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I'maBa 1

KOHTI/IHyaJII)HI)Iﬁ NMHTEIrpaJI B KBaHTOBOWM
MEXaHUNKe

I'maBHoit 3a1a4eit n3/1araeMoro Huke MeTOAa KOHTHHYAJIbHOIO HHTETPAJIa SIBJISIETCS BhIparke-
HMe OCHOBHBIX OO'bEKTOB KBAHTOBOIM MEXAHHKHU B TEPMHUHAX KJIACCUIECKOI'O TaMUJIbTOHUAHA, HJIN
JlarpaH:KuaHa, 6e3 obpallleHusI K OIlepaTopaM M COCTOSIHUSIM B THJIBOEPTOBOM IIpocTpaHcTBe. 1o
OCHOBHBIMI OOBEKTAMH KBAHTOBOIW MEXaHUKM IIOHMMAIOTCS aMILIATY/Ia II€PexXojia, MaTPpUIHbIE
3JIEMEHTBI (PUBHYIECKUX OIEPATOPOB, B YaCTHOCTH S — MATPHUIILI B KBAHTOBOI 3a/a4e PaCCesHUsL.

2KusnecriocobnocTh MeTojia onpeneasercs 3PPEeKTUBHOCTHIO CIIOCOO0B BBITUCICHUsT BO3HU-
Karoliero mpu BbIpaKEeHUU OCHOBHBIX O6'])€KTOB KBAHTOBOII MeXaHUKI nHrerpaJia 1o ("byHKL[I/IO-
HaJIbHOU Mepe.

Kirrouom K periennto 3Toit 3a/1a9u 0Ka3a/10Ch OCO3HAHIE POJIU JIefCTBUsI B KBAHTOBOI T€OPUH.
Bunorayio K pemtennio 3amaqan mogorresa I1. A. M. upaxk, oqHako 1mepBble BasKHbIE PE3YJIbTATHL B
paMKax KBaHTOBOI MEXaHUKHU U KBAHTOBOI CTATUCTUIECKON MEXaHUKM ObLIU ITOJIYyYEeHBI TO3/Hee
B paborax Peitumana [?| u Peitumana u Kana [?].

B paMkax KBaHTOBOII MEXaHUKM OIEPATOPHBIN METO SABJISIETCS 3aMKHYTBIM, XOPOIIO pa3pa-
6OTaHHI)IM MaTeMaTUYI€CKUM aIlllapaTOM, IIO3TOMY Hp?{MOf/’I HY2KAbI B aJIbTEPHATUBHOM METO/IE
KOHTHHYAJILHOI'O HHTErpaja He Bo3HHKaeT. OIHAKO IPH JajbHEHIEM IPOIBHKEHUN B MeEHEe
paspaboTaHHble (KBAHTOBasi TEOPHsl 110JIsI, KBAHTOBas (DU3MKA KOHJIEHCUPOBAHHOI'O COCTOSTHUSI)
WM TI0YTH He paspaboraHHble (KBAHTOBAsl PEISATUBUCTCKAs CTATUCTHYECKAs (DU3NKA) Pa3/Iesibl
KBaHTOBOI TEOPHUH MPEUMYIIECTBA METO/a KOHTUHYaJIbHOTO MHTErpaJa, TAIIEro YHUBEPCA b
HBIN A3BIK JJIsI OITUCAHNS 9TUX 00JIACTel U MEePEKUIBIBAIOIIETO MOCTHK MEYK Ty HUMU, CTAHOBHUTCSI
BCE 0oJiee SIBHBIM.

B cBoto ogepenb, BOSMOXKHOCTY BHEJIPEHNS allllapaTa KOHTUHYAJILHOIO HHTErPAJIa B COCETHUE
boJiee caoxKHBIE 00J1aCTU OOPUCOBBIBACTCS YK€ B PAMKAX KBAHTOBOW MEXAHUKHU.

B coorBercTBHE C BBINIECKA3aHHBIM MBI IIOCBAIIAEM HACTOSIILYIO IJIABY METOINIECKOMY U3JI0-
JKEHHIO OCHOB armnapara KoHTuHyasbHoro uarerpasia (KIM) B pamMkax caMoro mpocroro pasjesa
KBAaHTOBOW TEOPUU — KBAHTOBOU MEXAHUKMU.



1.1 IlpeacraBiaeHme aMIJINTYAbI IIepexoaa
KOHTUHYaJIbHBIM MHTEIr'PaJioM.
AMnunTyga nepexojia B raMUJIbBTOHOBOI
1 dpeiiHMaHOBCKOI popme

PaccMoTpuM mpocTeiiinyto KBAaHTOBOMEXAHUIECKYIO CHUCTEMY C OJIHOM CTEleHbI0 CBOOOJIBI,
OTMCBHIBAIOIIEIOCS OTePaTOpoM ['aMmuIbTOHA H (P, q). 3mechb ¢, p — orepaTopbl KOOPJMHATHI U Ka-
HOHWYECKHU COIPSI?KEHHOTO UMITYJ/IbCA..

B gactHOCTH, OyMemM UCIOB30BaTh KOHKPETHBIN Brl onepaTopa aMunbToHa:
. P2
(6,0 = 3+ v@). (11)

HpI/I KaHOHUYIECKOM KBaHTOBaHUU OII€PATOPDLI INOJYUNHAIOTCA KOMMYTallMOHHBIM COOTHOIIECHUAM

[p.d) = —in. (1.2)

CobcrBenHble (DYHKIME U COOCTBEHHBIE 3HAUEHHUs OIEPATOPOB § U ) HAXOMSATCS U3 ypPaBHEHMIT
qla) = aqlq), (1.3)
plp) =plp),

rie |q), |p) — cobcrBennble hyHKINKM B JUPAKOBCKUX obo3HaueHusx. CBOHCTBA OPTOHOPMUPO-
BAHHOCTH COOCTBEHHBIX (DYHKIMI B JMPAKOBCKHX ODO3HAYEHUSIX BBIIHUCHIBAIOTCS CJIEILYIOMINM

iy [ i) s
(] ) =amm [ 1) (] =1, 1o
G0y =9 (] = (o] ) = et an

OnpemennM aMIIATYAy nepexona. s aToro mepeiizemM oT MIPEIUHIEPOBCKOrO § K Iefi3eH-
GeproeekoMy () TpeICTaBIEHUIO OIIEPATOPa KOOPIUHATHI:

i(t) = enfltgenHt, (1.8)

! ’ ro
O603HaYMM COOCTBEHHOE COCTOsIHME Ieii3eH6eproBeKoro oneparopag(t ) B MOMEHT ¢ Kak ’q ,t >

q(t')

! !/ / / /
q,t>=q(q,t>, (1.9)
r7e, COrJIaCHO IIPABU/IY IEPexoa OT IIPEIUHIEPOBCKOTO K Ireit3eHOeProBCKOMY IIPE/ICTABICHUIO,

qut/> = enHt q/>. (1.10)
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Ypasuenue (1.9) mveer MecTo, HOCKOJIBKY OHO Hosrydaercs u3 (1.3) mepexomom K reiientep-
FOBCKOMY IIPEJICTABJICHHIO coriacHo npasmiaMm (1.8)-(1.10).

/ ’ /
IIycTb B MOMEHT ¢ YacTHIA HAXOJUTCS B JIOKAJTU30BAHHOM COCTOSTHUH ‘q ,t > ¢ COOCTBEHHBIM
/
3HavUeHneM KoopauHaThl ¢ . Torma amminTyna BepostHocTu nepexoga (All) B sokanmzoBanHOE

" " " /
COCTOAHNE ‘q , T > B MOMEHT ¢ (KOTODBIN MBICJUTCs GOjiee TO3HUM, YeM t ) ¢ COOCTBEHHBIM

"
3HaAYCHHUEM ¢ KOOPAMHATBI OIIPpEIC/IACTCHA, KaK

(1)

ITpu nosyuennst npasoii wacru (1.11) Hamu 6bu1a ucnobzosana Gopmysta (1.10).

Boisicanm cmbict AT 9acTuIpl B MIpe JuHrepoBCKoM npejcrasiennn. [lycrs |g,t) — mpeamn-
repoBCcKast BOJIHOBasE (DYHKIUST COCTOSTHUS YaCTHUIILI B MOMEHT . DBOJIIONUS COCTOSTHUS TaCTUIIbI
onmceBaercs ypasnenuem [pemunrepa:

1" ’

H(t —t)

q’>. (1.11)

halq,f)

—H . 1.12
9t lg,t) (1.12)

DopmasibHoe perienne ypasaerust (1.12) umeer Bu;:

g, t) = e~ #HE0) g 1) . (1.13)

Herpyauo y6emurnest, uro mnpu nojcradoske (1.13) (1.12) vy, YAOBJIETBOPSIETCS, €/ paboTaTh ¢
9KCIIOHEHTO! KAK ¢ OOLIUHOM (byHKImeH, yauTbiBas npu 31oM, uro H(p,§) He 3aBucur oT Bpe-
MeHH ABHO. [locjieiHee OlpaBiaHo, ecjid IPeJCTABIATD S9KCIOHEHTY B BHUJIE OIIEPATOPHOTO Psijia

Teitnopa:
(o]

i 1 i~ \"
€_ﬁHt = E *‘ <—th>
n.
n=0
’ ’
[IpeacraBum Temepnb, 9To mpu tg = ¢ OBLIO 3arOTOBJICHO JIOKAJM30BAHHOE B TOYKE ¢ COCTOSHUE

1
4acTUlbl, T. €. ‘q, > = ‘q > . Torna, corsacuo (1.13), K MOMEHTY ¢ 9TO COCTOSTHUE ITPOIBOJIIO-

[IMOHUPYET K BUTY
j0:7) =00

’ / " "
B Takom ciayuae AlIl w3 jIoKaM30BAHHOTO B ¢ B MOMEHT t B JIOKQJM30BAHHOE ¢ B MOMEHT t

OHpe,D;e.HHeTCH KaK
<q | q,t > = <q >

Orcrona CJICILeT BBIBOLL: 1) (1.11) ecrn AMILTHTYA BEPOATHOCTH MEPEXO/IA U3 JIOKAMH30BAN-

N " !
L)

gro coBuagaer ¢ (1.11).

HOT'O B TOUKE q B MOMEHT { B JIOKAJTH30BAHHOE q B MOMEHT { COCTOSIHHE HE3ABHCHMO OT TOTO, B
KaKOM IpeJicTaBieHnu Mbl paboraeM; 2) Bbraucyerune AIT (1.11) SKBUBaJIEHTHO PENIEHUIO ypaB-
uenust [Ipenunrepa (1.13), u no sroit npuunte ATl HOJIHOCTBIO 3a/18€T JUHAMUKY CHCTEMBIL.
[Ipu nepexome k dhopmanuzmy KU umenno All sBiisieTcss OCHOBHBIM KBaHTOBBIM OOBEKTOM.
Huzke Gyier npuBejieHa nocseoBaTe/bHast Ipole/ypa repexoja K onucanuto (1.11) B Tepmuaax
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kiaccudeckoit dyukmuu Famunsrona H(p,q) , cooTBeTcTByIONEil B HEKOTOPOM CMBICTIEC KBAH-

~ PN " / o

ToBoMmy omneparopy H(p,q) . Pasznesinm npomexxyrok Bpemenu (¢ — ¢ ) Ha N paBHBIX dacreii
" /

At = (t —t)/N. Hcuoun3ys ceoiicrBa nosHOTEL (1.5), aMumTy Ly mepexoja MOYKHO IIPeICTa-

BUTH B BHUEC
"oon 1o " 1A ] ! " VAN S N /
(¢t ) = (| ) = (] () o) =
+00 +oo
_iAt _iAt

“+o00
= /dm/dl&--./d(ﬂv—l <q" e” Mgy 1) (g1l e M gn o) ...
— 00 — 00 — 00

_iAt N _iAt N
~Aq2le hNH|Q1> (q1]e n N

q’>. (1.14)

B nasbHeitiem jyist yiobersa BeeseMm € = At/h. Pajukanbublii mar cocrout B nepexoje B (1.14)
K upeneny N — 00,6 — 0, Ne = (t” —t,) /h. PaccmoTpuM B 9TOM mpejiesie OJIMH U3 MaTPUIHBIX
9JIEMEHTOB, CTOSIIUX 1107 uHTerpajiom (1.14):

(qn+1] et |Gn) = {Gny1| (1 — del) + 0(52) lgn) =
—+o00

:/;li%@n—i—l’pn) (pn| (1 = icH) + O(£2) |qn) - (1.15)

—0o0
B nmocsienem pasenctse (1.15) Mbl Bociosb3oBamch cBoiictBoM mosHoTH (1.6). B cBoto ouepep,
cormacuo (1.7),

(| pa) ="/107520,

(Pul (1 — icH) + O(?) lgn) = (Pul @n) — i€ (pu| H (D, q) |gn) + O(?).

TaxmM 06pasoM, ¢ TOUHOCTHIO [0 €2 TPOIE/yPa CBOMUTCS K BhIaucIeHmio (py| H (P, §) |gn) . Boi-
YHCJICHIe TAKOrO BBIPasKeHWs B obIieM ciaydae H (p,4), kKak MoOXkKeT ObITH MOKa3aHo B |7, 9K-
BUBAJEHTHO yCTAHOBJICHHIO OJHOSHAMHOIO COOTBETCTBUsT H (p,4) = H(p,q). B obmem ciyuae,
OJIHAKO, TIPOIE/Ilypa TAKOI'0 COOTBETCTBHUsS KaK pa3 u HeojHosHauHa ( oM. [?]). B wactHOM City-
gae "Henepenyranubix"oneparopos p u ¢ (1.1) Takoe cooTBETCTBUE CTAHOBUTCS OJHO3HAYHBIM U
BbIpazkaeTcss pOpMYJIOi

A2

ol ) a0} = ool [ 2+ V@) ) =

2

= 25+ Vi(an) (bl ). (1.16)

C yuérom npasmia coorsercrBus (1.16) npuxojum K pesyJibrary

(Pn| 1 —icH + O(?) |an) = (pul 4n) (1 — icH (pn, 4n) + O(?)).

Bripaxkenue, crosinee B KPyIVIBIX CKOOKaxX B MPaBOil 4acTH, C TOYHOCTBIO IO €
IIpeJICTaBJICHO B BHU/IE

2 MOKeT OBITD

1 —iceH(pn, qn) + O(e%) ~ e~ 1eH (Prsdn)



Takum 06pa3oM, ¢ TOTHOCTBIO JI0 £2

—i Gn+1 — 4n
<qn+1| € e ’CZn / 76~7/’p ( |: n <+1At> - H(men):|> .

/
HpI/I IIOJZICTaAaHOBKE IIOCJ/ICJHETO BbIPpazKCHUA B (1.14) 1 BBCICHUA Hepe0603HaquHH q = qo,q =
N aMILJIATYda IepexoJa C TOYHOCTBIO 0(82) IpeacTaBIdeTCd B BUIE
“+oo

—+o00
" de dpldQl
< t>_/27rh/ /H 2mh
L N—1
iAt Qit1 — Gi
xe“’p{h > [Pz' <At> - H(pi,(b’):| } :

1=0

Tounoe pasencrso ajs All Boccranasiusaerca B upenene At — 0,

!

N — oo, NAt = (t' —t'):

(v

“+o00 +oo

> / dpo / / H dpqul
’ At%O Naoo 2mh 27h
a, N1
iAt Qir1 — G
xerp {h Z [pi <+th> - H(pi,(h'):| } : (1.17)

1=0

3ameTnM, UTO B IOKa3aTeJle IIOJBIHTErPATIHHON SKCIOHEHTHI, 10 CyTH, 3allUCaHa PHMAHOBCKAs
cymma. [IpenesbHblil epexo/ B HHTErpasl BO3MOXKEH [IPU YCIOBUH HEIPEPBIBHOCTH COOTBETCTBY-
formux npeesbHbix dyukuumii ¢(t), p(t). Oyukuus Famunsrona H(p(t), ¢(t)) upu sTom nepexoje
MOZKeT ObITh JlayKe U KyCOUYHO-HenpepbiBHOil 7], [?].

HamomuuM, 9T0 HHTErpasl OIpeiesiseTcss 9epe3 PUMAHOBCKYIO CYMMY CJICAYIOIIIM 06pa3oM:

lim F(E) AL = / £(0)
N—o0, max|Atl|—>0

Torma B mameM ciydae B npegene At — 0, N — co, NAt = (t' —t)

N—-1
. qi+1 — q;
] B (a2 At = _ dt.
o dm z; [pz ( N > H(p;, qpi ] /[pq (1, q)]
7=
[Tpu nepexojie K npeesy pUMaHOBCKOI CyMMBI y9TE€HO, UTO

. Qir1—qt
1 — = q(t).
AT A 40



Broipazkenne miist AIl (1.17) B ykazannoM mpe/iesie 0ObITHO 3aIUCHIBAIOT B CUMBOJIIYIECKOiT (hopme:

<q )t

q',t'> E/Dp(t)DQ(t) X exp ;/[m—H(p,Q)] dt |
J

qt)=q, qt)=gq (1.18)
rje moj GyHKIMOHAIBHOI Mepoit Dp(t)Dq(t) noHnMaeTcst cCOOTBETCTBYIOMIUIT pe/1esl KOHETHO-
MepHOFO I/IHTeI‘paHa

N-1
dpo dpidg;

Dpt)Dq(t) = lim o5 11 = 5
=1

(1.19)

Wurerpas (1.18) HasbiBaeTCst aMILUIUTY/I0# IIepexoia B raMusibToHoBoit (hopme. JloctaTodHo sicHo,
410 dyHKnunonabaas Mepa (1.19) u unrerpan mo ueii (1.18) Tpebyror Goiee KOPPEKTHOTO Ma-
TEMATUIECKOTO OIlIpe/Ie/IeHNs] U TIO/KJIFOUeHHs alapara (yHKIMOHAIBHOIO aHau3a (TeM bosee
unarerpas (1.18), B cuity oCHmuIsIIIONHOTO XapaKTepa HOIBIHTErPATLHOT0 (hYHKIMOHAIIA, [IJIOX0
onpejiesien). Mbl, ojHAKo, He OyjeM yraybasaTbes B 3Tu npobjieMbl U OyJjieM CjieoBaTh "Haus-
oMy "perenty Bbraucsiennst naTerpasa (1.18): B3gTh Bce KOHEUHOMEPHBIE HHTEIPAJILI (€CIIH 9TO
BO3MOXKHO, — TOYHO HJIU, €CJIM HEBO3MOXKHO, — IIPUOJIMIKEHHO), a 3aTeM IePeHTH K IIpeJIey.

Harma 3aaqa Teniepb Oy1eT 3aKI0UATHCSI B TOM, 9TOOBI TIOHATD, KAK JTAJIEKO MOYXKHO TIPOIBY-
HYTbCsI, caefysi sromy "HamBHOMY"perenty BorauciaeHus All B ramMmuibToHOBON (hopMe, MHBIME
CJIOBaMM, HACKOJIBKO XOPOIIO BBIUMC/IEHHas TakuM MeTogoM All coorBeTcTByeT cTaHIapTHOMY
8 BBIPAsKCHMIO B KBAHTOBOH MexaHHKe. 1Ipu BBINOJTHEHMH IpaBmI mepexona H (p,q) = H(p,q)
(1.16) xmaccuueckast bynknus ramuibrona B (1.18) mmeer Buj

2
H(p,q) = f—m +V(q). (1.20)

B sTom cityuae mo uMmirysibcaM MOXKeT OBITH ITPOBEJIEHO MHTerpupoBanue. bojiee obmiumit ciryvaii
raMUJIBTOHOBON CUCTEMBI Oy/1eT 00CY2KIaThCs B KOHIIE JAHHOIO Pas/ieia.

[Ipu uHTErpamyu Mo UMITYIbCaM, CJIeAys "HamBHOMY'"perenTy, nepeiiaiéM K J0IpeaeIbHOMY
Boipazkennio (1.17) u npeobpasyem KOHEUHOMEPHBIIT HHTErpaJl 0 UMILY/IbCaM B IOBTOPHBIH. Jljist
i-TO MOBTOPHOTO WHTErpaja MMeeM BbIPayKeHue:

+oo
dp; i (G — G P NAE
/ onn P <hAt [pz ( At 2m Via)| ) =

+oo
. dn; i L 2
— —i/hAtV(g;) Pi t R R
e / o7 X TP <hAt {pz (At ) 2m]> . (1.21)

Crositiiuii B IpaBoii 9acTU WHTErPAJI ILJIOXO ONPEJIESIEH, U TIOITOMY JJIsl CBEJIEHHS €ro K XOPOIIOo
OTIpeJIeJIEHHOMY TayCCOBOMY WHTETPAJLY

“+oo

2
[zt \/Zeia, (Re(a) > 0) (1.22)

—0o0



HEOOXO MM HEKOTOPAast JIOMOJHATEIbHAS IPOLE/LY PA.

OjiHa U3 TaKUX MPOIELYP — aHATUTUIECKOE [IPoJIoJKeHne nHTerpasa (1.21) Ha orpuraressb-
HYI0 MHUMYIO II0JIyOCh ( IIOBOPOT B KOMILIEKCHOM IUIOCKOCTH NEPEMEHHOIl MHTErPHPOBAHUS HA
(—%)). MnTerpan mpu TakoM MOBOpPOTE IepeXoiuT B rayccos (1.22) u jerko uramcigerca. Pe-
3yJIbTAT [OJBEPraeTcst 06paTHOMY AaHAJUTHYECKOMY IIPpeo0pasoBaHuio (IIOBOPOT B KOMILJIEKCHOM
TIJIOCKOCTH TIepeMEHHOIl MHTErpUpoBanus Ha (%)), M Mbl JOoCTHTaeM cBoeil memu. Boramcienne
(1.21) mporue/typoii aHAJIUTHYECKOTO TPOJIOJIZKEHUS IPUBOJAT

K pe3yJbTary:
d ) — 2
Pi ¢ di+1 — g b v
b .17!) *A pi e— - L 1 =
/ 2mh e (h t[ < At ) 2m (4 )]>

m 1/2 i m { Gl — G 2
:(27rhiAt) " exp <hAt 2<+1At> - Via) (1.23)

Cornacno (1.15) dopmyma (1.23) ects ne uro umnoe, kax All:

[7ANE 2

(qi1(ti + A1) qi(ts)) = (girale” ™ 7 ai) .

U3 Buza npasoit actu (1.23) cieayer, aro npu |girq — g;| > (AAt/m)'Y/? ammmryma nepexona

[I0JIABJISIETCH CUJIbHBIME OCIMJLIATIASAMA. TakuM o0pa3oM, JOMUHUDYIONIUI BKJIa I B 9KCIIOHEHTY
(1.23), a cienosaresnbho, u B camy AlIl (1.15) maror Takue 3HAYEHUs] KOOPIUHAT (41, ¢, 9TO

|Giv1 — il < (hAt/m)'2. (1.24)
B npenene At — 0, N — oo, NAt =t — ' umeem

qi+1 — q;

At At——>>0 q(t),
. 9 ‘
i m (e i

_m

rae L(q,q) = %5 §®> — V(q) — dynxuus Jlarpamka 9acTHIIbL.
PaccmorpuM jajiee KaaccHieckoe JeiicTBue:
i+ AL
Stiti+at = [ df'Lat).d)). (1.26)
t;
q(ts) = qi, q(ti+At) = qig1,
BBIYUCJIAEMOE BAOJIb HEKOTOPOI TPACKTOPUHI q(t,), POXOJIAIIE 0T TOYKH (¢, t;) 10 TOUKM (41, Li+

At). Cornacuo (1.24) upu At — 0 Tpaexkropun q(t/), Jarorme 3aMeTHbI By B ATl nosk-
HBI JIeXKaTh B OKpectHOCTH ~ (At/m)'/? xoopmumars ;. I1o 9T0i npudmEe IPH BBHITOTHEHNN
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B HAYaJIbHON M KOHeIHON Toukax jeiicrus (1.26) ycmoBns (1.24) MBI MOXKeM yTBEPXKIATh, ITO
7

’
TpaekTopust ¢(t ) MOYTH COBIAJAECT C IPSIMOIi:

) t —t t —t
q(t ) ~ (1— A7 )%’Jr Ay Gl (1.27)

[Moxcrasiss (1.27) B (1.26) ¢ sarpamxuanom (1.25), mosydanm

9 t;+At
S ltisti + A = 2 (q”lAt q) At — / AtV (g(t)) ~

t

( QZ—H - %) _ V(%)) AL

Takum obpasom, ALl mexxay |gi(t;)) n |giv1(ti + At)) MoxknO 3ammcars B Buge (npu At — 0)

mo \N1/2 .
o1 (ts 4+ AD| gi(ty)) = ( ) i/hS[titi+At] 19
(it 20)] git) = () e (1.28)
Mozkno nokazars [?], uro dopmyna (1.28) naer B npezene
Al;ltf_f)lo (Gir1(ti + At)] qi(ti)) = 6(qiv+1 — ¢i)- (1.29)

OJIHAKO [1J151 KOHEYHOTO HPOMesKYTKa (I — ') Mbl JIOJKHBI HOICTABATH PE3YJILTAT HHTErPHPO-
Bauust 110 uMmysbscy (1.28) B (1.17). B pesynbrare s All

(v

+oo +oon_1

/ m N/2
’ > N*ﬂlo JAt—0 (QWZhAt / / H daix

N-1
xexp{i/hZS[ti,ti+At}}. (1.30)

1=0

IIpu sTOM BXOJSIIEE B MOJBIHTErPAIBLHYIO SKCIOHEHTY JeficTBIe BBIUMCIsieTCst, coryiacHo (1.27),
BJIOJIb JIOMaHOii jimHun. IIpeiesibHOe BbIparkeHue 3alliChIBAETCs B CUMBOJINIECKOl (popme, aHa-
normanoii (1.18):

o i/ [ Liadydt
q,t > :N/Dq(t)e 3 : (1.31)

at)=q, qt)=4q,

rie N = lim(%)N /2 — "mopmuposouHas" (BOOGIIE FOBOPSI, IIOXO OIIPEIE/IEHHAS) KOHCTAHTA,




AII (1.31) masbIBaeTcst aMILTATY0i Tepexoa B deitnmanoBekoit dopme. [Tpu Berauciaennn All
o dopmyste (1.31) npu dukcupoBaHHBIX ¢ ¥ ¢, KaK Ipejelia KOHeIHOMEPHOIO HHTEIPAJIa, JIO-
MaHble JINHAU, 110 KOTOPBIM OH CUUTAETCsI, BOODIIE TOBOPSI, MOI'YT OBITH IMPOU3BOIBHBI. OIHAKO,
B cuity (1.24) nomunupyronmii Bkiaa B (1.31) maer n1octaTtoqHo y3KUil Kaace JJOMAHBIX, SBJISIO-
IUXCA Bapualueilt Ha  JJOMaHO!, ITOYTU COBHAAAIONIEN ¢ KJTACCUYCCKON TPaeKTOPHUE, Ha KOTOPOIt
neficTBUE JOCTUTAET MUHUMYMA.

B dyukunonansaom npeesie (1.31) soMaHble IepexojisiT B MNIQJKUEe TPAEKTOPUH, U [IPU BbI-
qucaennn Al noMuHEpYyIOMUil BKIa B AelicTBUE JAaeT JOCTATOUYHO Y3KMA KJIacC BCIOLY TJIAIKIX
MaJIbIX Bapualuii HaJ KJaaccuuecKoii TpaekTopueit. Ha stux coobpazkeHHsIXx OCHOBaH dddeK-
TUBHBII METOJ TPUOJIMKEHHOTO BeraucaeHust (1.31), Ha3piBaeMblil B KBAHTOBOW TEOPHU METOIOM
cTaIruoHapHON (hasbl.

Krnaccuaeckast TpaeKTOPHUST ONPEIEIAETC KaK OOBITHO U3 YCJIOBUS

3S[q(t);t 1]

> =0 (1.32)

q(t)=ge(t)

Taxum 06pa3oM, HAMHU MOJIYYEHO JIBa TUIIA KOHTUHYAJIbHBIX HHTErPAJIOB it Bhraucaenns ATl —
"epes Kjaccudeckuii ramuibrornan H (p, ) (ramuasronosa All (1.18)) n kimaccuueckuii larpas-
xuad L(q, q) (dbeitnmanockast AT (1.31)), npuuém mocsie/iHee BbIpayKeHHe II0JIYYeHO HEIOCPe/I-
crBeHHO u3 (1.18) mpu yC/I0BUY BBITIOJHEHUS TIPABUJI [IEPEXOIa H (p,4) = H(p,q). Pamunbronosa
dopma (1.18) siBisiercst ocHOBHOI 11151 BeIaucsiernst All, ojHaKO, JIETKO HHTErPUPYEMOil B T€pMU-
HaX JefiCTBUS Ha TPAEKTOPHUSIX W BBITUCISIEMON METOIOM CTAIIMOHAPHON (as3bl saBjIdgeTcd (heiiH-
manosckast AIT(1.31). ITosromy npu Beranciaennn All eé cHauasia 3aCBIBAIOT B TaMUJIBTOHOBOI
dopMe, HO 3aTeM CTPEMSTCS HepeiTn K PeifHMAaHOBCKOI dopme.

1.2 Bpluucjenue aMOJUTy/Ibl IIepexoia
CBOOOIHOI YACTHUIBI 1 KBAHTOBOI'O OCHUJLJISITOPA.
Metos, craiimoHapHOil pa3bl

B ciygae cBobomgHOM acTuiel pyHKIMa Jlarpamn:ka nMeeT BUT,
m .o

L(g) = 54" (1.33)

ATl MOKHO 3ammcaTh HEMOCPEACTBEHHO B (helinmanoBckoil hopme (1.31):

T
<q”,T‘ q/,()> = /Dq X exp Z/mq'Qalt =
h 2
0
N-1 . N-1 2
. m N/2 imAt dn—1 — 4n
= 1 <7) d —_— _ . 1.34
N%og,gtﬁo 2mihAt /TH In X €Xp 2h 72( At ( )

ByneM BBIMUCIATH MOCIIEIOBATEIHHO f dq1, 3aTeMm f dgo ¥ T. JI. ¥ TIONIBITAEMCS YCTAHOBUTD AJINO-
PUTM BBIYHCJIEHUS, U3 KOTOPOT'O, B CBOIO OYepe/ib, MOXKHO BbIpasuThb All.
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HepBbeI mIar gaeT (I/IHTeI‘pa.H BbIIHUCJIAETCA METOJAOM aHAJIUTUICCKOI'O HpO,D;OJ'I}KeHI/IH)Z

+o00
m \1/2 im , o)
/ (2m'hAt> dqr ex P{%At (01 = q0)” + (a2 — q1) ]} =

—00

= e (e — )
BV BTN A

Ha Bropowm mrare

+o00
e & - 2 im 5|
/ (m> dQQexp{QhA( q3 — q2) }exp{m((p—qo) } =

—0o0
1 m ( 2
= —— X —_—— - .
/3 p 2h(3At) 43 — 4o
[Tpomoszkast sToT mporece, Ha (N — 1) mare nosy<aum

+oo

/ w1 e d ™y — gL
onh(N — D)At|  “INTLEP gAY T It
xexp = (g1 —q0)? b = ——expd (g — qo)?

DTOT pe3yJsibTar HaZI0 yMHOMKHTD Ha ocraBinuiics MHOXKUTENb (M / 27r7,hAt)1/ 2

NAt=T,qn =4 ,q = ¢ , [TOJTY IUM

(7)) = (525 e {0 ) <

. YUuTBIBasd, UTO

m\1/2 i
= —=54[0,T 1.35
(27th) exp{h cl[ ’ ]}a ( )
e Sq[0,T] = m/2T(¢" — ¢)? — neiicrBue BIOML KIACCHYECKOH TPACKTODHU IPH YCIOBHE

q(0) = q, q(T) = q . All (1.35), KaK ¥ CJIEJIOBATIO OXKUJATH, COBIAJAET CO CTAHIAPTHLIM KBaH-
TOBOMEXaHUYIECKUM PE3YIbTaTOM.

Borauciurs All Gosiee CiI02KHOI KBaHTOBOMEXAHUYECKON CHUCTEMBI, KOHEYHO, MOXKHO C IIO-
MOIIBIO OIMCAHHON HUTEPALMOHHON IPOUELyPhI, HO 3TO CJMIIKOM I'POMO3IKAash MATEMATHIECKAsI
sasiava. Bosee addexTuBHbIM 0Ka3biBaeTcs MeTo| cranuonapHoii dasel (MC®). On siBisiercs
IPUOJIMKEHHBIM MeTOnOM Bbluncienus. IIpomwmumnocrpupyem MC® Ha mpumepe yzke 3HAKOMOI
CHUCTEMBI C JIArPAHXKUAHOM:

L(g) = %q’Q +V(g) (1.36)
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u All, KOTOpYIO MOXKHO 3aIlIiCaTh cpady B (PefHMaHOBCKON (dopMe:

o
(¢"1]d,0) =N / Dy(t)er*") = N7 / gyt (1.37)
I/IS OpUHIIUIIa MAHUMYMa ﬂeﬁCTBHH OlIpeJessddeTCd KaCcCuieCKasd TPaeKTOPH :
ss.1y|
og q=q(t) ’
OTKYJIa, COIVIACHO ypaBHEHMIO Ditepa-Jlarpamxka
aon o _
dto¢ 9dq
IIOJIYYUM ypPaBHEHUE JIJId OIIPpEAeJICHUA KJIaCCUYECKOI TPpaeKTOPUU:
mit Tl =0 a0 =ds am=d (1.38)

[Tpoussesnem B KOHTUHYa bHOM uHTerpasie (1.37) dyHKIMOHAIBHYIO 3aMeHy iepeMeHHo. B
KadecTBe HOBOIl MEPEMEHHON BBIOEpPEM BapHAIMIO KJIACCHIECKON TpaekTopuu y(t), MpuaéMm Ha
KOHIIaX, coryiacHo (1.38), BapbupoBaHUe HE MPOU3BOUTCL.

a(t) =q(t) +y(1), (1.39)
y(0) =y(T) =0, (1.40)
Dq(t) = Dy(t). (1.41)

[Tocneauee pasencTso (1.41) ecTb ciregcTBIE TOrO,4T0 KOHTHHIYM TpaekTopwuit {¢(t)}, cormac-
1o (1.39), npu nepexose K kouruanymy {y(t)} ciBuraercs Ha BIOJIHE ONPE/IETICHHYIO Y PABHEHIEM
(1.38) Tpaekroputo G(t). Pazmoxum norennman V(g) Bosmsu Kiaaccudeckoil Tpaekropun ¢(t) B
psin Teitmopa:

Via)=Va+y) = V@ +V @y + 5V @ + 5V @ (1.4)

Jlastee, mmocyie HECJIOXKHBIX TPeoOpPa30BaAHMI, TOTYIUM

Ligd) = 5@ +0)° = V@+y) = (57~ V@) + mig — V' @y)+
HEF V@0 - V@ )

Bkutaz B meiicrBue Broporo 4iena, ¢ yaerom (1.38):
T T
d VA
(magy — V )y)dt =m E(qy (mq+ V(Q))y dt = mqy|, = 0.
0 0
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IlepBrIit wIeH gaeT BKIaI B AeficTBHe, paBHBIM AefCTBUIO Ha KJIACCUIECKON TPAEKTOPWM:

T
clOT:/m2 (q))dt.
2

0

[Moxcrasisist atu pesyabrarsl B Al (1.37) npu nepexoze (1.39)-(1.41) k HoBo# nepemenHoii y(t),
HOJTY IUM

(4.7 0} = exp {;sd[o, T]} X
X/Dy(t)exp ;/T [mgtlv”(q)y?—..} ar \ . (1.43)
0

(1.43) ectp npubamxkentoe Boipazkenne AIl 8 MOC. Cmbicit ero B TOM, 9TO HEPBBI MHOXKHUTEIb

exp {1/hS4[0,T]} ecrb nomunupyrommii Bkiaas B AIl or Kiiaccuyeckoit TpaeKTopun, a KOHTUHY-

AJIbHBIN MHTErpaJl OIUCcaeT BKJIAJ OT KBAHTOBBIX monpaBok ~ O(h). B nesom ocHoBrast hbopmyiia

(1.43) M®C ecrb anasor BKB-merona crangapTHOil KBAHTOBOW MEXaHWKHU, U B (hOPMaIbHOM

npejee h — 0 10CTaTOYHO BHIYUC/IUTD JIUIIB IEPBYI0 KBAHTOBYIO IIOIPABKY, OIACHIBAEMYIO KYC-
T

. ",
KOM I10JIHOTO JIeHiCTBUs B II0Ka3aTesle SKCIOHeHThl, KBajpaTuaneM 1o y: [( 292 — 4V ()y?)dt.
0

HOCJ’[G,Z[HHIZ ABJIFAETCA MHTErpaJjioM rayCCoBOIro THUIla M BBIYUC/IAECTCA C TOYHOCTBHIO /IO KOHCTAHTHI
HOPMUPOBKH. CJIe,ZLyIOHlI/Ie 3a HUM YJICHBI THUIIa

O/T (;Vm(q)y?’ + ) dt ~ O(h?)

BBIYUC/IAIOTCS JIUIIB 0 Teopuu Bo3mytnennit. Takum obpaszom, MC® ecTb MeTO | BHIYUCIEHHUST
nepBoit kBanTopoit nonpaBku ~ h B AIl. Ocobenno adpdpexkrurer MCOD B ciaydae KBAaHTOBOIO
OCITUJITIATOPA, KOT/Ia TTepBasi KBAHTOBAsSI MOMIPABKa SBJISETCS eMHCTBeHHo. /leficTBUTe IbHO, /TSt
ocimsisitopa:V(q) = %quz, orkyna V' (¢) = mw?, V" (q) = 0 upu n > 3. Torga AIl xsanto-
BOTO OCIIMJIIISITOPA €CTh

T
<q”,T‘ q,,()> = i/h8al0.T] / Dy(t) x exp ! /7721 2 _WyHdt ). (1.44)
y(0)=y(7)=0 0

WztaraeMblil Huzke METO/, BLIYHCJ/ICHNA MHTEerpaJia

T

7 m,.
:/Dy(t) X exp h/Q(yQ—wag)dt , (1.45)
0

Bxozsiero B (1.44), npunajexur P. @eiiavany [?].
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Dynkimio y(t) ¢ rpammaasivu yeaosusivu y(0) = y(T') = 0 pasmaraem na orpeske [0,7] B
psit Pyprwe 10 curycam

y(t) = \/Ez_:l an sin(%t). (1.46)

YauTeiBasg, 9TO

T [o.¢] 1 o
/y2dt = Za% (%)2, /det = Z a%, (1.47)
0 n=1 0 n=1
Dy(t) = J(T) ﬁ day,, (1.48)
n=1

rie J(T)— sikobuan npeobpasoBanust ( TOYHBINA €ro BHJ] HAM HE HOHAJI0OUTCS), MOy UM

I(T) = lim J(T)( m N )N/zx

N—o0 QWZh?
too 400 . N
im ™
day, s [72_ 2} 2 L 1.49
></ /gaxexp{Qh;(T) w*| ay, (1.49)

FaYCCOBbI MHTETrpaJibl JOIIPEAEIbHOTIO BBIPDAaKE€HNA BBIYHCJIAIOTCHA Hpoueﬂypoﬁ aHaJIUTUYIECKOT'O

MIPOIOJI2KEHU S
N +00 12 )
N m mor Ty 2} 2 _
VT / <2m'h) danxeXp{ h [(T) v a"}

NT\Y? 1 w2727 1/2
S T P .
() al -]

Ilomcrapisist 3T0 BBIpaskeHHe B MHTErpaJl L, nMeeM

N 2T2 —1/2
. w
1

rIe

st Briaga B uarerpas Z[T] (1.50), 3aBHCAIIEr0 OT YaCTOTHI OCIIUIIATOPA W, HMEEM

. N Ww3T? sinwT
lim 1-— = .

NSoo m2n2 wT
n=1
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IMoncrasiss s1o Beipaxkenue B (1.50), a ero B (1.44), moxyunm

<qN,T‘ q’,o> — B(T) (Sii;T)m x {;Scz[O,T]}. (1.51)

Koaddunuenrsr B(T) Bbraucisiorcst XuTpoyMHbIM ipuéMoM [?]. Bamerum, aro B npezese w — 0

<q”,T q/,0>
w=0

TPaAeKTOPUN — C HUM K€ JIJISI CBODOIHON TaCTHUIIHI.

couaaer ¢ All cBoboxHoit wactunpl (1.35), a jeficTBue Ha KJIACCHYECKOI

Sel0, Ty = % (q// - q/>2-

Torma B mpefene w — 0 moyanm
< " T’ / 0>‘ B(T) m ( " /)2
ex — =
q, q, 0 P ST q
1/2 " 2
(th) {2hT (q 1 ) } ’

OTKY/1a

B0 = (577)

[Moxcrasisist Boipaxkenue st B(T) B (1.51), mosyunm okoruaresnbubiii pesyiabrar (Al kBauTO-
BOI'O OCIJHJLIIITOPA):

2mihsinwT

<q”,T‘ q',0> = (#)1/2 exp {;Scl[OaT]} (1.52)

rje JeidcTBre Ha KJIACCUIeCKOi Tpaekropun s ociunisropa pu ¢(0) =q, q(T) =q

mw

Sal0. T = 5307

[(q'2 +q"?) coswT — 2q/q"} . (1.53)

Kaxk n cireroBaso oxxuars, pesyabrar seranciaennst All ocnmmasropa (1.52)-(1.53) maxoaures B
[IOJTHOM COOTBETCTBHU CO CTAH/IAPTHBIM KBAHTOBOMEXAHMYECKUM BbIpaykeHneM |7].
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I'1aBa 2

KonTunyajabHblil THTErpa.Ji
B KBAHTOBOM CTATHMCTMYECKOI MeXaHUuKe

[IpemeTom n3ydeHnst KBAHTOBON CTATUCTUYECKON MEXAHUKH SBJISIOTCH, B OCHOBHOM, KBAHTOBBIE
PABHOBECHBIE CHCTEMBI C THOOCOBCKON (DYHKIIHEN pacpeie/ieHust. ITO — KBAHTOBBIE CHCTEMBI, Ha~
XOJIATIINECS] B COCTOSTHUN TEPMOIUHAMUTIECKOTO PABHOBECHST C BHEITHEN KJIACCUTIECKON CUCTEMOTt
( TepmocraTom). PaBHoBecne xapakrepusyercsi (DUKCHPOBAHHBIMU 3HAUECHHUSIMEI TEPMOJIMHAMI-
YeCKUX IIapaMeTpPOB cUCTeMbl, Hanmpumep 1T — Temmepatypbl, V — obbéma, N — 4uc/ia 9acTHil.
[Ipu sTOM TIO/THAST SHEPIUS TEPMOCTATA CIUTACTCH HAMHOTO OOJIbINENl SHEPIUU CAMON CUCTEMbI
U KBa3WHENPEPBIBHOM, TaK UTO MOBEJCHUE CAMOM KBAHTOBOW CHCTEMBI HE 3aBUCHUT OT IIPUPOJIBI
TepMocCTaTa, UTO W IOJTBEPKIAeTCs Ha ombiTe |?].

Hawnbosee ymoO6HBIM 00BHEKTOM KBAHTOBOH TEOPUU JJIs ONUCAHUS TAKUX HEU30JUPOBAHHBIX
cucreM siBiserTcs marpuna iorHoctu. [lo sroit npuymiae B Hacrosimeil riase OyaeT KpaTKO
u3JI02KeH (DOPMaIM3M MATPHUIIHl IJIOTHOCTH B KBAHTOBOIM MeXaHUKE W KBAHTOBOW CTATHCTHYE-
CKOIl MeXaHUKe, IIPOUJUIIOCTPUPOBAHHBIN PSIOM KOHKPETHBIX IIPUMEDPOB, & 3aTEM IIPEJICTABIICHIE
JIJIST MATPHUIIBI IDIOTHOCTH Y€pe3 UHTerpasi o TpaekropusiM. [lociieiHee mo3BoJIsieT Jerko mnepeii-
TH K KBA3UKJIACCUIECKOMY MPUOIMIKEHUIO KBAHTOBON CTATHCTHYECKON MEXAHWKU W BBITUCINTH
MEPBYIO KBAHTOBYIO IOMPABKY K KJIACCUIECKON OOJIBIIMAHOBCKOW (DYHKIIUU PACIPEICTICHUS.

2.1 Marpuna mJIOTHOCTHI

[Mosaraercst, 4ro jobasi KBAHTOBAs CUCTEMa MOXKET OBITH ONUCAHA MATPUIEH UIOTHOCTH (SPMHU-
TOBBIM orepaTropoM) Bua [?]:

p=> i i) (il (2.1)

rjie

1) |i) — HEKOTODBIi IIOJIHBII OPTOHOPMUPOBAHHBIN HAGOP COCTOSIHUIT B JMPAKOBCKUX 0003HA~
YEeHUsIX;
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2) gucaoBbie KO3MOUIIEHTH! w; 001a1aI0T CBOHCTBAME

w20, Y wi=1I (2.2)

3) cpesHee 3HaUeHNE (DUBUIECKON BEJIMIMHBI, KOTOPOl B KBAHTOBON MEXaHUKE COOTBETCTBYET
omeparop A, ecTb

<A> = Sp(pA). (2.3)

Cwmbicat dbopmysbt (2.1) 3aK/IoUaeTCss B yTBEPXKIEHUU, 9TO JJIsi HEKOTOPOTO 3PMUTOBOIO Olle-
paTropa p Beerja MoxeT ObIThb HaiiJIeHO Takoe IIpeJCTaBieHre (a UMEHHO, |i)), B KOTOPOM OH
numaronasen. Kak ciaeayer us (2.1)-(2.3), MmaTpura I0THOCTH B IHATOHAJIBLHOM i) — IIPEJCTaB-
JIEHUH p;j €CTh IPOCTO BEPOSTHOCTD, YTO CHCTEMa HAXOAUTCH B cocTOAHUM [i). B obmem ciydae,
onpe/iesistst MaTpuity mwiotTHoctn (2.1)—(2.3), Mbl He yKa3blBaeM KOHKPETHO HMOJIHBIH HAGOp aua-
POHAJILHOTO MIPEJICTABIEHNsI, & JINIIL YTBEPKIaeM, 9TO OH CYIIeCTByeT. B 4acTHOCTH, cucTeMa
MOXKET HAXOJUThCsI B 9ucToM (clear) cocTosiHUN igjeqr), ITO O3HAYAET

Wi = 6iicleara Pij = 51']' “diiclear (24)

Yro oznavaer (2.4) B 6osiee npuBbIYHOM X — [IPEJICTABIICHUN, YBUJIUM IyTh [O3KE.
B si060M Ipyrom mpeicTaBIeHUN (o) MATPHUIA IIOTHOCTH Y2Ke He JHaroHaIbHA:

pap = (Gal Plog) =Y (da k) (k [dp) wi =

k

= 3" wi (da [K) (65 k)" (2.5)
k

B JaCTHOCTH, B CJIydae€ YUCTOI'O COCTOAHUA OHa IIPEACTaBJIACTCA B BUIE

Pap = <¢a’ iclear> (<¢,8‘ iclear>)*' (26)

[Ipu niepexo/ie k 6oJiee TPUBBIYHOMY X — IPEJACTABIEHUIO JIJIs MATPUIILI INIOTHOCTH B OOIIEM
ciiydae MOJIyIuM

B wacTHOCTH, B CIyvUae YUCTOTO COCTOSTHUS —

/

)izlear(m)‘ (28)

Cpe,ZLHee 3Ha4YeHUue d)HBI/ILIeCKOI';I BE€JIMYUHBI B X - Hpe,H,CTa,BJIeHI/H/I
(4) = sp(pA) = [ da (o] Ap o) =

:/dx/dx’ (al p|2) (&' | Ala) :/dx/dx’p(x,m=)<x’]mm>. (2.9)

! .
pclear(a7 7'73) = chear(x
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B cayuae ancroro cocrostnust ¢ maTpureit miotHoctn (2.8) dopmyiia (2.9) npuBOIUT K PE3yIBTATY
<fl> = /d:r/dw Peiear (T, X ) <x
= /dx/dm/izlem(:v/) <x/

Takum 06paszoM, B CJIyvae H30JMPOBAHHON CUCTEMBI, OLHUCHIBAIOIECsT BOIHOBOM (OyHKIMEH i ceqy (T)
¢ Marpureil miorHoctu (2.8), cpejHee 3HavYeHUe (DU3NIECKON BEJMUUHBI HAXOJUTCSI COIJIACHO
(2.10).

o
B Tom ciydae, eciim MaTpUIHBIN 37IEMEHT <:1c ’ A |x) Moxer OBITH IIPEJICTABIIEH B BUJIE

A~

Alz) =

~

A‘l‘) Z'clear(x)- (210)

Az z) = <a;/‘ Alz) =6(x — x) A, (2.11)

4TO CIIPaBEJJINBO, HAITPUMED, JIjIsl OllepaTopa KOOPAWHATHI MJIN OllepaTopa raMUJIbTOHA, Mbl TTPH-
XOJIUM K MIPUBBIYHON (pOpMeE LI HAXOXKIEHUsT CPEIHEr0:

<A> - / Az (%) Al cgear (). (2.12)

Onucanne KBAHTOBOI CHCTEMBI C ITOMOIIBIO MATPHUIHI IUIOTHOCTH CTAHOBUTCSI 3aMKHYTBIM,
ecJIn 3aJaH 3aKOH, II0 KOTOPOMY ITOCJIeIHsIsI 9BOJIIOIMOHIPYET BO BpeMEHU. 3aJa UM CJIELy IOt
3aKOH, UMesi KOHEUHOM I1eJIbIO OIMCAHNEe PABHOBECHONW CTATUCTUIECKON IIOJCUCTEMBI. Bynem cun-
TaTh, YTO OKPYKEHUE HAIIEH TIOJCUCTEMbI CTAIIOHAPHO (TEPMOCTAT), YTO O3HAYAET, YTO BEPOSIT-
HOCTH W; HE MeHsIeTCS BO BpeMeHHU. Takum oOpa3oM, BCsT 3aBUCUMOCTH OT BPEMEHU 3aKJIFOTaeTCs
B U3MEHEHUU COCTOAHUNA C T€UYEHUEM BPEMEHU:

pt) = Zwi [i(2)) (i(t)] (2.13)

DpoJrolysi cocrosinus |i(t)), B CBOIO 0vepe/ib, 3aaercs oneparopoM [amusbrona H KBaHTO-
BOIl nojicucreMsel. JleficTBUTEIbHO, B SHEPTETUIECKOM IPE/ICTABICHUN

i(t) = > Cult) |En) =Y e /Mt |E,) € (0) =
=" e B, (B, i(0)) =
n
=3 M B (B, i(0)) = e M 1i(0)) . (2.14)
[TpousBost mpeobpa3oBaHmsT B (2.14), BOCIIOJIb30BAJINCh T€M, YTO
Cn(t) _ e—i/fLEntCn(O)’ e—i/hf{t |En> _ e—i/hEnt ’En> )

[Moncrasiss (2.14) B (2.13), noaydaum

pt) = e~ /it () et/ (2.15)
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Hemnocpencrsenno u3 (2.15) moaydaeM ypaBHEHHE 9BOJIIONUA MATPHUIIBI IJIOTHOCTH:

dp ~
ih— = |H, p]. 2.16
il = (i1, (2.16)
IIpu 3aanuu HAYAIBLHBIX YCIOBUI
p(0) = po (2.17)

OIICaHUEe KBAHTOBOM CHCTEMbl MAaTpHUIEHl IIJIOTHOCTH CTAHOBUTCS 3aMKHYTHLIM K B 3TOM CMbIC-
JIe TIOJIHOCTBIO SKBUBAJEHTHO OIMCAHUIO C IIOMOMIBIO BOJTHOBOH (DYHKIUH, SBOJIOIMOHIPOBAB-
nteil corsiacuo ypasuenuto [IIpénunrepa. leiicrBurenbro, 3aj1aBas HadajabHoe ycjosue (2.17) u
pasperast yparenue (2.16), naxoxum p(t). Iociennee nosposisier HallTh cpejiHee (HU3MIECKOI
BEJINYUHBL:

<A>t = Sp(p(t)A) = Sp (e—i/ﬁﬁtp(mei/ﬁﬁ%) . (2.18)

[Tepeitném K OIMCAHNIO MATPUIIEN IIOTHOCTH KBAHTOBOI TTOACUCTEMBI, HAXOIAIIEHCS B TEPMO-
JIMHAMUYIECKOM paBHOBecun (¢ (bDUKCUPOBAHHBIME TepMOAUHaMUYecKuMu rapaverpamu 1, V, N
) ¢ Tepmocrarom. [Tox TepmocTaToM, KaK Mbl paHee 3aMevalsii, IIOHNMAeTCsl KJIaccuieckast (i
KBAa3UKJIACCHYECKAs) CUCTeMa ¢ OOJIBINON, 10 CPABHEHUIO ¢ KBAHTOBON IIOJICUCTEMON, SHEpIH-
eit. Ero ¢dpusmyeckast npuposa mo 3Toil npuanae uraopupyercs. Ousmdaecku Taxas paBHOBECHAS
KBAHTOBas IOJCHCTEMA OIMCBHIBAETCA paclpeneaeHneM ['nbbca, a UMEHHO IIPeIIoIaraeTcs, ITo
MaTpuna IoTHocTr (2.1) JAuaroHajbHa B SHEPreTHYECKOM IPEJICTABIEHUH, COCTOSIHUSI U COO-
CTBEHHBbIE 3HAYEHUS KOTOPOr'O YIOBJICTBOPAIOT yPAaBHEHUIO

ﬁ ‘¢n> = by ‘¢n> ’ (2.19)

rjge H — raMujibTOHMAH KBaHTOBOM IOJICHCTEMBI, BEPOSITHOCTb HAXOXKJIEHUSI B COCTOSTHUM |¢);)
3aBHUCHT TOJIBKO OT SHEPIMH 3TOrO COCTOSHUIO CJIEIYIONINM 0OPa30M:

1 g 1 _gp
wi = —e Ei/kT — =€ BE: (2.20)

riae = 1/kT,Z — tak HasbiBaeMas crarcyMMa. B coracuu ¢ (2.1) Marpuna mioTHOCTH CTaTH-
CTHYECKON CHCTEMBI

p= 3 2 o) (o (2:21)

YunreiBast (2.19), MaTpuIly IIOTHOCTH MOXKHO 3allUCATh B BHJIE

1
p= Ee—ﬁH. (2.22)

CrarcyMMa BBIPAYKaeTCsl 4epe3 MaTpHILy IIOTHOCTH (2.22), IIOCKOIbKY
Zwi = 1 Ze_fBEi = lSp(e_fBH) =1
- Z - Z ’
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OTKY/1a

Z = Sp(e_ﬂﬁ) = Ze_ﬁEi. (2.23)

Crarcymma Z(T,V, N) (2.23) siBiisiercst 0/HO3HAYHON (DyHKIMEH TEPMOMHAMUIECKUX [IApAMeT-
POB U COJIEPKHUT BCIO TEPMOJUHAMUYECKYI0 MHGOpMalnnuio. B 9acTHOCTH, TepMOIUHAMUIECKUM
norennuasoM 1pu purcupoBanubix (T, V, N) siBiisiercst cBobojiHast sHeprust cucreMbl F'| koTopast
HAXOJIUTCS U3 CTATCYMMBI (2.23) COrIACHO COOTHOIIEHHIO

F(T,V,N) = —;an. (2.24)

Cpejtusist sueprust £ HaXOUTCsT COTTACHO (2.3) :
— ~ 1 ~ -
E = Sp(pH) = ESp(He*“f ). (2.25)
DHTpoNUs S ONPENE/IsIeTCs U3 TEPMOIMHAMUIECKOI'O COOTHOIITEHNST:
F=E-T-S (2.26)

MozkHO HaiiTi 1 ypaBHeHHe "9BOIONUI " MaTPUIIBL IJIOTHOCTH 110 mapamMerpy (. Xors Takas "sBo-
Jionust ' M HeCKOJIBKO (bopMalsibHa, ypaBHEHUEe Oy/ieT UrpaTh BaXKHYIO POJIb B JIAJBHEUIIIEM U310~
skenuu. st HaXOXKeHusl ypaBHEeHUsl yJI00HO paboTaTh ¢ HEHOPMUPOBAHHON MATpPUIEii TII0THO-
cTH

py = e PH, (2.27)

He 3a0bIBas, UYTO B KOHIIE HAJO MEPEUTH K HOPMUPOBAHHOMY OIIEPATOPY

. 1 .
p= o Po
Sp(ps)

HOCKOJH:Ky QHEPIreTUu4IeCKOe IIpeacTaB/JICHUE AJid MAaTPHUIIbI IIJIOTHOCTHU JWarOHaJIbHO, MMeEeM
B 9TOM IIpeJICTaBJICHUN

puij = 0ije P (2.28)

He cocrasisier 6oJIbIIOro Tpy/ia MPOBEPUTH, YTO (2.28) aBTOMATHYECKH SIBJISETCS PeIleHneM
cirerytomeit 3amadn Kormm:

O _ g,
o — i pzj(ﬁ) . 2.99
{ pij(0) = 0y (229

B onmeparoproit dopme 3amada Ko nmeer Bua

{ — 55 = Hp(B) (2.30)

HaKOHeEII, B 0oJiee TPUBLIYHOM B KBAHTOBO# MexaHuke X — IPEJICTABICHUN :

0 m,x/;ﬁ S ’.
_F)(T/) = Hazpv(-rax/ i 8) (2.31)
p(z,2;0) =6d(z — )
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2.2 Brurunuciaenne MaTpHUlbl IIJIOTHOCTHU U CTATCyMMbI

CBOOOIHOI YaCTHUIBI 1 KBAHTOBOI'O OCHUJLJIITOPA
Pazbupaembie B 3TOM pazjesie mpocTeilime 3a/1a9u UMEIOT JIUIb MeTojundeckuit narepec. Pu-
3MYECKN UHTEPECHBIMHE SIBJISIFOTCS CHCTEMbl CBOOOJHBIX YacTUIl (MIeajabHbI ra3) U KOHTHHYYM
OCIIMJUIAITOPOB (dYepHOTE bHOE (DOTOHHOE n3JTydeHne, (DOHOHHBIN ra3 B TBEPJIOM Tede, ...). Oxna-
KO, €CJIU MBI IM€eeM PeIYJIbTAT M OJIHOM YaCTHUIIBI U OJIHOI'O OCIIUJLISTOPA, TO €r0 PACIInPEHNE

Ha CIydail KaK YIOIHO OOJIBIIIOTO UHC/Ia YACTUIL M OCIULISTOPOB 0YeBUIHO. B citydae ¢cBoOOIHOI
YaCTHUIBI C OJHOI cTenenbio ¢cBo6o bl 3a1aua Komm (2.31) B X — npejcrasiennu uMeer Bujl

opza’B) _ n? 92 "
p(a@ )/— %Wp(x’x, ; B8) ) (2.32)

DTO ypaBHEHHUE — TUIA YpaBHeHUs Tuddy3un, U ero CTAaHIAPTHOE PEleHne TPU JAHHBIX HAYAJb-
HBIX YCJIOBUSX UMEET BUJL

+oo
/ m M ()2
p(x’w):\/%m/e 50— €)de =
_ [ M ey
= 27rh256 2n . (2.33)

Orcroma, npu ycJIOBUM, UTO JIJIMHA OJHOMEDHOIl cucTeMbl paBHa L,

T
e PF — 7z — /p(m,x;ﬁ)dm = \/% - L. (2.34)
L

Ob6ob1enne Ha ciry4dail 3-MepHOH cucTeMbl ¢ 06bEMOM V' OU€BUIHO:

, m 3/2 _ m ’,f—f/ 2
p(Z,2;6) = <27rh26> e (2.35)
—BF _ z _ . (L 2
e Vv <27rh2) . (2.36)
Croub Ke 09eBUIHBIM siBIsieTcst 06o61enue dopmysbl (2.36) Ha ciaydait N gacTuir:
LT 3N/2
Z(T,V,N)=vN. (2 2.37
v =v (5] (2.37)

OTKY/Ia, MOXKHO TIOJIyIYATh BCIO TEPMOJIMHAMUKY HJI€aJIbHOTO ra3a. boJjee cI0XKHOM sBsieTcd 3a/1a-
Ja 0 KBaHTOBOM ocriuisitope. [loncrasisis B 3aady Kormm (2.31) raMusibTOHHAH OCHUILISTODA,

-2 2
. P mw? o
H =—4 — 2.38
Y o2m 9 T ( )
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[TOJTy YUM HEOTHOPOIHOE ypaBHenue nuddy3un BuIa
dp _ n29%p mw
{ 23 — 2m a2 f” P (2.39)

K cuacreio, 3ama4a (2.39) umeer TouHoe perenne. MeTo mosrydennst perieHns Toapo6HO U3J10-
ke Deitamanom [?]. Mbl BbIUIIEM JIHIIb PE3YJIBTAT:

/ mw 12
p(z,z;p) = <2Wh.5h(hw/kT)> g

X exp {_M;U/kﬂ |:(l'2 + 22 ch(hw/kT) — QCCCC/} } . (2.40)

BocmnionibzoBasiiucek dpopmyiamu:

sh(2f) = 2sh(f) - ch(f), ch(2f) = ch®f + sh®f, ch®f — sh’f =

TTOJTY IUM
mw 1/2 ( / 2
. 3) — ce TRoth(hwB/2)x 2.41
o0 = (grpgen ) e , (2.41)
OTKy,D;a CHe,ﬂ;yeT Bpra)KeHI/Ie JIJISL CTaTcyMMbI:
w vl h(hwp/2)a?
z - d m“t wB/2)x® _
/ z,; f)d (2 hsh(hwﬁ) / e
1 e—hwﬁ/?
" osn(BB) T 1—e B (2.42)
Cpoboast sHeprust OCIUILIATOPA, coriacto (2.24),
hew .
F=—kTmZ= ">+l (1—6—1%). (2.43)

Cpenaiom 1o aHCcaMOJII0 SHEPTHIO F B TepMOIMHAMUKE HA3bIBAIOT TAK»Ke BHYTPEHHEN SHepruei
u obosHagaroT 6ykBoit U. Beraucaum o1y BeJmIuny /s OCIAJLIATOPa UCXOJd HEITOCPEICTBEHHO
U3 e€ Olpee/IeHN:

_ a1 ) '
U=F = 3 Sp(l) = 5 [ Huplarai )i

Brrancissa mo gactam HHTErpaJi rayCCoOBCKOI'0 THUIIa, IPUXOJINM K BBIDa2KEHUIO

_ hw hwB, 1 1
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ITo amajorunm ¢ KBAaHTOBOMEXAHUIECCKIM OCIUJIJIATOPOM, YPOBHU SHEPI'UU KOTOPOI'O

1

dbopmyity (2.44) MOKHO 3amucaTh B BUJIE

U = hw (n + ;) . (2.45)

Bxogsiigyio B (2.45) BeJM4IuHy 7o HA3BIBAIOT CPEJIHUM 3HAUEHHUEM YHCJIa 3aII0JHEHHs] CTATHCTHYIe-
ckoro ocuuuisitopa. st Heé nenocpecrsenHo us (2.44) noayuaem dbopmysty Boze-Ditamireiina;
1

n= ef 1 (2.46)
Kak namu ormMedasioch panee, MOJIC/IBIO PEATBHBIX (DU3UYECKUX CUCTEM SIBJISIETCS HE caM 1o cebe
OCHUILISATOD, a Habop (BOOOIIE TOBOPSsI, GECKOHEYHOrO YHCJIA) CBOOOIHBIX NI CBA3AHHBIX OCITHAJI-
JIITOPOB. B cjlydae cTATHCTUYECKONW CHUCTEMBI, COCTOSINEH U3 OECKOHETHOTO YHCIa CBODOTHBIX
OCIIMJISITOPOB, TTOJIyIEeHHBIE HAMHE JIJIsl OJHOTO OCIUJLISITOPA PE3yJIbTaThl 0000IIAI0TCS OUeBU/I-
HBIM 00pas3oM. [leficTBUTE/IHbHO, IIyCTh NMeeTCsT OECKOHEIHBIH HabOp CBOOOIHBIX OCITUJIISITOPOB CO
CIIEKTPOM YACTOT w;. Torja, B CUIy aIIuTUBHOCTU CBODOIHOM sueprun F' u BHyTpeHHe! SHeprun
U cucreMbl U OTCYTCTBHUSA B 9THUX BBIPAYKEHUSX UJIEHOB, OIUCHIBAIOIINX B3aUMOJIEHCTBHE OCITHJI-
JATOPOB, BMecTO (2.44) — (2.46) Gyem nmeThb

F:iﬂ-:i [h;’ (1—61?)}, (2.47)

[e.9]

U= ZUz = Zhw@(ﬁl + %), (2.48)
i=1 i=1

rae dJid Ha6opa CpeaHUX Ynces 3allOJTHEHU A

1

T T (2.49)

n; =
2.3 IlpesacraBjieHre CTaTUCTUYECKOU MATPUIIbI
IJIOTHOCTU U CTATCYMMBbI MHTEI'PaJIOM
mo TpaekTopusM. Popmysia Peitnmana-Kaia

1 /
CpaBHEHME TOYHBIX PE3YJIBTATOB MOy YeHHBIX HAMU B 1U1.1 jij1st aMILIATY/IBI TIEpeXo/ia <q T‘ q, O>

B 3aj1aax 0 cBoOo oM dacTuiie (dbopmyia (1.35)) 1 KBAHTOBOM OCIIIIIIIITOPE (cbopMyJIa (1.52)) ¢
TOUHBIMU PE3YJILTATAMI BBIYIC/ICHIS CTATHCTHYECKOI MaTpHIlb! wioTHOCTH p(z , & 5 B) B Tex e
3a/1adax KBAHTOBOI craTucTHdeckoil Mexanuku (dbopmysst (2.33) u (2.40) coOTBETCTBEHHO) IPH-
BOJIUT K OYE€Hb MHTEPECHOMY BBIBOJY. AMILIUTY/ A II€PEXO/a U MaTPHIA IJIOTHOCTH THX 3aatd
coBaaioT upu dpopmalibioil 3amene i1 <— [h.
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Taxum o6pas3oM, TpaBuUIa BEIYUCIEHUST MATPHUIIBI INIOTHOCTH 9epe3 KOHTUHYAJIbHBIN HHTErPaJI
IS 3TUX 331249 MOJIyYaeTCsl U3 ITPABUJI BBIYUC/ICHUS aMILIUTY/IbI TIEPEX0/1a PU aHAJIUTUIECKOM
MIPOIOJIZKEHNN TI0 BPEMEHU ¢ HA MHUMYIO OTPUIIATETbHYIO TOJIYOCh.

t— 7 =1t, 0<7<pBh

HackobKo o0IIMM SIBJISI€TCS IOy YeHHbBI HAMK PENENT [JIs BBIUYUCAEHUS MaTPUIIbL IJIOTHO-
cru? OKa3bIBaETCs, UTO, JIEHCTBUTEIBHO, 9TOT PEIENT OCTAETCsI CIIPABeIMBbIM, 110 KpaiiHeil Me-
pe, IJIst KBAaHTOBBIX CHCTEM, NMEIOIINX oneparop ['aMunbrona ¢ "HemepernyTaHHbIME " 0000IIEHHBIMI
UMITYJIbCAMIA ¥ KOODJIUHATAMU, WHBIMU CJIOBAMHU, B T€X CJIydYasX, KOIJa raMUJBTOHUAH B3AMMO-
JIefiCTBUsI He 3aBUCHUT OT IIPOU3BOJIHBIX 110 BPEMEHH.

[Ipocroit npumep Takoit cucrembl ObLT HaMu paccMoTper B [1.1:

~9

H=241v().

2m
JlokazaTesbCTBO 9TOI0 yTBEPIKIEHUS] UMeeTCsi, Halpumep, B MoHorpaduu |?], rje BBojsTCst TEM-
neparypHble GyHKIUKM ['prHA, CTPOINUEcs U3 OllepaTopa MaTPUILI IJIOTHOCTH, U IOKA3LIBAET-
cs1,9T0 31U PYHKIUK ['pruHA MOTYT OBITH IOy IeHbI U3 (PYHKIIMOHAILHOIO UHTEIPAJIA, IIOCTPOEH-
HOT'O 10 YKa3aHHOMY Hamu perenty. Bosee dusndeckum (mpasia, 1 MeHee CTPOTHM ) METOI0M
9TOT Ke PEIENT JIJIsT BBIUYUCIEHUs] MATPUIIBI TIJIOTHOCTH OBLT BIIEPBBIE TOJIyYeH B OPUTMHAIbHBIX
paborax Peiinmana n Kana u ussoxen B kaure Pejinmana [?]. Qeiinman ucxoaur u3 ypaBHeHust
9BOJIIONUK MATPUIlbl ioTHOCTH (2.27) mo "eskimmosomy"Bpemenn 0 < 7 < Sh u crpour ure-
PAIMOHHYIO MPOIELYPY, HOI00HYIO MPOIEeAype HoJIydeHnsT HaMu B [U1.1 BeIparkeHUs JJIsl aMILId-
TYJIBI [IEPEX0Jia CHAYAJIa B TAMIJIBTOHOBOM, a 3aTeM B dreitHMaHOBCKO# opme. Takum o6pazom,
CTATUCTHYIECKAs] MATPUIIA IIJIOTHOCTA €CTh KOHTHHYAJIBHBIA HHTErpaJl CJIeAYIONIEro BUIA:

"o 1i m N/2

Pl q:6)= N—>o<l>fg—r—>0 (27T71AT> x
+oo  +oon_ 1

1 m (g1 — ¢\’
dg; —— — | —— )| A , 2.
x_é _4 Zl_[l q; exp - i 5 ( Ar ) +Vig)| AT (2.50)

9TO COOTBETCTBYET (DOPMAIHLHON 3aIUCH:

m ( dq

pla’d:9) = N [ Datr)exp _;de 2<Ch)2+V(q> - (251)
0

®opmyia (2.51) naseiBaercs dhopmyinoit Peitavana-Kara. Herpy o noHATS, X015t 13 BhIpazke-
Hust (2.51) JiJ1s1 MATPUIIBI IJIOTHOCTH, YTO MPEJICTABJIEHHE JIJIsi CTATCYMMbI Y€Pe3 KOHTHHYAJIbHBII
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narerpaJr uMeeT BH]L

+oo
Z=5Sp(p(q,q;8) =N / dq / Dq(7)x

q(0)=q(Bh)=q1

1% dg\?
m [ dq
I S L et
X exp h/ T 5 (d7'> +V(q)
0

EN/Dq(r) exp —;7117 [’; (33>2 +V(q)
0

[TocseroBaTeibHOCTH UHTErpupoBanuii Takosa. CHadasa (pUKCUpyeTcst HeKoTopas 0600IEH-
Hasl KOODJIMHATA ¢] U BBIUUCJISIETCSI MHTEIPAJI 110 BceM 3aMKHYThIM Tpaekropusim ¢(0) = ¢(Sh) =
q1, PE3YIbTAT UHTEIPUPYETCs 3aTeM 110 BCEMY MHTEPBaJy U3MEHeHUsI 00OOIIEHHON KOOPIMHATHI
q1. 3ameruM, uro Mepa unrerpuposanus B KU (2.51)-(2.52), B ornvme or KBAHTOBON MeXaHUKH,
OIIPEJIEJISAETC MaTeEMATHIeCKH KOPPEKTHO U Ha3bIBAETCS BUHEPOBCKOiT Mepoii. [Tocsennee TecHo
CBSI3AHO € OYEBHJIHON cxojuMocThio uHTerpaia (2.50). ITockoibKy, B oTiindme OT KBAHTOBOI
MEXaHHUKH, TJle KazK1as TpaekTopus Bxoant B KU ¢ BecoM €, B KBaHTOBOII CTATHCTHKE BEC TPa-
CKTOPHUH ompeestercst GakTopoM e 2, riie MexaHudeckoe aeicrsue S B "eBK/INIOBOM " BpeMeHI
T TOJIOXKUTETHLHO ONPEJIEJIEHO, METOJI CTAIMOHAPHOI (ha3bl B KBAHTOBOW MEXaHUKe 3aMEHSIeTCs
METOJIOM TIepeBaJsia MPUOJIMKEHHOIO BHIYUCICHUsT MATPUIIBI IIJIOTHOCTU B KBAHTOBOI CTATHCTHKE.
JlefictBuTebHo, foMuHUpPYIONNi BKIaa B KU e~5e naer kiaccudaeckoe jeficTBue S¢i, IMEIOIee
MUHUMYM Ha KJIACCHYECKON TPAaeKTOpUn ¢ (7) , ¥ JJis OPUOJIUKEHHOIO BBIYHCJIEHUsS] MaTPU-
bl morHoctu (2.51) wim crarcyMMer (2.52) 0CTATOYHO y9€CThb JIMIIb MAJIbIe OTKJIOHEHUST OT
KJ1accu4aeckoii Tpaekropun ("apoxkanue" cucreMbl BOKPYT Gei(T)).

Bynem Borancists crarcymmy (2.52) meromom nepesasa. 113 rpebosanust 65[qq(7)] = 0 mo-
JlydaeM ypaBHeHUe Diijepa-Jlarpanzka jijisi HAXOXKJIEHUsI KJIACCUIECKON TPAeKTOPUH:

(2.52)

d?q  dv
2 ag — O 10 =aBh) =ar (2.53)

[Tpousseem GyHKIMOHAIBHYIO 3aMEHY TI€PEMEHHBIX B (2.52) :

q(1) = qa(r) +y(r)  y(0) =y(Bh) =0, (2.54)
Dq(7) = dy(7). (2.55)

Packnagpisast norennman V(q) B dyukumonasbubiii psiy Teitiopa

V(g) = Viga) +V (ga)y + %V”(qd)y2 4o (2.56)
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(3mech Mb1 ipenebpery wienamu O(y3)), TOMLYTHM JJTsT CTATCYMMBI

+oo
Z o~ / dqq exp {—;Scl[qcl(T)]} X
- Bh 1
X / Dy(t)exp —;;;/ v+ YV 4a) fgd)yzl dr p, (2.57)
y(0)=y(Bh)=0 0
qc1(0) = qa(Bh) = q1,  y(0) = y(Bh) = 0. (2.58)

Dopmyia (2.57) ecTb DyHKIMOHAIBHBIN aHAJIOr METO/[a lepeBasia IPUOJINKEHHOTO BbIUUCIEHHsI
MHTETrpaLIa

400
/ dweT@/ ¢ 50

—00

€CJIH B IIOCJIeTHEM OIPAHUINTCS JIUIIH OIPABKOI K 9KCTpeMajibHOMY BRJIaLy exp(—f(zg)/e), rue
xo — TouKa MUHUMYMa f(2) (B IPEIIOIOKEHNH, 9TO MUHAMYM €JHHCTBEHHLIH ). Posib Takoi mep-
Boit monpaBku urpaet B (2.57) Buyrpenunii KI1. /I KBAHTOBOrO CTATHCTHYIECKOTO OCIUILISITOPA,
npubmzkentas (opmyiia (2.57) CTAHOBUTCsSI TOUHOMN, OCKOJIBKY

mw2

Vi(g) = qu’ V'(g) =mw? V™ =0, n>3.

Pemenue ypasuenusi (2.53) B 9TOM cjlydae IPUBOJUT K PE3YJILTATY :

Ger(T) = % {(1 — e P T 4 (P — T)emeT | (2.59)

9TO JAET JJIsT KJTACCUIECKOTO TeNCTBUS

fw
Salan(r)] = meo-th ("7 ) - a2 (2.60)
Berancimm Brytpennnit KU B (2.57):
8h
F(Bh;w) = / Dy(1) - exp _;rfbi/ (7 +w?y?) dr ;. (2.61)
y(0)=y(6n)=0 0

B cuity rpaHrYHbIX YCIOBHIL, Jist TpaekTopun y(7) uMeeM pasiozkeHue B psiyi Pypoe 1o cuHycam:

y(r) = ;h : 2:: ap - sin <;ZT> , (2.62)



OTKY/1a
Bh Bh

[ar =St [yar=3 "
0 n=1 0 n=1
Dy(r) = J(B) [ [ dan,
n=1

rae J(B) — axobuan mpeobpasosanus (2.62), SBHBIN B KOTOPOTO HAM B JAJIbHEIIIEM He [TOHA-
noburest. [lojcrasiisist mojryueHHble Boipaxkenus B (2.62) u BBOAsA w, = 7n/Bh | noayaum

N o:n —00 b hwﬁ 9 1/2
n=1 n=1
= B(p) (h’z;jf ﬁ)> 2 (2.63)

I MbI BOCIIOJIB30BAJICH (POPMYJIOi
0 2
o sh(ra
<1 + ) _ shira)
=1

n
[Moncrasiss (2.60) u (2.63) B (2.57), nosxyunm

2(5) = +/Ooclql (%)1/2 B(B) - exp {”;“’th <h‘;5) q2} , (2.64)

IPUYEM CTOSINAA [I0J NHTErPAJIOM BeJIMYUHA €CTh MATPHIA IIJIOTHOCTH IIPH COBIIAIAIONIUX apry-
menTax p(qi, q1; 8). YauTbiBasi, 9T0

ree m
plar, ai; B)luso = PV a1 01; 8) = \/ﬁj

HaXOJIUM OTCIONA KOIDDUIHMEHTHY IO (DYHKITHIO:

B(B) = /m. (2.65)

[Moncrasiss (2.65) B (2.64), morydnM OKOHYIATEIHHOE BEIPAYKEHNUE JIJIST CTATCYMMBbI OCIUIIISITOPA!
+00 1/2
mw mw hwB\
Z= | dg | =+ : ——th | — =
[ (i) o= (%57) )
_ 1
- 2-sh(hwp/2)
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Kak u cie1oBasio 0:Ku1aTh, OHO B TOYHOCTH PABHO BBIParKeHUIO (2.42), MOy I€HHOMY HEIOCDE/I-
CTBEHHO M3 ypPaBHEHUs SBOJIIONUU MATPUIILI TIJIOTHOCTH.

2.4 KBasuKjaccuieckoe IpubInKeHne KBaHTOBOI
CTAaTUCTUYECKOIl MeXaHuku. Berumnciienue nepBoii
KBAaHTOBOI MONPaBKU

Kraccuaeckuii npegien mosryaaercst u3 dbopmyrnsl Peiinmana-Kana (2.51) npu ycemoBun, 9ro xa-
pakTepHas BequunHa [Sh odeHb Masia (9TO O3HAUAeT UTO Temieparypa T BeJnKa, CKarKeM KOM-
natHas). [Ipu stoMm B p(q1,q1; ) TOMUHUPYIOMHUIT BKJIaJl BHOCAT TPACKTOPHUU, HAXOIAIINECS B
MaJIoli OKPECTHOCTH TOYKH (1, MOCKOJIBKY MaJyio To "Bpemsi" SR, 3a KOTOpOe cucreMa HOJIKHA
BEPHYTHCHA HA3aJ, B TOYKY (1.

Taxum obpazom, rpyboe TpubJImKeHne TaéT IPOCTO

q(7) =~ q,

9TO, B CBOIO OYEPEb, O3HATAELT

Torna
Bh
_ m .
plar, qi; B) ~ e V@) / Dq(t) exp —2h/q2(7)dT R
q(0)=q(Bh)=q1 0
~ mkT e BV(a)
2mh2 ’
OTKyIa,

+o0
kT
Z ~ Zﬁ;hQ / dgre PV (@), (2.66)

Takum obpazom, BeIOpaHHOE HaMU rpydoe MpUOJIMKEHNE eCTh KJIACCUYIECKOe MPUOJIMKEHHE, 10~
CKOJIBKY (2.66) mpejicraBiisier cTaTCyMMy KJIACCHYECKOTO PACIIPE/IeJIeHUsT OJHOMEPHON YaCTHUIIbI
Bo BHemHeM nojie V (q) (pacupenesenne Bosbipvana).

OueHuM ycIoBUe, IpU KOTOPOM CIPaBEIIMBO KJlaccudeckoe npubsmKenne. Jlomycrum, 9To
3a xapakrepnoe "Bpewms" Sh norernuan V(q), Beaencrsue manoctu A, HA TPAEKTOPUU OT (1 JI0
@2 mpakTHIecKH He MeHsercs. Torma urst (2.51) momyanm

hg

J— m J
plavas ) =e 0 [ pyryend -2 [P

4(0)=q1,9(8h)=g2 0

ﬂ; o BV(a) | s ()
2 ’

~
~

(2.67)
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OTKysla ciaeiyeT, uTo BKaaa B KU or TpaexTopwii, pasmmdatomuxcs wa Aq > (h?/mkT )1/ 2,

SKCIIOHEHITNAJIBHO MaJjl. TakuM oOpas3oM, XapaKTepHbIE PACCTOsIHHUS, HA KOTOPBIX TPAEKTOPUH
JAI0T JIOMAHUPYIONNH BKJIAJ B MaTPUILy IJIOTHOCTH, €CTh

A h
1 VmkT’

Torma u3 (2.67) caemyer KpuTepuit Kaaccuieckoro npubsmzkernsi. OHO ClipaBeJInBO B TOM CJIy-
Jae, ec/Ii Ha XapaKTepHbIX paccrostHusx (2.68) morennuman V(q) npakrudecku ue mensiercsi. [1pu

(2.68)

KOMHATHBIX TEMIIEpaTypax 9TO JeHCTBUTEILHO TaK, MIOCKOJILKY, HAIPUMEp, IJjIs aTOMAa TeJIdsl U3
(2.68) mosryanm Agge ~ 0, lfi, JJIsI 3JIEKTPOHHOTO Ta3a — Age ~ 1A.

Byzaem BoramcsasaTs crarcymmy (2.52) B KBA3WKJIACCHIECKOM HMPUOJIMKEHNN (MHBIME CJIOBa-
mu, BbraucaunM nonpaeky O(A) K kinaccuueckomy BbipaxkeHuto (2.66)). OcobeHHo ynoben mjist
3TOro MeToj, npeinoxkennblii PeiinmanoM. OH COCTOUT B PA3JIOKEHUU B OKPECTHOCTH "cpeaHeit
TOYKE" TPAEKTOPUH §, OMPEIEISIEMOI CJIEYIONUM 06PA30M:

Bh

/ q(r)dr, (2.69)

S
Il
Eli=

Berauciienne crarcymMMbr 6yjieM IPOU3BOJUTE B CJIEIYIONIEM TOPSIIKE:
1) dukcupyem npousBoJIbHOE 3HAYEHUE T;

2) npwu 3aJIaHHBIX yCIOBUAX Ha KoHIax Tpaekropun ¢(0) = ¢(Sh) = ¢1 cymmupyeMm JIUIIb 110
TeM TPAEKTOPHUAM, JJjisd KOTOpbIX "cpensas Todka'pasHa q;

3) mepebupaeM BCEBO3MOXKHBIE ¢ ¥ CyMMHUPYEM II0 HUM;
4) B IOJIyYMBIIEMCsI BHIPAsKEHUN TIepebUpaeM BCEBO3MOYKHBIE § U CYMMEPYEM IO HYIM.

Takum 06paszom, Beipakerue (2.52) 1Jisi CTATCyMMBI [IEPENUIIeM B BH/IE

+oo oo hB
Z= | dq [ dg | Dq(7)-exp 1 T(f +V(g)| dr (2.70)
Ja) i 15 }

8h
4(0) = q(Bh) = a1, ﬁlh / o(r)dr =17
0

Ksasuknaccuaeckoe npubsmzkenue (2.70) o3Ha4aeT JOCTATOUHO MeJ[JICHHOE N3MEHEHHE TI0TEeHIH-
aJla IpU OTKJIOHeHWH OT "cpesHeil TOUKN" TpaeKTOpUu:

Bh Bh Bh
/V(q)dT ~ BRV (7) + / V' (@) (g —Q)dr + ;/V”(q —g)dr + ... (2.71)
0 0 0
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B (2.71) MbI BBIIHCATIH 9NCIO 9I€HOB Psifia, JOCTATOYHOE, KAaK YBUIAUM HEZKE, JJIsI BLIYUC/IEHHS
nonrpasku O(h?). Tepeiiném npu arom B KU (2.70) k HOBOiI epeMeHHoi:

y(r) =q(r) — 1. (2.72)
VaursiBas, 910

Dq(r) = Dy(7)

8h 8h
Ja-wir= [y =o.
0 0

nostyanM, tojcrasiss (2.71) B (2.70), BbIpaykeHue Jyisi CTATCYMMbI B KBA3UKJIACCUIECKOM TIPH-
OJIMKEeHNH:

+oo
Zz/dwﬁwwfwm, (2.73)
+oo Bh
_ 1 m .9 1. 2
F(B,9) = [ dq1 | Dy(r) - exp [ |5tV (0)y=| dr p, (2.74)
—00 0

y(0) =y(Bh) = q1 — 1,

riae KU (2.74) Berauciisiercst mpu JOMOJHUTEILHOM YCJIOBUU HA TPACKTOPHIO:

8h
/y(T)dT =0. (2.75)
0

Taxum 06pa3oM, B KBa3UKJIACUIECKOM NMPHUOJINKEHNN NIepBasi KBAHTOBAasl MONPABKA COJEPKUTCS
B KU (2.74), KOTOPBIH BBIYUC/ISETCSI TIPU JIOMOJTHUTEIbHOM yesioBuu (2.75). B mesom sta cury-
aIys HAIIOMMHAET M30MEPUMETPHYECKYIO 3a/1a1dy BapUAIMOHHOIO MCYUCIEHUSA. ABTOMATHIECKN
yuectb B Mepe Dy(T) Jiuiib TpaeKTopun, yJI0BIeTBOPSIIONIHe YCJI0BUIO (2.75), MOXKHO C IOMOIIIbIO
BBEJIEHUSI B TIOC/IETHION 0-(DYHKINHU, TO €CTh 3aMEHbI:

Bh

Dy(r) = 6 / y(r)dr | Dy(r), (2.76)
0
y(0) =y(Bh) =q1 — q.

DTOT IIPHEM HCHOJIb3yeTcsd 0COOEHHO YacTO B KBAHTOBOI T€OPHH, KOI/Ia PACCMATPUBAIOTCH KBaH-
TOBBIE CUCTEMBI C HAJIO?KCHHBIMH Ha HHUX CBA3AMU. B 9acTHOCTH, B KBAHTOBON TEOPUH KaJIHOPO-
BOYHBIX I10JIel yKa3aHHBIM IIPUEMOM IIPH MHTETPHPOBAHUH 110 KAJHOPOBOYHOMY I0JIIO YIUTHIBA-
ercst KaubposouHoe yciosue ( Tak HasbiBaeMblil anzar, Paneesa-Ilonosa). IIpn 3amene (2.76) B

32



KU (2.75) BOCIONIB3yEeMCsT 9KCIOHEHIUAIBHBIM [IPE/ICTABICHIEM J-DyHKITHN:

o e L O
7
0 /y(T)dT = ﬂexp Bfi/y(T)dT ,
0 —00 0

rje MHOXKUTENb 1/ BBeseH it TOro, 4Tobbl ¢lieIaTh MoKa3aTe/ b IKCIOHEHThI Ge3pa3MepHOii
pesimannoit. Takum o6pazom, mosaydaeM okomHvaTesabHoe Bbipaykenue st KU (2.74):

31 = /Oojf_ +/oodq1 [ Dyt

Bh
1 m .9 ik 1. 2
——= - — - . 2.
X exp h/[Qq i 5V (O)y}dT (2.77)
0
Ilepexojist K HOBO# TI€pEMEHHOMN
£(r) W Der) =Dylr), €
T y " ) T = y T ) = y )
BV7(0)

IIOJIY YUM

+oodk: _/éik —+o00
F(@,B) = / 3¢ 2 or /da:/Dg(T)x
i
Bh

X exp —;L/ [77215.2—}—;‘/”(0)52] dr 3, (2.78)
0

riae © = g1 — q. Bayrpennuii KU1 B (2.78) ectb BbIpazkeHHe JJIsi MATPHIBI IJIOTHOCTU OCIAJLIISI-
TOpa MpH COoBMaaomux aprymenTax (cm. dopmyny Deiinmana—Kara (2.51)), u mas #Hero msi
BOCIIOJIB3YEMCsl [IOJTy9€HHBIM paHee pesyibraroM (2.64)—(2.65):

Bh
12

px.Xip) = [ Demes ! [ [’;‘52+2w 52] ar b =

0
_ e S omwy, (B
— 37 sh(hwB) ep{ hth< 5 )X}

[Moxcrasisist 910T pedysabrar B (2.78) M BBIUMCIsIA OOBIYHBIE I'ayCCOBBI MHTErPAJBLL 110 k U T |
IIOJIy YUM

o mw?p 1
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w? = V" (q)/m. (2.80)

B kBazukiaccudeckoM npubsmkennn hw/3 < 1. Pazmaras (2.79) B psij 10 9TOMY MaJOMy T1apa-
metpy 10 O[(hwf3)?], nomyanm

2 -1
Fa@.p)~ "l [W (1+214<W>2>] ~

N m 1 2\ m h2w? 32
N'/W<l—24(hwﬁ)>~1/2ﬂh26-exp{— 51 } (2.81)

[Moxcrasisist (2.81) B (2.73), mosyvaem BbIpazKeHHe JJIsl CTATCYMMBI C YIeTOM II€PBOH KBAHTOBOI
HOIPAaBKH, TO €CTh B KBA3UKJIACCHUECKOM IIPUOJINKEHNN:

2= [ [aon{-s[v + v a)} 2

2.5 KoHTpoJIbHBIE 3aaHUSA

1) Borunciurs amminTyay "tpocaunBaHus 4acTUIIbI Yepe3 MOTEHIUAIbLHBIN bapbep V(x) =
Vo (0 <z < a) npu sueprun dactunsl F < V.

2) Haiitu aMmnTy Ly mepexojia 4acThIlbl ¢ 3apsi/IOM €, MacCOil M B HOCTOSIHHOM OJ[HOPO/IHOM
MarHuTHOM Tojie B, HampaBIeHHOM IO ocu Z.

3) Haiitu amMmnTy ry mepexosia rapMOHIYECKOTO OCIAJIIATOPA IIPU €I0 BO3MYIICHIN BHEITHE
cuwioit f(t). @yukuust Jlarpan:ka oCHUISITOPA IPH BO3MYIIEHUN:

L= %3&2 - %me’Q + f(t) -z

4) PermuThb ypaBHeHME 5BOJIIOIUY OCIIILIATOPA 1O apamerpy [ (2.39) u mosyduTs MaTpuily
wrornoctn (2.40) n crarcymmy (2.42) ocrusuisiTopa.

5) Ilokazarh, 9TO CpejHsis SHEPrUsl OCIUUIATOPA IIPU €r0 TEPMOJANHAMUYICCKOM DABHOBECUH
C TEPMOCTATOM B JIBa pa3a O0JIbIE ero CPEIHUX KMHETUIECKON U IMOTEHIINAIbHON SHEPTHA.
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