictamu (2.1.9), (2.1.10), (2.1.11).
B sasucnMocTn ot Toro, spisiorca s uncia £ nd, (F B (2.1.12) Be-
IMEeCTBEHHBIMI MM KOMILIEKCHBIMHU, ajrebpa Jlu A HasbpiBaeTcst Belre-
CTBEHHOI Wi KOMILIEKCHOT cooTBeTcTBeHHO. OTMETHM, ITO JIJIs1 HCCIe-
noBaHus CBOiicTB asnredbp Jlu ncrosb3oBanme i KoMMyTaTopa [a, b
ero BbIpazkeHus B Buje (2.1.7) He siBIs€TCST HEOOXOMMBIM, JIOCTATOTHO
suiib ero coiiers (2.1.9), (2.1.10), (2.1.11).

Takum obpasom, rpymmna JIu G mopoxkmaer coro anredopy JInm A,
KOTOpasi 00pa3yeTcsi reHepaTopaMu @; W WX BCEBO3MOYKHBIMU JIMHET-
HBEIMH KOMOMHAIAME BIjla @ = &' a; ¢ 3a/1aBaeMbIMUI CTPYKTYPHLIMHE
KOHCTAHTAMI cfj KOMMYTaImoHHbIME cooTHOMeHusivu (2.1.1), (2.1.8) co
ceoiictBavu (2.1.9), (2.1.10), (2.1.11). C apyroii cTOPOHBI , KaK MbI
nokasayn B naparpade (1.4), cTpyKTypHbIE KOHCTAHTHI cfj orpeieJIsi-
IOT 3aKOH YMHOYKEHWsI KOHEUHBIX 3JIEMEHTOB I'pyIibl JIu B HeKoTOpOIt
CBSI3HOI 00J1aCTH, COJIep Kallell e MHUIHBI 9JIEMEHT I'PYIIbI, T. €. 10

asireope JIn A MO’KHO BOCCTAHOBUTH COOTBETCTBYIOINILYIO €l JIOKAJIbHYIO
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rpymmny JIn. 91y cBa3b Mexkay rpymmnoit JIn G u ee anredpoit Jinm A
OyaeM n3o0paxkaTh Kak

G = A (2.1.15)

HexoTopsie syiemenTsl anreOpsl JIn MOryT B3anMHO KOMMYTHPOBATH
JIpyT ¢ apyroM. MakcnMasbnoe 4nc/io JIMHeRHo He3aBUCUMBIX B3aUMHO
KOMMYTHPYIONINX 3JIEMEHTOB areOps! JIn HazbiBaeTcs panrom ajredpbl
JIm u panrom coorBeTcTBYIOMNIEH eit Tpymmbl JIn.

e anreopor JIu A u A’ naspiBaiorcss n30MOPGMHBIMU, €CJIUT MerK-
JIy JIEMEHTaMI 3TUX aJaredp MOKHO YCTAHOBUTDH B3AMMHO OJTHO3HATHOE
coorsercreue a € A <> a’ € A', Takoe, 9T0 11181 JIIOOBIX

acAdeA, beAsbeA (2.1.16)
NMEIOT MECTO paBE€HCTBa

Ea+nb < (Ca+nb) = &d' + b, (2.1.17)

la,b] <> [a,b] = [d', V], (2.1.18)

rae &, 7 — BelleCTBeHHbIe NI KOMILIEKCHbIE YiCIa. Beiencrsue cooTHo-
mennit (2.1.17), (2.1.18) coorBerctue (2.1.16) saBiagercs JMHEHHBIM 1
COXPAHAIOIIIM TIPABUJIO BBIUYUCJIEHNS KOMMYTATOPOB.

Takoe COOTBETCTBUE MOYKHO 3a/1aTh, YKa3aB €ro MEXK/y 0a3MCHBIMU
ssieMenTami a; u a; anredbp Jlm A uw A’ B Bue

s e A aeA, aecAea A, (2.1.19)
a; +naj < (Ea; +naj)’ = Ea; + naj, (2.1.20)
la;, a5) = ¢ ay, < [as, a5) = [a}, d}] = ¢} a.. (2.1.21)

13 coorromennii (2.1.20), (2.1.21) caemyer, ato m3oMopdHbIE aared-
pot Jlu A uw A" ipu coorsercrBun (2.1.19) mMer0T oJiMHAKOBBIE CTPYK-
i-“j = Z Kaxk cieacrBue atoro, rpymis JIn G n

G', umeromue n30MopdHBIe OPOZKgaeMble nMu aareopot JIln A u A’

TYPHBIEC KOHCTaHTbBI C

JIOKAJIbHO N30MOP(HBI.
Ecom B rpymine G ectb nojrpyiiia

Hcda (2.1.22)
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nopsgjka p’, To, 0603Ha4ast HapaMeTpbl HOAIPYIILl H 1 cOOTBETCTBYIO-
, _

e UM IeHepaTopbl Kak o' u ay coorsercTBento, ¢ = 1,2, ...,p/, s

reHepaToOpOB NOArpYHILl H OyneM nMeTh KOMMYTAIIMOHHBIE COOTHOIIIE-

HIS

/

lair, aj] = cf,j, ay, (2.1.23)

. . /
rie @', ', k' = 1,2,...,p, a ¢, — cTPYKTypHbIE KOHCTAHTBI TIOIDYII-
bl H, 1py 9TOM OYEBUHO, 9TO

& =0 (2.1.24)

v

g K =p' +1,p +2,...,p.
[eneparopsr a;y noarpyiinbl H u ux jinHeiiHble KoMOUHAIINN BHjia b =
¢ a; 0bpasyior B anredpe A moaMHOKeCTBO B

B C A, (2.1.25)
JIJTsT JTI000IT TTaphl 9JIEMEHTOB KOTOPOTO
b=¢"ay, UV =n"ay, beB, VB (2.1.26)
B CIJIY KOMMYTAIHOHHBIX cooTHOIeHuit (2.1.23) ciemyer, 1To
b,b] € B. (2.1.27)

MmuoxectBo (2.1.25) co cBoiictBamu (2.1.26), (2.1.27) HazpiBaeTcst M0/1-
asrebpoit aredbper A. Mexxy noprpytmoit (2.1.22) u nogasredpoit (2.1.25)
nMeer MecTo aHajorndnas (2.1.15) cBs3b

«——

H 5 B, (2.1.28)

Kaxk usBectro, noarpynia H C G HasbBaeTcss HHBApUAHTHON (Wi
CAMOCOTIPSI?KEHHOTH ), eCJTH JJTs1 JIOOBIX 9JIEMEHTOB

geG, he H (2.1.29)
BBIIIOJIHACTCA COOTHOIIICHUE
ghgt=h'€ H. (2.1.30)

Paccmarpuasi coornomienne (2.1.30) npu saementax h ~ e + b + ...,
h ~ e+t +.., 6;uskux K equananomy, u3 (2.1.30) moydaem, 9To st
moboro b € B un yoboro g € G uMeeT MeCTO paBeHCTBO

gbg~ ! =V € B, (2.1.31)
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rjie B — anredpa JIun nnBapuanTHoit mogarpynnsl H. PaccmarpuBast cooT-
womtenne (2.1.31) tpu syemente g &~ €+ a+ ..., OJIU3KOM K € IMHITHOMY,
13 (2.1.31) mostydaem, 910 Jijist JIIOOBIX 3JIEMEHTOB

acA beB (2.1.32)
BLIIIOJIHAECTCA COOTHOIIICHUE
[a,b] =b" € B. (2.1.33)

[Tonanredopa B C A HazbIiBaeTcs MHBAPUAHTHOI, €C/in /115 JII0OBIX b €
B u g € G Boimodasiercs yeaosue (2.1.31) (min jyist g00bIX 971€MEHTOB
(2.1.32) Beinostasierest yeaosue (2.1.33)). Vemosue (2.1.33), B qacTHOCTH,
03HAYAET, ITO

=0 (2.1.34)
i =1,2,...p; 7 =12,..p k' =p +1,p+2, ....p.
[Toarpynma H wasbiBaercst abejieBoil (Wjim KOMMYTATHBHOI), €c/iu
JIIA JTIOOBIX JBYX €€ 3JIeMEHTOB

heH heH (2.1.35)
BBIIIOJIHACTCA COOTHOIIICHUE
hh' = h'h. (2.1.36)

AbGesieBa mHBapnaHTHAas MOATPYIIIA HA3BIBAETCS IIEHTPOM T'DYIIIIBL.
B coorBercrBun ¢ arum nojgairedbpa B HasbiBaercs abesieBoii (Kom-
MYyTATUBHOI), €CJIi JJIst JIIOOBIX JIBYX €€ 3JIEMEHTOB

be B, U €B (2.1.37)
BBIITOJIHAETCA COOTHOIIIEHUE
b, 1] = 0. (2.1.38)

AbesieBa mHBapraHTHAS MMojareOpa HA3BIBACTCS EHTPOM aJredphl.

Kak nzBectno, rpyiira G Ha3bIBaeTCs IPOCTOIT, ec/in B Hell HEeT NHBA-
PUAHTHBIX TOJATPYIII, U HOJYIPOCTOMN, ecjii B Heil HeT abesieBbIX MHBA-
PUAHTHBIX TOATPYIIL. B cooTBeTCTBIM ¢ 9TUMHI OlpejieIeHusIMU aaredpa
JIn A maswiBaeTcsa MpOCTOii, ecyin B Heil HeT MHBAPUAHTHBIX 110JAJre0p,
1 TOJIYIIPOCTOl, ec/in B Hell HeT abesieBbIX MHBAPUAHTHBIX ITOJAITe0p.
Anrebpy JIu Oyem HazbIBATH KOMIIAKTHOMN, €CJIN OHA MOPOZKIAETCST KOM-
nakTHO# rpynmoit JIu. IloHsaTHsT TPOCTOTHI, MOJIYITPOCTOTHI U KOMIIAKT-
HOCTU UT'PAIOT BayKHYIO POJIb B Teopun rpyii u ajuredp Jlu.
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2.2. Jluneiinble ipejicTaBiieHns: aareopn! JIm.
IIpucoennnennoe npeacraBjeHne ajareopsl JIn
1 rpynnbi JIn

JIuneitHbIM 11peicTaBIenneM ajredpnr JIn Ha3biBaeTcs 0TOOparkKeHue
KaykKJIOr0 U3 ee 3JeMEeHTOB a € A B COOTBETCTBYIOIINIT JIMHEHHBIN Olle-
patop Ty,

a— Ty, (2.2.39)
obJtatarolree cpoiicTBaMu
Ea+nb — Teorny = ET, + 1T, (2.2.40)
[a,b] = Tiap = [Tu, T3], (2.2.41)
rie &£, 1 — IPOM3BOJIbHBIE KOMILIEKCHBIE dncia, a € A, b =€ A —

ITPOU3BOJILHBLIE 3JIEMEHTDBI aﬂFe6pbl HI/I, a
[Ta, Tb] = TaTb — TbTa (2242)

— KOMMYTaTOp COOTBETCTBYIONINX UM oriepaTopoB 1, u Ty.
Jist otipeiesiernst orobpazkenus (2.2.39) 10cTaTouHO 3a1aTh 0TOOPa-

xkenne Buja (2.2.39) 11 Kaxk10ro u3 6a3MCHBIX 9JIEMEHTOB @; AJreOphl
JIn:

a; = T, (2.2.43)
Torma orobpazkenue (2.2.39) /711 IPOU3BOIBHOTO 3/1eMeHTa aaredpsl Jln
a=CEa €A (2.2.44)

coryiacHo cBoifcTy (2.2.40) mpumer Buj
a—T,=¢T,. (2.2.45)

Jlerko BujeTh, uTO oneparops! 1y, JOJKHBI YI0BJIETBOPATH KOMMY-
TAIlMOHHBIM COOTHOIIEHUSIM:

[To,, To)) = ¢ T, (2.2.46)
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J11s1 9TOrO 0CTATOMHO, NCHONIB3Ys cBoiicTBa (2.2.40) , (2.2.41), yOemuTh-
s B CIIPABEJIIMBOCTH TIETIOUKN COOTHOIICHHIA:

lai, a;] = ¢ ar, = Ty = [Tor, To)) = T, = i Ty (2.2.47)

J Cij Ak ]

Kaxk Buiimm, KOMMyTAIIMOHHBIE COOTHOIIEHHsI (2.2.46) COBIAIAIOT C KOM-
MyTaIMOHHBIME cooTHOMeHugMu (1.7.143) mist reneparopos A; mpej-
crapjgenuil rpynnsl JIn. [losTomy MoxKHO cauTaTh, 9TO, IOJIO0OHO TOMY
Kak Oa3MCHBbIE 3JIeMeHThI a; ajaredpnl JIu coBlaJaroT ¢ reHeparopamu
cOOTBeTCTBYIOMIEH I'pymibl JIu, onteparopst T, pejicTaBIeHns aaredpbI
JIn coBnamaior ¢ rermeparopamu A; mpejcTraB/IeHUsT COOTBETCTBYIOIIE
rpynnst Jlu, T. e. 9TO

T,, = A (2.2.48)

Jpyrumm ciioBamu, npejcrapiaeHue aaredpol JIn ectecTBeHHO TOPOK 1a-
eTcs peJICTaB/IeHneM COOTBETCTBYIONIEH eit rpytibl Jln.

Ocobyto posb B Teopun ajrebp JIu m rpynm Jlu u ux mpusioxke-
HIUi B (pU3MKe UrpaeT TaK Ha3bIBAEMOEe IIPUCOeTNHEHHOE ITPeICTaBIeHNE.
B nmasmbreitem (BMecTo OyKBBI T, KOTOPYIO COXpaHUM Jijisi 0003HAUTE-
HIUST TPOM3BOJILHOTO TPEJICTABJICHNUST) [I7I1 0O03HAUEHNUST [TPUCOEINHEH-
HOI'O TIpeJiCTaBJIeHnsi Mbl OyjieM HCIojb30BaTh OykBy P. B atux 060-
3HaUeHUsX oToOpazkenue (2.2.43) 17ist IPUCOEIMHEHHOTO [TPe/ICTABICHUST
3AINIIIETCs KaK

a; — Py, (2.2.49)

rje F,, — ollepaTopsl IPUCOEIMHEHHOTO 1Ipe/icTaBeHust aaredbpst JIu.

Omnepatops! P, pu BeIOpaHnHOM Oa3uce B IPOCTPAHCTBE IIPE/ICTaBIe-
HUSI OIICBIBAIOTCS P X P - MATPUIIAMHU, 110 OIIPEICICHUIO 3a/1aBacMbIMU
CTPYKTYPHBIMU KOHCTaHTaMU B BHJIC

k_ k
(Pai)j = Cij» (2.2.50)

rie i, j,k = 1,2,...,p, p — pasmepHocTb aarebpst JIn (coBnajatomnias c
HOPSIJIKOM COOTBETCTBYIOMIEH eii rpytiibt JIun).

JLst mpou3BOILHOTO d1eMenTa aarebpel JIn (2.2.44) Gyaem nmerhb
oToOparKeHme

a— P,=¢P,, (2.2.51)
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rje onepatop P, orpejensdeTcs ero MaTpuieit

(P)k =gt (2.2.52)

J vy”

[Tokazkem, aTo orobpaxkenme (2.2.51), (2.2.52) neficTBUTENBHO sIB-
asiercst pejcraBiennem areopor Jlu. [Ing kommyTtatopa (2.1.8) aByx
IPOM3BOJIbHBIX 971eMeHTOB (1.4.74) anrebpsr JIn nmeem orobpazkenue

[a,0) = Py = Peiypck o, = £ 1Py (2.2.53)

U3 (2.2.53) nia maTpunp! onepatopa Py, ) HOTydIaeM BbIpazKeHus

(P = P cy(Pa )i = £ e, = (2.2.54)
= '[P, P = [Pa, B (2.2.55)

Pesysbrar (2.2.55) nosy4daercs npuBeieHIeM cojepzkarierocs B (2.2.54)

IPOU3BE/ICHIsT CTPYKTYPHBIX KOHCTAHT C y4eToM uX cBoiicTs (2.1.14),
(2.1.13) x BuIy

CiiCin = —(ChaChi + Cnicily) = clich, — Chici, = (2.2.56)
= (P, Py, — Py, P, = [P, P, ] (2.2.57)

N3 (2.2.53), (2.2.54), (2.2.55) caemyet, aTo
[CL, b] — P[a,b] - [Paa Pb]? <2258>

T. e. oTobpazkenue (2.2.51), (2.2.52) neficTBUTENBHO ABIACTCS TIPEICTAB-
JeHneM aJjreopsr Jlu.

[Ipucoenuennoe mpencrasienne ajaredpol JIm MOKHO peasn3oBaTh
KaK COBOKYITHOCTH IPe0Opa30BaHUil HaJl 9JIeMEHTaMU CaMoil ajredpbl
Jlu, paceMarpuBaeMoii B 9TOM OTHOIIEHUN KAK IPOCTPAHCTBO TPEJICTAB-
nenust. JleficTBUTENBHO, MYCTH

b=n'a; € A (2.2.59)

— IPOU3BOJILHLIN dj1eMeHT aareOopol Jlu A, KOTOpbIiI MOXKHO paceMar-
pUBAThL KAK BEKTOD B JIMHEHHOM BEKTOPHOM IIPOCTPAHCTBE, KOTOPLIM
sBJisiercs cama airebpa Jln A. Onpenenum npeobpazosanus P, (b) Ha
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BekTOpamit (2.2.59), coorBercTBytomne teMenty (2.2.44) amre6psr Jli,
qepes HaXOKJICHUsT X KOMMYTaTopa B BHJIE

P,(b) = [a, b]. (2.2.60)

JeiicrBuresibHO, geiicTByst ipeobpazoBarueM (2.2.60) npu a = a; Ha
OasucHbIl 2s1eMeHT a; aaredpnl JIu, norydaem, 4ro
k k
P..(aj) = lai, a;] = cijar = (Pai)j aj, (2.2.61)
T. €. MaTpula (Pa)éC paccMaTpUBAEMOro peodpa3oBaHus COBIAIAET
¢ (2.2.50). HeiictByst peobpazosannem (2.2.60) Ha Oa3ucHbIT 77€MEHT
a; asnreOpsl JIu, mosyuaem, 4To

P.(a;) = [a,a;] = [€'a;, a;] = E'az, aj] = Sicfj ap = (Pa);? ag,(2.2.62)

T. e. MaTpuIla npeodbpazosanus (2.2.60) cobnajaer ¢ (2.2.52). [Ipeobpa-
soBanue (2.2.60) mponsBosibHOro BekTopa (2.2.59) MOXKHO 1peICTaBUTh
B BHJIE

Pu(b) = [a,na;] = 0/ (P.)] ax, (2.2.63)

e (Pa);? ompejie/sieTcsi Boipaykenuem (2.2.52).

[Tokaxkem, uto npeobpasosatiue (2.2.60) HeficTBUTENBHO pean3yer
npejcTanienne aareopnl JIn. [Ias sToro paccMorpuM npeodbpasoBaHme
B (2.2.60), cooTBeTCTBYyIOMEE KOMMYTATOPY [a,b] JABYyX s/eMeHTOB
asiredpol JIn u jeiicTBytoliee Ha IPOU3BOJIbHBIN BEKTOp ¢ € A:

Pyi(c) = [[a, b], d]. (2.2.64)

[IpaByto gacth paserctBa (2.2.64), ¢ yaerom cBoiicts (2.1.11), (2.1.10)
1 onpejesenust (2.2.60), MOYKHO TIPUBECTH K BUJLY

[[a,b],c] = —[c, [a,b]] = [a, [b,c]] + [b, [c,a]] = (2.2.65)
= la, [b,q]] = [b,[a, ] = (2.2.66)
= [a, Py(c)] — [b, Pu(c)] = Pu(Py(c)) — Py(Pu(c)) = (2.2.67)

= (P,Py)(c) — (BF,)(c) = [P, B)(c). (2.2.68)
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N3 (2.2.64) — (2.2.68) caemyer, aTo
Poy(c) = [Py, Bl(c), (2.2.69)

T. e. npeobpaszopatue (2.2.60) neficTBUTEILHO Pean3yeT npe/ICTaBIeHIe
aJsireopsl JIn.

[TonsiTie nMpucoe IMHEHHOIO MIpeicTaBIeHus aareopsl JIn MoXKHO pac-
MIAPUTD 0 HOHATHS ITPUCOSINHEHHOIO IpeJicTaBieHns rpynnst JIu. s
9TOr0 PACCMOTPHUM CHadaJja peodpa3oBaHne, OCyIIECTBIIEMOe JIeMeH-
TOM IpyHIbl JIn g Haj sajmemMenTaMu gy 3TOM yKe TPYIIILI, BUJIA

90 = gh = 9909 " (2.2.70)

[Ipeobpasosanust (2.2.70) 06pa3ytoT Tak HA3bIBAEMYTO I'PYIITY BHYTPEH-
HUX aBTOMOPMU3MOB rpynibl JIu.
PaccMoTpuM Terepb 3J1eMeHThI gy, OJU3KNe K e IUHITIHOMY

g e+ag+ ..., (2.2.71)

rje ag — reHepaTop sjeMenta ¢o. Torma npeobpasosanust (2.2.70) Ha
syiemerTamu (2.2.71) MOXKHO IPEJICTABUTE B BHJIE

9o > gy = 9909 " ~ e+ gaog T + ... (2.2.72)

s (2.2.71), (2.2.72) Bujno, uro npeodbpazopatus (2.2.70) WHIYIPYIOT
HaJI dJIeMeHTaMu ag aaredpswl JIu mpeodbpazoBanus Buia,

ap % ay = gagg™" = P,(ap). (2.2.73)
Kak jierko BujieTh, ornepaTopbl
P,(ap) = gapg ™" (2.2.74)
VIOBJIETBOPSIIOT YCIOBUIO
Pyg(a0) = Py, (Py,(ao)), (2.2.75)
T. €. OTOOpakKeHune
g — Py(ap) (2.2.76)

ABJIACTCS IIpeJicTaBIeHeM Ipyel JIu, onepaTopbl KoToporo P, jeii-
CTBYIOT Ha 3JIEMEHTBI ag ajaredpnl JIu camoii rpymmbt JIu. 9to npejcras-
JIeHNe Ha3bIBaeTCs MIPUCOETMHEHHBIM IIpeJicTaBIeHneM IpyIb! JIu.
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st snemenTa g, OJIU3KOTO K €IMHITIHOMY
grRe+a+ .., (2.2.77)
rJe a — reHepaTop dJeMeHTa ¢, peobpasoBanue (2.2.74) paer
Py(ap) = ap + [a, ao) + ... = ap + Py(ap) + ..., (2.2.78)
rJie OIepaTop
P.(ap) = |a, ag] (2.2.79)

COBIIAJIACT C BBEJIEHHBIM panee orepatopom (2.2.60).
[Ipn g = €%, Kax MOXKHO YOEIUTLCS HEIOCPEICTBEHHOI IIPOBEPKOI,
UMeeT MeCTO COOTHOIICHUST

Py(ag) = gaopg ™' = e (ap) = (2.2.80)
1 1
=+ P, + EPQPQ + gPaPaPa + .. (ag) = (2.2.81)
1 1
= ag+ Py(ap) + EPG(Pa(ao)) + gpa(Pa(Pa(ao))) +.... (2.2.82)

2.3. NnBapumanTHag OnamHeiiHag dpopmMma.
®opma Knimara

Bynem rosoputs, aro B anredope JIn A 3ajana ounnneiinas gopma,
eCJIH JIJIs1 JIIOOBIX JIBYX 971eMeHTOB a € A, b € A anredbpsr JIu onpeneena
anciioBast GyHkiwst f(a,b) 9TUX 3J1eMEHTOB €O CBOficTBAMI

f(§a+¢'d,b) =¢f(ab) +E fd,b), (2.3.83)

fla,nb+n't") =nf(a,b) +1'f(a, V), (2.3.84)

rae &,&,n,m — BellecTBeHHDbIE WM KOMILIEKCHbIE YuCIa, & a € A,
a € A be A bV € A— upoussosbuble s1eMeHThl anredpor Jlu.

Ucnosb3ayst jist 91eMEeHTOB @, b ux pasjioxkenust (2.1.6) mo 6a3ucHbIM
SJIeMeHTaM, OMIMHETHYI0 POPMY MOXKHO OIPE/ICTUTh KaK

fla,b) = fi; &'’ (2.3.85)
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rie

fij = flai, ay) (2.3.86)

— Marpula, oupejensiomas dhopmy f(a,b), a £, 1/ — KoopauHATbI
9JIEMEHTOB @, b OTHOCUTE/ILHO BLIOpAHHOIO Ha3uca.

Dopma f(a,b) Oymer HA3BIBATHCS UHBAPUAHTHOL, €C/IH sl 0000
sgementa g € G rpyunsl Jlu G u jo0bix semenToB a € A, b € A
asreopol JInu A dopma f(a,b) yroBreTBopsieT yCJI0BUIO

f(By(a), Py (D)) = f(a,b), (2.3.87)

rae Py(a) — onepanust, orpejie/ieHHast B COOTBETCTBIU C COOTHOIIEHUAIMI
(2.2.74), (2.2.80) — (2.2.82).

Ucnonbsys B (2.3.87) snementsl g = € &~ e + ¢ + ..., Ojuskne K
equHIIHOMY, U3 (2.3.87) mojydaem ycjioBue HHBAPHAHTHOCTH (hOPMBI

f(a,b) B Bute

F(Pua),b) + fa, (b)) = 0 (2.3.88)
wm ¢ yaeroM (2.2.79) B pie

f([e,al,b) + f(a,[c,b]) = 0. (2.3.89)

[Tokazkem, 9TO TpH BBITOJHEHNH YCs0BHs (2.3.88) BBIIOJIHIACTCS I
yesioBue (2.3.87). st 5TOr0 BBEIeM 0fHOIAPAMETPIHIECKYTO TOATPYTITY

gty =e'*,  g(0)=e,  g(1)=yg (2-3.90)

1 pacCMOTPUM OMJIMHEITHYI0 (bopMy BUIa,

f(CL, b; t) = f(Pg(t)(a), Pg(t)(b)) = <2.3.91>

= f(e"(a),e"*(b)) = f(a(t),b(t)), (2.3.92)
e

a(t) = e'(a), b(t) = e'e(b), (2.3.93)

f(a,0;0) = f(a,b),  f(a,b;1) = f(Py(a), Py(b)).  (2.3.94)
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Bajas mapamerpy t majioe npupaienue 0t, u3 (2.3.91), (2.3.92) mo-
Jy4aeM PABEHCTBA

fla, byt +6t) = f(e(t+5t)Pc(a), G(H&)Pc(b)) = (2.3.95)
= f(e"(a(t)), " (b(t))) ~ (2.3.96)
~ f(a(t) + 6tP.(a(t)) + ..., b(t) + 6tP.(b(t)) + ...) = (2.3.97)

~ f(a,bit) + 5t( F(Pla(t)), b(t)) + f(a(t),Pc(b(t))) Yo (2.3.98)
I3 (2.3.95), (2.3.98) ¢ yuerom (2.3.88) ciemyer, aTo

W — F(Pu(a(t)),b(t)) + f(a(t), P.(b(t)) = 0. (2.3.99)

Obpairrierre B HOJTb IpaBoii yacTu ypaaerust (2.3.99) sapisiercs ce/-
crBueM ycosus (2.3.88) st snementos a(t), b(t) u osnauaer, aro f(a, b;t)
B JIEHCTBUTETILHOCTH HE 3aBUCUT OT t W, B 9ACTHOCTH, ITO

f(a,b;1) = f(a,b;0), (2.3.100)

OTKy/la ¢ yaeroM (2.3.94) u caiemyer paBenctso (2.3.87).

Bazknyio posib B Teopun airedp Jlu n rpynn JIn n nx mpusoxkennii
B (pusnKe Urpaer nHBapuanTHas OunHeitnasi (popma Kunmunra g(a, b),
KOTOPYIO MOYKHO OIPEJIENTh KaK

g(aa b) - —TT(Pan) - _(Pa)i(Pb)fa <23101)

rie cuMBoJt 17 (...) O3HAYAET B3sATHE Iy Pa OT MATPUIIBI, CTOSIIEH BHYT-
pu cKOOOK, 3HaK MuHYC B (2.3.101) BBe/IeH /I COMJIACOBAHMSI C OTIPeIe-
JIEHHEM, 9aCTO UCIOJIB3YEMbIM B IPUIOKEHUSIX.

[Ipumensist Boipazkerue (2.2.52) Jisi MATPUIHBIX 3JIEMEHTOB BXO/Is-
mux B (2.3.101) marpur, u3 (2.3.101) ms ssaementosn (2.1.6) mosywaew,
97O

gla,b) = gi; &7, (2.3.102)

rjie MaTpulia g;;, oupeesstonias dpopmy Kuunnra g(a, b), Bbipazkaercst
gepes CTPYKTYPHbIE KOHCTAHTHI I'PYIILL JIu B Buje

gij = —ch. . (2.3.103)
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Ormerum, aro popma Kusunara (2.3.101) saBisgercs cuMMeTpuaHOi
g(a,b) = g(b,a), 4r0 orTpazKkaercss B CUMMETPUUHOCTH ¢;; = (j; €€
maTpuisl (2.3.103).

[Tokaxkem, uto dhopma Kumunra (2.3.101) yiosierBopsieT ycioBuio
MHBAPUAHTHOCTH, B3gToMy B Buje (2.3.89), T. e. uro

9([c,al,b) + g(a, [c,b]) = 0. (2.3.104)

Ucnosb3yst onpeenenne (2.3.101) u cBoiicTso (2.2.58) marpuiy mpu-
COEIMHEHHOTO TIPEJICTAB/IEHN, JIEBYIO YacTh paBeHcTBa (2.3.104) MOXKHO
peodbpa3oBaTh Kak

g([c,al,b) + g(a, [c,b]) = — (TT(P[C’G]Pb) + TT(PGP[CJ)])) = (2.3.105)

= —(T7([R., PPy, + P[P, By])) = 0. (2.3.106)

Obpartenne B HOJIb Bbipazkenus (2.3.106) mpoucxoIuT mocie paCKpbITHs
KOMMYTATOPOB M C YUE€TOM BO3MOYKHOCTU IMUKJIMIECKIX TTePECTAHOBOK
mMaTpuil o 3uakoM tinypa. 13 (2.3.105), (2.3.106) u ciemyer BbIIOJI-
nerne yciaosus (2.3.104).

B saxsouenue naparpada npusejem (6e3 10KazaTe/LeTBa)
kputepuii Kaprana mosynpoctorsl aaredpn JIn. s moaynpocToTsl aJt-

reOpbl JIm HeoOXo MO U jocTaTOvHO, YTOObI popMa Kusurmara ObLia
HEBBIPOXKJIEHHOII, T. €. 9TO0bI

2.4. EauHCTBEHHOCTh MHBAPUAHTHON OMJIMHeiHOl
dopmbl B asredpe JIu mpocToii rpybl

Teopema 2.4. Inpapuanrhast OuymHeiinast hopMma B ajredpe JIu mpo-

CTOIl TPYIIIIBI €IMHCTBEHHA C TOYHOCTHIO JIO YNCJIOBOI'O MHOXKUTEJIS.
[Iycts G — poctast rpytma JIn, A —ee anrebpa JIu u B A cymecrsyer
nHBapuaHTHasi ousuneitnast f(a,b).
Benomorarensnoe yreepxkienne 2.4.1. [Ipucoeaunennoe mpejicranJie-
Hue mnpoctoit rpymimsl JIu G B ee anredbpe JIn A HempuBoanMmo.

s nokazare/nbeTBa yTBepKAeHud 2.4.1 101mycTM MPOTUBHOE, T. €.
9TO paccMaTpUBaeMOe IIPEJICTaB/IeHNE IPUBOJUMO. JTO O3HAYAET, UTO



2.4. EauHcTBEeHHOCTH HHBaApHAHTHON OHJIMHEHHOH popMbl B ajrebpe JIu ... 49

B A mmeercs noanpocrpancTBo Ay C A, takoe uro g1 sroboro g € G
1 J11000ro ag € Ay mMeeT MecTo PaBeHCTBO

P,(ap) = ag € Ay. (2.4.108)

[Tpumensis (2.4.108) K sy1eMeHTY ¢, OJU3KOMY K €IHHUTHOMY, § A3
e+ c+ ..., e ¢ — regepatop vaementa ¢, u3 (2.4.108) moyvaem, 9ro

Pu(a) = [¢,a0) = af € A, (2.4.109)

rjie ag = ay — ay.

Ormernm, aro u3 (2.4.109) cienyer yenosue (2.4.108). [eiictBuresbho,
IIPEJCTABIIsIS 9JIEMEHT ¢ B BUJe ¢ = €, TJe ¢ — MeHepaTop 3JIeMEHTa, (,
1 MCTosb3ys cootHommenns (2.2.80), (2.2.82), nmeem

P,(ap) = gagg™' = e'*(ap) = (2.4.110)

= ap + P.(ap) + %PC(PC(aO)) + %PC(PC(PC(G()))) + ... (24.111)

Benencrsue yemosus (2.4.109) kazkioe ciaaraemoe B (2.4.111) asigerca
9JIEMEHTOM TIO/IITPOCTPaHCTBa Aj, B pesysbrare dero u3 ycaosus (2.4.109)
ciestyer paBeHcTBo (2.4.108).

[TonnpocrpancrBo Ag siBistercs nogaaredopoit. [leiicTBuresbHo, pac-
CMOTPHUM JIB& MPOM3BOJILHBIX BEKTOPA TOT'O MOAIPOCTPAHCTBA!

al) € Ay, al? € A (2.4.112)

Kaxkoe u3 mux yjosyiersopsier yeyaosuio (2.4.108) u, cieoBaTesbHO,
yesoBuio (2.4.109), 1. e. IMEIOT MECTO COOTHOIIEHUST:

P(al") = [c,al"] € A,, (2.4.113)
P(al?) = [c,al?] € A,. (2.4.114)
[eiictByst oneparopom (2.4.109) wa KOMMyTATOD [a(()l), a(()Q) |, mosyaaem
1 2 1 2
Po([ag’, af”)) = [e, [a", ai]). (2.4.115)

Bxossammuit B (2.4.115) 1BoiiHOIT KOMMYTATOD € HCIIOJIB30BAHNEM CBOTICTB
(2.1.11), (2.1.10) anrebpst JIu mpeobpasyercs K Buy

e [ay, a)] = —([a) [af . ] + [af, [e,ay))) = (2.4.116)

= —[le,al), "] + [[e, V], alP) € A, (2.4.117)



50 I'maBa II.  Asrebpsr JIn

rje MOCJIe/Hee 3aKI0UeHIe CJACIYeT I KazKJO0r0 M3 CJIAracMblX 13
(2.4.113) u (2.4.114) upu ¢ = —|c, aéQ)] nc=|c, a(()l)] COOTBETCTBEHHO.
N3 (2.4.115), (2.4.116), (2.4.117) caemyer, 4TO

P(lal", a?]) € A,. (2.4.118)

U3 (2.4.110), (2.4.111) npu ap = [a)”, a{’] ¢ yuerom (2.4.118) caenyer,
qToO

Py([af”, af”)) € Ao, (2.4.119)
T. €. 4TO
lay”, ag”) € A, (2.4.120)

Coornorrennst (2.4.112), (2.4.120) o3navaor, 9TO MOIIPOCTPAHCTBO Ay
SIBJISETCS TTOTAJIreOPOIL.

C yuerom onpeenennii (2.1.31), (2.2.74) coornorenne (2.4.108) o3ma-
qaeT, 9To nojanrebpa Ay apisercs naBapranTHO. COOTBETCTBYIONIAS
nogaareope Ag noarpynna Hy C G

Hy =5 Ay (2.4.121)

SIBJISICTCl MHBAPUAHTHOM, T. €. rpy1ia G He SBJIsIeTCst IIPOCTOM, YTO 1PO-
TUBOPEYUNT YCJIOBHUIO yTBRepKIennud 2.4.1. Yrrepxkaenue 2.4.1 qokazano.

Yeaosue nasapuantaocT (2.3.87) busmaeiinoit popmor (2.3.85) MoK-
HO IIPEJICTaBUTh B BU/IE

fu &' = fi &, (2.4.122)

"I~ xoopunars BekTopos Py(a), Py(b), oupejiesisiMbie cooTHO-

1k
rae £, n
MIeHUAMN

Py(a) = Py(€'a) = €y (a) = € (P)fay = €hay,  (24.123)

Py(b) = Py(Wa;) = W’ Pyla;) = 1P (Pp)jar = ey (2.4.124)

Ussnexast koopaunarbl &% 0t uz(2.4.123), (2.4.124) u nojcrapiss ux
B (2.4.122), ¢ yueroMm npoussoibnocTH Koopjpunar £ nl uz (2.4.122)
OJTyIaeM yPaBHEH ST JI/Tst MATPUIHDIX 9JIEMEHTOB f;; MATPHILL f B Bujie

fu (B)F(By)S = fij, (2.4.125)



2.4. EauHcTBEeHHOCTH HHBaApHAHTHON OHJIMHEHHOH popMbl B ajrebpe JIu ... o1
rie (P,)F, (Pg)é- — MaTpPUYHbIE 3JIEMEHTbI MATPUIIbL P, TaKzKe ollpe/ieisl-
Mble coorHommenuamu (2.4.123), (2.4.124). Vpasuenns (2.4.125) MoxkHO
3al1caTh B MATPUYHOM BUJIE KAk

(Pg)T fPy=1T, (2.4.1206)
rae (P,)" — marpuna, Tpancnionnposannas K Marputie Py, T.e. ((P)T)} =
(Py)y-

Ypasuenne (2.4.127) nepenuiiem B Buje
fP,=PD,f (2.4.127)
rJie BBEJIEHbI MATPHIIbI

~ -1

P, =((P)") . (2.4.128)

Marpunpr (2.4.128) peamu3yiorT HEKOTOpOe IpejcTaBienne rpymibl Jlun
BCJIEJICTBUE TEMOYKH JIETKO ITPOBEPAEMbIX PaBEHCTB:

Py = ((Py,)") " = (P B)T) = (2.4.129)

- ((PQQ)T<P91)T)_1 - ((Pgl)T)_l((sz)T)_l = 15911592' (2.4.130)

[Ipescraienne, peajusyemoe Marputiamu (2.4.128), HazbIBaeTCs COMPSI-
JKeHHBIM WM KOHTPAIPAJIUEHTHBLIM 110 OTHOIICHUIO K UCXOJIHOMY IIPE/I-
crapjiennio .

Kak noxasano Bblie (cM. yTBepskjenue 2.4.1), upejcrasienue P,
HenpuBOAUMO. MOXKHO II0Ka3aTh, 4TO B 3TOM CJIy4ae [pejCcTaBjieHne Pg
Tozke HenpuBoMo. Takim o6pasom, B paBeHcTBO (2.4.127) BXOAAT MaT-
PUIBI JBYX HELPHBOUMBIX IIpejicTaBienuii Py i ]59 1 B CJIy4ae, ecjii OHI
HEIKBUBAJICHTHBI, MaTpula f BCIEJCTBHE U3BECTHON B TEOPUU IPYIII
BTopoii jiemMbl Lypa mo/izkHa ObI OBITH HYJIEBOIL, UTO IIPOTUBOPEUINO ObI
CIIeJTAHHOMY HaMH IIPE/IOI0KEHIIO O CYIIEeCTBOBAHIE HHBapHAHTHOI
oumneiinoit opmbt f(a,b). Ciegosaressro, npejicrasienns P, u ﬁg
SKBUBAJIEHTHDBI, T. €. CYIIECTBYeT HEBBLIPOXKICHHAsl MaTpuia S, Takas
970

p,=SP,S". (2.4.131)
[Toncrasmss (2.4.131) B (2.4.127), mosydaeM paBeHCTBO
fP,=SP,Sf, (2.4.132)
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13 KOTOPOI'O CJIEJIYeT, YTO
StfpP,=P,Sf (2.4.133)
3 (2.4.133) Besegcrsue neproit gemmbl [lypa caemyer, 9o
STHf=A\I, (2.4.134)
riae A — 9UCJI0BOI MHOXKUTEJb, T. €.

F=A\S. (2.4.135)

Homycrum, aro B A cylecTByer ele ojiHa WHBapPHAHTHAs OMINHET -
Hasi popma

f(a,b) = f;; £y’ (2.4.136)

rie fj; — marpuia, onpenensomas bopmy f'(a,b), a &', 1) — koopanHa-
ThI 9JIEMEHTOB @, b OTHOCUTEJILHO BLIOPAHHOIO Das3iuca.

[Tosropsist st opmbl f'(a, b) paccyrkieHusi, TPOBeJEHHbIE HAMU
st popmbt f(a,b), mogydaem, 9To

ff=Xg, (2.4.137)

riae A — COOTBETCTBYIOIMINI TUCIOBOIT MHOKUTEID, a S’ OlpeesiseTcs
axasiornaueiM (2.4.131) paBencTBoM

p,=SP,S, (2.4.138)

3J1eChb MbI [PUHSIM BO BHUMAHHUE, YTO MaTpHla S, OCYIIECTB/IAIONIAA
SKBHUBAJEHTHOCTH B (2.4.131), BO3MOYKHO, HEeIMHCTBEHHA.,

[TpupaBauBast ApyT ApyTY JieBble dacTu pasencTs (2.4.131) u (2.4.138),
HOJIyYaeM COOTHOIICHIE

SpP,St=5P5"", (2.4.139)
13 KOTOPOI'O CJICJLyeT PABEHCTBO

S'SP,=P 5SS (2.4.140)
3 (2.4.140) Besencrsue nepsoit emmbl Hlypa cieyer, 1o

SS =\'1, (2.4.141)
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rie \ — 4nceaoBoii MHOXKUTEIb, T. €.

g_1

=3 5 (2.4.142)

[Moncrasmsis (2.4.142) B (2.4.137) u yuaurbiBas (2.4.135), nmoaydaem, 9To

fets=2

T. €., JeficTBUTeNIbHO, B ajrebpe JIu mpoctoii rpyibl 1Be nHBapruaHTHbLIE
dbopmbt f(a,b) u f(a,b) OTIUIAIOTCST TOJBKO YHCTIOBBIM MHOKHUTEIEM.
Teopema 2.4 noxazana.

B kauecTBe cjencTBusi 3T0i TeOpeMbl OTMETHM, 4To B ajrebpe Jlu
ripoctoii rpyiisl popma Kumnara (2.3.101), onpejensiemast Takze co-
oraomennamn (2.3.102), (2.3.103), gBiagercd eIUHCTBEHHON € TOYHO-
CTBIO JIO0 YUCJIOBOIO MHOXKHUTEJIsSI MHBAPUAHTHOI OnnHeiitHoi hbopMoil.

2.5. IloaoxkurenbHas onpee/;IeHHOCTh
MHBAPUAHTHOI OmnHeitHoil (dpopMbI
B aJjiredpe JIu KoMOakKTHOI I'PyIIITbI

Teopema 2.5. B BemecrBennoit ajsredpe JIn KoMakTHON IPYIIITbI BCe-
IJ1a MOYKHO BBECTH CUMMETPHYHYIO MOJOXKHUTEJIHLHO OIPEJIe/IeHHYIO MH-

BapUaHTHYIO OMINHEHYI0 dopMy.
[Tycts G — komnakThas rpynna Jlu u A — ee BerecrBennast ajaredpa
JIn. DyemenTsI BeriecTBEHHOI ajiredpol JIn MOXKHO 1IpejicTaBUTL B BUJIE

a=aa, b=p3"a;, acAbeA, (2.5.144)

rie a;, i@ = 1,2, ..., p— 6asuctbie 3jeMeHTsl aaredpsl JIn A (reHepaTopbl
rpyimsl JIu G), a o', 7 — BelecTBeHHBIE YHCTA.
[Tokazkem, uT0 B A MOXKHO BBeCTH OMINHEHYIO (hopMy

fla,b) = fija', (2.5.145)

YAOBJIETBOPAIONIYIO YCJIOBUAM CUMMETPUYIHOCTHU

f(a, b) = f(b, a), T. €. fU = fija <25146)
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IIOJIOZKNTEILHOM Ol e IEHHOCTH
fla,a) >0 ays m06bx @ # 0 (2.5.147)

1 ycJIoBHUIO uuBapuanTHoctu (2.3.87).
Paccmorpum 6ummaeitnyio dpopmy

P
o(a,b) =a'B + B>+ ...+ ol Bl = Z o'l (2.5.148)
i=1
Ouesnno, dopma (2.5.148) cummerputana
e(a,b) = (b, a) (2.5.149)
¥ yJIOBJIETBOPSET YCJIOBUIO HOJIOKUTETBHOI OIPeJIeJIeHHOCTH
e(a,a) >0 mag 006X a # 0, (2.5.150)

OJIHAKO OHA, BOOOIIE TOBOPsI, He SIBJISIETCS NHBAPUAHTHOI, T. €. BhIpaske-
ane p(Py(a), Py(b)), Boobiie rosopsi, saBisteTcs GyHKneit or g'.

[Ipounrerpupyem Beipazkenue o(FPy(a), Py(b)) 1o ¢' B cMbicie un-
terpasia (1.6.108), yI0BI€TBOPSIIOIIErO YCIOBUIO TIPABOMHBAPUAHTHOCTH
(1.6.110), T. e. paccMOTpUM HHTErpaJI

flah) = [ oPyla). Py) dy. (25.151)

[Togprarerpasbroe Beipazkenne B (2.5.151) Besepacrsue yeaosust (2.5.150)
SIBJIAETCS TTOJIOYKUTETHHO OIIPEJIe/IEHHBIM, Mepa MWHTerPUPOBAHNs B WH-
TerpaJie ToyKe MOJIOYKUTEIHHO Olpejiesiena, caeoBaTe/bHO, Ouinneinas
dbopwma, onpeessiemast cooTHoteHneM (2.5.151), siBISeTCst O0KUTE Th-
HO OIPEJICJICHHOI, T. €. yJIoBJIeTBOpsieT ycaosuio (2.5.147).

[Tokaxkem, uro Ommuneiinas dopma (2.5.151) siBjsiercss HHBAPHAHT-
HOIA, T. €. yJI0BJIeTBOpsieT ycoBuio (2.3.87).

meem miocsie1oBaTE/ILHOCTD PABEHCTB

f(Pg(a), Pg<b)) = /@(Pg’(Pgm))v Pg’<Pg<b))) dQ/ = (2-5-152)
— [e(Ppy(a) Pr)) g = 2515

_ / o(Py(a), Py(0))dg' = f(ab). (2.5.154)
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Beipazkernne (2.5.152) cremyer 3 onpegenenns (2.5.151) npu 3amene
a — P,(a),b — P,(b), Bblpazxennue (2.5.153) ciejyer u3 1npejblynero
BCJIeJICTBHE cBOMcTBa (2.2.75) onepaTopos Py (...), Py(...), peanusyioniux
IPUCOEINHEHHOE [IPeJICTaB/IeHNe, HaKOHel, Bbipaxkenue (2.5.154) ciey-
er u3 (2.5.153) BeaesncrBue cpoiictsa (1.6.110) mpaBonmHBapHaHTHOCTH
narerpasa (1.6.108).

3 pasencts (2.5.152) — (2.5.154) cienyer, aro 6unmnneiinas gpopma
(2.5.151) y0BJIETBOPSIET YCIOBUIO

f(By(a), Py()) = f(a,b), (2.5.155)
T. €. sBJIIeTCI UHBAPUAHTHOI.

Taxum obOpa3oM, Mbl IIOKazaJii, 4To OmanHeiiHas dopma, ompeje-
asieMag Beipazkernsmu (2.5.151), (2.5.145), yJaoBIeTBOpsieT YCJIOBHSIM
(2.5.146), (2.5.147), (2.5.155), T. e. gABAAETCSI CUMMETPUYHOMN, T10JIOXKH-
TeJILHO OIpeJiesIeHHON 1 nHBapuaHTHO. Teopema 2.5 moka3aHa.

OTrmeTnM, 9TO MPUBEJIEHHOE JIOKA3ATEILCTBO CYIIECTBEHHO OIUPAET-
CsT HA MOHATHE UHBAPUAHTHOrO uHTerpasa (2.5.151), koropslil B ciiydae
KOMITAKTHOW T'PYIIIBI SABJISIETCS CXOAANUMes. B cirydae HEKOMIIAKTHOM
rpyibst JIn narerpan Bujga (2.5.151), BejencTBie HeOrpaHnIeHHOCTH 00-
JIACTU UHTErPUPOBAHUS 110 ITapaMeTpaM HEKOMIIAKTHOI IPYIIIbI, MOKET
0Ka3aTbhCsl PACXOIAINMCS, U TIOITOMY IIPUBEIEHHOE JI0Ka3aTeTbCTBO, BO-
00111e TOBOPS, JIJIsT HEKOMIIAKTHOW I'PYIIILI JI HETpuMeHnMo.

2.6. CrpykTrypa ajreopnl JIm KoMmakTHOI T'PYIIIbI

[Iycts G — komnakTHas rpymna JIlu u A — ee BerecrBernast aaredpa
JIn. BeisicanM, Kakoit MoKeT ObITH CTPYyKTYypa Ipyibl G 1 ee ajnedpbl A.

Kaxk nokazano B npeabiayinem naparpade, B aaredpe A s j100bIx
nByX ee ajeMenToB a’ € A, a’ € A cymecTByer 10JI0KNTEILHO OLPeIe-
JIeHHasI WHBapuaHTHas ousmneitnast popma f(a’, a”) co coiicTBamu

f(d',a") >0 nna mobuix a’ # 0, (2.6.156)

f(Py(d'), Py(a")) = f(d',a"). (2.6.157)
Pagenctso (2.6.157) ¢ yuaerom coornorennit (2.3.87) — (2.3.89) npuso-
JTAT K PABEHCTBY

f(la,d'],d") + f(d,]a,ad"]) =0, (2.6.158)
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rje a — regeparop sjieMenta g € G .

Homycrum, garo rpymma G — HerpocTasi, T. €. COJEPKUT B cebe nHBa-
puantnyto noarpyiny H C G. loarpynie H B anredpe JIu A coorser-
CTByeT MHBapuaHTHas nojairedbpa B C A, sjeMmeHnTsl KoTOpOit b € B
coryiacto (2.1.33) yJI0BJIETBOPSIOT YCJIOBUIO

0] =b €B nnaseexad € Aube B. (2.6.159)

Paccmorpum sseMenTnl ¢ airedpnl Jlu A, oproroHajbHbE KO BCEM
sneMenTaM b € B unBapuanTHoil nojaare6pol B B CMBICIe MHBAPH-
aHTHON 6umHeiHoit dhopmbr f(a’,a”), . e. yaoBreTBOpsIONITE YCIOBIIO

f(b,c) =0 mus Beex b € B, (2.6.160)

11 0003HAYNM MHOYKECTBO BCEX DJIEMEHTOB ¢, YJIOBIETBOPSIIONINX YCIOBHIO
(2.6.160), wepes C'.

Jlerko ybennThbesi, 9T0 BCaeacTBHe cBoiicTBa (2.6.156) MHOXKecTBa
B u C He umeroT o0IIMX 3JIEMEHTOB, KpoMe HyJieBoro. IIpenosioxKum
poTuBHOE, T. €. uTo rnepecedenue B N C muoxkects B u C nemycroe,
u nyctb © € BN C — ofuH U3 3J€MEHTOB 9TOr0 Iepecedenusi. Torja,
IOCKOJIBKY ojiHoBpeMento € Bux € C', u3 (2.6.160) sz € BN C
nosiyuaeM pasencTso f(x,z) = 0, koropoe Besejctare (2.6.156) Moxker
BBITIOJTHATBCS TOJIBKO JIJIsT HYJIEBOTO 3jieMenTa = 0, T. €. uMeeM cooT-
HOIIECHIE

BNC =0. (2.6.161)

Takum obpasom, anredpy A MOXKHO HpejCcTaBUTb B BHJE IIPSIMOi
CYMMBI

A=B+C (2.6.162)

MHBAPUAHTHOI 110/1a/irebpbl B n opToronajibHoOro K Heit jrornosaenust C'.
[Tokaxkem, uro C' TOKe MHBapuaHTHas mojgaaredbpa. [leiicTBuTe/bHO,
JUIs1 JTIOOBIX 3sieMeHToB a € A, b € B, ¢ € C' uMeeM paBeHCTBa

f(bv [av C]) - —f([CL, b]v C]) - _f(blla C]) =0, (2'6'163)

riae b’ € B. Ilepsoe paBenctso B (2.6.163) ciejyer u3 paserncrsa (2.6.158)
npu a’ = b, a” = ¢, Bropoe — u3 (2.6.159) npu o’ = a, b’ = b" u Tperne —
3 (2.6.160).
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I3 pasencrsa (2.6.163) ¢ yaerom onpepesenust (2.6.160) ciemyer, aro
la,c]=c €C nnascexa€ AuceC . (2.6.164)

Pagencrso (2.6.164) anasorutano pasenctsy (2.6.159) npu 3amene a’ — a,
b — ¢, bV — ¢, B — C u osnagaer, uro C ToxkKe MHBApUAHTHASI
1otaJireopa.

Taxum obpaszom, ecin ajnredpa A HempocTasi, TO OHA MOXKEHT OBITh
passioxkena B Buje (2.6.162) wa nBe naBapuanTHble nogaaredpot B u C'.
[Tpu srom Besregcrsue (2.6.159), (2.6.164) u (2.6.161) umeer mecTo pa-
BEHCTBO

[b,c] =0 aBecexbe BuceC, (2.6.165)

T. e. B pasjoxkennn (2.6.162) Bce ajieMeHThI TOAAIreOpbl B KOMMYTHDPY-
IOT CO BCeMH 3jieMeHTaMi 1ojiaredops C.

Ecmun nopanaredpsr B u C' HenpocTblie, TO KaxKyl0 U3 HEX MOYKHO
Pas3JIOKUTh Ha COJIepKallliecss B HIX NWHBapUAHTHBIE MMOJareOpbl 1 Jia-
JIee TIPOJIOJIZKATh Pa3/I0XKEeHNsT BOSHUKAIONINX NHBAPUAHTHBIX IT0AJIre0p
JIO TIOJIyYEHUsT yzKe ITPOCTBhIX MHBAPUAHTHBIX IOjaaredp, T. €. TaKuX,
KOTOpPBIE yrKe He CojiepxKaT B cebe MHBAPUHTHBIX Mojaareop. Ilpu stom
9JIEMEHTHI KaxK0i 13 MOJIy9IaeMbIX ITPOCTHIX MHBAPUAHTHBIX I10AJIre0P
OyayT BesegacTBue cBoiicTBa (2.6.165) KOMMYTHPOBATH C SJIEMEHTAMIE
BCEX OCTAJILHBIX WHBAPUAHTHBIX TOAJre0P.

Cpeint oJtydaeMbIX MPOCTBIX MHBAPUAHTHBIX 0JIAJIre0p MOI'YT OBIThH
OJIHOMEpHBIE T10JIaJreOpbl, JEMEHTHI KaxKJ0i U3 KOTOPHIX OYIYT KOM-
MYTHPOBaTH C 9JIEMEHTAMH BCEX OCTaJIbHBIX MHBAPpUAHTHBIX I01a/redp,
B TOM YHCJIE U C 3JIEMEHTaMU JIDYTUX OJHOMEPHBIX mojaaredop. Cymma
BCEX TAKIX OJJHOMEPHBIX TTOIaredp Oy1eT 06pa3oBbiBaTh abeIeBy (KOM-
MYTATHBHYO) HHBAPUAHTHYIO TIOAITe0PY, WIN, COTIACHO OIPEIEICHITO
(2.1.37), (2.1.38), mentp aynredpor A.

Taxkum 00pa3zoM, MbI JIOKA3aJ/IU CJIEJIYIONYI0 TEOPEMY.

Teopema 2.6. Anredpa JIn A kommakTHoit rpymmst JIn G npejcras-

JIsieT coboil MPSIMYIO CyMMY
A=A+ A+ ..+ A <26166)
IPOCTBIX MHBAPUAHTHBIX ojaaredp Ay, As, ... 1, BO3MOXKHO, 1IEHTPA

Ag = App + Aga + ..., (2.6.167)
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rie Ao1, Ag2, ... — OJHOMEpPHBIE NHBAPUAHTHBIE 1TOIAJITeOPHI.

Cunencrue Teopembl 2.6. I'pynmna JIn, coorBercTBytomas aiaredpe JIn
(2.6.167) B cmbIcie coornorernst (2.1.15), mpejcrapisger coboit mpsmMoe
IIpOM3BeE/IeHNe

G = Gl X G2 X ... X Go <26168)

IPOCTBLIX KOMIAKTHLIX rpyuil JIu Gy, Ga, ... n abeseBoil nHBapUAHTHOM
OIrpy bl (1eHTpa rpymibl G)

G() = G()l X G02 X oo (26169)

rie Gop, Goo, ... — oJHOIIApaMeTPUIeCKIIe NHBAPHAHTHBIE OIPYIIIIEL.
B coorBeTcTBUM € ONpejieIeHUSIME, NPUBEJIEHHBIMI B KOHIIE ITapa-
rpacda 2.1, mosympocras aarebpa Jlu (1, cooTBeTCTBEHHO, MOJTYTIPOCTAST
rpyiia Jlu) #He comepKuT abe/ieBbIX MHBAPHAHTHBIX HOAAIre0p (CooT-
BETCTBEHHO, a0e/IeBbIX MHBAPHAHTHBIX moArpyi). CrieoBarebHo, mo-
JIyIIpOCTasi KOMIIAKTHas rpyimna JIu mMeeT B IPAMOTO IPOU3BEICHUA

G = Gl X G2 X ... <26170)

pOCTBIX KOMIAKTHBIX rpyni JIu Gy, G, ... 6e3 nenrpa Gy.

[IpencraBienne komnakTHoOil rpymmbsl JIu B Buge (2.6.168) mmpoko
NCIIOJIB3YeTCs B TPUJIOZKEHNSX Teopuu I'pyTil JIu B coBpeMeHHOl KBaHTO-
BOII T€OpUN I10JISI, B YACTHOCTHU IIPU OIIMCAHUN MOJIesIeil B3anuMO/IeIICTBUI
9JIEMEHTAPHBIX YaCTHII.

2.7. Knaccudukalyg IIPOCThIX KOMIIAKTHBIX aJreop
(rpynm) JIn

[Ipu ucnosb3oBannu Teopun rpymi JIun B husmIecKux MpuaoyKeHn-
SX B JIONOJTHEHNE K cTpyKType (2.6.168), (2.6.170) KOMIAKTHBIX I'PYIII
JI HEOOXOMMO 3HATH, KAKUMH MOIYT ObITH T€ MPOCTHIE KOMIAKTHBIE
rpyiibt G, G, ..., KOTOpbIe BXOIAT B pasjoxkenus (2.6.168), (2.6.170)
B BUJI€ COMHOXKUTEJICH.

B teopun anre6p u rpymnm Jlu Obur mosydeH 3aMedaTesbHBIN pe-
3YJIBTAT, IPUBOJAIINIT K MOJTHON KIACCHMUKAIMI TPOCTHIX KOMIAKTHBIX
asrebp JIum 1 COOTBETCTBYIOMINX MM MPOCTHIX KOMIIAKTHBIX rpytil JIm.
Dra KiaacuuKanms CBOJAUTCA K CJICIYIONEMY YTBEPK ICHHUIO.
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JI1obas mpocTast KoMnakTHas ajareopa JIun nzomopdna mbdo ool 13
aJireOp 13 YeThipex OECKOHEUHbIX CePHil TAK HA3BIBAEMbBIX K/IACCUUECKIX
aJsireop JIn

Al, (l Z 1); Bl, (l Z 2); Cl, (l Z 3), Dl, (l Z 4), (27171)
b0 OJTHON U3 MATH UCKIIOUUTEIbHBIX (Min 0co0bix) aaredp Jlu:
Gy, Fy, Eg, Er, Eg. (2.7.172)

Unnekc [ = 1,2, ... y anrebp (2.7.171), Tax ke KaK 1 MHIEKC Y KaxKI0ii
3 aynrebp (2.7.172), o3Havaer paHr cooTBeTCTBYOIIEH aaredpsr J1u.

Kiaccuueckum asire6pam JIu (2.7.171) coorBeTcTBYIOT Y€ThIpe cepuu
KJIACCUYeCKUX KOMIIAKTHBLIX rpyil Jlu:

SU(n), SO(n,R), Sp(n), SO(n,R) (2.7.173)

mpu n=I014+1, n=24+1, n=2l, n=2 CcOOTBETCTBEHHO.

Uckmoanrenbabiv agredpas JIn (2.7.172) cooTBETCTBYIOT HATH UCKJTIO-
YUTEeIbHBIX KOMIAKTHBIX Iyt JIu:

Gy, Fy, Es, Er FEx, (2.7.174)

38 KOTOPBIMHU COXPaHEHBI T€ K¢ 00O3HAYEeHUsI, UTO M JJIS UX aareop
T (2.7.172).

['pynma SU (n) npejcraisier coboit COBOKYITHOCTD CIEIUATBHBIX (T. €.
C paBHBIM 1 olpejieiuTesieM) YHUTAPHBIX 1 X 1 - Marpuil U, Koropbie,
JIeHiCTBYsl B IIPOCTPAHCTBE Pa3MEPHOCTH 7 HA BEKTOPLI X € KOMILICKC-
HBIME KOOpJHaTaMn 7, i = 1,2, ..., n, COXpaHAIOT NHBAPUAHTHBIM CKa-
ngpHoe nponssenenue suga (r,y) = » . (2')*y" ABYX HPOM3BOJIBHBIX
BEKTOPOB I, 1.

['pynma SO(n, R) npejcrapisier coboil COBOKYITHOCTD ClENNAIbHBIX
(T. e. ¢ paBHBIM 1 orpe/ie/TTeIeM ) BEIECTBEHHBIX OPTOIOHATBHBIX 1 X 11
- marpuir O, KOTOpbIe, JIefCTBYsI B IPOCTPAHCTBE Y€THON MJIM HEIETHOI
PA3MEpPHOCTH 1 Ha BEKTOPBI T C BEIECTBCHHBIME KOOPANHATAMH ', i =
1,2, ...,n, COXpAHSIOT HHBAPUAHTHBIM CUMMETPUIHOE CKAJISIPHOE [IPOK3-
Beslenne Buja (T,y) = Y+, &'y" JIByX NPOU3BOJILHBIX BEKTOPOB T, Y.

['pymmia Sp (n) npejcrasiiser coboil COBOKYITHOCTB 1 X 1 - MATPHI]
S, KOTOpble, AeHCTBYsl Ha BEKTOPBI & B IPOCTPAHCTE YETHOTO UUC/Ia 13-
MepEeHUit 1, COXPaHAIOT UHBAPUAHTHON HEKOTOPYIO AHTUCUMMETPUIHYIO
omtnneiinyio GopmMy [z, y] AByX MPOU3BOJIBLHBIX BEKTOPOB T, Y.
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Berecrennbie airebpet kommnakTabix rpyin SU(n), SO(n, R), Sp (n)
MOTYT OBITH PACIIMPEHDbI JI0 COOTBETCTBYIOIINX UM KOMILIEKCHBIX aJl-
re6p. ITosryaaeMbiM KOMILIEKCHBIM aJredpaM COOTBETCTBYIOT HEKOMIIAKT-
uble rpynist SL(n, C), SO(n,C), Sp (n,C).

['pynmna SL(n,C) npeacrapisier coboii COBOKYIHOCTD ClENNATbHBIX
(T. e. ¢ paBHBIM 1 ompejesnTeieM) KOMILIEKCHBIX 1 X 1 - MaTpuly L,
KOTOpPBIE JIEHCTBYIOT B KOMILJIEKCHOM IIPOCTPAHCTBE PAa3MEPHOCTH N Ha
BEKTOPBI T ¢ KOMILIEKCHBIMEI KOOpAuHaTaMu ', i = 1,2, ..., n.

['pymmia SO(n, C') npeacrapiisier coboit COBOKYITHOCTD CIIENNATbHBIX
(T. e. ¢ paBHbIM 1 onpejiesinTe 1eM ) KOMILJIEKCHBIX OPTOIOHAIBHDBIX 1 X 1 -
matpui O, KOTopble JeiiCTBYIOT B IPOCTPAHCTBE YETHON NI HEIeTHOM
PA3MEPHOCTU N Ha BEKTOPbI & ¢ KOMILIEKCHBIMU KOODJAUHATAMU Z', 1 =
1,2,....n.

['pynma Sp (n, C') npejacrasisier coboii COBOKYITHOCTH KOMILIEKCHBIX
n X n - MaTpull S, KOTOpble AefCTBYIOT Ha KOMILIEKCHDBIE BEKTOPLI &
B IIPOCTPAHCTE YETHOIO UMCJIa U3MEPEHUH 7 U COXPAHSAIOT WHBAPUAHT-
HOI aHTHCHUMMETPUYHYIO OmInHeiinyo dbopmy [z, y] AByX mpousBo/ib-
HBIX BEKTODPOB I, Y.

Kaxas uz rpynn SL(n,C), SO(n,C), Sp (n,C) umeer cBou Bere-
crBeHHble POPMBI, U3 KOTOPBIX OJHA COBIALAET ¢ KOMIAKTHON IPyIIIOi
SU(n), SO(n, R), Sp(n) cooTBeTCTBEHHO.

[Tepedern MPOCTHIX KOMIIAKTHBIX aaredp JIu n coOTBETCTBYIOMIMX UM
IIPOCTBIX KOMIAKTHBIX Py JIn ¢ yKazanumeM HX KOMILIEKCHBIX pac-
IMUPEHNIt, BEmeCTBeHHBIX (DOPM U HHBAPUAHTOB IpHUBEAeH B Tabauie 1.

[Ipr HEKOTOPBIX HUBIINX PAHIaX UMEIOT MECTO CJIEIYIONINe U30MOP-
dusmbl anredp JIu m coorBercTBYIONMMX UM rpyi JIu:

By~ Cy <= SO(5,R)~ Sp(4), (2.7.176)

IJle CUMBOJI ~ 0Do3Ha4UaeT m3oMopdusM ajaredp JIn u coorBeTcTBYIONNX
uM rpytuin Jln.
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Tabmuna 1. Kiraccmyeckue anaredbpbl n rpyuist JIn

A | Kommaktnas | CsoiicTBa Komriutekcnoe | BemecrBennbie NuBapuanTo
rpynna G MaTPHIL pacmupenue G’ dopmbI
rpymmsl G rpymmsl G rpytmbr G
A SUm) | (U)U=I| SL(n,C) SU(n) S (af)y
n=1[0+1 detU =1 SU(p,q) S (Y-
ptag=n | =30 @)y
SL(n,R)
SU*(2n)
B, | SOm,R) |(0)'0o=1] SO@n,C) SO(n, R) S 2ty
n=20+1 det O =1 SO(p, q) b aty'—
ptqg=n > i1 Ty
Cy Sp(n) Sp (n,C) Sp(n) [z, y]
n =2l Sp(n, R)
Sp(2p, 2q)
D/| SOm,R) |(0)'Oo=1] SO@n,C) SO(n, R) S 2ty
n =2l detO =1 SO(p, q) b aty'—
ptrqg=n D i1 TY
SO*(n)

2.8. HekoTopsbie obImime cBoiicTBa reHepaTopoB

IIPOCTBHIX KOMIIAKTHBIX I'PDYIIII JIn

[erepaTopbl MPOCTHIX KOMIAKTHBIX rpyti JIn (2.7.173), (2.7.174)
UMEIOT PsJi OOIINX CBOMCTB, KOTOpbIE IIPU OIPEJIeJeHHOM Bbibope Oa-
31COB B asrebpax JIm 9TUX TpyNI MOKHO IPEJCTABUTL B HEKOTOPOM
IIPOCTOM BIJIE.

[Tycts G — npocrasi koMmmakTHast rpyima JIu, A — ee BerecTBenHas
asreopa JIu n

as, 1= 1,2, . P

(2.8.178)

— HEKOTOPhIil Oasnuc B asredpe Jlu A, B KOTOPOM 3JIeMEHTHI aaredpbl
JIn A nmetor Bug paznoxennit (2.5.144).

Kak nokazano B nmaparpade 2.5, B asredpe JIu A MoxKHO BBeCcTH OMIIH-
weitnyto dopmy f(a,b) B Buje (2.5.145), yA0BIETBOPSIONIYIO YCIOBUSIM
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cuvMerprarocTn (2.5.146), mosozkuTesnbHoi onpeetentnoctn (2.5.147)
1 YCJOBUIO WHBAPHAHTHOCTH, KOTOpPOe Mbl BbibepeM B Buje (2.3.89).
Buj cummerpuunoit marpunst fi; = f(a;, aj), oupenensiomeit ¢op-
My (2.5.145), 3aBucut ot BeIGOpa Oasmnca (2.8.178).

[lepeitniem K HOBOMY Oasucy ai, ¢ = 1,2, ...,p, cBa3aHHOMY C Oa3u-
coMm (2.8.178) cooTHOIIEHUSIMU

a; = SFay, (2.8.179)

rje Sf — MaTPUYHBIE 9JIEMEHTHI MATPUIIBI S T1epexo/ia oT basnca (2.8.178)
K Oaszmucy (2.8.179).

Dements anaredpot Jln A ¢ yaerom 6asucos (2.8.178), (2.8.179) mox-
HO IIPEJICTaBUTh B BUJIE PA3JIOXKEHUIT 110 3TUM Oa3nucam Kak

a=a'a=0d"a;, b=p3a;=p3" a;, acAbeA (28180)

rie o', 37 — BemecTBeHHbIe KOOPAMHATHI 3JIEMEHTOB d, b OTHOCUTE/ILHO
basuca (2.8.178), a o'’, 4’7 — KOOpUHATHI STUX 3JIEMEHTOB OTHOCHTEb-
Ho Oaszmnca (2.8.179).

YuaursiBas cpoiicra (2.3.83), (2.3.84) oummneitnoit dbopwmbr f(a,b),
nist syiemenTos (2.8.180) mosyvyaem 6usnneiinyo Gopmy B Buje

fla,b) = fijo'B = fi;a", 57, (2.8.181)
rie
fi; = flaj, ;) = S} fuS] (2.8.182)

— MaTpUyHbIe JeMeHThl MarTputbl [/, onpesgensiomeii dpopmy f(a,b) B
basuce (2.8.179), a fj — MaTpuyIHbIe 3JIEMEHTHI MATPUIILL f, OTpe/IeIsi-
forriedt 9Ty opmy B rcxogaoM Obasuce (2.8.178). Cpsasp (2.8.182) mex iy
marpunaMn f' 1 f MOXKHO IIpejIcTaBUTh B MaTPUIHOM BHJIE KaK

f=5"fS, (2.8.183)

rie ST — Marpuna, TPaHCIOHHPOBAHHAS 110 OTHOIICHHIO K Marpuie S,
k_ (QTyi
T. e. 57 = (S");.
Kax usBectro, npeobpasosanuem mopoous (2.8.183) cuMMerpudHyo
MaTpUILY f HOAXOJSAIIUM BLIOOPOM MaTPHIbI S MOXKHO HPUBECTH K JIa-
rOHAJILHOMY BI/LY

o= 65, (2.8.184)

1)
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DK 9TOM JINATOHAIbHBIE MATPUUHBIE 9JIEMEHTHI f] HOJIOZKUTEIbHBI BCJIE I
crBue cBoficTBa (2.5.147) mostoxkuTebHOI otpeiesienHocTr ¢hopmbr f(a, b),
Te fl >0 g Beexi=1,2,...,p.

Torpma noceayromum epexojgoM or Gasuca (2.8.179) k OGasucHbIM
9JIEMEHTAM @ IyTeM MAaCIITabHOrO MPeodpa3OBaHMUsI

al =d/\/f!, (2.8.185)

i 1
JiUIs MATPUUIHBIX 9JIEMEHTOB fii MaTpHIIbI " dopmbr f(a,b) B 6a3u-

ce (2.8.185) ¢ yuerom (2.8.184) noJsiyuaemM BbIpazKeH1e

= f(al,d") = 5i;. (2.8.186)

i J
B nanbHeiiiem Mbl Oyjiem ucrosib3oBath basuc (2.8.185), B KoTopom
MaTpHUIa MHBApUAHTHON GusnHeitnoit hopmbl mveer Bu (2.8.186), omyc-
Kas P 9TOM ITPUXOBbIE NHIEKCHI Y OA3NUCHBIX 9JIEMEHTOB U Y MaTPUIIHI
MHBAPUAHTHON OMINHEITHO! (POPMBEI.
Taxkum 0Opa3oM MbI MMOKa3aJin, 9To B ajredbpe JIu KoMIakTHO rpy1-
el JIu cymmecTByeT Oasnc

a,i=1,2,...p, (2.8.187)

B KOTOPOM MaTpulla WHBapHaHTHON Owmnnneitnoit dopmbl f(a, b) nmeer
BI,I

fij = [lai,a;) = 6. (2.8.188)

Jlerko BuyeTh, a0 B Gaszuce (2.8.187), (2.8.188) crpyKTypHbIE KOH-
CTAHTBHI TPYIIIE! JIN SBJISIOTCS TTOJMHOCTBIO AHTHCHMMETPUIHBIMU OTHO-
CHTEJILHO [EPECTAHOBOK JIIOOBIX TIap MHIEKCOB. JleficTBuTeIbHO, IpIMe-
Hsisl ycstoBue nuBapuanTHoctn (2.3.89) K OasncHbiM s1emenTam (2.8.187),
(2.8.188), mosrytaeM paBeHCTBA:

flai, a;], ar) + f(ay, [ai, ax]) = (2.8.189)
= f(cyar,ar) + f(aj, cf ap) = (2.8.190)

= fla, a) + & f(aj, an) = ¢ +¢), = 0. (2.8.191)

[Tocnieinee pasenctso B (2.8.191) siBysiercs ciieicTBreM paBeHcTBa (2.8.188)
I 03HATAET, ITO

) =—ct (2.8.192)

150
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T. €. 9TO CTPYKTYPHbBIC KOHCTaHTbI ij C y49€TOM NX aHTUCUMMETPHUIHOCTHU

10 HIZKHUM HHJIEKCAM aHTUCUMMETPUYIHBI OTHOCUTETLHO EePEeCTAHOBOK
JIIOOBIX TTap WHJIEKCOB.
B nasbHeiieM, i1 TOro 4ToObl OTPa3UTh PaBHOIPABUE BCEX TPEX

k. MBI OyJeM HCIOJIB30BATL 000-

NHJAEKCOB Yy CTPYKTYPHBIX KOHCTAHT Cij?

SHa4decHue

k= cijr, (2.8.193)

ij
rie
Cijk = —Cjik = —Cikj = —Chji (2.8.194)

— TIOJIHOCTHIO AHTUCUMMETPUYHBIE CTPYKTYPHbIE KOHCTAHTHI KOMITAKT-
HOIT rpynibt JIu.

B srux obo3HaueHMsIX KOMMYTAIMOHHBIE cooTHOMeHus (1.4.77) st
reHepaTopoOB a; KOMIIAKTHOI T'PYIIIbI JI1 1 KOMMyTaIllmOHHbIE COOTHOIIIE-
aust (1.7.143) ays1 rerepaTopoB A; ee JIMHEHHOTO TpeICTaBIeHIs Oy/IemM
IICATh B BU/IE

[CLZ', CLj] = Cijk: ag, (28195)
[AZ', A]] =Cijk Ak, <28196)

LJIE Cjj J; — IIOJIHOCTBIO AHTUCUMMETPUYHBIC CTPYKTYPHbIC KOHCTAHTBI KOM-
HNaKTHOW Tpynmbl JIu. 37ech u jlajgee MO MOBTOPAIONINMCS MHJIEKCAM
O/IPa3yMeBaETCsI CyMMUPOBAHIIE.

[TycTs Tenieps T — HETPUBOANMOE JIMHEITHOE TIpeJICTaB/IeHIe KOMITAKT-
Hoit rpymmst JIu. Bejem orrepaTop

p
Cr=—)Y AA. (2.8.197)
=1

Jlerko yBueTh, uctoib3ys cBoiicTso (2.8.194), aro
(Cr, A)] = 0. (2.8.198)

Onepatopsl, yaoBjeTBopsitoiiue yeaosuio (2.8.198), Ha3bIBAIOT OllepaTo-
pamn Kasnmupa.
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3 (2.8.198) ¢ yuerom (1.7.136) caemyer, |aTo
Cr, Tyoy] = 0, (2.8.199)

rie Ty(,) — MaTpuIa, COOTBETCTBYIOMmas daeMenty g(«) rpymmb Jlu B
npejcrapiennu 1. [Tockonbky T — HempuBoauMoe TpeacTaBIeHne, TO
3 (2.8.199) BenescrBue mepBoit temmbl Llypa ciepyer, 9o

p
Cr=—Y AA =cr I, (2.8.200)
=1

riae 1) — equnmanas marpuia B npeacrasiennn T, a ¢p — COOCTBEHHOE
sHauenune orneparopa Kasumupa (2.8.197) B npencrasiennu 1.

Jist pyHmaMenTabHOTO TIpejicTaB/ienus cooTHorerne (2.8.200) mve-
eT BUJL

p
= wa = cp I, (2.8.201)
=1

rie 1), ¢p — eunudnas Marpuia n coGCTBEHHOE 3HAYEHHE OIIEPATOPA
Kasumupa B ¢dpyHIaMeHTaJIbHOM IIPEICTaBICHIN.

J11s1 iprcoe inHeHHOTO TIpejicTaBeHs coorHorerue (2.8.200) B mat-
PUYHOM BHJIE JIaeT COOTHOIIEHNE

p
= PPy =caIW (2.8.202)
=1

UM B MOJIPOOHON 3AITICH COOTHOIIIEHME

(Pa)i(Pa)} = ca 6}, (2.8.203)

p
=1

l
(4) ¢4 — enpHmdHAS MaTpHIA U COOCTBEHHOE 3HAYEHHE OePATOpA
Kaszumupa B mprucoe TmHEHHOM TTPeICTABIEHNN.

rie

Ucnonbays onpegenenue (2.2.50), oboznavenne (2.8.193) u cpoiicr-
BO (2.8.194), 3 (2.8.203) mosyvgaem COOTHOIIECHHE IS CTPYKTYDPHBIX
KOHCTAHT IIPOCTOI KOMIIAKTHOI I'PYIIIBLI B BUJIE

Cikl Cjkl = CA Ojj. (2.8.204)
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OrmernM, 4TO0, Kak Jierko BujeTh u3 (2.8.204), cobcTBeHHOE 3HAUEHNE
oneparopa KasuMupa B IPUCOEIMHEHHOM IIPEICTABICHAN HOJI0AKNTEIb-
HO,

ca > 0. (2.8.205)

[TosryunMm 1oJIe3HbIe COOTHOIIEHU, COAEPZKAIIe IIIIyPLl [eHepaTO-
POB IPEJCTABICHUIT W YLl IPOU3BEJACHUI 3TUX reHepaTopos. bepsa
IIIypbl OT JIEBOW U mpaBoil dacreii pasenctBa (2.8.196) u npuHmMas
BO BHUMAaHHUe, 9TO JiIsg MaTpull A; KOHedHoll pa3MepHOCTH HIIIyPhbl UX
KoMMyTaTopoB Sp [A;, A;] = 0, u3 (2.8.196) nosyuaem paBeHCTBO

Homuoxkast paBeHcTBo (2.8.206) Ha ¢jj; U CyMMUDYsI Pe3yJIbTAT 110
nHeKcaM 4, j, ¢ yaerom (2.8.204), (2.8.205) uz (2.8.206) mosyvaem,
970

Sp(A) =0, (2.8.207)

T. e. rereparopol A;, [ = 1,2, ..., p 1100010 JMHEHHOrO MIpeICTaBIeHSsI
IIPOCTOI KOMITAKTHOM I'pymIbl JIu gB/Isi0OTCA OECIITypPOBBIMU MaTpPUIla-
M.

PaccmoTpum Tenephb HITyphI IPOU3BEICHIIT TeHEPATOPOB IIPEICTAB-
nernst T’ rpymmsr JIu. Dnementam a, b, ¢ € A anredbps! JIu B npejcras-
nernn 1 coorsercTByioT Marpunbl A, B, ', coracHO COOTHOIIEHISIM

a=a'a;, - T,=A=a" A, (2.8.208)
b=pa; = T,=B=p3 A, (2.8.209)
c=1"a, = T.=C =" Ay, (2.8.210)

rie A;, i = 1,2, ...,p — reneparopsl npejacrasienus T, a o, B/, v% —
BEII[ECTBEHHbBIE JHCJIA.

MuozxecTBo Marpui Buia A = o A; obpasyior anrebpy Ar remepa-
TOpOB nipejicTapiaenus 1’ rpynmbl JIu. B 9T0it anredbpe 1o aHaI0ruu ¢ aJi-
reOpoit reHepaToOpoB I'PYIIILI JI MOXKHO pean30BaTh IPUCOEINHEHHOE
npezcTanenne ajareopsl JIu rpynnst JIn. [I7s 9Toro Kax oMy 9/1eMeHTy
¢ asreOpot Jlu rpymmst JIu conocraBum oneparop P.(A), aeiicTBytomntumii
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Ha I[IPOM3BOJILHBIN 3emenT A € Ar anreOpol Ar udepes HaxoxKieHne
KOMMYTATOPa, COJIACHO COOTHOIIEHIIO

¢ — P.(A) = [T,, Al = [C, A]. (2.8.211)

Omnpegenenne (2.8.211) 06obiiaer BBeJeHHOE HAMU DaHee OIpeJIee -
aue (2.2.60) mpucoeIMHEHHOTO TIPeICTaBIeH ST, JIefICTBYOIIEro B aareo-
pe JIu rpymmst JIn.

HeiicrByst cornacuo (2.8.211) npu ¢ = a; na 6a3ucHslit ssiement A;
anreOpel Ap, Toydaem, 9To

Po(Aj) = [T, Aj] = [Ai, Aj] = ¢ A, = (Po)} Ay, (2.8.212)

rae marpuna (P,,)} cosnaaer ¢ marpueii (2.2.50).

Ucnionbsys aaredpy Ap renepartopos mupejcrapienns 1 rpyubr Jln,
MOXKHO B ajreope JIu rpynmsl JIu BBecTn OmnHeiinyo dpopmy

sr(a,b) = —=Sp (T, 1y) = —Sp (AB) = siTj o'B (2.8.213)
riae A, B —synementor (2.8.208), (2.8.209) anredpor Ap, a
s;; = —Sp (AiA)) (2.8.214)

— MaTpHIla, COOTBeTCTBYIOMas dopme (2.8.214).
Moo y6emuThest, aro opma (2.8.214) siBisiercss UHBAPUAHTHOI,
T. €. YJIOBJIETBOPSET YCJIOBUIO

st(P.(a),b) + sr(a, P.(b)) = 0. (2.8.215)

J11s1 9TOr0 I0CTATOTHO TPEOOPA30BATH JIEBYIO YacTh paBeHcTsa (2.8.215)
C HOMOIIBIO TEIIOIKH PABCHCTB:

st(P.(a),b) + sr(a, P.(b)) = sr([c,al,b) + sr(a, [c,b]) = (2.8.216)
= —Sp (T[c,a]Tb) — Sp (TaT[c,b]) - (28217)

= —Sp ([T, T.)T, + T,[T., Ty]) = 0. (2.8.218)

Pagencrso (2.8.216) nmeer MecTO BCJIEJCTBHE MPUMEHEHUs ONpEeie-
mng (2.2.60) x onepanusam P.(a) n P.(b), Boipaxkenue (2.8.217) caeayer
13 TIPEJIbIIYIIero BejeacTsue onpejesenus (2.8.213) dopmbr sp(a, b),
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nepBoe BbipazkeHue B (2.8.218) ciieyer u3 MpejblIyINero BCJeJCTBIE
coifcsa (2.2.41) marpun Ti.q Ti.p npencrasiaenus 1 anrebpor Jlm,
paBeHCTBO HYJIO B (2.8.218) MpoucxouT B pe3y/Ibrare PaCKPBITHS KOM-
MYTaTOPOB 1 UCIIOJIL30BaHUS BO3MOYKHOCTHU MNKJINYECKNX IIEPECTAHOBOK
MaTPHUIL 10/ 3HAKOM IIIIypa.

[Tockosbky rpyiia GG mpocTas 1 KOMIIAKTHAS, TO BCJIEICTBUE TEOPe-
Mbl 2.4 nHBapuanTHas onnaeitras dhopma (2.8.213) MoKeT TOBKO dnc-
JIOBBIM MHOYKUTEJIEM OTJINYaThCs OT NHBAPUAHTHON OMIMHEHHO# (DOpMBI

f(a,b) ¢ marpureit (2.8.183), T. e.

S; = S7045, (2.8.219)

rJie S — IPOU3BOJILHBIN YMUC/IOBOII MHOXKUTEJID.

N3 (2.8.214), (2.8.219) nosyuaem cjie/yiome paBeHCTBaA sl Iy~
POB IIPOU3BE/ICHNII IeHepaTOPOB IIPEJICTaBICHUs IIPOCTON KOMIIAKTHO
IDYIIIBL:

Meﬂ{ﬂy KOHCTaHTaMM Cp, ST UMeeTCd COOTHOIICHUEe
Ccr NT = STp, (28221)

rie Ny — pasmeprocts npejcrasienns 1. Coornorenne (2.8.221) cie-
ayer u3 (2.8.200) B pesybrare B3siTHsi 0T (2.8.200) mIypa u HCIOIb30-
Banust coorHornenns (2.8.220). /s npucoeHEHHOTO Mpe/ICTaBIeHUsT
N4 = p u, xak ciejayer u3 (2.8.221), ¢4 = s4.

Kak 0bL10 ormeueno B naparpade 1.6, JjimHeiiHble IIpejcTaB/IeHHSI
KOMIIAKTHOI rpybl JIn 9KBUBaJIeHTHBI YHUTAPHBIM. IMest 9T0 B BuLy,
11eJ1eC000pa3HO BMECTO TeHepaTopoB A; mpexcrapienust 1’ rpymms JIn
BBECTU TeHeparopkl 1 myTeM COOTHOIICHM

A =iT. (2.8.222)

Jst yHUTApHBIX 1pejicTaBienuil BesenacTeue yeaosus (1.7.145) rerepa-
TOpBI 1; Oy/IlyT SPMUTOBLIMU, T. €. YJIOBJIETBOPATH YCJIOBHIO

()" =T (2.8.223)



2.8. HekoTopnle obI1iue CBOHCTBa TeHepaTOPOB IMPOCTHIX KOMITAKTHBIX ... 69

B wactrOoCTH, 1714 PYyHIAMEHTAIHHOTO TTPEJICTABIEHNS NMEEM aHAI0-
ruanblie (2.8.222), (2.8.223) cooTHOMIEHNST:

a; =it (2.8.224)

(t;)" =t (2.8.225)

J1st yobeTBa NCIOJIb30BAHMS TIPUBEJIEM C YIeTOM olpejiesennii (2.8.222),
(2.8.224) nanbosiee gacro ucrnosnb3yembie dopmynbl (1.3.72), (1.7.136),
(2.8.195), (2.8.196), (2.8.200), (2.8.201), (2.8.204), (2.8.207), (2.8.220)

B BUJIE

g(a) = glat,a?,...,a?) = 't (2.8.226)
Ty =T(at, 0% ... ,af) =T (2.8.227)
[ti 5] =t fijntr, (2.8.228)
[T, Ty = i fijn T, (2.8.229)
p
Cr=> TTy=crI7, (2.8.230)
=1
p
> tity=cp 1", (2.8.231)
=1
fivt fiwr = cadij, (2.8.232)
Sp(Th) = 0, (2.8.233)

B dbopmynax (2.8.228), (2.8.229), (2.8.232) fij = —Ciji — HOJHOCTBIO
AHTUCUMMETPUUIHBIE CTPYKTYPHBIE KOHCTAHTHI f MPOCTOI KOMIIAKTHOI
rpytuist Jln.
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Kparknit 0030p KJjiaccmiecKux
rpynon Jln

3.1. I'pynnbl yHUTAPHBIX MaTPUIL

Matpumna U HasbpiBaeTCs YHUTAPHOM, €C/In OHa YIOBJIETBOPSET YCJIO-
BUIO

Ut =ur, (3.1.1)

rjae UT — marpura, SpMUTOBO COUpsizKeHHad K MaTpuie U.
Yeqosue (3.1.1) MOXKHO 3ammcaTh B 9KBUBAJEHTHOM BHUJIE:

UTU=UU" =1T. (3.1.2)

MHOZKeCTBO 1 X N - KOMILIEKCHBIX MATPHII, YAOBJI€TBOPAIOIINX YCJIO-
Buto (3.1.2), obpasytor rpymiy yauTapHbix Marpuil U(n).

Ompeie/InM 91CI0 HE3aBUCHMbBIX BEIECTBEHHBIX [IaPaMeTPOB IPYIIIbI
U(n). IlponsBosibHast KOMILIEKCHast 1 X n - MaTpuiia U cojeprKara Obl
2n? He3aBUCHMBIX BEIleCTBeHHBLIX HapaMeTpoB. Jlesas dacTb MaTpui-
HOro ypaphenus (3.1.2) mpu mpousBOJIbHOI KOMILIEKCHON Marpuie U
SIBJISIETCSL SDMUTOBOIL, T. €. HIMEeT HE3aBUCHMBIMU 1 BEIIECTBEHHDBIX Bbl-
pazkenuil Ha juaronain u (n? — n)/2 KOMILIEKCHBIX BbIpasKeHuii B, Ha-
[IpUMep, IPaBOM OT JMAaroHajIi BEPXHEM TPEYIOJbHUKE 9TONH MATPHIILL.
CrenoBaresibio, MaTpudHoe ypasHerue (3.1.2) 5KBUBAJEHTHO CHCTEME
n+2(n?—n)/2 = n? BerecTBeHHLIX YpaBHeHU 1/t 2n? BeleCTBeHHbIX
napaMeTpos. B pesyibrare us 2n’ BelecTBEeHHBIX apaMeTpoB He3aBl-
cHMBIME ocTafoTcsa 2n? — n? = n? BellecTBeHHLIX IapaMeTpoB. TaKi

obpasoM, rpyia yauTapabix matpuil U(n) nmeer

pU(n) = TL2 (3.1.3)
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HE3aBUCHUMbIX BeIECTBEHHBIX ITapaMeTPOB.
YunuThiBasi, 9TO JIJId IIPOU3BOIBLHOI MaTpuIlbl A clipaBe/inBO paBeH-
CTBO

det (A") = det A, (3.1.4)
13 (3.1.2) moydaem, 9To
|detud|* = 1, (3.1.5)
T. e
detUd = e'"?, (3.1.6)

rje ¢ — BeuiecTBeHHas ¢asa, a pasMepHOCTb N BBEJEHA 3/eCh JJisl CO-
rIacoBaHHOCTH BhipazkeHust (3.1.6) ¢ mocemyomumu (hopMyIaMi.

Takum obpaszom, yautapuyto marpuity U w3 rpyimsl U(n) MOXKHO
LPEJICTABUTL B BUJIE

U=e"?U, (3.1.7)
rie U — n X n - KoMILIeKcHasg MaTpUIa, YA0BIETBOPSIONas YCJIOBUIM

Utu =1, (3.1.8)

detU = 1. (3.1.9)

MHOKECTBO 1 X 1 - KOMILIEKCHBIX MaTPUIL, YAOBIETBOPSIOIINX YCIO0-
Busim (3.1.8), (3.1.9), obpasyior rpymiry crenuajbHbeiX (T. €. ¢ olpe/ie-
qmTesieM, paBabiM 1) yauTapabix Matpur SU(n).

Kaxk nokazaHo Bblllle, yHUTApHAs MATPHIIA, YIOBJIETBOPAIONIAS TOJIb-
Ko yeqosuto Buja (3.1.2), umeer sug (3.1.7) u cojepxut n? Hezapu-
CHMBIX BEIIECTBEHHDLIX I1aPAMETPOB, OAHUM U3 KOTOPBIX SIBJISETCS Be-
mecTBeHHasd dasza ¢. [lapamerp ¢ onpenenser J1eTepMUHAHT MaTPHUITHI
coryacto (3.1.6), u gonosHuTesibHOE K (3.1.2) yeaoBre paBeHCTBa Jie-
TEePMUHAHTA MATPUIBI €MHUIE O3HAYAET (PUKCUPOBAHUE OJHOIO BEIIE-
CTBEHHOI'O Iapamerpa ¢ 3HadernneM @ = 0. CiiesoBaTesIbHO, YHUTAPHASI
MaTpuiia, yaoBiaersopsiomias yeaosusim (3.1.8) u (3.1.9) ogHOBpeMeH-
HO, COTEPKUT n? — 1 He3aBUCHMBIX BEIECTBEHHLIX IapaMeTpos. TaKmm
00pa30M, TpyIIIa ClelUaJbHbIX YHUTapHbIX Marpuil SU(n) umeer

psum =n’—1 (3.1.10)
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HE3aBUCUMBIX BEIEeCTBEeHHBIX [IapaMeTPOB.
Marputipr rpymier SU(n) MOXKHO PEJCTABUTEL B BIJIE

U=el®t (3.1.11)

rie o, i = 1,2, ...,n*— 1 — BellleCTBEHHBIE TAPAMETPBI, & TeHEPATOPHI ¢
VJIOBJIETBOPSAIOT YCJIOBUSIM

=t (3.1.12)

Spt; =0, (3.1.13)

T. €. SIBJIAIOTCS 9PMUTOBBIMI MATPUIIAMI C HYJICBBIM [Ty POM.

Yeaosue (3.1.13) serko nosyants, npumensia K (3.1.11) mecsoxuo
JTOKA3BIBAEMOE JIJIsT TIPOM3BOJILHOM MATPHIBI A KOHEUHOH Pa3sMepHOCTH
PABEHCTBO

det (eA) = ¢4 (3.1.14)

1 yUUTBIBas TPOU3BOJILHOCTD HE3aBUCHMBIX 11apaMeTpoB o,

OrmeruM, aTo yesosue (3.1.13) GecirypoBocTi FeHepaTOPOB TPY b
SU (n) mernocpe/ICTBEHHO CBS3aHO ¢ yesaoBreM (3.1.9) paBencTsa euHmIe
onpejemures Marpur rpytisl SU(n).

O6braHO TeHepaTopb! rpyIibl SU(n) BHIOMPAIOT Tak, ITOOBI

1
Sp(tity) = 5 3 (3.1.15)

T. €. BbIOMpass HOPMUPOBOUHBI MHOXKUTENb Sp B (2.8.234) st reme-
paTopoB (byHJIAMEHTAIBLHOTO TpecTaBiernst rpymmbl SU(n) paBHBIM
SFp — 1/2

[eneparops! GyHIaMeHTATLHONO pejicTaBienns rpyiibl SU (n) yio-
BJIETBOPSIOT KOMMYTAIIMOHHBIM 1 aHTUKOMMYTAIITMOHHBIM COOTHOIIIEHN-
M BUJIA

[ti,t5] =4 fijn tr, (3.1.16)

1
{ti,tj} = dijktk + E 5ij ], (3117)

rzie Besejcrre yeioBus (3.1.15)  fj; 5 — IOJIHOCTBIO AaHTHCUMMETPUYHbIE
CTPYKTYPHbIE KOHCTAHTBL, & d;j} — HOJHOCTBIO CUMMETPHYHBIE d - KOHC-
tantel rpyins SU(n), I — equnndnas Marpuia B GyH/IAMEHTATLHOM
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npejcrasiennn rpymsl SU(n), 11 aHTHKOMMYTaTopa JIByX Marpuil A
u B ucnonb3yercst obosuadenne {A, B} = AB + BA.

Coornorrerne (3.1.16) siBsieTcst OOBITHBIM KOMMYTAIIMOHHBIM COOT-
HOIIeHNeM Jijisd rereparopos rpymibsl SU(n). Coornomternne (3.1.17) sB-
JISIeTCsl CJIeICTBUEM TOTO, UTO IeHepaTopsl t;, i = 1,2, ...,n°> — 1 u enu-

2 uHelino He3aBl-

HUYHas MaTpuiia [ oOpasyroT HoJHBII HAboOp U3 n
CUMBIX MaTPHIL, 110 KOTOPOMY MOYKHO Pa3JIOKUTL JIIOOYIO 1 X 1, - MaT-
pUILy; JIJId aHTUKOMMYTaTOpa {ti,tj} TaKoe pas3JoyKeHne MOXKHO 3allu-
carb B Bujie (3.1.17). KoaddunumenT nepest e uHnaHoit MaTpurieii Jerko
OIPEJIEISEeTCsT B3SITHEM IIITypa 0T obenx dacteil paBexcrsa (3.1.17) ¢
MOCJIETYTONM yieToM paBercTBa (3.1.15).

Bxomgamune B coornormenus (3.1.16), (3.1.17) f - u d - KoHCTAHTBI
rpyibl SU(n) UrpaioT BaxKHYIO POJIb B TEOPUH YHUTAPHBIX MATPUIL 1
ee IPUJIOYKeHNIT B (pU3HKe.

st pyHgaMeHTaaIbLHOro 1 IPUCOEIUHEHHOrO MpeICTaBIeHuil TpyII-

bl SU (n) coorHomennst (2.8.231), (2.8.232) npuHnMaoT Bu

’—1
Ztltl :CF[, <3118>
-1
fikt fiki = cadij. (3.1.19)

[Ipu yeaosun (3.1.15) Bxommme B (3.1.18), (3.1.19) coberBennbie 3ma-
qenust oneparopos Kasumupa B GyHaMeHTaIbHOM U IPUCOEINHEHHOM
npejicTaBenusix rpyimbl SU(n) paBHbI

B n?—1

= 3.1.20
Cr m ’ < >

cqA =M. (3.1.21)

Marpuunbie sjieMeHTbl TerepaTopoB rpymibl SU(n) yaoBIeTBOPSIOT
TaK Ha3bIBAEMOMY COOTHOIICHUIO IOJIHOTBI, KOTOPOE MOZKHO IIPEJICTa-
BUTL B BUJIC

n?—1
1

Z (ti)aﬁ (ti)w ~ 9 (50«5 0By —

1=1

1

n

00 0v5 ), (3.1.22)

rne o, B,v,0 =1,2,...,n.
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st nokazaresnnersa coorHomnenns (3.1.22) mpeBapuTebuo BBeIEM
B JIOIOJIHEHHE K TenepaTopaM t;, @ = 1,2, ...,n%> — 1 maTpuiy

1
tg=—=1I. 3.1.23
0= o (3.1.23)

Torna yciosue (3.1.15) gomyckaer obobiienne u Ha marpuity (3.1.23) B
BUJIC

1
Sp (tu tl/) - 5 5,u1/7 (3124)
e KazKJbli HHEKC IpuHIMaeT n? 3uadenuit i, v = 0,1,2,...,n> — 1.

Marpunpr ¢, @ = 0,1,2,...,n*> — 1 0obpa3yioT NOJIHBII HAOOp W3

n2 JIMHEITHO He3aBUCUMBIX MaTpHul, II0 KOTOPOMY MOXKHO pPa3JIO2KUTb

JO0yI0 . X n - marpuity. I[lycrs M — npousBojibHast n X n - MaTPUIA.
Pazjoxxum ee 1o Mmarpunam t, B Buje

2-1
M= " mut, (3.1.25)
n=0,1,...

Koaddbunuentst m,, paznozkenust (3.1.25) ¢ nomorpto coornommenus (3.1.24)
BBIpazKatoTCst depes Marpuiy M B Buje

my = 2Sp (Mt,). (3.1.26)

[Toncrapmsisg (3.1.26) B (3.1.25), mosrydaeM TOXKJIECTBEHHOE 10 MAT-
PUYIHBIM 3jileMeHTaM MaTpuilbl M paBeHCTBO

M= > 28p(Mt,)t, (3.1.27)

KOTOpoe B OoJiee 1MoAPOOHOI 3aIucu UMeeT BHT
n?—1
Mys = Mpo Y 2(tu) o5 () 5 (3.1.28)
n=0,1,...
Pagencrso (3.1.28) 10/KHO BBITOIHATHCA TOXKJIECTBEHHO IO TIPO-
U3BOJIbHBIM MaTPUUHBIM 3jleMeHTaM MarTpulibl M, jjisd 9TOro JI0JI2KHO
BBIIIOJIHATLCS PABEHCTBO

n?-1
1

D () (b)) 5= - Das 035 (3.1.29)
n=0,1,...
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Beiiensst B (3.1.29) ciaraemoe ¢ ty, epeHOCsT €ro B MPaBylo 4acTb
paBerctBa (3.1.29) u yaursiBast B (3.1.23) MaTpUIbI £y, MBI TPUXO/TIM
K cooTHOIeHmo (3.1.22).

[Ipunsito Hapsiay ¢ reneparopamu t; rpymibl SU(n) BBOAUTH MATPU-
bl \;, CBSI3aHHBIE C {; COOTHOIIEHUSIMI

1
ti= 3N (3.1.30)

Coorrommennst  (3.1.15), (3.1.16), (3.1.17), (3.1.22) B TepmuHax
A - MATPHI] IPHHAMAIOT BI

Sp (A Aj) = 245, (3.1.31)
[Nis Al = 21 fijie A, (3.1.32)
4

n—1

1
D () s (N)5 =2 (8as 05y — ~0ag0y).  (3.1.34)
1=1

3.2. Hekoropsie cBoiictBa marpur] rpyt SU(2), U(2),
SU(3), SU(4)

B nannom naparpade odbcyaum 0OoJiee 1opoOHO HEKOTOPHIE CBOMCTBA
rereparopos u Marpur rpymn SU(2), U(2), SU(3), SU(4).

3.2.1 T'eneparopsr u marpunst rpynn SU(2), U(2). U(2) - nybaersr u ux
CBOMCTBa

leneparopamu rpytmbt SU(2) sIBIASIIOTCST MATPUITHI

1
t; = 57'1', 1= 1,2,3, (3235)

01 0 — 1 0
7'1—<10>,7'2—(2. 0),7’3—<0_1> (3236)

rjie
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— marpuiiet [Haymn. Marpurpt (3.2.36) 66w BiiepBbie B (hu3uKe BBeICHbI
B. Ilaynm misg ommcanus CHWHOBLIX COCTOSIHUI 3JIEKTpPOHA W B 9TOM
caydae 0003HaYalOTCsd KaK 01, 09, 03 COOTBETCTBEHHO.

HemnocpeicTBeHHBIMI BBIK/IAIKAME JIETKO ITPOBEPUTH, ITO MATPUIIBI
[Taymu (3.2.36) yI0BIETBOPSIIOT KOMMYTAIIMOHHBIM 1 AHTUKOMMY TAIU-
OHHBIM COOTHOIIIEHUSIM B BUJIE

75, 7] = 20 €45k Th, (3.2.37)

{7, 75} =205 1, (3.2.38)

IJI€ €} — HOJHOCTBIO AHTHCUMMETPHUIHBLI CUMBOI, €193 = 1. 113 (3.2.37),
(3.2.38) BIJHO, YTO KOHCTAHTEL fi;, rpymuisl SU(2) coBHaIaIor ¢ €, a
d- xoncranTe! rpyuisl SU(2) pasubl mymo, dij, = 0.

N3 (3.2.37), (3.2.38) caeyer ms marpui [aynn coorrnorenne

Ti Tj :(Sij]—i-?;é“,’jka. <3239>

Marpuily KoHedHbIX peobpasoBatuii u3 rpyiibl SU (2) MOKHO 1pe/-
CTaBUTb B BUJE

U=e't=e3%7 =] cos(a/2) + i (n'7;) sin(a/2), (3.2.40)

rJIe pe3y/IbTaT HOJIYYaeTcsl HEeIIOCPEICTBEHHO CYyMMIPOBAHUEM Psiia MAT-
PUYHOfI 9KCIOHEHTBI ¢ ydeToM cpoiicTsa (3.2.39) marpun [Taym, ol —
BellecTBeHHbIE apaMeTphl HpeobpasoBannit, o = /3 (a)2, n' = o' /a.

[IpuseseM elne ojHy IapaMeTpU3AIMI0 MATPUILI KOHEUHBIX IIPE0d-
pazoBanuii u3 rpymuisl SU(2) B Buje

cosf el ¥ sin @ e' 2

U= ( —Sin@ 6_i¢2 COSQ e—i<p1 ) ) (3241)

rJie TpeMsl apaMeTpaMil SABJIA0TCS yroJl 6 i jiBe (asbl ¢1 U pa.
B s1oii mapamerpusanuu MaTpuila KOHEUHBIX PeoOpasoBaHuil u3
rpyumet U(2) Oyger nMerh BH/T

; cosf e’ ¥ sinf e'¥? ;
U=cr ( —sinf e™'¥2 cosf 1% ) =erv, (3.2.42)

T. €. IMeeT JIONOJIHUTEIbHYO 110 cpaBHennu ¢ (3.2.41) dasy ¢, npu 5T0M
detU = e2¥.
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Pacemorpum dyaiamentasbabiil gybser rpymist U(2)

P = ( 2 ) , (3.2.43)

npeobpasyoiuiicss oTHocuTebHO rpytiibl U(2) mo dopmyiie

PP =UDP=eYU. (3.2.44)
[Tocrponm u3 kommonent jybsera (3.2.43) aybser
b=cd* = ( @1 ) : (3.2.45)
— Pt

rge € — aiTuCUMMETPpHUYHad MaTpulla BHAa

- ( R ) | (3.2.46)

E1g = —€91, € = —&! = —¢ L.

[IpeobpasoBanue (3.2.44) BeI3BIBAET IIPeobpaszoBanue aydera (3.2.45)
B BHJIE

P =cd’'=clU e D (3.2.47)

Kax jierko yoeinThest HEMOCPEICTBEHHBIMI BBIKJIAIKAMU, JIJI TPO-
U3BOJILHON 2 X 2 - MaTpuibl U crpaBei/InBO PABEHCTBO

UT el et =detUd* 1, (3.2.48)
113 KOTOPOTO JIJIsl YHUTAPHO#T MaTpuiibl U cjieyer COOTHOIIEHIe
cU et =detU* U, (3.2.49)
B pe3yJibrare dero mnpeobpaszoanue (3.2.47) npuHIMAaeT B
=P =detW’Ud=e "YU . (3.2.50)

[Ipeobpaszosanue (3.2.50) ormaaercs ot (3.2.44) smib hazsoBBIM MHO-
KuTenaeM, B ciaydae rpymnst SU(2) ¢ = 0 n npeobpazosanus (3.2.44) u

(3.2.50) nybseros (3.2.43) u (3.2.45) coBnajaror.
Paccmorpum Tereph JiBa j1yoJeTa:

(1) (2)
o) = ( —‘p%l) ) ;P = ( QB%Z) ) , (3.2.51)
ng2 QB?
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KaKJIbIil U3 KOTOPBIX Tpeobpasyercst 1o dopmysie (3.2.44), 1. e. Kak
PP B =y ¥ = v U g =1,2 (3.2.52)

Ormernm, aro npeobpazoBanns (3.2.52) 0CTABISIOT NHBAPHAHTHBIM
BbIDazKeHIe

[(@W ¢y = pW+p2), (3.2.53)

Oobennaus jyosersr (3.2.51) B MaTpuiry

o g
d=( "1 1), 3.2.54
( o o (3254
npeobpaszoBanus (3.2.52), Kak JIerko IpOBEePUTH, MOYKHO MPEJICTABUTH B
BUJIC
PP =UDP=¢¥UD. (3.2.55)

13 (3.2.55) caeryer, 1T0 cocTaBaeHHOE 13 KOMIOHEHT j1y6/1eToB (3.2.51)
BbIpazKeHHe

d(@W,0?) = ool — Vo) = det & (3.2.56)

pu peobpaszoBanusix (3.2.52) mpeobpasyercst Kak
d(@W, P — q(oV o) = (3.2.57)
= detUd d(@W, PP = /29 q(d) p2)), (3.2.58)

B cayuaae rpynmst SU(2) ¢ = 0, u Beipakenue (3.2.56) spisgercs
nHBaprnanToM rpynel SU(2). OTMeTnM, 970 P HATIMSIUH I OJTHOTO
ny6era @) = ¢?) = @ pupapuant (3.2.56), B oTaMYEe OT HHBAPHAH-
ta (3.2.53), paBen HyJIIO.

3.2.2 T'eneparopsl, [ - u d - KOHCTaHTHI rpynibl SU(3)

[eneparopamu rpytmbt SU(3) sIBISIIOTCST MATPUITHI

ti=-N, i=1,2,..8, (3.2.59)
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rje
010 0 —i 0 1 0 0
M=1100 | x=(4i 00 x=[0-10] (3260
000 0 0 0 0 0
001 00 —i 000
M=l0o00 ], =000 J,xs=[001] (3261
100 i 0 0 010
00 0 L (100
=00 —i |, xx=—[01 0 (3.2.62)
0i 0 V3 \ 00 -2

w

— wmarpuiel Les-Manna. Marpunsr (3.2.60), (3.2.61), (3.2.62) Obuin
BBetenbl M. esii-Mannowm nipu onncanun SUf(3) - cuMMeTpun aJipoHoB,
MPHUBEJIITIEH B UTOTE K TTPEICKA3AHNIO KBAPKOB.

Marpuier esti-Mamma (3.2.60)-(3.2.62) yioBIeTBOPSIOT COOTHOITIE-

HNAM

[Xis Al = 21 fiji A, (3.2.64)
4
{Nis At = 2diji Ak + 3 0ij I, (3.2.65)
; 1

D () s (M) 5 =2 (005 83, — 50as03).  (3.266)

i=1
Bxogsmme B (3.2.64) crpykryphble KoncranTel rpymist SU(3) fiik

I[IOJTHOCTBIO aHTUCUMMETPWUYHBI, 1 UX HE3aBUCHUMbIC, OTJINYHbBIC OT HYJIA
SHa4Y€HHNsA PaBHDBI

fies =1, frar = fass = fos7 = fous = fr16 = fesr = 1/2, (3.2.67)

fiss = fors = V3/2. (3.2.68)

Cogepxxatnnecs B (3.2.65) d - xoncrantsl rpyist SU(3) d;jj, mosHo-
CTBIO CHMMETPUYHBI, I UX HE3aBUCHMBIC, OTJINIHBIC OT HYJIs 3HAUCHHS
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DABHBL:
di1g = dogg = dizs = —dgss = 1/V/3,
dysg = dssg = dggs = —drrs = —1/(2V/3)

dy4g = dyi57 = —dog7 = dos =

= dgas = dgss = —dsge = —dz7r = 1/2.

3.2.3 I'eneparopsl rpynmbr SU(4)

FeHepaTopaMM I'PYIIIbL SU(4) ABJIAIOTCA MaTPUIbI
1 .
t; = 5)\2, 1 = 1,2,...,15,

rJe 1epBble BOCEMb A - MaTpHuL JalOTCd BblpazKE€HUAMU

(3.2.69)

(3.2.70)

(3.2.71)

(3.2.72)

(3.2.73)

e N, 1 = 1,2,...,8 — marpunst [es-Manna (3.2.60)—(3.2.62), a to-

CJICIYIONIIE A - MaTPHUIThI UMEIOT BH]T

000 1 000 —i
0000 000 0
Ao = 0000’A10_ 000 O
1000 i 00 0
0000 000 0
0001 000 —i
Ar = 0000’A12_ 000 0
0100 0i0 0
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0000 000 O
0000 000 O
0010 00i O
100 0
1 {o10 0
)\15_% 001 0 (3.2.77)
000 —3

A - marpuibt (3.2.73)—(3.2.77) rpymniiet SU(4) yI0BIETBOPSIIOT COOT-
womennsam (3.1.31)—(3.1.34) npu n = 4.

3.3. I'pynnbl opTOroHaAJbHBbIX MaTPUI]L

PaccmoTpum n - MepHOe JinHeiiHOe BEKTOPHOE IIPOCTPAHCTBO 1 000-
3HaUNM 4epe3 ', ¢ = 1,2, ..., n KOOPAMHATEI BEKTOPOB 3TOTrO IIPOCTPAH-
CTBa B HEKOTOPOM Oasuce. BBejem B 3TOM IIPOCTPAHCTBE JIMHEIHbIe TIpe-
obpazoBaHuUst

' — 2/ = Li 2" (3.3.78)
[IPEJICTABKUB UX U B MATPUIHOM BHJIE KAK
r— a2 =Lu, (3.3.79)

rje T, ' — CcToOUbl U3 KOOPUHAT BEKTOPOB, L — MaTPUIA COOTBETCTBY-
IOIIEro Mpeodpas3oBaHus.

Beesnem 6usmneiinyio dopmy h(x,y), cocTaBaeHHYIO U3 KOODIAUHAT
JIBYX BEKTOPOB X, 9, B BUJE

h(z,y) = hijz'y’, (3.3.80)

rje h;j — MaTpUyiHbIe 3JIEMEHTBI MaTpulibl i, 3a1ato1eit 3Ty dopmy. Mbl
Oy1eM IpeJIogaraTb, 9TO OIPeaeuTe/Ib MATPULbl A OTJIMYEH OT HYJIS,
T. €. 94TO

det h 0. (3.3.81)
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[Torpebyem, arobbl ipeodbpaszoBanus (3.3.79) ocrassiin hopmy (3.3.80)
MHBAPUAHTHOM, T. €. 4TOObI UMEJIO MECTO COOTHOIIEHHE

h(xz,y) — h(z',y) = h(z,y) (3.3.82)

mist 006X BekTopoB x u y. Torma usz (3.3.82) cieyer ycioBue Ha
matpuity L B Buje

L"hL =h, (3.3.83)

riae LT — mMarpuna, TpaHCIOHHPOBAHHAS 110 OTHOIICHHIO K L.
Paccmorpum Terieph cirydail, Korjaa MaTpuiia h siBJIseTcst CHMMEeTPII-
HOI, T. €.

ht = h. (3.3.84)

KonkperHblil Buj MaTpuilbl h 3aBUCUT OT BbIOOpa Oasuca, Pl STOM
CUMMETPHYHYIO MATPHILY h TOIXOAAIINM BBEIOOPOM Gasmca (BKJIHOUAI0-
M B cebst 1 MactrabHoe TpeobpasoBanie 0a3UCHBIX BEKTOPOB) MOXKHO
IPUBECTU K BUJLY

B ciyuae marpunsr (3.3.85) paBenctso (3.3.83) MOKHO MIPEICTABUTD
B BHJIE

oTo=1, (3.3.86)

riae Jiis 0003HAYeHUsT MaTpPUIL, YIOBJIETBOPIONINX YCI0BHIO (3.3.86),
BMecTo OykBbI L Mbl BBejin oboznadenne O. Marpuipr O, yI0BIeTBO-
pstroriue yesoBuio (3.3.86), HA3BIBAIOTCS OPTOTOHAJBHBIME U 00PA3YIOT
rpyiy O(n). CooTBeTcTBYIOMNIIE UM TPe0bPA30BAHIs OCTABJISIIOT HHBA-
PHAHTHOI JIUArOHAJIBHYIO (POPMY

h(z,y) = leyl (3.3.87)
i=1

C yuerom pasencrsa (3.1.4) n3 (3.3.86) caenyer, uro (det 0)2 =1,
T. €.

det O = +1. (3.3.88)
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Marpurpr O, yiaoiersopsitoriue yeaosmio (3.3.86) u ycioBuio
det O = 1, (3.3.89)

HA3bIBAIOTCS CIHEIIAIbHBIMI OPTOrOHAJTBHBIMI MATPUIIAMIE 1 00Pa3yIOT
rpyiy SO(n). Bemecrsentbie Marputibl O, yA0BJIETBOPSIONINE YCJIO-
Bisim (3.3.86), (3.3.89), obpasyior rpymiy SO(n, R). BoamoxKHbl KOM-
mieKcHble MaTpuiibl O, yiaoiaerBopsiorine yeaosusim (3.3.86), (3.3.89),
KoTopbie obpasyior rpymiy SO(n, C).

Onpejie/inM 91cjI0 HE3aBUCUMbIX BEIECTBEHHBIX [apaMeTpPoOB I'PyIi-
el SO(n, R). Chadasa onpeesnM 9HCI0 HE3aBUCUMBIX BEIIECTBEH-
HbIX mapamerpos rpytibsl O(n, R). [IpoussosbHast BelecTBeHHAST 1 X 7
- matpuna O cojep:kaia Obl n? He3aBUCHMBLIX BEIECTBEHHBIX I1apa-
MeTpoB. JleBast vacTb MaTpudHOro ypasHeHus (3.3.86) mpu Mpou3BoIb-
HOM BemecTBeHHast Marpuiie O SBJsSIeTCs CUMMETPUIHOM, T. €. MMeer
HE3aBUCUMBIMU 7 BelIECTBEHHBIX BbIpazkeHUil Ha juaroHaiu u (n? —
n)/2 BeleCTBEHHBIX BbIDAXKEHUiT B, HAIpUMep, MPaBOM OT JHArOHA-
I BEPXHEM TpeyroJibHiKe 370it Marpuiibl. CiiejoBaTebHO, MAaTPUIHOE
ypasnenue (3.3.86) skpupajentno cucreme n + (n®> —n)/2 = (n? +
n)/2 BeleCTBEeHHBLIX ypaBHeHuil Jijis N BEIeCTBeHHbIX HapaMeTpoB. B

pe3yJjibTare nu3 n2 BE€IIECTBEHHLIX IIapaMeTpOB HE3aBUCHMbIMH OCTalOT-

ca n? — (n®? +n)/2 = (n® — n)/2 BemecTBEHHbIX APAMETPOB, T. €.
rpynna O(n, R) umeer (n? — n)/2 He3aBUCUMBIX BEIIECTBEHHBIX Iapa-
MeTpoB. Yejosue (3.3.88) sBjsiercs CJeICTBUEM MaTPUIHOIO ypDaBHE-
rns (3.3.86), u yeaosue (3.3.89) ne m3mensier ciuemnyioriee u3 (3.3.86)
YUCJIO0 HE3aBUCUMBIX apamerpoB. Takum obpazom, rpynma SO(n, R)

nmeerT

PSO(n,R) = (n* —n)/2 (3.3.90)

HE3aBUCUMbIX BEIIECTBEHHBIX 1apaAMETPOB.
YkazkeM cBoiicTBa renepatopos rpyiibt SO(n, R). Marpurst O rpy-
ot SO(n, R) MOXKHO TIPEJICTABUTE B BUJIE

O =", (3.3.91)

re of, i =1,2, ..., (n? — n)/2 — BelecTBeHHbIC HapaMeTph.
Orpannunsasice B (3.3.91) mepBbIME JIBYMsT UJI€HAMU DPA3JI0KEHUST
9KCIIOHEHTHI B Psijl, u3 ycaoBus (3.3.86) B EPBOM TOPSIJIKE O apaMeT-
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paM o' TI0TydaeM, UTo
(a;))" = —ay, (3.3.92)

T. €. TeHepaTopnl a;, i = 1,2, ..., (n? — n)/2 rpynusr SO(n, R) asisior-
Csl AHTUCUMMETPUYHBIMU BelleCTBEHHBIMU MaTpuiamu. OTMeTHM, 4To
HOCKOJIbKY aHTHCUMMETPUYHBIE MATPHUIILI UMEIOT HYJIEBbIE IIIYPbI, TO
yeasosue (3.3.89) mis marpun Buja (3.3.91), (3.3.92) Besencrsue (3.1.14)
ABTOMATUYECKU BBIIOJIHSIETCS, T. €., KaK OTMEYajoCh BLIIIE, YCIOBHE
(3.3.89) He Jaer JOMOJHUTEIHBHOIO OPAHITIEH ST Ha [TAPAMETDBI IPYIIIIBL.
B kadecTBe mpumepa NnpuBegeM IeHepaTopbl a;, ¢ = 1,2, 3 IpyIIIb
SO(3, R), KoTopble MOXKHO BbIODaTh B BUje (Gi)jk = E€ijk, L€ Eijk —
HOJIHOCTBIO AaHTUCUMMETPUYHDIA CUMBOJL, €193 = 1, T. €. B BUJE

—1 0 10
0 |as=1] -1 0 0 |.(3.3.93)
0 00

0 00
1,&22 00
0 10 0

-1

[ereparopsl (3.3.93) yI0BIETBOPSIIOT COOTHOIIEHISIM

lai, a;] = — €4 ar, (3.3.94)
3
> aa =21 (3.3.95)
=1

3.4. I'pynnbl cuMNJIEKTAYECKIX MATPUIL

B mpejpiiyniem naparpade Mbl pacemorpesu ciaydaii (3.3.84), ko-
raa dopma (3.3.80) 3a1aeTcst CHMMETPUIHON MATPHIIEH, TPUBOIUMON K
Bty (3.3.85), u B pesy/bTaTe MOJYUIIIN B KAUeCTBE TPYIIIBI Tpebpaso-
BaHuil, coxpausiromux dbopmy h(z,y), rpymny SO(n, R).

PaccmorpuM Tereph ciiyuaii, Korga MaTpuna h sBJIsieTCsl aHTHCHM-
METPUYHOI, T. €.

' = —h. (3.4.96)
3 ycnosus (3.4.96) mosydaem paBeHCTBa

det (h") = det h = det (— h) = (—=1)"det h, (3.4.97)
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rje 1epBoe W3 HUX SBJISETCs ciejcTBueM pasencrsa (3.1.4), Bropoe —
caescTBreM yeaoBus (3.4.96) 1 TpeThe — pe3yabTaTOM PACKPBITHSI OTIpe-
nemurestsi. U3 (3.4.97) upu yenosun (3.3.81) caemyer, 1o hopma (3.3.80)
C HEBBIPOZKJICHHON B CMbIC/Ie yeaoBus (3.3.81) aHTHCHMMETPUIHO MaT-
putieii (3.4.96) BO3MOXKHA TOJBKO B IIPOCTPAHCTE YE€THON pa3sMepHOCTH

n=2n (3.4.98)

rnen’ =1,2,3, ... — moboe 1esoe 4ucIIo.

Kak u B ciygae (3.3.84), koukperHbiii Bu Marputibl (3.4.96) 3aBucur
or BeIbOpa basznca. OKas3bIBACTCsI, AHTUCHMMETPUIHYTO MaTpuIty (3.4.96)
HOAXOASIINM BBIOOPOM 0a3mca MOYKHO IIPUBECTH K BULY

/
h— < Y g ) | (3.4.99)

rie
10 -0
r=| %0 (3.4.100)
00 1

— equnnanas n’ X n' - marpuna.
OrmernM, 4TO 1IPU JIPYTOM TOJXO/ISIIEM BbIOOpE Oa3mca aHTUCHM-
MeTpudIHyt0 MaTpuiry (3.4.96) MOXKHO MPUBECTH K BHJLY

h = ( _00 ‘(’) ) , (3.4.101)

rgc o — CUMMeTpUdHad aHTHUJalrOHaJIbHasl ’Il/ X ?’L/ - MaTpula BHAa

0 -0 1
o= 010 . (3.4.102)
1-00

B nanbHeiitmem Mbr OyjieM ucnosib3oBath Marpuily (3.4.96) B Buje
(3.4.99), (3.4.100).
Marpuiisl S, yI0BJIETBOPSIIOIITE YCIOBUIO

SThS =h, (3.4.103)
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riae marpuna b mveet Bug (3.4.99), (3.4.100), HA3BIBAIOTCS CUMILIEKTH-
GeCKUMHU 1 00pa3yioT rpymuiy Sp(n).

Marpuunbie semenTsl MaTpuibl (3.4.99) ynobHO HyMepoBaTh map-
HBIMI HHJEKCAMH KaK hq ¢ gjr, TAe UHIEKCH o, f = 1,2 mymepyior
ook B Marpure (3.4.99), a ungekcwt ¢/, 7" = 1,2,...,n HyMepyor
MaTPUYHBIE 9JIEMEHTHI B KazKJI0M 13 6/10koB. U3 Buma marpuir (3.4.99),
(3.4.100) coemyer , aTo

hai’,ﬁj’ :5aﬁ5i’j’a <34104)

I £, g — AHTHCHMMETPUYIHBIN CUMBOJI, €19 = —€3.1 = 1,611 = €99 = 0.
KoopnHaTel BeKTOpa & TakzKe yiIoOHO HyMepoBaTh MaPHBIM HHIEKCOM
Kak "

B srux oboznavenusix dpopma (3.3.80), (3.4.99), (3.4.100) npuaumaer
BIL

n/

h(z,y) :Z(x”/y%/—x%/y”/) = [z, 9] (3.4.105)

i'=1

U SIBJIAETCH MHBAPUAHTOM IPEe0OPa30BaHUil I'PYIIILI CUMILIEKTHUECKIX
matpui; Sp(n). OrmernM, aro dopma (3.4.105) aHTHCHMMETPUTHA OT-
HOCHTEJIbHO MepecTaHOBKE BeKTOpoB x 1 Yy, h(y,x) = —h(x,y), 910
ITO/TICPKUBACTCST MHOT/IA MCIIOIb3YEMBIM JIJIst Hee 0bo3HaueHneM [z, yl.
Ompesiesinm 061y I0 CTPYKTYPY reHepaTopos rpyimbl Sp(n). [puwn-
Masi BO BHUMaHue Buj (3.4.99) marpuibl h, mpejcraBuM Marpuily S B

BUjIE
/ /
S— ( o ) | (3.4.106)

rie A', B, C", D' —n/ x n' - marpunp!.
[Togcrasst marpuity (3.4.106) B yeaosue (3.4.103), ¢ yaerom (3.4.99),
(3.4.100) u3 (3.4.103) mosrydaem MaTpUIHBIC YDABHEHUST

(ANTC — (CNYTA' =0, (AY'D —(CYTB' =1, (3.4.107)
(BYTC' — (DYTA' = —-I',  (BY'D' —(D)'B'=0 (3.4.108)

st marpun, A, B!, C', D',
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Marpuity S MOKHO IpPEJICTABUTH B BUJIE

i

S=e"Y=¢e"~ (3.4.109)
I' 0 a b
z[+a+...%(0 I’>+(c’ d,>+..., (3.4.110)
rie a = a'a;; a;, i = 1,2,...,p — TeHEPATOPHl, &' — BEIIECTBEHHBIE

napamerpsl, a’, b, ¢, d' —n' x n' - maTpunpl, comepzKalye Mable Ia-
paMerpbl o',

3 paznoxkenns (3.4.110) ciaeayior npuOIMKeHHbIE ¢ TOTHOCTHIO JI0
1ePBOTO MOPsIIKa MaJOCTH 110 [apamMeTpaM o' MaTpudHble DaBeHCTBa

A~T'+d+.., B=~b+.., (3.4.111)

C'=~cd+ .., Dx~I+d+.., (3.4.112)

110CJ1€ MOJICTAHOBKU KOTOPBIX B (3.4.107), (3.4.108) u3 (3.4.107), (3.4.108)
nostygaeM yesosud Ha marpunnl @, b, ¢, d' B Buge

d—(d)Y'=0, (d)Y'+d=0 (V) —V=0 (34113

I3 yenosnii (3.4.113) caepyer, 1o rerepatops a; B (3.4.109), (3.4.110)
OIpeJIeIAI0TCA MaTpulleil Buaa
i a, b,
0= ai:(@, —(a’)T>’ (3.4.114)
re b’ = (V)T, ¢ = ()T — cummerpudnbie MaTpPUIILL.

Kax Bugno uz (3.4.114), Spa = 0 u, ciegoBaTejibHO, ¢ yI€TOM
(3.1.14)

det S =1. (3.4.115)

3 (3.4.114) Jerko ompeieinTh YUCI0 apaMeTpoB rpyibl Sp(n).
Matrpuna a’ comep:xut n' 2 napaMeTpoB, CHMMeTPUYHbIE MATPUILL b 1
d conepxar (n'2 —n)/2 +n' = (n'? + n')/2 napamerpos KaxKjasi,
ciiejiopatesibio, Marpuna (3.4.114) cogepskur n'? + 2(n'? + n')/2 =
2n' 2 4+ n’ napamerpos. Takum obpasom, rpymma Sp(n) umeer

Pspin) = 21" + 1’ (3.4.116)

mapaMeTpos, tae n’ = n/2.
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ITPNJIOZKEHUNE

3agaun m yrpakHeHUs

1. Yb6enurech B cripaBeI/IMBOCTU PABEHCTB:

det (AT) = det A,
(AB)T = BT A",
(AB) ' =B71A™
(ATHT = (AahH™,
Sp(AB) = Sp(BA),

Sp(ABC) = Sp (BCA),

rie A, B,C' —n X n - MaTpHIbL.

2. IIpoBepbTe, YTO MAaTpUUHasg SKCIOHEHTA

t2A? 343
T(t)=1+tA+ - +..=e
2l 3!
sBJIgETCs penienneM JnddepeHnaj bHOr0 MATPUIHOIO yPaBHEHUST
dT(t
®) _ T{#)A,

dt

rie A — He3aBHCsIIAas OT HapaMeTpa t MaTpHIA.

3. Jlokaxkmre paBeHCTBO
det (e?t) = 574,
rjie A — npousBoJIbHASI N X M - MATPHIIA.

4. Haitqure nepsble Tpu wieHa psja Kemmnbemia—Xayciaopda u
IpeJicTaBbTe WX B BUje, npusejeHHoM B (hopmyste (1.5.105). Ucnosb3yst
9TOT pe3yJIbTaT, YOeJIUTECh ¢ TOYHOCTBIO JIO UJIEHOB TPETHEIO MOPsIKA
110 9J1eMeHTaM a 1 b B cripaseyimBoctu pasercTsa (1.5.101).

89



5. Ilokazkure, ncrosnb3ys cpoiicrsa Marpun [aymm 7;, ¢ = 1,2, 3, uTo
U=e2*" =1 cos(a/2) +1i(n'r) sin(a/2),
rje o — BelecTBeHHbIe apaMeTpbl, v = 1/ 2;(a?)?, n' = o' /a.

6. ITokazkure, pemag 2 X 2 - marpuanoe ypasuenne U U = I, aro
IPOM3BOJIbHAS 2 X 2 - YHUTapHas MaTpUIla MOXKET ObITh IIPeJICTaB/IeHa,

B BUJIC
, cosf el ¥ sin @ e' 2
i
U=ce"? ( : ,

—sinf e '¥? cosfh e t¥1

rje 6, ¢, 1 1 Y9 — BEIeCTBEHHbIE YTOJI U (Da3bl.

[Iycrb t;, i = 1,2, ...,n? — 1 — reneparopsl rpymms SU(n).
7. Ilokaxkure, 94TO U3 yCJIOBUS

1
Sp(tity) = 5 0;

cJIelyeT IIoJIHad aHTUCUMMETPUYIHOCTD (CHMMGTpH‘IHOCTB) KOHCTaHT f

(d) rpymmer SU(n).
8. IlokazkuTe, 4TO
1.
Sp(titjty) = 1 (i fijr + diji)-

9. Haityiure KoHcTanTy cg B COOTHOIIEHUH

Z(tztz )aﬁ =Cr 504ﬁ7 &76 - 1727 ey T

i

n?—1
2n

10. Haityure xoucranty ¢4 rpyimst SU(n) B cooTHOIIEHNNT

Z firrfjr = cadij,
il

OtrBer: cp =

Otser: ¢y = n.
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11. Haitgure xkoucranry D rpymnisl SU(n) B cOOTHOIIEHIN

Z diidjn = D 045,
il

n?—4

n

OrBer: D =

12. Ilokazkure, 91O

1
a) > dijr(titits)as = 5 D dag,

ijk
)
b) Z fije(titite)ap = 5 Crca 00

ijk

13. oxazkure, 9T0O
Z dirr = 0.
k
14. Y6enurech B clipaBeIInBOCTU TOXKIECTBA,
[{A7 B}v C] + [{Bv C, }A] + [{07 A}v B] =0,
rie [A, Bl = AB — BA, {A, B} =AB+ BA.

15. JlokazKkuTe TOXKIECTBO

Z(dz’jmfmkl + djkmfmit + deim fmi1) = 0.

m

16. JokakuTe COOTHOIIEHUSI:
a) >ttt 1y
- kb bk — m X

1 1
b) D tititity = 01— - tit;.
k
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